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Abstract— In this article, a source reconstruction problem is solved by sampling the tangential
components of the electric field of an electric point source on the surface of a hemisphere the
center of which is the location of the point source. The source reconstruction is performed by
sampling the electric field at five different sampling rates. One of the sampling rate corresponds
to the Nyquist rate, two of them are oversampling rates and the rest are undersampling rates.
The problem is discretized into a matrix equation which is solved iteratively. For each of the
solution iterate, the field components are reconstructed and the error with respect to the original
fields are computed. It is shown that the error made is approximately the same for all the
sampling rates. In addition, the fields are reconstructed on hemispheres outside the sampling
hemisphere. The error made in this reconstruction is calculated and shown to be not too much
varying among the five different sampling rates. By means of these two field reconstruction
demonstrations, it is proven that the oversampling and Nyquist rate sampling do in fact provide
redundant information for the source reconstruction since the oversampling and the Nyquist rate
sampling do not increase the accuracy of the reconstructed fields. The current reconstruction is
also made using the lowest sampling rate and it is indicated that the reconstructed current is close
to the original current although the sampling rate is lowest. As a result, it is determined that
undersampling regularizes the reconstruction problem by deleting the redundant information due
to higher rate sampling.

1. INTRODUCTION

It is possible to determine the radiation pattern of an antenna using the antenna material properties
and the antenna geometry as inputs to the electromagnetic analysis. However, the electromagnetic
analysis can never produce the actual radiation properties of the manufactured antenna because
the defects in the manufacturing material, distortions in the geometry of the antenna, cables and
supporting accessories around the antenna cause deviations from the theoretical antenna radiation
pattern. All of these real life effects can be taken into consideration by the source reconstruction
method and the actual antenna radiation pattern can be determined [1].

In the source reconstruction method, the field of the actual source is sampled to obtain the
necessary information for the reconstruction of the original source. The relation between the
source and its fields expressed using the mixed potential integral equation is not a Fourier transform
relation as indicated in [2]. Hence, it is possible to reduce the field sampling rate below the Nyquist
sampling rate. In this article, the electric field components which are tangential to a hemisphere
centered at the point source of the electric field (~E) are sampled and from these samples, the
point source is reconstructed. Three sampling rates are employed: Oversampling, Nyquist rate
sampling and undersampling. These sampling rates are compared according to the reconstructed
field accuracy and the speed of convergence to the reconstructed source solution. The comparison
shows that three different sampling schemes do not yield results very much differing from each
other. Hence, it is demonstrated that undersampling regularizes the source reconstruction problem
by extracting the unnecessary information from the problem.

In the Section 2, the problem and its solution are described. In the Section 3, the results are
presented.

2. THE DEFINITION AND THE SOLUTION OF THE PROBLEM

The x̂ directed point source is defined as follows:

~J (x, y, z) = x̂ Il δ (x) δ (y) δ (z) (1)

with
Il = 1 A ·m (2)
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Assuming a time-harmonic dependence of e−jωt, the θ and φ components of ~E of the point source
are given in a spherical coordinate system as follows:
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In the above equations, the symbols are defined as follows: j is the imaginary unit, ω is the angular
frequency. k is the wavenumber of the medium. ε and µ are the permittivity and permeability
of the medium respectively. r is the distance variable of the spherical coordinate system. The
sampling of the electric field is carried out using these formulas.

The source to be reconstructed is expressed in terms of the Rao-Wilton-Glisson (RWG) basis
functions as follows:
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)
(5)

In (5), ~fn(~r ′) is the RWG basis function [3]. ~r ′ is the distance vector of a point on the reconstruction
plane. N is the number of basis functions and In denotes the expansion coefficients. The RWG
basis function ~fn(~r ′) is defined as follows:
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T+
n and T−n are the triangle pair belonging to the nth RWG basis function. They are shown in

Fig. 1. A+
n and A−n are the areas of the triangles T+

n and T−n respectively. T+
n and T−n have one

common side and two common vertices. ~ρ+
n is the vector drawn from the free vertex of T+

n to a
point in T+

n . ~ρ−n is the vector drawn from a point in T−n to the free vertex of T−n . ln is the length
of the common edge.
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Figure 1: The triangle pair belonging to the nth RWG basis function.

Using the mixed potential integral formulation, the following integral equation is obtained for
the x, y and z components of the electric field due to the nth RWG basis function:
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In (7), g(~r, ~r ′) is the scalar Green’s function given by:

g
(
~r, ~r ′

)
=

ejk|~r−~r ′|

|~r − ~r ′| (8)

In (8), ~r is the position vector of the field point. Using the integral equation in (7), the following
matrix equation is obtained: [

Eθ

Eφ

]
I =
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bθ

bφ

]
(9)
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Eθ and Eφ are both M ×N matrices where M is the number of sampling points on the hemisphere
and N is the number of RWG basis functions. Eθ(p,q) and Eφ(p,q) denote the elements in the
row p, column q of the matrices Eθ and Eφ respectively and are given by

Eθ (p,q) = Ip,q
x cos (θp) cos (φp) + Ip,q

y cos (θp) sin (φp)− Ip,q
z sin (θp) (10)

Eφ (p,q) = −Ip,q
x sin (φp) + Ip,q

y cos (φp) (11)

θp and φp are the θ and φ coordinates of the pth sampling point. The integrals Ipq
i (i = x, y, z) are

defined as
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~r ′q is the position vector of a point in the triangle pair of the qth RWG basis function. ~rp is the
position vector of the pth sampling point. The column vector I in (9) is an N×1 matrix and I(q, 1)
is the coefficient Iq used in (5). bθ and bφ are both M × 1 matrices. bθ(p, 1) and bφ(p, 1) are the
θ and φ components of the electric field respectively at the pth sampling point.

The integrals in (12) are numerically calculated using a 79 point Gaussian quadrature given in [4].
The source reconstruction problem expressed by the matrix equation is a very ill-posed problem as
indicated in the first section of [5]. The matrix equation is solved by the least squares QR (LSQR)
method [6]. LSQR is an effective and preferred conjugate gradient type solution method [5]. The
algorithm for this method has been implemented in Fortran90 programming language by adapting
the program given in [7].

If the expressions in (3) and (4) are examined, then it can be determined that the Nyquist
sampling period of Eθ is π◦ × π◦ and of Eφ is π◦. Eφ does not depend on θ.

3. THE SOURCE RECONSTRUCTION RESULTS

The operating frequency is 1 GHz. The reconstruction plane is a square of side length 0.3m. The
square is centered at the origin of the spherical coordinate system and it is in the x-z plane. The
square is meshed into triangles using Siemens NX 9.0 software. The side lengths of the triangles
are set to be λ/

√
300. The radius of the hemisphere on which the electric field sampling is made

is 1 m. The source reconstruction problem is solved using the sampling periods of 1◦ × 1◦, 2◦ × 2◦,
π◦×π◦, 4◦× 4◦ and 5◦× 5◦ for Eθ and 1◦, 2◦, π◦, 4◦ and 5◦ for Eφ. The error in the reconstructed
field vector with respect to the original field vector is defined as

error =

√∑M
n=1 |original− reconstructed|2n

M
(13)

M in the summation in (13) is the number of field samples or the field vector dimension.
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Figure 2: The error in the reconstructed fields versus the LSQR iteration number. (a) The error in recon-
structed Eθ. (b) The error in reconstructed Eφ.
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Figure 3: The plots of the error in the reconstructed field components versus the radius of the reconstruction
hemisphere. (a) The error in reconstructed Eθ. (b) The error in reconstructed Eφ.
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Figure 4: The magnitudes of the reconstructed electric current density components with the undersampling
periods of 5◦ × 5◦ and 5◦ for Eθ and Eφ respectively. (a) The plot of |Jx|. (b) The plot of |Jz|.

In Fig. 2, the error in the reconstructed field components are plotted versus the LSQR iteration
number. As the LSQR iteration number increases, the convergence to the solution is realized.
Meanwhile, the error in the reconstructed components decreases. The decrease curves are almost
the same for all of the sampling rates. Hence, there is no need for oversampling or Nyquist sampling
in order not to increase the computational burden in the source reconstruction problem. The over-
sampling and Nyquist rate sampling contains redundant information. Decreasing this redundant
information by means of undersampling regularizes the problem. In Fig. 3, the reconstructed field
components Eθ and Eφ are plotted versus the radius of the hemisphere on which the reconstruction
is carried out. The error curves for various sampling rates do not differ significantly from each
other. Hence, it is again proven that oversampling and Nyquist rate sampling are not necessary.
Undersampling regularizes the source reconstruction problem. In Fig. 4, the spatial variations for
the magnitudes of the components of the reconstructed current density are shown. This current
density is reconstructed by undersampling periods of 5◦ × 5◦ and 5◦ for Eθ and Eφ respectively.
The x component can be observed to be focusing to the origin. In addition, the magnitude of the
x component is at least 10 times that of the z component on the average. Hence, the reconstructed
current density resembles the original x directed point source and the source reconstruction process
works well.

4. CONCLUSION

A source reconstruction problem is solved for three different types of sampling schemes: Oversam-
pling, Nyquist rate sampling and undersampling. It is demonstrated that oversampling and Nyquist
rate sampling are not needed for the accurate source reconstruction. By means of undersampling,
the source and field reconstruction is proven to be achieved with high accuracy. Hence, undersam-
pling regularizes the source reconstruction problem by eliminating the redundant information due
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to either oversampling or Nyquist rate sampling.
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