Progress In Electromagnetics Research Symposium Proceedings 1913

Ensemble Formalism of the Orbital-free Density Functional Theory

A. Nagy
Department of Theoretical Physics, University of Debrecen, Debrecen, Hungary

Abstract— Ensembles are constructed in the ground-state non-interacting density functional
theory. The ensemble Euler equation is formulated as a one-particle Schrodinger-like equation
for the square root of the ensemble density. The potential in this equation is the sum of the
original Kohn-Sham potential plus the ensemble Pauli potential. The latter satisfies a first-order
differential equation. The true electron density can be easily obtained from the ensemble electron
density. The ensemble density or the ensemble non-interacting energy density or the ensemble
angular momentum density provide a full description of a Coulomb system.

1. INTRODUCTION

Density functional calculations are generally done by solving the Kohn-Sham equations. There are
several Kohn-Sham equations for systems with a lot of electrons. In orbital-free density functional
theory, on the other hand, one has to solve only a single equation, the Euler equation, which is a
huge simplification. Therefore, there is a growing interest in orbital-free methods [1-3]. Unfortu-
natelly, they are not accurate enough. The main problem is the lack of accurate approximation for
the kinetic energy functional. In this paper we discuss a novel approach [4-7] that avoids using
approximate kinetic energy functionals.

2. ENSEMBLE FORMALISM

In the construction the original Kohn-Sham equations
1
[—2V2 + vKS(r)] u;(r) = giu;(r) (1)

are made use of. The original ground-state density is given by

M
no() = 3 Aini(r), (2)
=1

where n;(r) = |u;(r)|? are the one-electron densities. u;, A; and vig are the Kohn-Sham orbitals,
the occupation numbers and the Kohn-Sham potential, respectively. €1 < g9 < ... < g) are the
one-electron energies. M denotes the number of levels with non-zero occupation numbers. Now,

the ensemble density and the ensemble non-interacting energy are defined as

M
n(r) = Z Aiwin;(r), (3)
i=1

M
&= Z wi)\iei. (4)
=1

Note that if all w; = 1, the ensemble density and the ensemble non-interacting energy equal the
true density (n = ng) and the non-interacting energy (£ = &j). The generalized Rayleigh-Ritz
variational principle [8] is valid for the ensembles if the weighting factors satisfy the inequalities:

wy > we > ... > wy > 0. The generalized variational principle leads to the ensemble Euler
equation:
oT
_— = s 5
5, T UKs = H (5)

where p is the Lagrange multiplier and the ensemble non-interacting kinetic energy is defined as:

T= /t(r)dr = /é)\iwiti(r)dr. (6)
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The one-electron kinetic energy densities are given by the Laplacian form t;(r) = —3u} (r)V2u;(r).
Note that vxg in Equation (5) is the original Kohn-Sham potential (1).

The total ensemble non-interacting kinetic energy can be partitioned as T' = T, + T}, where Ty,
is the ensemble Weizsacker kinetic energy

1 [ |Vn|?
Tw=- | —d
Y (7)

and T}, is ensemble Pauli energy. Then the ensemble Euler Equation (5) can be rewritten as

1
[—QVQ +vp + UKS] n'/? = unt/?, (8)

where v, = 557;;’ is the Pauli potential.

3. ENSEMBLE DENSITY FOR SPHERICALLY SYMMETRIC SYSTEMS

For spherically symmetric systems the ensemble Euler Equation (8) takes the form

1 d? 1/2 1/2
—§ﬁ+vp+vl(5’ 0 = po -, (9)

where ¢ = 47r?n is the radial ensemble density. It was shown in [6] that with the choice of the
weighting factors

w; = eﬁé‘z‘*’}’li(lﬂrl) (10)

(8 and v are real numbers) the ensemble Pauli potential satisfies the first-order differential equation

1
300 + oy =, (11)
where
0 (0o , 1 0 (0o 1 Do
=2 (< S e 12
/ or (3ﬁ> the 2r2 or <87 + 273 Oy (12)
The differential Equation (11) can be solved and the Pauli potential can be written as
2 T
v= s [ elr)fra)an. (13)
Note that
I 14
%—Zwi i€i0i = OF (14)
i=1

is the ensemble non-interacting energy density and

M
do
% = ;wz)\llz (lz + 1) 0; = 0L (15)
is the ensemble angular momentum density.

The orbital-free solution for spherically symmetric systems can then be obtained in the following
steps.

(i) Guess an initial ensemble electron density.
(ii) Using Equation (12) calculate the function f.
(iii) Calculate the ensemble Pauli potential v, using Equation (13).
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(iv) Solve the ensemble Euler Equation (8) to obtain the ensemble electron density p. Note that
one needs the original ground-state Kohn-Sham potential. The accuracy of the results will
depend on the approximate exchange-correlation functional used in solving the ensemble Euler
equation.

(v) Repeat steps (i)—(iv) until convergence. At the end the ground-state density can be obtained
from the ensemble density at § =~ = 0.

The procedure seems to be simple, however, because of the 8 and v dependence of the ensemble
density, novel numerical methods have to be worked out to find the solution. This work is in
progress.

4. DESCRIPTORS OF COULOMB SYSTEMS: ENSEMBLE DENSITY, ENSEMBLE
NON-INTERACTING ENERGY DENSITY AND ENSEMBLE ANGULAR MOMENTUM
DENSITY

It is well-known that the ground-state density determines every property of the system. In case
of Coulomb systems, not only the density, but several other quantities possess this attribute. The
shape function (density per particle) [9], reactivity indicators [10] as Fukui function, local softness,
softness kernel, electrostatic potential, local kinetic energy and local temperature [11] are all capable
of fully determining every property of a Coulomb system. The ensemble density and its derivatives
with respect to 5 and v appearing in Equation (13), are all provide a full description of a Coulomb
System.
The external potential of a Coulomb system has the form

v(r) = —Zh_z‘;{a', (16)

where Z, is the atomic number of the nucleus at the position R,. Consider a linear combination
of one-electron densities: &(r) = Zf‘i 1 a;n;, where a; are real numbers. Using the cusp conditions
for the one-electron densities [12], one can readily obtain for the spherical average of £ around the
nucleus «

5, (Ra) = _2Za£(Ra) . (17)

The positions of cusps in ¢ locate the nuclei and Equation (17) gives the atomic numbers Z,. &
determines also the number of electrons. The asymptotic decay of £ is given by the highest occupied
orbital [9]:

5(7’ _ OO) ~ TLM(?” _ OO) ~ TQ(me/%V-Fl_l)e—QT\/ﬁ, (18)

where [ is the vertical ionization potential of the system and Z;,; = ), Z, is the sum of the atomic
numbers. Then the number of electrons can be obtained as [9]:
). 19)
T—00

1
N_1+<Ztot+4

2
(afl)r;g (8?«311(115) +2>
T
Equations (17)—(19) lead to the theorem: For any Coulomb system, & determines the external
potential v up to an additive constant and the number of electrons.

£ is the ensemble density if a; = A\w;. The choice a; = A\w;e; leads to the ensemble non-
interacting energy density. In case of sherically symmetric systems a; = w;\il;(l; + 1) gives the
ensemble angular momentum density. That means that if we know the ensemble density or the
ensemble non-interacting energy density or the ensemble angular momentum density we can, in
principle, determine the external potential, that is, the total Hamiltonian of the true interacting
system, therefore any property of the system.

As an illustration, the radial ensemble density, the ensemble non-interacting energy density and
the ensemble angular momentum density of the Neon atom are presented as a function of the radial
distance for some values of of 3 and . Figure 1 shows the radial ensemble density as for 5 = 0.00,
B = —0.01, = —0.05 and v = 0.00 (a) and v = 5.00 (b). Note that the case 8 = v = 0.00
corresponds to the ground state (solid line). The negative value of [ gives larger weight to the
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Figure 1: Radial ensemble density for (a) v = 0 and (b) v = 5 for some values of 3 as a function of the
radial distance for the Neon atom. (Atomic units).
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Figure 2: Derivative of the radial ensemble density with respect to (a) 8 and (b) v for some values of 3 and
~v =0 as a function of the radial distance for the Neon atom. (Atomic units).

lower lying levels (see Equation (3)), therefore the first maximum arising from the 1s orbital is
increased, while the second maximum is almost disappeared. Figure 2 shows the ensemble non-
interacting energy density (a) and the ensemble angular momentum density (b). The ensemble
non-interacting energy density, that is the derivative of the ensemble density with respect to 3, is
presented for § = 0.00, 3 = —0.01, 8 = —0.05 and v = 0.00. The plots are very similar for larger
values of v. The minimum becomes deeper as 3 is decreased (see Equation (14)), because 3 is
negative. The ensemble angular momentum density, that is, the derivative of the ensemble density
with respect to ~, is presented for g = 0.00, 8 = —0.01, 8 = —0.50 and v = 0.00. The plots are
very similar for larger values of . Note that there is no contribution from s orbitals. The minimum
becomes deeper as 3 is decreased (see Equation (15)), because /3 is negative.

5. CONCLUSION

In the ensemble formulation of the orbital-free density functional theory, the ensemble Euler equa-
tion takes the form of a one-particle Schrodinger-like equation for the square root of the ensemble
density. The potential in this equation is the sum of the original Kohn-Sham potential plus the
ensemble Pauli potential. The latter satisfies a first-order differential equation. The orbital-free
problem is reduced to the solution of an equation that contains only the ensemble density and its
derivatives. The ground-state problem can be recovered as a special case. The ensemble density,
the ensemble non-interacting energy density and the ensemble angular momentum density are all
descriptors of a Coulomb system.
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