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Abstract— This work is devoted to the analysis of inverse problems of permittivity reconstruc-
tion of diaphragms loaded in a rectangular waveguide including justification of the solution to
a benchmark inverse problem of reconstructing permittivity of a one-sectional diaphragm. We
perform comparison of theoretical and numerical results based on the measurement data to val-
idate the efficiency of the proposed technique. The obtained solutions can be implemented in
practical measurements for investigation of new artificial materials and media and can be applied
in optics, nanotechnology, and design of microwave devices.

1. INTRODUCTION

Determination of electromagnetic parameters of dielectric bodies is an urgent problem for artificial
materials: nanomaterials, metamaterials, and nanocomposite materials. As a rule, electromagnetic
parameters of such kind of materials cannot be measured. This work is a continuation of the series
of papers [1-3] devoted to the investigation of permittivity reconstruction of layered materials in
the form of diaphragms (sections) in a single-mode waveguide of rectangular cross section from
the transmission coefficient measured at different frequencies. The aim is the development of the
mathematical technique for the analysis of the inverse problem for the case of a one- and multi-
sectional diaphragms in a rectangular waveguide. We suppose that the diaphragm is made of
material with real electromagnetic parameters. For this case, we obtain analytical solution of the
inverse problem and the conditions providing unique solvability for the benchmark case of a one-
sectional diaphragm. Based on the analytical solution we study more complicated mathematical
models and present results of numerical simulation.

2. INVERSE PROBLEM

Assume that a waveguide P = {z : 0 < 1 < a,0 <z < b, —00 < 23 < oo} with the perfectly con-
ducting boundary surface P is given in Cartesian coordinate system. A three-dimensional body

Q(QcCP)

Q={r:0<21<a,0<x2<b,0<23<I}

is placed in the waveguide; the body has the form of a diaphragm (an insert), namely, a paral-
lelepiped separated into n sections adjacent to the waveguide walls. Domain P\Q is filled with
an isotropic and homogeneous layered medium having constant permeability (up > 0) in whole
waveguide P, the sections of the diaphragm

Qo ={r:0<z1<a,0<z3<b—00<uz3<0}
Qj={r:0<z1<a,0<z<blj1<z3<l;},j=1,...,n
Qni1 = {r:0< 21 <a,0< 22 <bl <3< +00}

are filled each with a medium having constant permittivity ¢; > 0; lp := 0, I, := L.
The electromagnetic field inside and outside of the object in the waveguide is governed by

Maxwells’ equations:
rotH = —iweE

rotE = iwuoH, 1)

where E and H are the vectors of the electric and magnetic field intensity and w is the circular
frequency. Assume that w/a < kg < m/b, where kg is the wavenumber, k% = w?equo [5]. In this
case, only one wave Hjg propagates in the waveguide without attenuation (we have a single-mode
waveguide [5]).

The incident electrical field is

E? = ey Asin (%) e~ 10 (2)
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Figure 1: Multilayered diaphragms in a waveguide.

with a known A and 9 = \/k3 — 72/a?.
Solving the forward problem for Maxwell’s equations we obtain explicit expressions for the field
inside every section of diaphragm @ and outside the diaphragm:

Ey = sin (Lxl) (Ae=00%s 4 BetoTs) g e Q, (3)
a
Eo)zsm(ﬁﬂa(0ﬁ4”“+i%4”“%
a
]:1,,7’L+1, Dn+1:07 erja (4)
where v; = ,/ka — m2/a? and ka = w2e; 1o, Ynt1 = Yo
From the conditions on the boundary surfaces L := {z3 = 0,23 = [1,...,23 = l,} of the
diaphragm sections
[E]lL = 0; [H][ =0, (5)

where square brackets [-] denote function jump via boundary surfaces, applied to (3) and (4) we
obtain using conditions (5) a system of equations for the unknown coefficients

A+B=C1+ D,

Yo (B—A)=v(D1—C1) ‘ (©)
Cje—l%“lj + Djewjla" — C’j+1e—1%+1la‘ + 'Dj+1€w”1lj '

’)/j(Djewflf — Cje*l%‘l:‘) = »yj+1(Dj+1el’Yj+1lj — Cj+le*1’ﬁ+1l]‘)’ j=1,...,n.

where Cp,11 = F, Dyy1 = 0. In system (6) coefficients A, B, Cj, D; are supposed to be complex
and €5, (j =1,...,n) real.

Formulate the inverse problem for a multisectional diaphragm.

Inverse problem P: find (real) permittivity €; of each section from the known amplitude A of
the incident wave and amplitude F of the transmitted wave at different frequencies.

In the case of an n-sectional diaphragm, we have [1-3] a system of n equations with n unknown
permittivities

Re(A(wj)) = Re | —— (Wabnt1 + 90qns1)F(wj)e P [ j=1,...n, (7)

where p and ¢ are obtained from recurrent formulas
Dj+1 = Vj—1Pj Cos o + yjqjisinay;  pp =1,
qj+1 = Yj—1pjisina; + y;q; cos oy qp = 1.

Here «; (l; = li—1), j = 1,...,n. Solving system (7) numerically we find permittivities ¢;

(J=1,...,n).
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3. EXISTENCE AND UNIQUENESS

Consider theoretical results including the proofs of uniqueness and solvability of the inverse prob-
lems. For a one-sectional diaphragm from (7) we obtain the equation

F einl
i , 8
A g(7) ®)
g(T) = cos(t) +1 <2’y7(—)l1 + 7205_1) sin(7), (9)
7-{-2
T = ’ylll = ll w251,u0 — ? (10)

If &1 > ¢p > 0 then

=mlh =1 k2—7r—2 0 11
T=mh =hy\k - 5 >0 (11)

Introduce a complex variable z = x 4 iy = Ae"h /F and separate real and imaginary parts in (8):

{ T =cosT (12)

y = h(7)sinT,
where h(7) = 50 + 7202. Equation (8) is equivalent to the system
CoST = p,
{ h(r)sinT = ¢, (13)
where ' ‘
p=Re (AeW“ll /F) . (=Im <Ae”°ll /F) (14)

The following theorems justify unique solvability of the inverse problem under study.
Theorem 1 Suppose that |p| < 1 and p?> + ¢?> > 1. Then inverse problem P has a unique

solution: )
1 T\ 2 T
_ a _ 1
el w2M050 ((a) + (l1> ) ’ ( 5)

(+vVprP+¢ -1
T =71 ="h <] P ; (16)
V1= p?
if the conditions 71 /vl > 1, €1 > €9, cosT1 = p, and sign (() = sign (sinTy) are satisfied.
If /vl < 1, 7 /a’w?ug < 1 < €9, cos o = p, and sign (¢) = sign (siny), then the inverse
problem has only one solution expressed in the form

V1= p?
= = l
T =Ty = Yol1 (m P ) (17)

Otherwise, inverse problem P has mo solution.

Remark 1. If p = £1 then ¢ must be equal to zero and, respectively, 7 = 27n or 7 = 7 + 27n
(n € Z). In these cases uniqueness is violated and inverse problem P has several solutions.

Theorem 2 If

where

F = +Aerh, (18)
or .
AetVoli
F=2_ (19)
9(7'1)
where
02
Tf = C = ")/[)ll, n > O, (20)

™+ Vr2n2 + C?’
then inverse problem P has no solution in the case of a one-sectional diaphragm. If these conditions
are not satisfied, then inverse problem P has a unique solution.
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Proof. From (7), we have

Aeroh
Suppose that 7 > 0, 71 and 75 (72 > 71) exist, and g(11) = %Wl and g(m2) = Ae}zoll. Then the

relation g(71) — ¢g(m2) = 0 holds. From (8) we have that the last equality yields a system

cosT] — cos Ty = 0,
(% + %) sint) — (% + %) sinty = 0. (21)

From the first equation of system (21) we obtain

T +T . To—T1
11

COST] — COSTy = —2sin 5 S 5 =0.

Then sin Tl;“ =0, or sin

22Tt = (. In the first case, we obtain

T =7mm, m >0,
T = —1mm + 27k,
and g(11) = g(r2) = (—1)! which yields the proof of the first part of the theorem (relation (18)).
In the second case when sin 25™ = 0, we obtain

* = C?
[y RN o
To =T1{ + 27k,n > 0,

and the second part of the theorem, (19) and (20), is proved.

Remark 2. Theorem 2 yields existence and uniqueness of the solution to inverse problem P
when a one-sectional diaphragm is filled with a medium having real permittivity.

Statement. In the case of a one-sectional diaphragm filled with a medium having real permit-
tivity inverse problem P has no unique solution if only the relative amplitude |F'/A| is known.

The presence of several inresection points on the graph in Fig. 2 clearly illustrates the validity
of this statement.
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Figure 2: Graphs of functions |g(2)|?>. |g(2)]> =  Figure 3: Real permittivity calculated from experi-

cos?z + 1 (1 + Q)2 sin? z. mentally obtained values of the transmission coeffi-
1o s cient using Equations (15) and (16), the exact value
is e(w) = 2.04, frequency range f € (8.2,10) GHz.

4. NUMERICAL

In this section we present an example of numerical solutions to inverse problem P for a one-sectional
diaphragm. Parameters of the diaphragm are a = 2.274cm, b = 1.004 cm, and /; = 1.004 cm, and
the excitation frequency f € (8.2,10) GHz.

The permittivity was calculated on a grid of 120 (and more) frequency points taken from the
indicated range using experimentally obtained values [6] of the transmission coefficient, which
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explains the presence of small oscillations on the graph. We see that the average permittivity value
coincides well (with accuracy less than 0.5 %) with the mean value (expectation) of the calculated
data. Note that the desired permittivity value (of a homogeneous one-sectional diaphragm) can
be obtained, using the developed solution to inverse problem P, from one (complex) value of the
transmission coeflicient.

5. CONCLUSION

In this work we completed theoretical justification of the solution to a benchmark inverse problem
of reconstructing permittivity of a one-sectional diaphragm, proving the existence and uniqueness
in the case of real permittivity. We performed comparison of results of theoretical solution to
the inverse problems with the numerical data employing experimentally obtained values of the
transmission coefficient, validating the efficiency of the proposed technique.

The obtained solutions can be implemented in practical measurements when new artificial ma-
terials and media are investigated by commonly used waveguide devices and analyzers.
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