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Abstract—We obtain a new representation for Green’s function in the space R2 of the Helmholtz equation
with the coefficient representing a complex-valued piecewise constant function. We set that the coefficient in
the equation depends on the one variable and represents three complex constants.

This representation is the expansion of Green’s function in the fundamental functions which are bounded
on the entire real line R1 solutions of the ordinary Sturm-Liouville equations with complex coefficients.

The spectrum consists of two half-lines parallel to the real axis on the complex plane, issuing from the points
characterized by the coefficient in the equation on semi-infinite intervals, and going in the positive direction of
the real axis.

1. Introduction
In the present paper, we obtain a new representation ([1, 2]) for the solution of a problem for a three-

layer medium similar to the problem on a dipole in the space containg a plane interface between two media
characterized by constant wave numbers ki, i = 1, 2. The latter problem was considered in [3].

The new representation follows from the representation of Green’s function in the form of a Fourier integral
obtained by reducing an integral on the complex plane of the spectral parameter to integrals over the edges of
cuts passing through the points ki, i = 0, 2(ki = const) characterized by the coefficient k(z) of the equation
outside a finite interval [0,H] where k(z) = kl = const(l = 1). The function k(z) represents a complex-valued
piecewise constant function of a variable z on the entire real line R1.

2. Formulations and Equations
Green’s function u(z, x) satisfies the Helmholz equation

∂2u

∂z2
+

∂2u

∂x2
+ k2(z)u = −2δ(z − z′)δ(x− x′) (1)

with the delta function on the right-hand side and with either the radiation condition u → 0 as r =
√

z2 + x2 →
∞ [if Im k(z) 6= 0] or the radiation condition following from the limiting absorption principle [if Imk(z) = 0].
The function u is a bounded function in R2 with the exception of the source position M ′(z′, x′) where it has a
logarithmic singularity. At the points z = 0, z = H of discontinuity of the function k(z), the function u(z, x)
satisfies the matching conditions for the function and its normal derivative on the boundary. We consider
Eq. (1)under the assumption that z, z′, x, x′ ∈ R1, where R1 is the real axis. We set

k(z) =





k0 = const, z < 0,
k1 = const, 0 < z < H,
k2 = const, z > H.

where the kl are complex constants, k2
l = εl + jσl, εl ∈ R1, ε0 = ε2, σl ≥ 0, σ0 < σ1 < σ2 or σ0 > σ1 > σ2,

l = 0, 1, 2, and j is the imaginary unit.
To find the solution, we consider the Fourier expansion of u with respect to the variable x [of which the

cofficient in Eq. (1) is independent]:

u = lim
Λ→∞

uΛ, uΛ =
1
π

∫ Λ

−Λ

ejα(x−x′)g(z, z′; α) dα. (2)

The function g can be found from the equation

lg + α2g = δ(z − z′), z, z′ ∈ R1, (3)

where l is the differential operator
lψ = −d2ψ/dz2 − k2(z)ψ,

and has the form
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g(z, z′;α) =
ψ(z>, α)ϕ(z<, α)

w(α)
. (4)

Here z> = max(z, z′), z< = min(z, z′), and w(α) is the Wronskian of the linearly independent solutions ψ and
ϕ of the homogeneous Eq. (3). The function g is bounded for z, z′ ∈ R1 and satisfies the matching condition
for the function and its derivative dg/dz at the points z = 0 and z = H.

Taking into account the representation (4) of the function g via the functions ϕ,ψ, and w, we find that the
function g has the ramification points ±ki in the complex plan α ([4] p. 23–25, Vol. 2 of the Russian translation).

The cuts corresponding to the ramification points ki go along the lines

α =
√
−µ2 + k2

i = j
√

µ2 − k2
i , µ ∈ R1, i = 0, 2.

We assume that Re
√
−µ2 + k2

i ≥ 0, and Re
√

µ2 − k2
i ≥ 0.

Consider the case in which ε0 = ε2, σ2 > σ0, σ0 > 0, σ2 > σ1 > σ0.
The Wronskian w(α) 6= 0 on the entire complex α-plane [5, 6].
Consider the case x− x′ > 0.
Using the Cauchy theorem, we reduce the integral uΛ given by (2) in the upper half of the complex α-plane

to two integrals over the edges of the cuts passing through the points ki and the integral ICΛ over the half-circle
CΛ of the radius Λ.

We have
uΛ(z, x) = σΛ(z, u) + ICΛ , (5)

where

σΛ(z, u) =
j

π

∑

i=0,2

∫ Mi(Λ)

−Mi(Λ)

µ
e−
√

µ2−k2
i (x−x′)

√
µ2 − k2

i

ψi(z>, µ)ϕi(z<, µ)
wi(µ)

dµ. (6)

The function Mi(Λ), which define the limits of integration in (6), depend on Λ, and Mi(Λ) ∼ Λ as Λ →∞.
The quantity Mi(Λ) > 0 occuring in (6) is the value of µ at which the right edge of the cut passing through the
point ki intersects the half-circle CΛ.

The functions ψi(z, µ) and ϕi(z, µ) are linearly independent solutions of the equations

lχi = (µ2 − k2
i )χi, µ ∈ R1, i = 0, 2. (7)

They are related to the functions ψ(z, α) and ϕ(z, α) [which are linearly independent solutions of the equation
(l + α2)χ = 0] by the formula χ(z, µ) = χ(z, α = j(µ2 − k2

i )1/2).
The Wronskian on the cuts passing through the ramification points ki is given by the formula wi(µ) = w(α =

j(µ2 − k2
i )1/2).

The integral ICΛ occuring in (5) has the form

ICΛ =
1
π

∫

CΛ

ejα(x−x′)g(z, z′; α)dα,

where CΛ is the half-circle of radius Λ centered at the point α = 0 in the upper half-plane of the complex
variable α.

We introduce the functions ηl =
√

α2 − k2
l , l = 0, 1, 2, Reηl ≥ 0. The representations of the functions ψi,

ϕi, and wi can be derived from ψ, ϕ, and w with regard to the the fact that Imηl < 0 in the domain lying
on the left of the hyperbola α2 = σl/(2α1) passing through the point kl in the upper half-plane of the variable
α = α1 + jα2; next, Imηl > 0 in the domain on the right of the hyperbola α2 = σl/(2α1) passing through the
point kl ([4] p. 30, Vol.2 of the Russian translation). The following condition is satisfied on the cuts drawn
along the hyperbolas: µ > 0 on the right edge of the cut, and µ < 0 on the left edge of the cut passing trough
the points ki, i=0, 2.

We have ICΛ → 0 as Λ →∞.
Using the functions u0 = ψ0 and u2 = ϕ2, we can rewrite the function (6) as

σΛ(z, u) =
∑

i=0,2

∫ Mi(Λ)

0

e−
√

µ2−k2
i (x−x′)

√
µ2 − k2

i

ui(z, µ)ui(z′, µ)dpi(µ), (8)

where dp0(µ) = dµ/a0
0(µ)b0

0(µ)2π, dp2(µ) = dµ/a2
2(µ)b2

2(µ)2π. ai
i and bi

i are coefficients connected with trans-
mission and reflection coefficients of ui.

In deriving (8), we represent the integral (6) as two integrals over the positive and negative semiaxis and
make the change of variables µ′ = −µ in the integral over the negative semiaxis.

Passing to the limit in (5) as Λ →∞, we obtain the representation
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u =
∑

i=0,2

∫ ∞

0

e−
√

µ2−k2
i (x−x′)

√
µ2 − k2

i

ui(z, µ)ui(z′, µ)dpi(µ). (9)

which holds for x− x′ > 0.
In a similar way, we consider the case x − x′ < 0 by reducing the integral uΛ with the use of the Cauchy

theorem in the lower half-plane of the complex variable α to two integral over the edges of the cuts passing
through the points −ki.

Passing to the limit in (9) as x → x′, we obtain relation (9)) with x = x′.

3. Conclusion
We have thereby obtained the definitive representation

u =
∑

i=0,2

∫ ∞

0

e−
√

µ2−k2
i |x−x′|

√
µ2 − k2

i

ui(z, µ)ui(z′, µ)dpi(µ), (10)

which is valid for x, x′z, z′ ∈ R1. This representation of Green’s function u was obtained under the assumption
that σ2 > σ0 > 0 (σ2 > σ1 > σ0) The case 0 < σ2 < σ0 (σ2 < σ1 < σ0) can be treated in a similar way.

The representation (10) is the expansion of Green’s function in the fundamental functions ui, which are
bounded on the entire real line R1 solutions of the ordinary Sturm-Liouville Eq. (7) with complex coefficients.
This expansion is characterized by the spectral measure, which is a diagonal matrix function with nonzero
entries pi(µ).

Equation (7) for the functions ui indicates that the spectrum λ = µ2−k2
i , µ ∈ R1, consists of two half-lines

parallel to the real axis on the complex λ-plane, issuing from the points −k2
i , and going in the positive direction

of the real axis.
Passing to the limit as σ2 → σ0, we arrive the case σ0 = σ2.
If σ2 → 0 and σ0 → 0, then we obtain the limit case σ0 = σ2 = 0. Then the spectrum belongs to real axis,

and the spectrum is double for λ ≥ −ε0. In this case, the lower bound of the spectrum is limited to the number
λ = −ε0. This case is an example of the expansion of a function of the class Lp(R1), p > 2, in the fundamental
functions of the Sturm-Liouville operator with a real coefficient −k2(z) satisfying the Kato condition ([7]).

Acknowledgment
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