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Abstract— Subspace migration is a stable and effective non-iterative imaging technique for
approaching the inverse scattering problem. However, for the successful imaging of thin elec-
tromagnetic inhomogeneities, a priori information about tangential and normal directions to
unknown targets must be known. If this a priori information is not known, good results cannot
be obtained using subspace migration. For this reason, various test vectors are applied to the
imaging functional. However, this involves large computational costs, and the results may still be
poor. With this as motivation, we derive the structure of single-frequency subspace migration,
without any knowledge of shape information for unknown targets, and explore some proper-
ties thereof. This is based on the fact that measured far-field can be written as an asymptotic
expansion formula. Some numerical results are then demonstrated, in support of our derivation.

1. INTRODUCTION

One point of view holds that the main purpose of the inverse scattering problem is to identify un-
known characteristics of an object (such as its shape or material properties), using scattered field
data. As a result of much research, various algorithms for reconstructing the shape of thin electro-
magnetic inhomogeneities or perfectly conducting cracks have been suggested, based mostly upon
Newton-type iteration schemes or the level set method. Further details can be found in [1, 7, 13]
and references therein. However, in order for these schemes to be successfully applied, a good initial
guess is essentially required. Without that, one might encounter large computational costs, non-
convergence issues, and the occurrence of local minimizer problems. Moreover, iterative schemes
often require regularization terms that strongly depend on the problem at hand. Therefore, many
authors have suggested the use of non-iterative reconstruction algorithms, which could at least
provide good initial guesses. Further details are given in [2–4, 6, 8, 9, 11, 12].

Among such methods, subspace migration algorithm has been shown to be feasible for imaging
applications. However, for the assurance of good results for the imaging of thin inhomogeneities, a
priori information must be known about tangential and normal vectors on the boundaries (see [8, 9]
for instance). As a result, many authors have applied a suitable vector to the subspace migration
to consider the subspace migration without having any information about unknown targets. Mo-
tivated by this fact, we establish a relationship between single-frequency subspace migration and
Bessel functions of the first kind of integer order. This is based on the fact that the far-field pattern
can be represented as an asymptotic expansion formula in the presence of a thin electromagnetic in-
homogeneity, refer to [5]. This relationship lets us uncover certain properties of subspace migration,
and it can be applied successfully without knowing any information about a thin inhomogeneity.

This paper is organized as follows. In Section 2, we briefly introduce the two-dimensional direct
scattering problem and subspace migration. In Section 3, we explore the structure of subspace
migration, without consideration of the shape of thin inhomogeneities. In Section 4, we exhibit
some results of numerical simulations with noisy data. A brief conclusion follows in Section 5.

2. THE DIRECT SCATTERING PROBLEM AND SUBSPACE MIGRATION

2.1. A Two-dimensional Direct Scattering Problem for a Thin Electromagnetic Inhomogeneity
Assume an extended, penetrable electromagnetic inhomogeneity Γ, with a small (with respect to
the given wavelength) thickness of 2h, is located in the two-dimensional homogeneous space R2.
That is,

Γ = {x + ηn(x) : x ∈ σ, −h ≤ η ≤ h} ,

where n(x) is the unit normal to σ at x, and σ denotes a simple, smooth curve in R2, describing the
supporting curve of Γ. In this paper, we assume that Γ and R2 are characterized by their dielectric
permittivities and magnetic permeabilities at a given angular frequency ω = 2π/λ, where λ denotes
the wavelength. Let ε0 and ε? be the dielectric permittivity of R2 and Γ, respectively; µ0 and µ?

are defined similarly. For the sake of simplicity, we set ε0 = µ0 ≡ 1.
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At a given ω, we denote by u◦(x) := exp(iωθ · x) a plane-wave incident field with incident
direction θ ∈ S1, where S1 denotes the unit circle. Let u(x) be the time-harmonic total field that
satisfies the Helmholtz equation

∇ ·
(

1
µ?

χ(Γ) +
1
µ0

χ
(
R2\Γ))∇u(x) + ω2

(
ε?χ(Γ) + ε0χ

(
R2\Γ))

u(x) = 0 in R2, (1)

with a transmission condition on the boundary of Γ. Then, u(x) can be decomposed as u(x) =
u◦(x) + u¦(x), where u¦(x) is the unknown scattered field that uniformly satisfies the Sommerfeld
radiation condition

lim
|x|→∞

√
|x|

(
∂u¦(x)
∂|x| − ik0u¦(x)

)
= 0, k0 = ω

√
ε0µ0 = ω,

in all directions x̂ = x/|x|.
The far-field pattern u∞(ϑ, θ) of u¦(x) is defined on S1. Note that it is represented as

u¦(x) =
exp(iω|x|)√

|x| u∞(ϑ, θ) + o

(
1√
|x|

)
, (2)

as |x| → ∞ uniformly on ϑ = x/|x|. Then, u∞(ϑ, θ) can be written in the form of the following
asymptotic expansion formula:

u∞(ϑ, θ) = h
ω2(1 + i)

4
√

ωπ

∫

σ

(
ε? − ε0√

ε0µ0
−

(√
2ϑ

)
·M(x) ·

(√
2θ

))
exp (iω(θ − ϑ) · x) dσ(x) + o(h),

(3)
where o(h) is uniform in x ∈ σ, and M(x) is a symmetric matrix (see [5] for instance).
2.2. Introduction to Subspace Migration
We introduce subspace migration for the imaging of Γ. For the sake of simplicity, suppose that
we have a number N of different incident and observation directions, θl and ϑj respectively, for
j, l = 1, 2, . . . , N and ϑj = −θj . Furthermore, suppose that the supporting curve σ is divided
into M different segments, of sizes of the order of half the wavelength, λ/2. Then, considering the
Rayleigh resolution limit for far-field data, any detail that is less than one half of the wavelength
cannot be seen, and only one point from each segment is expected to contribute at the image
space of the response matrix K (see [4, 9, 11, 12] for instance). Each of these points, say xm for
m = 1, 2, . . . , M , will be imaged. With this in mind, we consider the collected MSR matrix, and
perform Singular Value Decomposition (SVD) as follows:

K = [u∞ (xj , θl)]
N
j,l=1 = UEV∗ ≈

3M∑

m=1

τmUmV∗
m, (4)

where the superscript ∗ denotes a complex conjugate, the τm are non-zero singular values, and
Um and Vm are the left- and right-singular vectors of K, respectively. Based on (4), the imaging
algorithm is developed as follows. For cn ∈ R3×1\{0}, n = 1, 2, . . . , N , define a vector

W(z) :=
1
N

[
c1 · [1, θ1]T exp(iωθ1 · z), . . . , cN · [1, θN ]T exp(iωθN · z)]T

. (5)

Then, by virtue of results in [2, 8, 9], the following relationship holds:

W(xm) ≈ µm and W(xm) ≈ Vm. (6)

Hence, by the orthonormal property of singular values, we can observe that

W(z)∗Um ≈ 1 and W(z)∗Vm ≈ 1 if z = xm,

W(z)∗Um ≈ 0 and W(z)∗Vm ≈ 0 if z 6= xm.
(7)

Therefore, we can introduce the subspace migration imaging functional as follows:

ISF(z) :=

∣∣∣∣∣
3M∑

m=1

(W(z)∗Um)
(
W(z)∗Vm

)
∣∣∣∣∣ . (8)

Based on (7), ISF is expected to exhibit peaks of a magnitude of 1 at z = xm ∈ σ, and of small
magnitudes at z ∈ R2\Γ.
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3. STRUCTURE OF SUBSPACE MIGRATION WITHOUT SHAPE INFORMATION

Based on the above, the definition of a vector W(z) in (5) is very important for the performance
of imaging. For this purpose, one must choose suitable vectors cn. Note that, following from (3)
and (6), each cn must be a linear combination of tangential t(xm) and normal n(xm) vectors at
xm ∈ σ. However, when we have no a priori information about the shape of Γ, it is impossible
to select an optimal vector cn, and therefore also an optimal W(z). Therefore, instead of (5), we
choose an alternative test vector

W(z) :=
1
N

[exp(iωθ1 · z), exp(iωθ2 · z), . . . , exp(iωθN · z)]T . (9)

Subsequently, the structure of subspace migration can be represented as follows. A detailed
derivation is to appear in an extended version of this contribution.
Theorem 3.1. For sufficiently large N(> 3M) and ω, (8) can be represented as follows:

I(z) =

∣∣∣∣∣
M∑

m=1

{
J0 (ω|z− xm|) + i

(
z− xm

|z− xm| · (t(xm) + n(xm))
)

J1 (ω|z− xm|)
}2

∣∣∣∣∣ , (10)

where Jn denotes the Bessel function of integer order n, of the first kind.
Proof. Considering (5) and (6), I(z) can be written as

I(z) =

∣∣∣∣∣
3M∑

m=1

(W(z)∗Um)
(
W(z)∗Vm

)
∣∣∣∣∣ ≈

∣∣∣∣∣∣

M∑

m=1

{
3∑

s=1

(
W(z)∗H(s)

m

)}2
∣∣∣∣∣∣
,

where (see [10] for instance)

H(1)
m =

1√
N

[
eiωθ1·xm , eiωθ2·xm , . . . , eiωθN ·xm

]T
,

H(2)
m =

1√
N

[
θ1 · t(xm)eiωθ1·xm , θ2 · t(xm)eiωθ2·xm , . . . , θN · t(xm)eiωθN ·xm

]T
,

H(3)
m =

1√
N

[
θ1 · n(xm)eiωθ1·xm , θ2 · n(xm)eiωθ2·xm , . . . , θN · n(xm)eiωθN ·xm

]T
.

Since for θ, ξ ∈ S1 and x ∈ R2 (see [9] for instance), we have that

1
N

N∑

n=1

exp(iωθn · x) =
1
2π

∫

S1
exp(iωθ · x)dθ = J0(ω|x|),

1
N

N∑

n=1

(θn · ξ) exp(iωθn · x) =
1
2π

∫

S1
(θ · ξ) exp(iωθ · x)dθ = i

(
x
|x| · ξ

)
J1(ω|x|),

we can perform some elementary calculus to obtain

W(z)∗H(1)
m = J0(ω|z− xm|),

W(z)∗H(2)
m + W(z)∗H(3)

m = i

(
z− xm

|z− xm| · (t(xm) + n(xm))
)

J1 (ω|z− xm|) .

Hence, we can obtain (10). This completes the proof.
Based on the properties of J0(x), plots of I(z) will show peaks of magnitude 1 at z = xm ∈ Γ,

and smaller peaks at z /∈ Γ. It follows from the properties of J1(x)2 that two curves of large (but
less than 1) magnitude, and many artifacts of smaller magnitude, will appear in the map of I(z).

4. RESULTS OF NUMERICAL SIMULATIONS

In this section, the results of some numerical simulations are exhibited in support of Theorem 3.1.
For this purpose, thin inhomogeneities Γj and two supporting smooth curves are selected as follows:

σ1 =
{[

s− 0.2, −0.5s2 + 0.5
]T : − 0.5 ≤ s ≤ 0.5

}
,

σ2 =
{[

s + 0.2, s3 + s2 − 0.6
]T : − 0.5 ≤ s ≤ 0.5

}
.
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We set the permittivities and permeabilities of Γj as 5, and those of R2 as 1. The thickness h of
Γj is set to 0.015, and the wavelength λ is chosen as 0.5. Directions θl ∈ S1 are selected as

θl =
[
cos

2πl

N
, sin

2πl

N

]T

for l = 1, 2, . . . , N.

In order to show the robustness of the result, a white Gaussian noise with 20 dB signal-to-noise
ratio (SNR) is added to the unperturbed data u∞(ϑj , θl).

Figure 1 shows the maps of ISF(z) with cn = [1, 1, 0]T , cn = [1, 0, 1]T , and I(z) for Γ1. Note
that since n(xm) ≈ 1 for all m, the selection of cn = [1, 0, 1]T yields good result but cn = [1, 1, 0]T
is not a good choice. However, one can recognize the shape of Γ1 via the map of I(z).
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Figure 1: Maps of ISF(z) with (a) cn = [1, 1, 0]T , (b) cn = [1, 0, 1]T , and (c) I(z) for Γ1.

Similar to Figure 1, Figure 2 shows the maps of ISF(z) and I(z), for Γ2. In contrast to the
previous result, the selection of cn = [1, 0, 1]T is no longer a good choice. Fortunately, the shape of
Γ2 is successfully reconstructed via the map of I(z).
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Figure 2: Similar to Figure 1, except the thin inhomogeneity, Γ2.
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Figure 3: Similar to Figure 1, except the thin inhomogeneities, Γ1 and Γ2.

For the final example, let us consider the imaging results of multiple thin inhomogeneities Γ1∪Γ2.
As with the previous results, we can observe that it is impossible to recognize the shape of Γ1 ∪Γ2
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via the map of ISF(z) with cn = [1, 1, 0]T . If one selects cn = [1, 0, 1]T , the outline shape of Γ1 ∪Γ2

can be obtained, although the result is still poor. However, their shape can be successfully retrieved
via the map of I(z).

5. CONCLUDING REMARKS

In this paper, we considered the subspace migration imaging functional without any information
about the shape of thin inhomogeneities. We derived a relationship between the imaging functional
and the Bessel functions of integer order of the first kind. The derived results indicated that
although some unexpected artifacts still appear, we can obtain acceptable results using subspace
migration without any consideration of the shape of unknown targets.

In the present work, we considered the imaging of thin electromagnetic inhomogeneities. Along
the same lines, the analysis of subspace migration for the imaging of perfectly conducting cracks
would make an interesting addition to this research.
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