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Abstract— A rigorous analysis of nanoantennas using surface integral equations and the mul-
tilevel fast multipole algorithm (MLFMA) is presented. Plasmonic properties of materials at
optical frequencies are considered by using the Lorentz-Drude models and employing surface
formulations for penetrable objects. The electric and magnetic current combined-field integral
equation is preferred for fast and accurate solutions, which are further accelerated by an MLFMA
implementation that is modified for plasmonic structures. The developed simulation environment
is used to investigate popular bowtie structures with different material properties and to analyze
interactions between pairs of nanoantennas.

1. INTRODUCTION

Nanoantennas, i.e., antennas designed for optical frequencies, have attracted the interest of many
researchers [1–7]. Although the idea of using nanoscale antennas operating at visible lights, e.g., for
harvesting solar energy, was purposed decades ago, realization of nanoantennas had to wait for the
developments in nanotechnology. Recently, various nanoantennas have been designed, manufac-
tured, and tested for diverse applications, including energy harvesting [3], optical sensing [4], and
imaging. Along this direction, computational simulations of nanoantennas have become essential
for designing and investigating these structures in alternative scenarios before their experimental
realizations [8].

Computational analysis of nanoantennas using the conventional solvers may not be trivial. While
nanoantennas are commonly made of highly conducting materials, such as silver and gold, scaled
solvers with perfectly conducting assumptions fail to provide realistic and accurate modeling of
nanoantennas. This is mostly due to different behaviors of metals at optical frequencies, namely
plasmonic effects [9], which become dominating factors especially for nanoscale objects [10]. Incor-
porating plasmonic effects into the existing solvers is also a challenging task, especially for full-wave
solvers. This challenge can partially be solved by resorting to Drude or Lorentz-Drude models that
allow for macroscopic analysis via electromagnetic parameters. Specially, changing the electrical
permittivity to a complex value with a negative real part based on these models leads to a direct
analysis of a plasmonic structure using existing solvers developed for penetrable objects.

In this study, we investigate nanoantennas using surface integral equations and a powerful
method, namely, the multilevel fast multipole algorithm (MLFMA). Among alternative formula-
tions, we prefer the electric and magnetic current combined-field integral equation (JMCFIE) for
accurate and fast iterative solutions using MLFMA [11]. JMCFIE is modified carefully by consid-
ering complex permittivity values with negative real parts. MLFMA is also updated for stability
in handling complex wavenumbers with large imaginary parts, leading to rapidly decaying inter-
actions. In this paper, after demonstrating the effectiveness of the developed solver on canonical
problems, we present numerical simulations of bowtie nanoantennas at optical frequencies. Different
material properties and frequencies are considered for single bowtie nanoantennas (see Figure 1).
Electromagnetic interactions between pairs of nanoantennas and their effects in the power enhance-
ment abilities are also investigated. Numerical results show that MLFMA is a strong alternative
to space-discretization solvers for accurate and efficient full-wave analysis of nanoantennas.
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Figure 1: A single bowtie nanoantenna model [4].
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2. MLFMA SOLUTIONS OF NANOANTENNAS

Consider a plasmonic object (εp, µp) located in a host medium (εo, µo) illuminated by incident
electric and magnetic fields (Einc, Hinc) created by external sources. Formulating the problem
using JMCFIE discretized with the RWG functions, we obtain [12]
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where the matrix elements and the elements of the RHS vector are derived as
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In the above, ηu =
√

µu/
√

εu is the wave impedance for u = {o, p}. Discretized operators can be
written as
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∫
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where tm and bn represent testing and basis functions, respectively, and n̂ is the outward unit
normal. Integro-differential operators are defined as
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εu is the wavenumber for
u = {o, p}. In MLFMA, the Green’s function is factorized and diagonalized as
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where r− r′ = D + d.
Consider a plasmonic object modeled with a permittivity of εp = −εpR + iεpI . If εpR À εpI , then
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√
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is a rapidly decaying function. In other words, for highly plasmonic materials, inner interactions
tend to be localized and captured by short-distance interactions. If the plasmonic object is located
in a lossless and non-plasmonic medium, far-zone interactions in JMCFIE are dominated by the
outer interactions. Then, depending on the target accuracy of matrix elements, contributions from
the plasmonic material for some of the far-zone interactions can be omitted without deteriorating
the accuracy of results. This approach leads to much faster matrix-vector multiplications, compared
to using unnecessarily high numbers of harmonics required for large absolute values of wavenumbers
encountered in highly plasmonic materials.
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Figure 2: Solutions of scattering problems involving plasmonic spheres of radius 0.3 µm excited at 500THz.
MLFMA solutions obtained with different mesh sizes are compared to analytical Mie-series solutions.

3. NUMERICAL VERIFICATION

Figure 2 presents the results of numerical experiments involving spheres of radius 0.3µm located in
free space and illuminated by plane waves at 500THz. Different relative permittivity values with
unity imaginary parts and negative real parts from −22 to −35 are considered. Figure 2 depicts
the far-zone electric field values on the E-plane with respect to the bistatic angle from 0 (forward-
scattering direction) to 180◦ (backscattering direction). Computational values obtained by using
the developed MLFMA implementation for different mesh sizes (i.e., λ/6, λ/12, λ/20, and λ/30,
where λ is the free-space wavelength) are compared to those obtained with analytical Mie-series
solutions. For each case, it can be observed that the computational values converge to the reference
Mie-series values as the mesh size is decreased and discretization is refined. In other words, the
developed MLFMA solver provides controllable accuracy for plasmonic structures.

4. NUMERICAL RESULTS

Figure 1 depicts geometric details of the nanoantenna design considered in this study. The bowtie-
shaped nanoantenna has two triangular prisms with 20 nm thickness and separated by 14 nm from
tip to tip. The nanoantenna is investigated at optical frequencies when the Lorentz-Drude (LD)
model is used to determine the complex permittivity of the materials. Figure 3 presents the results
of numerical experiments involving single nanoantennas made of silver (Ag) and gold (Au), each
illuminated by a plane wave (1 V/m) from 250THz to 600THz. The power density values in the
vicinity of the nanoantennas are investigated with respect to the frequency. It can be observed
that the nanoantennas become active in different ranges of frequencies, depending on the material.
Specifically, power density values in the vicinity of the nanoantennas, especially at the feed locations
between the tips, increase significantly at around 400THz. High power density values indicate the
focusing ability of the nanoantennas, hence suitability for energy harvesting.

For a quantitative comparison of different materials for the purpose of energy harvesting, Fig-
ure 4(a) presents the power enhancement ratio for single nanoantennas from 250 THz to 600 THz.
In addition to silver (Ag) and gold (Au), copper (Cu) and platinum (Pt) materials are considered.
Among these, platinum is known to show no plasmonic activity, therefore providing a baseline for
the enhancement ability. The power density at the middle of the feed location is divided by the
power density of the incident wave (plane wave) to calculate the power enhancement ratio with
respect to the frequency. It can be observed that the enhancement ratio of the silver nanoantenna
makes a peak at 410 THz with a value of 44.4. While the copper nanoantenna behaves similar to
the silver nanoantenna in the 250–370 THz range, its peak occurs with a lower value at 390 THz, fol-
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Figure 3: Power density values in the vicinity of single nanoantennas made of silver (Ag) and gold (Au),
each illuminated by a plane wave (1V/m) from 250 THz to 600 THz.
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Figure 4: (a) The power enhancement ratio for single nanoantennas made of silver (Ag), gold (Au), cop-
per (Cu), and platinum (Pt), each illuminated by a plane wave (1 V/m) from 250THz to 600 THz. (b) The
power enhancement ratio for a silver nanoantenna, while another identical nanoantenna approaches along x
and y axis.

lowed by an earlier decay at higher frequencies. The peak and decay for the gold nanoantenna occur
even earlier, and the enhancement ratio for this material is higher than the others from 250THz to
370THz, while the silver nanoantenna clearly outperforms the other nanoantennas after 390THz.
Finally, the enhancement ratio for the platinum decreases slowly from 13.8 to 7.6 in the entire
range, providing a reference for measuring the performance of the plasmonic nanoantennas.

Finally, we consider pairs of silver nanoantennas and investigate the effect of mutual interactions
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on the enhancement ratios. Figure 4(b) presents the power enhancement ratio at the feed location
of a nanoantenna, while another nanoantenna approaches along x and y axis. The frequency is fixed
to 420THz and the pairs are illuminated by plane waves. In both cases, the enhancement ratio
tends to decrease when the nanoantennas become very close to each other. For some distances,
however, higher ratios in contrast to the single-nanoantenna case are observed, especially for the
y alignment. Specifically, for the y alignment scenario, an optimal distance from center to center
is approximately 500 nm (0.7λ), leading to an enhancement ratio of 48.2. This information can be
used to construct efficient nanoantenna arrays, while mutual couplings between array elements will
be more complicated, needing further analysis with MLFMA.

5. CONCLUSION

Rigorous analysis of nanoantennas using surface integral equations and MLFMA is presented.
The Lorentz-Drude model is used to formulate plasmonic effects at optical frequencies. Single
nanoantennas with different materials, as well as pairs of nanoantennas in alternative scenarios are
investigated. MLFMA provides accurate and efficient analysis of nanoantennas, while its potential
will be revealed further for much larger nanoantenna systems.
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12. Ergül, Ö. and L. Gürel, The Multilevel Fast Multipole Algorithm (MLFMA) for Solving Large-
scale Computational Electromagnetics Problems, Wiley-IEEE, 2014.


