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Abstract— In this work we present a numerical code based on the FDTD method in the cylin-
drical coordinate system. In order to verify the code, the simple case of a cylindrical waveguide
excited by an axial current distribution is considered. The waveguide is terminated using two
CFS-PML layers in order to eliminate reflections at both ends.

1. INTRODUCTION

Recently, the demand for high-power and high-frequency microwave sources have led to the de-
velopment of sophisticated microwave structures. Due to their complexity, the analytical study of
those is difficult and thus numerical techniques are usually employed, one of them being the FDTD
method. Such techniques often use Cartesian grids, in which obviously cylindrical structures cannot
be accurately modelled. Specifically, the curvatures in these structures are approximated by a stair-
case scheme, which introduces undesired errors [1]. To overcome these problems, FDTD codes in
cylindrical coordinates have been developed in the past based on an appropriately modified Yee al-
gorithm, primarily used in low frequency problems [2—4]. In this work, the FDTD method (and the
corresponding developed numerical code) in cylindrical coordinate system formulated for studying
complex cylindrical geometries appearing in high-frequency devices (like the gyrotron beam tunnel),
is used for the simple case of a smooth waveguide. The Maxwell equations are written appropri-
ately in order to eliminate the aforementioned conformal problems [1,6]. Moreover, a CFS-PML
layer [7] is used for the termination of the waveguide. As an excitation scheme, an infinitely thin
wire is considered, located on the propagation axis, with a predefined current density. This type of
excitation could model the case of the excitation of the waveguide modes by a thin electron beam
in such a waveguide structure in the small signal regime. In this study, only the dominant TMg;
mode is excited due to the choice of frequency range. Finally the effect of the CFS-PML on the
reflection at both ends of the structure is studied in the whole frequency range under investigation.

2. MATHEMATICAL FORMULATION OF THE METHOD

The discretized Maxwell equations in Cylindrical coordinates are written appropriately taking into
account the source term J, i.e., the radial component of the electric field, E,, is:
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where 6t is the timestep, dp, dp and dz are the mesh spatial increments in p, ¢ and z directions,
respectively, o the conductivity and e the dielectric permittivity of the medium inside the waveguide.
Indexes i, j and k refer to the grid position in p, ¢ and z directions, respectively. All the field
components are properly located within the cylindrical Yee cell, which is shown in Fig. 1, in order
for Ampere and Faraday laws to be valid.

The analytical field equations of Ampere and Faraday laws present a singularity at p = 0 for
E, and H, time derivatives [2], and this problem appears in the discretized expressions as well.
On the other hand, E, cannot be properly calculated at p = 0 due to the need for field values at
i = —1/2, which are not defined. These problems can be overcome with the proper application of
Ampere law at the neighbouring grid points, as presented in [2].

In order to eliminate the reflections at the terminations of the waveguide, two CFS-PML layers
were used, one at each end (Fig. 2). These layers were implemented using the stretched coordinates
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Figure 1: Cylindrical Yee cell.

formulation [7]. Coordinate stretching was applied only in the direction perpendicular to the
interface of the PML-structure [8], i.e., the z-axis. The scaling characteristics of CFS-PML layer
were calculated with respect to the cutoff frequency of the modes expected to excite in the structure.
In detail, the complex conductivity tensor of the layer is given by [9]

a;
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where s; is the CFS-PML layer’s conductivity, w the angular velocity and ¢ the layer’s electric
permittivity. The maximum value of the a; term can be chosen taking into account the cutoff

frequencies of the expected modes. In the case, where only one mode is present, it is given by [8]

A max = 27Tf6607 1= PP,z (3)

where f. is the cutoff frequency of the selected mode. The conductivity o;, which appears in the
stretching factor, can follow either a polynomial or a geometrical profile on the axis where stretching
is applied. For a polynomial profile, the maximum value of the conductivity is given by [6]
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where m is the polynomial factor, R(0) the desired reflection coefficient of the layer for normal
incidence, n the layer impedance and d its thickness.

3. NUMERICAL RESULTS AND DISCUSSION

In order to verify the applied method and to benchmark the numerical code, the simple case of a
smooth hollow cylindrical waveguide was examined, with the excitation implemented by an infinitely
thin wire of specific current density located at the axis of the waveguide. The axial cross section is
shown in Fig. 2 whereas the geometrical characteristics are given in Table 1. The current density
is spatially constant, whereas in time it varies as a Gaussian modulated sinusoid with predefined
spectral characteristics. Its frequency content is such that only TMg; mode (with f. = 8.19 GHz)
can be propagated. The central frequency of the pulse is fo = 9 GHz and the Full Width at Half
Maximum (FWHM) is FWHM = 470 MHz. The total duration of the excitation signal is 30 ns.
A field monitor (where temporal field values are recorded) is placed at (g, ¢, z) = (0 mm, 0, 20 mm)
in order to be far enough from the current source and the field values to be maximum in the radial
direction.

Table 1: Geometrical characteristics of the simulated waveguide.

’ Length L (mm) ‘ Radius o (mm) ‘ Current wire length L., (mm) ‘ PML thickness (cells) ‘
| 400 \ 14 \ 2 \ 10 |
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Figure 2: Axial cross section of the simulated waveguide (not in scale).
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Figure 3: Excitation signal. Figure 4: E, component at (p, ¢,z) = (0, §,20).
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Figure 5: Radial distribution of normalized E,  Figure 6: Radial distribution of normalized FE,
component for ¢t = 3.5ns. component for ¢ = 3.5ns.

The time driving function is shown in Fig. 3, while the signal output of £, at (p, ¢, 2) = (0, 5, 20)
is shown in Fig. 4'. From this figure only the travelling pulse appears and therefore there is no
reflection from the CFS-PML regions, leading to a macroscopical behaviour of an infinite waveguide.

The normalized radial distributions of £, and E. at (p,z) = (3,20) are given in Fig. 5 and
Fig. 6, respectively. In the same figures the values of normalized field components obtained by the
theoretical analytical expressions E, o< J), (kcp) and E; o Jy,(kep) are also plotted, where k. is the
cutoff wavenumber for the mode TM,,,,. The values at positions where no grid points are defined,
were calculated using the Richardson extrapolation method [10]. The 2D distributions for the same
components are given in Fig. 7 for E, and in Fig. 8 for E,. Both radial distributions and two
dimensional distributions on the p — ¢ plane follow the theoretically expected ones of the TMg;
mode, therefore it is evident that only this mode is excited and propagates in the waveguide.

The effect of the absence of the CFS-PML is shown in Fig. 9. The signal at the position

INote that the thickness of the line and the high frequency leads to a dense plot and does not allow the signals to be clearly
plotted properly and thus they appear as black regions with a specific envelope function, representing the pulse function.
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Figure 9: E. at (p, p, z) = (0, §,20) in a short-circuit ended waveguide.

z = 20mm is a combination of the incident and the reflected waves originated from the two
waveguide ends which are now short-circuited (PEC boundary condition). This means that the
waveguide behaves now like a cylindrical cavity. Comparing the result in Fig. 9 with the one of
Fig. 4 it is clear that the use of a precisely tuned CFS-PML layer in a FDTD simulation of a
waveguide results in the total absorption of the incident waves at the ends.

4. CONCLUSIONS

A smooth hollow cylindrical waveguide was studied using using a numerical code developed in C
and based on the FDTD method in cylindrical coordinate system with an infinitely thin wire with
a constant current density as an excitation scheme. The advantage of this method is the inherit
conformity to cylindrical structures. The introduction of current terms in the discretized expressions
gives the flexibility to model virtually any current distribution, whose the spatial, spectral and time
characteristics are defined explicitly by the user. Possible application of the presented numerical
code is the simulation of a complex cylindrical structure excited by an electron beam in the small
signal regime, like the gyrotron beam tunnel, cavity etc. Finally, the precise tuning of the CFS-
PML layer characteristics can lead to a full absorption resulting to a more accurate simulation of
the behaviour of a perfectly matched waveguide.
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