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Abstract— A modified numeric procedure is applied to analyse the application of 7 circuits
for representing distributed parameters. Numeric oscillations, which are associated usually with
digital simulations associated with 7 circuits, are decreased. It is shown that these numeric
oscillations, or Gibb’s oscillations, are not related only to the mentioned associations. They are
created by the application of the specific numeric integration methods for solving linear systems
that describe the associations of 7 circuits. If the state equations are determined for each m
circuit, then the proposed changes of the numeric routine for solving systems with 7 circuits lead
to results with little influence on the numerical oscillations. This is confirmed using comparisons
with results obtained from the Laplace transform and ATP software.

1. INTRODUCTION

For simulating transient phenomena and wave propagation in electrical power systems, digital pro-
grams and numerical tools are useful. This is because tests in actual systems can be impossible,
for example, in actual transmission lines [1], or very difficult, because the results have very high
frequencies, for example, during signal propagation in integrated circuits. For infinitesimal repre-
sentation of systems with distributed parameters, lumped elements can be applied, using structures
of 7 circuits [2-7]. With a great number of these infinitesimal units, it can provide good represen-
tations of these systems. There can be problems caused by numeric integration methods [8-10]:
numerical oscillations. These numerical oscillations, called Gibb’s oscillations, are produced by
numeric integration methods related to associations of 7 circuits [1-10]. The cascade of 7 cir-
cuits is included in numeric routines as a space state matrix generated from the 7 circuit’s state
variables [2-7]. The order of the mentioned matrix depends on the number of 7 circuits applied.
Applying n 7 circuits, it is necessary to have a 2n-order matrix in the numeric routine. The increase
of the order of the mentioned matrix is not related directly to a corresponding reduction of Gibb’s
oscillations [2-7, 10, 18, 19]. Searching for a simple representation of the cascade of 7 circuits, each
unit is modelled individually [18,19]. The influence of adjacent 7 circuit units are included by
the differential relations among the state variables. Thus, the Gibb’s oscillations are decreased
significantly. The proposed numeric routine is more accurate than the numeric routine based on
the application of only one matrix for representing the dynamics of 7 circuits [20, 21].

2. ANALYSES OF A CASCADE OF = CIRCUITS

A cascade of 7 circuits can be used for mono-phase representations of transmission lines. One unit
of 7 circuit can be considered an infinitesimal unit of a line representation. The unit of 7 circuit is a
first order filter [2-7]. For infinitesimal transmission line representations, the length of influence of
the each 7 circuit unit on the voltage and current is introduced by an infinitesimal distance (Ax).
The mentioned cascade is described as a linear system solved numerically [2-7, 10, 18, 19]:

& = Ax + Bu (1)

In (1), A is the matrix associated with the electrical system, B is the matrix or vector related to
the sources, x is the vector of the state variables, and w is the vector of the inputs. If the cascade
of 7 circuits is opened at the receiving end terminal, the structure of matrix A is as shown in (2)
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for a voltage source connected to the sending end terminal. The matrix A is calculated by [2-7]:
[ 1/L —R/L 0 e . 0
0 1/c -G/C -1/C 0
0 0 1/L —-R/L -1/L 0

A= (2)
0
: . . 0 1/L —-R/L -1/L
| 0 0 2/C  -G/C |
The elements in (2) are determined from [2, 3]:
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Calculating the eigenvalues of matrix A, it is obtained that:
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k=4,....2n—1 — Ifkiseven, Ay, = I If kis odd, Ay, = —c

Because the R, L, GG, and C values are positive and real, the A; value is real and negative. Based
on the A\; value, each )\; value depends on the previous eigenvalue and it is also real and negative.
From (4) and (2), all eigenvalues of matrix A are real and negative. So, the linear system in (1)
is a stable system. If Heun’s method is used to simulate the wave propagation of a voltage step
through the cascade of 7 circuits, the obtained results are as shown in Figs. 2-7 and based on [2]:

ok + 1) = [INA] 1{[I+A2tA] az(k)JrA;[u(kle)vLu(k:)]}
v=1[i1 v dg vy ... din vy )" (5)

In (5), At is the time step of the trapezoidal rule, z(k) is the known values of the state vari-
ables, and z(k + 1) represents the new values of the state variables that are calculated from x(k).
The u vector has non-null elements for those points where the sources are connected. For the
obtained results, the values of the line parameters are [2,3]: R’ = 0.05Q/km, L' = 1mH/km,
G’ = 0.556 uS/km, and ¢’ = 11.11nF/km. The other values are: d = 5km, tyjax = 60ms and
At = 50mns.

Analyzing the results shown in this section (Figs. 1-2), it is observed that the changes in the
number of 7 circuits and the time steps cannot modify the overvoltage value of the simulations
performed. There are no modifications in the voltage peak values reached after voltage damping.
With an increase of the number of 7 circuits or a decrease in the time step, the voltage peak values
are about 2.03 pu. The proceedings checked in this section can only modify the frequency of the
Gibb’s oscillations.
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Figure 1: Voltage step propagation for different quantities of circuits using the state equation for the cascade
of 7 circuits.
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Figure 2: Voltage step propagation for different time steps using the state equation for the entire cascade of
T circuits.

3. ROUTINE FOR ANALYSES OF EACH n CIRCUIT

The characteristic 7 circuits, shown in Fig. 3, are applied for all 7 circuits of the cascade. Only the
first and the last 7 circuits are different of the other 7 circuits. From the second to the penultimate
7 circuits, the related state equation is given in (6) and its elements are in given in (7).

lej:Aﬂ-.’L’j+D7;j+1+E’Uj,1, j=2,...,n—1 (6)
| =R/L -1/L | 1/L _ 0 N
A =1 10 —G/C} E—{ 0 ] D_[—l/C} “”J—[vj Q
Applying the trapezoidal rule, it is obtained that:
At . .
zj (k+1) = a;j(k) + - [25 (k + 1) + 25(k)] (8)

Both the vectors for x; for different times are given in (9); there are two unknown values. One
of these unknown values is the term v;_1 (k) that has just changed into v;_;(k+ 1) for the previous
7 circuit. The term i1 (k + 1) cannot be determined without the actualisation of v;(k) and i;(k).

:Ifj (k‘ + 1) = Aﬂ--{L‘j (k‘ + 1)—|—Dij+1 (k‘ + 1)—|—Evj,1 (k‘ + 1) x](k‘) = Aﬂ-'l‘j(k‘)—i—DijJrl(k)—i—EUjfl(ki)
(9)
For the vj_1(k) and ij41(k + 1) unknown values, it is used:

% 1 R 1 di

i = Zvj,1 - le - Zvj — Vj_1 = Ldftj + Rij + v (10)
For calculating the term ;41 (k + 1), it is used:
Nij dij 1 R 1

o e — i s 11
At dt LT LT Y (11)

Based on (12), the term i;41(k + 1) is:

. . . o At RAt . At
1 (k+1) = 41 (k) + Adjpa (k) = 44 (k) + —7vj-1(k) = ——G41(k) — —vj41(k)
At RAtY | At
= o+ (1= 22 it - Pt (12)

Figure 3: Structure of characteristic 7 circuits.
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The relations in (11) and (12) are true when At is very small. With very small At, the next

relation is: i (k+1) —i(k)
v (k) 2 LS R (h) 0 (8) "

Introducing (14) and (15) in (11), it is obtained that:
Tj (k: + 1) = M5 {MGSCj(k‘) + M7xj71 (k + 1) + M3$j+1(k‘) + My [UCH (k} + 1) + UCH(]{J)]} (14)
In (14), the matrices are:

At -1 At At At At
Ms= [I - 2ACH3] Me= [I+ 2ACH2:| M;=—F Msz=—Dcy1 My=—Bcm (15)

2 2 2
The modified A matrices are:

—1/At 0 —R/L+1/A —1/L
ACH?Z[ 1//0 —1/C~(G+At/L)} ACH?):[ /1/+c/ t —G//C]

The other matrices and vectors are:

Bem = [ 16L 1?0 ] UCH = [ zl;fj } Doy =-1/C- [ 2—1%&/ —Aot/L ] (17)

For the first and the last units, it is obtained that:
1= Ay 71+ Bigzu+ Dis %, = Apnr - Tn + Ev,_1 (18)
Applying Heun’s method, it is obtained that:
r1 (k+1) = My {Max1 (k) + Mszo(k) + My [ucy (k+1) + ucu(k)]}
Tp (k+1) = Mg {Moxy, (k) + Myxp_1 (k+ 1)+ My [ucy (k+ 1)+ ucm(k)]}
In (19), the unknown elements are:

At 171 At At ! At
M= |:I — 2A7r:| My= |:I + 2A0H1:| Mg= |:I — 2ACH5:| Mgy= |:I + 2ACH4] (20)

The new A matrices are given in (21). In the case of the A; and A, matrices, the eigenvalues
shown in the vector forms are in (22). The determined eigenvalues are always real and negative
values. Each linear system related to the corresponding 7 circuit unit is a stable system.

[ —R/L —1/L -1/At 0
dem = | 1/é —1/0-(G/+ At/L) ] Ao = [ 2//0 —G/C}
AcHs = _ —R/?/—El/At :Cl;//[é« ] (21)
R R
v | gty | e[ -

In Fig. 4, the flowchart for applying numerically the proposal carried out in this section is
presented.

In Figs. 5-6, the results obtained with the equations proposed in this section and summarised
in the flowchart of Fig. 4 are shown. Compared with Figs. 1-2, it can be seen that the curve for
3337 circuits does not have numerical oscillations. It can be observed for an application of 333w
circuits that the overvoltage is reduced significantly from about 25% to about 2.5%. The curves for
200 and 3007 circuits present lower overvoltage values than the corresponding curves in Figs. 1-2.
Similarly, the voltage damping values for the curves of 200 and 3007 circuits are faster than the
corresponding curves.

For the results obtained in this section, there are limits to the numerical stability related to the
number of 7 circuits and the time step. Considering a time step of 50.0481 ns, the mentioned limit
is 3337 circuits. Also, using 3337 circuits with higher time steps than the considered time step,
gives inadequate results. Numerical stability is associated with the relation between the number of
7 circuits and the time step that leads to the lowest overvoltage and the fastest voltage damping
for the results shown in this section. The time step of 50 ns is suggested for teaching power system
transients with the use of a personal computer [2].
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Figure 4: Flowchart of the proposed numeric routine.
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Figure 5: The wave propagation voltage step for different quantities of 7 circuits using state equations for
each 7 circuit.
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Figure 6: Wave propagation voltage step for different time steps using state equations for each 7 circuit.

4. CONCLUSION

A modified numeric routine for the application of the trapezoidal integration, or Heun’s method for
modelling associations of 7 circuits is presented and analyzed. This numeric routine is applied to
simulate the propagation of wave and electromagnetic phenomena through a cascade of 7 circuits.
The proposed changes in the numeric application are based on 2-order matrices for representing
each 7 circuit unit. An important characteristic of the applied 2-order matrices is that these
matrices do not have null elements. The results are investigated for a mono-phase representation of
a transmission line that is connected to a voltage step input. Analyzing the obtained voltage output,
the proposed numeric routine leads to results showing that the numeric oscillations are decreased.
Comparing the proposed numeric routine with the unmodified routine used previously for this type
of simulation, the reduction in the peaks of the numeric oscillations is about ten times. The previous
unmodified numeric routine uses only one 2n-order matrix to represent the entire cascade with nw
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circuits. This implies that for a specific instant of the simulation, all variables are determined using
relations between the 2n-matrices and the inverse 2n-order matrices. Therefore, the main change
is the method of the application of the numeric integration. Using the same numeric integration
method applied to the unmodified numeric routine, the overshot values are only about 3% higher
than the voltage output for the proposed numeric routine. This is a decrease of about ten times in
these undesirable numeric oscillations. These oscillations are damped in only three time steps.
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