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Abstract—We consider propagation of light through an ensemble of N > 1 statistically independent optical
fibers of length L whose refraction coefficient is a random function of length. We introduce the generalized
transmission coefficient [t(k, L)|P for energy k? and study its quenched and annealed Lyapunov exponents. For
small disorder we calculate the Lyapunov exponents in asymptotic form.

1. Introduction

The idea of intermittency was originally proposed in the study of turbulent flow [1] and has become
widespread in statistical particle physics. Intermittency means random deviations from smooth and regular
behavior. To illustrate it, we consider a bundle of N, N > 1, statistically equidistributed independent optical
fibers of a fixed length L whose refractive index changes randomly along the length of the fiber. If one face of
the bundle is illuminated then, due to reflection of the light and its localization in the fibers, one might expect
that the outlet of the bundle will be uniformly dark. However, because of strong statistical fluctuations of the
transparency (that is a typical manifestation of the intermittency), the exit of the bundle will look like a dark
sky with sparse bright stars. This model was proposed by I. M. Lifshits [2] to explain high irregularity of the
light distribution after propagation through a thick layer of a disordered optical material. Propagation of light
in each fiber is described by the equation

— " +oVij(x)p =k, j=1,2,...,N, (1)

where V;(x) are homogeneous random potentials equal zero outside the fibers and constant o characterizes
strength of the disorder.
Equation 1 has scattering solutions

() e* +ri(k)etke 2 <0, @
k(L) = , 2
! t;(k) ek, x> L,

where ¢;(k) and r;j(k) are random complex transmission and reflection coefficients, respectively, such that

1
|t;(k)|?+|r;(k)|* = 1. We also introduce the empirical mean ~ Z |t;(k)|? for the transmitted energy provided

the energy density of the incident wave equals one for each waveguide, and for fixed L and N — oo
NZIt (k)|? == ([t(k, L)*), 3)

where a.s. means almost surely (with probability one). Expressions |t(k, L)|? and {(|t(k, L)|P) are decreasing ex-
ponentially as L — oo whose logarithmic rate of decay we call the quenched and annealed (moment) transmission
Lyapunov exponents, respectively,

In|t(k,L)P . Inlt(k, L
Yy (k,p) = Jim etk )P =p lim_ It 2] (L N o), (4)
p
) = tim DU )

Using this notation we can quantitatively characterize intermittency: after propagation through the fiber
bundle light exhibits intermittency if r -
1o (K, 2)] < g (K, 2)]. (6)

The stronger inequality (6) is, the more intermittent is the distribution of energy on the exit of the fiber bundle.
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2. Analytical Tools
The study of equation 1 with representative potential V(x) is based on the phase-amplitude formalism.
Let w,(j)( ),i = 1,2, be the fundamental set of solutions of (1) with initial values 1/),21)(0) =1, da}wkl)( 0) =0,
Po)y=0, & (2) (0) = 1. The matrix

Iy k(L)

M ([0, L]) = 7
O = 1 a0 d e @
k dx dx "F
is the propagator of (1) whose determinant equals one.
For the general solution of (1) we put
. dyy(x
Yr(x) = ri(z) sin O (), w;; ) = kri(x) cos Ok (z). (8)
Then for 65, and Inr;, we obtain the following system [2], [3]
dOx(x) oV (x) sin? 6y,
= k _—
- . ; (9)
dinrp(z) 1 |
e~ gptn 205 (x)V (). (10)

In most cases of interest [2], [3], the phase 0 (z) € [0, 7) represents either a Markov process with generator £
(white noise potential) or a component of a multidimensional Markov process (the Kronig-Penny model). To
illustrate intermittent behavior of light distribution, we use the simplest case when the potential V(z) = b(x)
is the white noise (the derivative of the Brownian motion b(z)).

Equations 9-10 are understood as It6’s stochastic differential equations with Stratonovich corrections. In
our case, the generator of the diffusion process (9) has the form [4]

o) = Z0 G (a0 + B 4 1)
where A(0) = k, B(§) = fsf O Similarly,
dltnr (@) = (a(6(2) + 0B ) do + 5 (6(a) - dile) (12)
with @ = 0 and 5(6) = ”;120. Hence,
ey — e DO)-db(2) + [ C10) bz 13)

where D(0) = pB3(6(z)) and C(0) = p(a + 38B)(0(z)) dz. If uy(z,0) = (rP(z)|6(0) = 6) is the expectation of
rP(x), then u,(z, 0) satisfies the Feynman-Kac formula which for the white noise potential has the form

u,  o?sin' 0 9w, (k—I- o%(1—p) sin2ﬂsin29> duy, N o?psin? @ cos O(p cos § — sin 0)

or 2k 062 2%2 90 22 up = Lytip. (14)

Formula (14) allows to calculate the Lyapunov exponent for the amplitude r(L). In the quenched case we have

ot /ﬁB ))do+ B(O(x)) - db(z) “ (38B),

= 4k2/0 n(6) sin 20'sin® 0 df = ~, (k). (15)

Here 7(6)d0 is the invariant measure for the phase 6(z) which satisfies the equation

. d?> [o%sin? 6 d 02 sin? @ sin 26
Ln_dH?(QkQ n>_d9[<k+2k2 )”]—0 (16)

that can be solved exactly.
Consider now the moment Lyapunov exponent
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fa(p) = lim Inr?L))

According to Perron—Frobenius theorem about positive semigroups, p,(p) equals maximum eigenvalue of the
nonsymmetric operator £, (14) ~
Ly = pa(p)¥ (18)

and the corresponding eigenfunction ¢ (x) is strictly positive.
The Lyapunov exponent v(k) of the amplitude (L) and pu(p) have the following properties:

(a) (k) > 0. This property leads to the localization theorem for the Hamiltonian Hy = —¢" + oV ()¢ = A
on the whole real axis [2], [3].

(b) For fixed k the annealed Lyapunov exponent is analytic in p and convex.

(¢) p(p) is symmetric with respect to p = —1: u(p) = p(—p — 2) and %(O) = ~(k). In particular, u(0) =
w(—2) =0 (Fig. 1).

2B(2k .
(d) For small disorder constant o and fixed k (k) = WTg)(l +0(0)), where B(2k) is the spectral density
2
1
of the potential V. For the white noise v(k) = %(1 + 0(0)) and g (p) =~ Ep(p +2)o%y(k) as 0 — 0.

3 2 1 0 1 2 3

Figure 1: Graphs of the annealed moment Lyapunov exponent p,(p) (solid line) and transmission Lyapunov
exponent ul'(p) (crossed line) for fixed k and small o.

The energy transmission coefficient can be calculated through the matrix M ([0, L]) (7) as follows
- 4
2 + || M ([0, LDI*

[t(k, L)J? (19)

where the norm is understood as the sum of the squares of matrix’s entries. Then || M ([0, L])||* = [7’,(61)([1)]2 +
[r,(f)(L)]Q. From asymptotic behavior of the amplitudes In r,&’)(L) ~ ~(k)L, ¢ = 1,2, with probability one as
L — oo we conclude that In | My ([0, L])|| =~ v(k)L. Therefore,

In|t(k,L)] 1 4
— = =—1In — —y(k). 20
T S YA A 20
Thus, the quenched transmission Lyapunov exponent is
Int(k,L)[P

g (k,p) = lim ———

Calculation of the annealed Lyapunov exponent is more difficult. Typically 7, ~ eZ7%). However, with expo-
nentially small probability 7 (L) can be of the order e %%, § > 0. Then (r}(L)) = e P LP{lnr,(L) < —6L},
and for very negative p the product tends to +oo (Fig. 1). We use large deviation theory [5] to calculate
uT(k,p). Let us take 0 < 3 < v and estimate P{ry(L) < e’}. Using exponential Chebyshev inequality with
optimization over parameter p < 0 we obtain

—py(k) <0. (21)
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P(L)) .
BLY _ P PALY < i (ry( ~ mrin e(ta(kp)=pB)L _ pu*(kp)L
P{ry(L) < e’} = P{r (L) > e’} < min = i min ¢ e , (22)

where p*(k,8) = max(—pfS + pa(k,p)) is the Legendre transform [6] of p(k,p) for fixed k with respect to
P

parameter p. It is well-known that in the Markov case it is not only estimation from above but the logarithmic

equivalence: P{r;, < efL} %8 e=w" ()L Now for p>0

pk,=p) L < p<1
log 1 BL —pBL—u* (k,B) € ) p=>1
tlk,L)IP) ~ | ———= dP{ri < = PRE—R AP = 23
(1 P) 2 | g aPl < o7 = s o peve, pny
For small o we can use parabolic approximation for pl'(k, p) that gives
7B(2k
3 h,p) = 2 D 521 1 (1) (29)
and 5
B(2k
po+ 2 A 521 1 o(1)), p<t,
T (k,p) = 8k 25
tiq (K, p) = (25)
_TBER) 2 401y, p>1
TER o(1)), p>1, -
where B(x) = Cov(V (y)V (y+x)) is the covariance of random potential V'(x), and E(k) =5 / e " B(x) dx
™ — 00
is the corresponding energy spectrum of V(x) (Fig. 1). In particular, for p = 2
1
/,LZ;(/{Z,Q) ~ Z’yzﬂ(k‘VQ) <0. (26)

This relation is the manifestation of the strong intermittency (cf. [1]). It shows that the main contribution to
the transmitted energy comes not from “typical” fibers where the logarithmic rate of energy decay is ’qu(k, 2),

but rather from few rare fibers (the probability of their occurrence is eie (k’z)L) through which significant part

of the energy of order O(1) is transmitted. Thus, we have the I. M. Lifshits picture described in the introduction.

3. Conclusion

We have considered propagation of light through a bundle of independent optical fibers whose refractive
index is a random function of length. It is found that distribution of energy at the exit of the bundle has inter-
mittent behavior. For quantitative estimation of irregularity we introduced the generalized energy transmission
coefficient and studied its Lyapunov exponent. Essential difference in the quenched and annealed energy trans-
mission Lyapunov exponents is suggested as a manifestation of intermittency. In the case of small randomness
of the fiber refractive index it is found that the energy transmission Lyapunov exponent of a typical single fiber
is four times bigger than the average one of the bundle. Unlike the moment Lyapunov exponent p,(p) for the
amplitude which has quadratic dependence on the moment p, the transmission moment Lyapunov exponent is
constant for p > 1.
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