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Abstract— A method for an approximate computation of the electric and magnetic Green’s
functions for the time-harmonic Maxwell’s equations in the general gyrotropic media is proposed
in this paper. The method is based on the Fourier transform with respect to space variables,
matrix transformations and numerical computation of the inverse Fourier transform. The ap-
proximate computation of the inverse Fourier transform has been implemented by MATLAB
tools. The computational experiments confirm the robustness of the method.

1. INTRODUCTION

The study of the electromagnetic fields in gyrotropic media is an important issue of the recent
electromagnetic theory [1,2,6]. The electric and magnetic fluxes D and B in general gyrotropic
media have the following form

D:€0€:-E, B:,ugﬁ‘H,
where E and H are electric and magnetic fields, respectively; positive constants g and pg are

defined as the permittivity and permeability of free space; the relative permittivity and permeability
matrices € and i have the following form (see, for example, [1-4]):

€1 €@2+ig3 €13 —ig ) prr - paz+ihs s — iho )
= €2 —1ig3 €22 €e3+igr |, p= | pi2—ths 22 po3 +ihy ), " =—1. (1)

€13 +1ig2 €23 — ig1 €33 p13 +tha  pez —ihy 133

Q]

The main objects of our paper are the electric and magnetic Green’s functions for Maxwell’s partial
differential equations in the general gyrotropic media. We suggest a method of an approximate
(regularized) computation of the infinite-body Green’s functions for the time-harmonic Maxwell’s
equations in the general gyrotropic media.

2. ELECTRIC AND MAGNETIC MATRIX GREEN’S FUNCTIONS

The electric and magnetic Green’s functions are matrix functions

Ey(z) Ef(z) Ej(x) Hi(z) Hj(x) Hi()
Ey(z) Ej(z) Ej(x) |, | Hy(x) Hi(x) Hj(z) |, (2)
Eg(z) Ef(x) E5(x) Hy(z) Hi(x) Hj(w)

— () EBK@) + V x (171V X BX(@) = iwnuoes(o), )
- (%)2’31{1‘@“) +V x (F'V x HY2)) = V x (£ 'e"5(x)). (4)

Here # = (z1,72,73) € R? is the 3D space variable; w is a fixed parameter (frequency); e! =
(1,0,0)7, e = (0,1,0)”, €3 = (0,0,1)” are basis vectors of R?; i is the imaginary unit 2 = —1;
d(x) = 6(x1)d(x2)d(x3), d(x;) is the Dirac delta function concentrated at z; = 0 for j = 1,2, 3.
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2.1. Computing the Electric Green’s Function
Let F, be the operator of the Fourier transform with respect to x = (x1, x2, x3), i.e.,

AE@I0) = [ [ [ B@ertdndrada,

for the scalar integrable function E(z), where v = (v1,12,1v3) is a 3D parameter of the Fourier
transform; v - x = v1x1 + vexe + v3xs. The operator of the Fourier transform is defined in [8] for
any generalized function (tempered distribution).

Let Ek(y) = (Ef,ﬁg,ﬁ@, where E’Jk = fz[EJk(x)](u), j,k = 1,2,3. Applying the operator of
the Fourier transform F, to (3) and using equality (see, [9], page 415)

Fo [V x (7719 x B¥(@)) | = S0) ' S0 E(w),

we find
B <%>2§Ek(y) + S~ S()EX (v) = iwpoeX, (5)
where
0 —v3 s
S(v) = ( w0 ) | o
—V2 0

Let € be a symmetric real 3 x 3 matrix and g be an antisymmetric real 3 x 3 matrix defined by

€11 €12 €13 0 g3 —92
€= €12 €22 €23 , 9= —9g3 0 g1 ) (7)
€13 €23 €33 92 —g1 O

and let us assume that /i has an inverse matrix g~ = fi + ih.
The matrix £ defined by (1) can be written as £ = € +ig. Further, let B and C(v) be symmetric
6 x 6 matrices defined by

_(€ -9 _( SW)
B_<g - ) c<y>_<5(y)
In the paper, we suppose that B is positive definite.

Remark 1. Positive definiteness of B is natural for a wide class of gyrotropic media because the
matriz € is always positive definite and the elements of matrix g essentially smaller then elements

of € (see, for example, [7]).

Let us denotej/}]C as the real part Sf j component of Ek(l/N) and V]]fH,, as the imaginary part of
j component of EX(v), i.e., VJI’C = Re(EJ]?(V)) and Vjﬁg = Im(E]]‘?(V)), j =1,2,3. Then equality (5)
can be written as the vector equation

[
h

S(v) —S(v)hS(v)
SW)  SW)ES(v) ) (®)

() BVEW) + Cw)VEe) = B, (9)

where F1 = w0(0,0,0,1,0,0)7, F2 = w0(0,0,0,0,1,0)”, F3 = wy(0,0,0,0,0,1)7.
Applying technique and computational tools of [9], it is possible to compute a non-singular
matrix 7'(v) and diagonal matrix D(v) = diag(d;(v),dz2(v),...,ds(v)), such that

T (WCW)T(v) = D(v), TT(W)BT(v)=1.
The solution of (9) is determined by V¥(v) = T(v)YX, where YX(v) = (Y (v), YF(v),..., YE®W))
is the vector whose components for (%)2 —d;(v) # 0 can ve written as
(TTF),
—(w/e)? + dy(v)’

V() =
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The components of EX(v,w) are found by
= Vi) +iVia(v), j=1,23 k=123 (10)

Finally, applying the inverse Fourier transform to (10), we find the k-column of the electric Green’s
function as a tempered distribution, i.e.,

EX(z) = 7, [B*()] (@), (11)

where F, ! is the operator of the inverse Fourier transform in the space of distribution S'(R3) [8].
The right hand side of (11) can be regularized by

1 A A A '
W/A/A/AEI{(V) e dvdvedys, (12)

where A is the parameter of regularization.
We take A = NA and approximate the integral (12) by the integral sum

N N N

o ! E Z Yy EX(nA, mA, IA) e Anatmeatles) (A)3)
—Nm=—NI[=—N

for the numerical computation. The parameters N and A have been chosen by empirical observa-
tions, as the best parameters for the case of isotropic media for which there exists explicit formulas
for the Green’s functions and their Fourier images.

2.2. Computing the Magnetic Matrix Green’s Function

Applying the Fourier transform with respect to x to the Equation (4) and using equalities

Fo [V x £V x HY ()| = SWIESWB W), £, [V x (57| = s()ztek,
we find
()RR + S W) SRS ) = S)E ek (13

where H¥(v) = (HF, HY, HY), H*(v) = F.[HE(2)](v), n = 1,2,3;, S(v) is defined by (6) and let p
be a symmetric real 3 X 3 matrix and h be an antisymmetric real 3 x 3 matrix defined by

P11 paz a3 0  hy —ho
p=\ mi2 p22 p23 |, h=| —hs 0 A1 |,
M3 H23  H33 hey —h1 O

and let us assume that £ has an inverse matrix & 1.

Let X*(v), GE(v), R,(v) be the real parts of H(v), (S
G%_ 4(v), Ri(v) be the imaginary parts of Hn( ), (S(v)e!

Denoting X¥(v) = (XF(v), X5 (v),..., XE(v)) and GK(v
tion (13) can be written in the form

)ELeX), (S(v)é71S(v)) and X;L“Jrg(y),
k), (S(v)e~1S(v)), respectively.

(
e (v
) = (G¥(v),G5(v),...,GE(v)) the equa-

() s+ ) o

where P(v) and K are 6 x 6 symmetric matrix defined by
_(#n —h _( Be(v) —Ri(v)
K = ( hoou ); Pv) = < Ri(v) Ry(v) ]° (15)

In the paper we suppose that K is positive definite.
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We note that (S(v)e~1S(v)) = R,(v) + iR;(v), where
1 0 —aip2 a3 1 [ bun bz i3
Ri(v) = o a2 0  —ax3 |, R (v)=_—| b2 b b3 |,

—a13 a3 0 4\ byg bys bsg

a1z = vavséy + V3& + 11us€s, ars = V&1 + 1ausba + vials, asg = v1vsbs + Vi€ + vl

by = —V3€s + 2wa13€e — V3Er, bia = v1vals — vi113€e — avals + Vi,
big = v113€7 — Viaés — Vaks — 1ously, bay = —1i&s + 2u113és — V3o,
bog = vov3€in — Vivals — Vi + v1vs€o, baz = —vibr + 2uiinds — Vakio,

§1 = €1291 + €2292 + €2393, {2 = €1391 + €2392 + €3393, &3 = €1191 + €1292 + €1393,

€4 = €33€Ty — 2€12€13€23 + 26120192 + €20€15 + 26139193 + €11€55 + 2€239293 +

+e11g; + €205 + 6339§ — e11€2€33, &5 = €15 + 9§ — €11€22, &6 = g2g3 — €12€13 + €11€23,
§&r = 6%3 + g% —€11€33, {8 = g193 — €12€23 + €13€22, 9 = G192 — €13€23 + €12€33,

£10 = €35 + g7 — eneas.

Using the technique, from [5] we can compute an invertible matrix Q(v) and M (v) such that

QTMEQW) =1, Q'(W)P(¥)Q(r) =M (v),
where M (v) = diag(my(v), n =1,2,3,4,5,6).
Let ZX(v) = QT (v)X¥(v), then (14) can be written in the form

(2 240) + M)ZE = QT )G (16)

c
For (w/e)? — my,(v) # 0 the solution of (16) can be found in a component form as follows

(QT(V)Gk)n
—(w/e)? +mn(v)’

ZEw) = n=1,2...,6, (17)

where ZX(v) = (ZF(v), ZE(v),..., ZE(v)). As a result of it the solution of (13) is found by
H*(v) = (Hf(m, Hy(v),..., Hé“(v)) HY = XEw) +iXE (), k=1,2,3;n=1,2,3.  (18)

Applying the inverse Fourier transform to (18), we find the k-column of the magnetic Green’s
function as a tempered distribution, i.e.,

H (z) = 7, [H*(v)| (@). (19)

The right hand side of (19) can be regularized by

1 A A A A
W/A/A/AHk(V) e dvdradys, (20)

where A is the parameter of regularization.
We take A = NA and approximate the integral (20) by the integral sum

N N N
21 3 Z Z Z ﬁk(An,Am,Al) e_m(ml"'mxﬁl“)(Ay)?’.
( 7T) n=—N m=—NIl=—N

for the numerical computation. The parameters N and A are determined by the procedure de-
scribed in Section 2.1.
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3. THE APPROXIMATE COMPUTATION OF THE ELECTRIC AND MAGNETIC
GREEN’S FUNCTIONS

For the computational experiment we take & and p as follows

30.79 —12.73 +140.05 —14.34 —1:0.04 3 1+40.01 2—40.03
( —12.73 —10.05 5.52 5.87 +10.02 > ) ( 1—-140.01 ) 4410.04 ) .
—14.34 +:0.04  5.87 —40.02 6.75 2+140.03 4 —10.04 9

The computation of electric and magnetic Green’s functions have been done in MATLAB by the
method of Sections 2.1 and 2.2. Some results of these computations are presented as 3D graphs of
Re(E} (71, 22,0)) and Im(H3 (21, 22,0)) for w = 2¢ in Fig. 1(a) and Fig. 1(b) respectively. Here the
horizontal axes are x1 and xa, respectively. The vertical axis is the magnitude of Re(E3(x1,z2,0))
and Im(H3 (z1,22,0)), respectively.
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Figure 1: w = 2¢, (a) 3D plot of Re(E} (21, 72,0)); (b) 3D plot of Im(H3 (21, x2,0)).

4. CONCLUSION

The method for the approximate computation of the electric and magnetic Green’s functions for
the time-harmonic Maxwell’s equations in general gyro-electric media has been developed in the
paper. The method is based on the Fourier transform meta-approach where the Fourier image of
the Green’s function is computed by some matrix transformations and symbolic computations in
MATLAB. After that the inverse Fourier transform is computed in a regularized (approximate)
form. The parameters of the regularization have been chosen by the comparison of the regularized
Green’s function with Green’s function obtained by the explicit formula for the isotropic case. The
approximate computation of the inverse Fourier transform has been implemented by MATLAB
tools. The computational experiments confirm the robustness of the method.
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