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Abstract— Ray optics is a versatile tool to describe microscale optical systems like microlasers
and their far-field emission. It is successful even in the regime where a wave-dynamical description
would be expected to be appropriate. Indeed, when considering structures at length scales of
a few light wavelengths, wave-inspired adjustments have to be taken into account to ensure the
accuracy of ray-based predictions. These corrections to ray optics are known as the Goos-Hänchen
shift, a lateral shift along the interface, and the Fresnel filtering effect, an angular shift, violating
Snells law and the principle of ray-path reversibility. In this contribution, we study in detail
the influences of different factors on the exact size of the corrections paying special attention
to the interplay between beam parameters and interface geometry. We obtain our results from
analytical calculations using an expectation value approach to the beam shifts. These findings
are supported by FDTD simulations. Knowing the influences of the different parameters, we are
able to incorporate well adjusted correction terms in the ray-optical calculations for a large class
of micro-optics devices with curved and planar boundaries.

1. INTRODUCTION

Optical microlasers and microcavities have attracted much interest because of their application
potential in photonic and optoelectronic devices [1–3]. For the description of these micro-optics
devices the concept of ray-wave correspondence has proven useful [4–6]. This concept uses geomet-
rical optics to predict the modes and the far-field emission pattern of the devices [5, 7]. However,
deviations from ray-optics occur as the system size becomes of the order of the light wavelength
[8]. These deviations have to be taken into account to obtain accurate results [9].

The corrections to the laws of reflection and refraction are known as Goos-Hänchen shift [10–12]
and Fresnel filtering [13]. The two contributions act in different directions in phase space [14]: The
Goos-Hänchen shift (GHS) denotes a lateral shift of the reflected light beam along the interface.
The Fresnel filtering (FF) effect describes a correction of Snell’s law and acts on the angle of the
reflected light, i.e., its momentum.

For an intuitive understanding of these effects at planar interfaces refer to Fig. 1(a) [15]. The
Goos-Hänchen shift at a planar interface occurs primarily for total internal reflection (incident angle
χin larger than the critical angle χc = arcsin(1/n) whith the relative refractive index n = n1/n2).
It results from an interference effect [11] and yields a lateral shift along the interface of the order of
the vacuum light wavelength λ between incident and reflected beam [12, 16, 17]. Due to the finite
penetration depth γ, of the order of λ, of totally reflected light into the optically thinner medium,
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Figure 1: Schematic picture of the beam shifts at (a) planar, (b) curved interfaces. Incident and reflected
beam are shown in red. The relative refractive index is n = n1/n2. The effective interface is depicted as
dashed line, γ is the penetration depth. The normals to the interface and the effective interface (dotted
lines) define the angle of incidence χin and the effective angle of incidence χeff

in . The reflected beam predicted
from ray optics is shown as dashed orange arrow. The lateral shift along the interface DGH due to the
Goos-Hänchen effect (blue) and the angular deflection ∆χFF due to the Fresnel filtering effect are marked.
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the reflection can be assumed to occur at an effective interface (dashed line in Fig. 1) under an
effective angle of incidence χeff

in [18, 19]. The lateral shift is estimated to DGH = 2γ tan(χeff
in ).

The Fresnel filtering [13] (or angular Goos-Hänchen shift, [14, 20–23]) has its origin in the finite
spatial extent of a light beam as opposed to the light rays of geometrical optics. This finite beam
width induces angles of incidence distributed around a mean χin. Now, suppose χin = χc. All
smaller angles in the distribution will be partially transmitted, whereas all larger angles will be
totally reflected – the mean angle of the reflected light will deviate from χin: Snell’s law is violated,
χout = χin+∆χFF, with the FF correction ∆χFF. Consequently, FF will be most important around
χc and for beams narrow in space, i.e., with a broad angular distribution.

At a curved interface, schematically depicted in Fig. 1(b), the beam shifts can be qualitatively
understood in the same manner, though, with two major differences. Whereas χeff

in = χin holds at
a planar interface, we find χeff

in < χin in the convexly curved case. As we can still approximate the
GHS to be DGH ≈ 2γ tan(χeff

in ), we expect the lateral shift to be smaller with increasing curvature.
Furthermore, the angular spread of the incident light beam is effectively enhanced by the interface
curvature which will lead to an increased FF at curved interfaces.

2. METHODOLOGY

Here, we use an expectation value approach to the beam shifts [15, 24] which is more widely appli-
cable than the different approximative formulas discussed in literature [11, 12, 16, 22].

In the planar case, the beam is expanded in plane waves. We restrict our calculations to the
interface, denoted by the z-axis. The incident beam is given by EI(z) =

∫
dkzeI(kz)eikzz, where

the transverse beam profile eI(kz) is supposed to be centered about one momentum component
kz = k0 corresponding to the central angle of incidence χin via kz = k sin(χ) with the wavenumber
k = 2π/λ. The reflected beam is obtained by applying the Fresnel reflection coefficients [25] to the
incident beam profile, eR(kz) = ρ(kz)eI(kz) leading to ER(z) =

∫
dkzeR(kz)eikzz.

The beam shifts can then be defined as expectation values of the reflected beam:

DGH = 〈z〉 =

∫∞
−∞ dzE∗

R(z)zER(z)∫∞
−∞ dz |ER(z)|2 and ∆kFF = 〈kz − k0〉 =

∫
dkze

∗
R(kz)(kz − k0)eR(kz)∫

dkz |eR(kz)|2
. (1)

From the shift in momentum ∆kFF, the angular deflection is obtained as ∆χFF = arcsin(∆kFF/k).
For curved interfaces, we concentrate on circularly symmetric systems. Any curved boundary

can be locally approximated by a circle. The beams are conveniently expanded in polar coordinates
(r, α) using Bessel functions. Angular momentum conservation leads to a relation between the angu-
lar wavenumber m of the cylinder function Jm and the angle of incidence χ, sin(χ) = m/(nkR) [18].
The incident light beam at the interface r = R, then, is EI(α) =

∑
m eI(m)eimαJm(nkR). The

transverse beam profile in angular momentum space eI(m) is chosen to be strongly peaked at the
central angular wavenumber m0 corresponding to χin. The reflected beam is obtained by applying
the corrected Fresnel reflection coefficients for convexly curved interfaces [25] to the incident beam
profile, eR(m) = ρc(m)eI(m), giving ER(α) =

∑
m eR(m)eimαJm(nkR).

Here, the beam shifts are obtained from the expectation values of the polar angle and the angular
wavenumber

∆αGH = 〈α〉 =

∫ π
−π dαE∗

R(α)αER(α)∫ π
−π dαE∗

R(α)ER(α)
and ∆mFF = 〈m−m0〉 =

∑
me∗R(m)(m−m0)eR(m)∑

me∗R(m)eR(m)
. (2)

The lateral shift DGH along the interface, given in multiples of the vacuum wavelength λ, is then
DGH = nkR ∆αGH/(2π) and the angular deflection is ∆χFF = arcsin(∆mFF/(nkR)).

As transverse beam profiles we choose a Gaussian in momentum and angular momentum space
for the planar and curved case, respectively,

eI(kz) =
1√
2πε

e−
(kz−k0)2

2ε2 and eI(m) =
1√
2πσ

e−
(m−m0)2

2σ2 (3)

with corresponding beam waists in real space w/λ =
√

2k/(πε) and w/λ =
√

2kR/(πσ).
Numerical results are obtained from full electromagnetic calculations simulating a Gaussian

beam incident on planar and curved dielectric interfaces, see Fig. 2. These simulations have been
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Figure 2: Real space pictures of a Gaussian beam with width w/λ = 5 reflected at a dielectric interface
with relative refractive index n = 1.5 near critical incidence. The direction of incident and reflected beams
are given by red arrows, the direction of the reflected beam expected from ray optics is given by the orange
arrow. (a) TM polarized beam at a planar interface. (b) TE polarized beam at a curved interface with
kR = 400.

Figure 3: Effect of the beam waist on the beam shifts at a planar interface. The wavenumber k is fixed while
the beam waist w/λ is varied. Goos-Hänchen shift and the Fresnel-filtering effect according to Equation (1)
are shown for both, TM and TE, polarization. The relative refractive index is n = 1.5, χc ≈ 41.8, χB ≈ 33.7.

performed with the finite-difference time-domain (FDTD) method, using a freely available software
package [26]. The ray propagation directions of the incident and reflected beams are obtained as
mean value of the Poynting vectors and are denoted by red arrows. The deviation from geometrical
optics, marked by the orange arrow, is clearly visible. The beam shifts are calculated as the
difference between the simulated reflected beam and its ray-optics expectation.

3. RESULTS AND DISCUSSION

Now, we discuss the influence of the different parameters on the beam shifts. One important
parameter is the beam width. At curved interfaces, the radius of curvature, additionally, is crucial.

In Fig. 3, the dependence on beam width of GHS and FF at planar interfaces is depicted. Firstly,
both effects are broadened with reduced beam width, thus, giving a contribution for a larger range
of incident angles. Secondly, GHS increases while FF decreases with increasing beam width. This
is understood in the intuitve picture described in the Introduction. GHS depends on the spatial
extent of the beam, whereas, FF depends on the width of the angular distribution. A broader beam
in space corresponds to a narrower angular spectrum. The effects are strongest around the critical
angle and the GHS has a finite value for supercritical incidence, whereas, FF drops to zero in this
regime. We expect the least deviations from ray-optics for subcritical incidence, and this is indeed
seen for TM polarization. The TE result, however, has a distinct contribution there, which is due
to the Brewster angle, χB = arctan(1/n) < χc, where no TE polarized light is reflected.

In Fig. 4, the effect of curvature on GHS and FF at convexly curved interfaces is studied. The
radius of curvature R is changed while the angular spread σ and the beam width w/λ are kept fixed
in Fig. 4(a) and 4(b), respectively. The results confirm the predictions made in the intuitive picture.
When the radius is decreased, the effective angle of incidence is lower, thus, the GHS decreases in
both cases. For the FF, however, the situation is more involved. In the case of fixed angular spread
in the beam (Fig. 4(a)), the effective angular spread with respect to the interface is increased at
a more strongly curved interface. Hence, the FF increases with decreasing radius. In the case of
fixed beam width (Fig. 4(b)), however, σ changes, according to w/λ =

√
2kR/(πσ), linearly with

the radius of curvature when k and w/λ are fixed. Hence, the angular spread is increased by the
same amount as the curvature is reduced. Consequently, the FF is unchanged in absolute size, only
the position of the maximum is shifted and the features are broader for smaller R.
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Figure 4: Effect of (a) angular spread and (b) beam waist on the beam shifts at convex interfaces. The
wavenumber k and (a) the angular spread σ = 36, (b) the beam waist w/λ = 5 are fixed while the curvature
κ = 1/R is varied. Goos-Hänchen shift and the Fresnel-filtering effect according to Equation (2) are shown
for both, TM and TE, polarization. The relative refractive index is n = 1.5, χc ≈ 41.8, χB ≈ 33.7.

4. CONCLUSION

For the inclusion of the correction terms in a ray-optical description of micro-optics devices, it is
important to know how GHS and FF affect the prediction of the far-field emission. In polygonal
microcavities which have only planar boundaries, only FF plays a role as it affects the emission
direction. Whereas, GHS leads only to a parallel shift of the rays but not to a change in direction.
For all other geometries with curved and mixed boundaries, both effects are important. Although
GHS is diminished at strongly curved interfaces it still has to be taken into account as the shift
along a curved boundary also affects the direction of the resulting beam. However, FF is of special
importance here as it is strongly increased with curvature. Hence, it has a large impact on the
prediction of the emission direction.

Furthermore, both effects are broadened with increasing curvature, thus, being important in
a larger range of incident angles also far away from the critical angle. Especially in experiments
with TE polarized light, the enhancement of the beam shift corrections and their Brewster angle
features might lead to far-field patterns that deviate from the ray-optics expectation (e.g., [27, 28]).

Knowing the influence of polarization, beam width, angular spread and boundary curvature
on the beam shift effects GHS and FF, we are now able to incorporate them in the ray-optical
calculations for a large class of micro-optics devices with curved and planar boundaries. Thus, we
can make predictions for these devices exploiting the simplicity and efficiency of geometrical optics
while keeping the accuracy of wave calculations.
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