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Synthetic Aperture Radar Calibration and Field
Experiment Setup

T. S. Lim, Y. K. Chan, V. C. Koo, H. T. Ewe, and H. T. Chuah
Multimedia University, Malaysia

Abstract

In 2002, the MASAR (Malaysian Airborne Synthetic Aperture Radar) project was initiated at Multimedia
University (MMU), in collaboration with the Malaysian Centre for Remote Sensing (MACRES). The main
objective of this project is to construct an instrument for earth resource monitoring in Malaysia. The proposed
SAR system is a C-band, single polarization, linear frequency modulation radar. Before the flight campaign,
preliminary testing and calibration were conducted to verify the functionality of the MASAR transmitter and
receiver subsystems. The field experiment provides two-dimensional image resulting from range and cross
range detection. Point target calibration technique is utilized for external calibration. In this paper, the
field experiment setup, calibration of MASAR subsystems, radar hardware system as well as the Range-Doppler
processing algorithm are presented. Both range detection and radar cross section (RCS) measurements capability
are verified in the field experiments.

1. Introduction

Radar has been used for military and commercial purposes for a long time in a wide variety of applications
such as imaging, guidance, remote sensing and global positioning [1]. The recent development in Synthetic
Aperture Radar (SAR) technology has made possible a much higher resolution to be achieved using a small
antenna. The use of SAR for remote sensing is particularly suited for tropical country such as Malaysia. The
MASAR project started in 2002, after preparatory studies in the previous years [2]. The proposed system is an
airborne, single polarization, linear FM radar operating at C-band. This SAR system is designed to operate at
moderate altitudes with low transmit power and small swath width in order to optimize the development cost
and operating cost. Preliminary testing and calibration were carried out to verify the functionality of the SAR
transmitter and receiver subsystems. Based on the measurement results reported in numerous literatures, it is
found that the typical value of scattering coefficients for various categories of terrain falls in the range from 0dB
to –30dB [3]. Therefore, a wide dynamic range (>30dB) is needed to accommodate the measurement of various
types of terrain.

2. Radar Hardware System

Figure 1 shows the functional block diagram of the MASAR system that will be implemented. The whole
system design [4] is based on a low intermediate frequency (IF). Basically it consists of a microstrip antenna, a
radar electronics subsystem and a data acquisition system.

For the radar electronics subsystem, an arbitrary waveform generator (AWG) is used to generate the required
linear frequency modulation (FM) chirp signal. The microwave source of the MASAR is a 5.3GHz dielectric
resonator oscillator (DRO) that locks to a 10 MHz stable local oscillator (STALO). The output of the up-
converter mixer is routed to a solid-state high power amplifier with 40dB gain. The amplified signal is then
radiated through the antenna via a circulator. The transmitted waveform is centered at 5.3GHz with 20MHz
bandwidth. A prototype RF transceiver has been developed, where both range detection and radar cross section
(RCS) measurement capabilities are verified in the field experiments [5].

3. Calibration

The transmitter and the receiver of the MASAR system have been tested in laboratory and outdoor environ-
ment. Subsystem performance test, RF feedback calibration, and internal calibration are done in the laboratory
to verify the performance of transmitter and receiver. Outdoor experiments are conducted to demonstrate the
capability of the system in range detection and radar cross section (RCS) measurement.

In subsystem performance test, both transmitter and receiver are tested. Transmitted power is monitored
and signal waveform is verified. For the receiver chain, the noise floor is measured and the receiver gain is
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Figure 1: Functional block diagram of MASAR

Figure 2: Digitized down-converted signal in frequency domain.

determined. For receiver testing [5], a chirp signal with center frequency 5.3GHz and 20MHz bandwidth is
injected into the front end of the receiver. The down-converted signal will range from 5 to 25 MHz. The
digitized down-converted signal is shown in Figure 2. The noise floor of the receiver system is approximately
-70 dB and the system gain is around 35 dB.

4. Field Measurement Setup and Discussion

Several field experiments for two-dimensional SAR imaging will be carried out to verify functionality of
the subsystems of airborne SAR. The proposed field site is the Malacca campus football field of Multimedia
University, which is a low reflection outdoor environment. The block diagram of the field measurement system
is shown in the Figure 3.

A probe fed rectangular patch antenna will be used to transmit and receive the electromagnetic wave.
The minimum distance between the antenna and measured target is 50.88m for far field requirement and the
patch antenna diameter is 1.2m. Point target calibration technique is utilised for external calibration. One
known artificial point targets, 12” conducting sphere is used in the field measurement. A styrofoam column
with dielectric constant (close to the air) is used as the supporting structure of the conducting sphere. The
styrofoam column is positioned in such a way that the surfaces are always seen at angles well away from the
direction of the surface normal to minimise scattering from the column surface. All the system components and
equipment of MASAR transmitter and receiver will be placed on a trolley. Besides, a track for the trolley to
move will be fabricated. The proposed length of the track is 20m.

The chirp waveform is transmitted by the antenna and the return echo is recorded and analysed. The
SAR signal processing is based on Range-Doppler processing algorithm for this field measurement. The range
reconstruction (xn) processing is realised by combining the I and Q signals and converting the time-domain
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Figure 3: Block diagram of the field measurement setup.

data to frequency-domain using Fast Fourier Transform. For the cross range reconstruction (yn) from this field
measurement, consider the geometry of Figure 4, the distance from the radar to the 12” conducting sphere is:

R =
√

(Xc + xn)2 + (yn − u)2

Figure 4: 2D image reconstruction Geometry.

The received signal can be written [6] in the form of

s(t, u) =
∑

n

σn exp[jω(t− 2
√

(Xc + xn)2 + (yn − u)2
c

)] (1)

s(t, u) = exp(jωt)
∑

n

σn exp[−j2k
√

(Xc + xn)2 + (yn − u)2] (2)

where k = ω/c, σn is reflectivity of nth target, Xc is center point of target area, u is synthetic aperture and c
is speed of light.
After range reconstruction process, the received echoed signal is given by:

s(ω, u) =
∑

n

σn exp[−j2k
√

(Xc + xn)2 + (yn − u)2] (3)

The distance expression can be approximated using binomial series expansion:

√
(Xc + xn)2 + (yn − u)2 = Xc + xn +

(yn − u)2
Xc

+ ...... (4)

Thus received and reference signals can be approximated as Eeq. (5) and (6):
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s(ω, u) =
∑

n

σn exp[−j2k(Xc + xn +
(yn − u)2

2Xc
] (5)

s0(ω, u) =
∑

n

exp[−j2k(Xc +
u2

2Xc
] (6)

where the reference signal is assumed from a unit reflector at broadside of the target.
The instantaneous frequency of received signal is:

ku(u) =
dθ

du
=
−2kyn
Xc

− −2ku

Xc
(7)

Since (yn − u)2 ≪ X2
c , the instantaneous frequency of reference signal is:

kuo(u) =
dθo
du

=
−2ku√

X2
c + (yn − u)2

≈ −2ku

Xc
(8)

The difference between IF of reference with IF of target would be:

∆ku = ku(u)− kuo(u) =
2kyn
Xc

(9)

Thus cross-range can be determined by

yn =
∆kuXc

2k
(10)

From the range and cross range reconstructions processing, a 2-D image will be formed from this field
experiment.

5. Conclusion

Preliminary testing and calibration were carried out to verify the capability of the MASAR transmitter and
receiver subsystems. Radar hardware system design of the MASAR is presented. The field experiment setup is
outlined which provides two-dimensional image resulting from range and cross range detection.
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A Comparison of Autofocus Algorithms for SAR
Imagery

V. C. Koo, T. S. Lim, and H. T. Chuah
Multimedia University, Malaysia

Abstract

A challenge in SAR system development involves compensation for nonlinear motion errors of the sensor
platform. The uncompensated along-track motions can cause a severe loss of geometry accuracy and degrade
SAR image quality. Autofocus techniques improve image focus by removing a large part of phase errors present
after conventional motion compensation. It refers to the computer-automated error estimation and subsequent
removal of the phase errors. Many autofocus algorithms have been proposed over the years, ranging from
quantitative measurement of residual errors to qualitative visual comparison. However, due to the fact that
different data sets and motion errors were employed, it is difficult to perform comparative studies on various
algorithms. This paper compares and discusses some practical autofocus algorithms by using a common data
set. Standard focal quality metrics are defined to measure how well an image is focused. Their implementation
schemes and performance are evaluated in the presence of various phase errors, which include polynomial-like,
high frequency sinusoidal, and random phase noise.

1. Introduction: Problem Statement

Consider a SAR system that travels along cross range, y, with its antenna pointing at slant range, r. The raw
SAR signal s(r, y) can be obtained by superimposing all the elementary returns from the illuminated surface:

s(r, y) =

∫∫
f(ri, yi)g(r − ri, y − yi, ri)dri dyi (1)

where f(ri, yi) is the surface reflectivity pattern due to scatterer at (ri, yi), and g(·) is the impulse response of
the system (i.e., the return due to a unity point scatterer). Equation (1) represents the basic form of the ideal
SAR raw signal in two-dimensional spatial measurement domain (r, y). The presence of uncompensated phase
errors is commonly expressed in (kr, y) domain:

se(kr, y) =

∫∫
f(ri, yi)e

−jkrrig(kr, y − yi, ri)ejφe(kr,y,ri)dri dyi (2)

where se(·) is Fourier Transform of s(·) in r domain (kr denotes the spatial angular frequency of r), and φe(·)
is two-dimensional multiplicative phase errors in (kr, y) domain.

The SAR autofocus problem is to estimate the phase error φe(·) based on the uncompensated SAR raw
signal, and subsequently eliminate the phase error from the SAR data. Figure 1 shows the basic block diagram
of a typical SAR autofocus. SAR autofocus is inherently a two-dimensional estimation problem. The fact that
the phase error φe(·) in (2) is a space-variant (target-dependent) and non-separable multiplicative noise makes
SAR autofocus a challenge.

Depending on its nature and magnitude, phase errors can significantly degrade the image quality in terms
of geometry linearity, resolution, image contrast, and signal-to-noise ratio (SNR). Table 1 shows two broad
categories of phase errors along with the general effects of each one on SAR imagery. The classification is based
on the phase error variation over the processing aperture. In general, the low-frequency phase errors affect the
mainlobe of the system impulse response while high-frequency errors affect the sidelobe region. The severity of
degradation varies with the magnitude and frequency of the error.

2. Some Practical Autofocus Techniques

Generally, autofocus techniques can be divided into two groups: model-based and non-parametric. Model-
based autofocus techniques estimate the coefficients of an expansion that models the phase error. Elementary
model-based autofocus may determine only the quadrature phase error (QPE), while more elaborate methods
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Figure 1: Block Diagram of a Typical SAR Autofocus

Table 1: Classification of Phase Errors

Phase Error Category Phase variation over
processing aperture

Image Effect

Low-frequency phase errors

Linear Geometric displacement / distortion
Quadratic Image defocus, loss of resolution
Higher-order Distorted mainlobe, asymmetric side-

lobes,

High-frequency phase errors
Sinusoidal Spurious targets (high sidelobes)
Wideband (Random) noise Loss of contrast, decrease in SNR

estimate higher order polynomial-like phase errors as well. The mapdirft (MD) and multiple aperture mapdrift
(MAM) are examples of model-based autofocus algorithms for low-frequency phase errors compensation [1].
The advantage of model-based autofocus is that its implementation is relatively simple and computationally
efficient. However, such performance is only guaranteed if the phase error being estimated is correctly modeled.
In addition, these methods are often unable to extract high frequency and wideband phase errors due to the
complexity of the problem.

The second group of autofocus, commonly known as non-parametric (not model-based) autofocus, does not
require explicit knowledge of the phase errors. In particular, the phase gradient autofocus (PGA) exhibits
an excellent capability to remove higher order phase errors over a variety of scenes [2], [3]. Since the initial
publication of PGA, several algorithms have been proposed to extend its performance. Among others, the
eigenvector method (EV) is a maximum-likelihood estimator implemented within the basic structure of the
PGA to replace the original phase-difference estimation kernel [4]; and the quality phase gradient autofocus
(QPGA) is a strategy of choosing a pool of quality targets to provide a non-iterative PGA solution [5]. Another
approach that utilizes the weighted least square (WLS) method to minimize the variance of the phase error has
also been proposed [6].

The autofocus algorithms described above estimate and apply the same compensation to all targets within
the entire image. Generally, space-invariant autofocus relies on averaging over many scatterers to improve
algorithm performance in terms of error estimation accuracy. However, in some SAR applications, position-
dependent phase errors are dominant and space-variant autofocus becomes a necessity. Space-variant effects
are inherently more difficult to manage because they require a different compensation in different parts of the
image. The common approach to space-variant autofocus is to break a large scene into smaller sub-images such
that the error present on each sub-image is approximately invariant and hence, the conventional space-invariant
autofocus procedures can be applied to each sub-image. Upon refocus, individual sub-images are reassembled
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or mosaicked together to yield the full scene focused image.

3. Proposed Performance Evaluation Standard

In order to compare and evaluate the performance of various autofocus algorithms, we propose to use two
standard tests, as illustrated in Table 2. The first test examines the point target response in one-dimensional
azimuth domain. The primary focal quality metrics include 3dB resolution, signal-to-noise ratio, peak sidelobe
level, mean square error of phase estimation, and signal entropy. In the second test, a two-dimensional test site
with 21 simulated targets is used (Figure 2). The performance evaluation criteria include image entropy [7] and
Fisher information [8], as defined in the Table 2.

Table 2: Performance Test

Standard Test Simulated Phase Noise Focal Quality Metric
• 1D Point Target Re-
sponse

• None
• 5π-rad Quadratic PE
• High-order PE:5π-rad

Quadratic, 2π-rad Cubic,
-4π-rad Quartic, and 3π-
rad fifth-order PE
• 0.2π-rad High-frequency

Sinusoidal
• Wideband random noise

• R3dB (3dB Resolution)
• SNR (Signal-to-Noise Ratio)
• PSL (Peak Sidelobe Level)
• MSE (Mean square error)
• SE (Signal Entropy)

• 2D Multiple Targets
Response

• None
• 5π-rad Quadratic PE
• High-order PE: 5π-rad

Quadratic, 2π-rad Cubic,
-4π-rad Quartic, and 3π-
rad fifth-order PE
• 0.2π-rad High-frequency

Sinusoidal
• Wideband random noise

• IE (Image Entropy),
IE = −∑∑ |Im,n| ln |Im,n|
Im,n is the image pixel
• FI (Fisher Information)

FI =
∑∑ |sm+1,n − sm,n|2

sm,n is the target reflectivity

Figure 2: Standard Test Site for Evaluating Autofocus Algorithms

4. Results and Discussions

Figure 3 compares some of the practical autofocus algorithms based on their estimation capability. Model-
based techniques such as MD and MAM are computational efficient for low-order phase error estimation. Non-
parametric approaches such as PGA, EV, and WLS are superior for estimating a variety of phase errors. In
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summary, the 3dB resolution and SNR are good focal quality indicators for evaluating point target response
in the presence of low-order phase errors, while the PSL criterion is best suited for high frequency phase noise
estimation. The image entropy is a conventional focal indicator that measures how well an image is focused.
Alternatively, the Fisher information provides similar indication about image quality with fewer computations
(it can be applied directly to the target reflectivity in the frequency domain). The MSE is generally not
indicative of image quality. The reason for this is that a small shift in position between estimated and actual
phase errors will introduce large values of MSE. However, this shift will merely displace the target’s position
without affecting the image quality. All the functions described above are developed using Matlab. In order
to facilitate useful comparative studies, the source codes will be offered to other researchers at no cost in near
future.

Figure 3: Comparison of Various Autofocus Algorithms
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Abstract

Due to Antarctica’s remoteness and harsh weather condition, remote sensing technology has been an at-
tractive tool in equipping Antarctica scientists with the monitoring information and the understanding of ice
physical changes in the Antarctican ecological system. Previous Antarctica researches on remote sensing of ice
mainly utilize ice and snow scattering models based on independent scattering assumption. The needs of the
consideration of coherent effects of the scatterers and the measurement of physical parameters affecting such
effects are addressed in this study. Theoretical model based on radiative transfer theory with the incorpora-
tion of Dense Medium Phase and Amplitude Correction Theory (DM-PACT) [1] is developed. This concept
of DM-PACT derived from antenna array theory requires an understanding of the distribution statistics of the
scatterers in the homogeneous host medium. The ground truth measurement of multi-year period has been
conducted at sea ice and ice shelf areas near Scott Base, Ross Island in Antarctica and a series of measurement
of sea ice and snow physical parameters including distribution statistics of the air bubbles in sea ice are carried
out. Theoretical study of the backscattering returns and scattering mechanisms in these electrically dense media
is performed and analysis of important physical parameters affecting the radar returns is presented. Satellite
measurements of the test areas from Radarsat have been acquired for the comparison of model predictions and
measurement data with promising results.

Introduction

Remote sensing satellite launching had opened a new whole dimension of “looking” at the world. Environ-
ment, which is harsh in Antarctica, would be a good choice for the use of remote sensing satellite. In this study,
Canadian Radarsat was used to capture the image of the terrain. Correct interpretation of the SAR (Radarsat)
data requires a thorough understanding of the microwave scattering process. Hence, it is of interest to develop
backscattering models which can be used to test assumptions about the dominating scattering mechanisms [2,
3, 4]. In this paper, the backscattering components as well as important physical parameters affecting the radar
is presented.

Model Formulation

Radiative Transfer Equation
Propagation and scattering of microwave specific intensity inside a medium can be written in the form of

cos θ
dĪ

dz
= −KeĪ +

∫
P ĪdΩ (1)

where I is the Stokes vector, Ke and P are the extinction matrix and phase matrix of the medium, respectively.
Meanwhile, dΩ and z are the solid angle and propagation direction respectively. The scattering and absorption
losses of the Stokes vector along the propagation direction are taken into account by extinction matrix.
Phase Matrix

The phase matrix P mentioned earlier in Eq. (1) is associated with the first two Stokes’ parameter of the
scatterers given by [3]

P (θ, φ; θ′, φ′) =
〈
|Ψ|2

〉
n
.S =

[
Pvv Pvh
Phv Phh

]
(2)

where, 〈|Ψ2|〉n is the dense medium phase correction factor [1] and S is the Stokes’ matrix that relates the
scattered intensities to the incident intensities on a scatterer. For an electrically dense medium, such as snow,
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〈|Ψ2|〉n is the correction factor that needs to be incorporated into the phase matrix to take into account the
coherent effect of scattering of the scatterers. This is actually developed by adopting the concept of antenna array
where the scatterers are no longer treated as independent scatterers, but instead the relative phase contributions
of the random scatterers in the medium are added up and included in the volume phase matrix. The details of
above formulation can be found in [1].

The ice shelf medium is modelled as a thick layer (∼600m) of snow with spherical ice scatterers embedded
in the air host medium. For sea ice area, following the discussion in [5], the medium is modelled as a layer of
snow on top of a sea ice layer, where the effective permittivity of sea ice below is adjusted in consideration of
wicking effect.

Methods

The ground truth measurements were taken in the Ross Island area, Antarctica. Three main areas of interest
to us were the sea ice near McMurdo Runway, Ice Loop in front of New Zealand’s Scott Base and ice shelf area
(near Willy’s Field). Data collected in years 2002, 2003 and 2004 were used in the model for calculation. In year
2002, the data were collected from 8th November 2002 to 11th November 2002. Meanwhile, in year 2003, data
were collected from 28th October 2003 to 1st November 2003. Lastly, for the year of 2004, data were collected
from 19th October 2004 to 22nd October 2004. Parameters that were measured at the sites are (i)sea ice and
snow surface roughness, (ii)sea ice and snow cover thickness, (iii)air, ocean and snow temperature, (iv)snow
and sea ice density, (v)sea ice, snow and ocean salinity, (vi)sea ice brine volume and size and (vii)site location
coordinates.

Measured parameters are then computed to obtain other parameters, which will be used in our model. These
include permittivity of snow, permittivity of sea ice, permittivity of ocean water and volume fraction (sea ice
and snow). The calculations of these parameters are based on [3]. Surface roughness of snow and sea ice is
calculated to get the RMS and correlation length.

Results and Discussion

Ground truth measurements were done around Ross Island during summer seasons. The area covered is
from 166◦34’07.4”E to 166◦53’28.3”E longitude and 77◦48’56.7”S to 77◦51’42.02”S. There are 3 main areas of
interest, Willy’s field, McMurdo runway and Ice loop. Willy’s field is the ice shelf area and the others are sea
ice area.

Table 1: Model Parameters Used

Parameters Measured Value Values Used in Model

Radius of sea ice bubble/brine - 1.1mm

Volume Fraction of sea ice bubble/brine 0.32 (average value for all the
sites)

0.32

Relative permittivity of sea ice bubble/brine According to the sites Measured Value

Background relative permittivity (1.0, 0.0) (1.0, 0.0)

Sea- Ice permittivity - 5.4-j4.6

Thickness of layer According to the sites Measured Value

Top Surface rms height and correlation length According to the sites Measured Value

Bottom Surface rms height and correlation
length

According to the sites Measured Value

Standard deviation from mean position, σ - 0.65d

Correlation length of snow medium,l - 0.3mm

Computed parameters used in the model are shown in Table 1. The measured grain radius of the snow is
in the range of 0.5mm to 1.5mm in Antarctica [4]. For this model, a value of 1f.1mm is chosen for the scatterer
size, considering that the snow grain radius in Antarctica is generally large [4]. Ice particles in snow are in
different size, and randomly oriented, the standard deviation of the displacement from the mean position, σ,
is chosen to be 0.65d. For correlation length of snow medium, a value of 0.3 mm is chose according to [6], the
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correlation length of snow samples was found to be within 0.05 mm (for fine snow grain sample) and 0.3mm
(for coarse snow grain sample). For ice shelf area, the thickness of the snow is taken to be an average value
of 600 m, from British Antarctic Survey BEDMAP website [8] . Meanwhile, for sea ice areas, the presence of
snow layer introduces the wicking up of brine from the saline ice into the snow-ice interface thus increasing the
effective dielectric constant of the sea ice [4, 9].

Table 2: Calculated Parameter Values (Note : N.M. indicates the parameters were not measured due to unfore-
seen conditions during the measurement time (thick snow, lack of suitable apparatus and weather condition)).

Thick
ness

Top surface
(in cm)

Bottom Sur-
face

(in
cm)

l l

Relative per-
mittivity of

Sea Ice permittivity (correla
tion

(correla
tion

Site scatterers(snow) (overall sea ice) (Snow) RMS length) RMS length)

Real(ε′) Imaginary(ε”) Real(ε′) Imaginary(ε”)

A 1.512806 6.424010E-05 0.388 2.098

B 1.489298 6.505760E-05 0.507 3.170

C 1.547805 7.405730E-05 0.130 4.884

D 1.755573 .081230E-04 3.160240 3.425000E-02 60.00 0.530 5.194 0.583 4.709

E 1.611877 8.421200E-05 3.167120 5.876000E-02 49.00 0.194 10.019 0.302 3.551

F 1.732849 1.106750E-04 3.249540 3.329500E-01 39.60 0.244 4.689 0.329 5.433

G 1.403081 4.531781E-05 N.M N.M 100.0 0.637 10.894 0.285 8.879

H 1.403081 4.531780E-05 3.219542 6.785535E-01 95.00 0.304 9.578 0.1495 9.128

I 1.420750 4.755506E-05 0.137 34.000

J 1.368271 4.098107E-05 0.159 33.333

K 1.511961 5.939938E-05 0.155 26.098

L 1.511961 5.939938E-05 0.341 21.008

M 1.477890 5.490850E-05 3.234420 8.993220E-01 152.0 0.768 19.771 0.215 1.119

N 1.574270 6.781000E-05 3.162330 9.961000E-01 18.50 0.847 12.600 0.290 1.132

O 1.817330 1.030700E-05 3.168060 9.943000E-01 27.30 0.760 16.243 0.823 1.145

P 1.568990 4.74139E-05 0.532 22.465

Analysis is done for the HH polarization for a range of frequencies for site E, as this site gives the best model
prediction. The plot of the graph is shown in Figure 1. As predicted, at lower frequencies (<15GHz) surface
scattering from snow-sea ice interface (bottom surface) is dominant and it is the major contribution to the total
backscattering. Meanwhile, at higher frequencies (>15GHz) volume scattering becomes more dominant. This
is because at higher frequencies, direct and multiple volume scattering in the layer increases and causes the
volume scattering contribution from snow layer to be more significant compared to direct surface scattering
returns. The surface-volume backscattering coefficient is not significant although at lower frequencies, the trend
of increase in the backscattering coefficient is similar to that of volume contribution. At high frequencies, the
surface-volume contribution decreases rapidly. This is due to high attenuation of power in the snow layer level
and very weak wave reaches the bottom surface and gets scattered. This can also be seen for the bottom surface
contribution, which decreases as the frequency increases. It is observed that the theoretical results for VV shows
the same trend as HH. For VH, the dominant scattering mechanism for lower frequency (<15GHz) is surface
volume scattering and this is replaced by volume backscattering for higher frequency (>15GHz).

Figure 2 (a) shows the theoretical calculation of the backscattering coefficient for HH polarization for Site
E, for different incident angles at 5.3GHz. It can be seen that the backscattering coefficient decreases as the
incident angle increases and the surface scattering from snow-sea ice interface is dominant. Figure 2 (b) shows the
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Figure 1: Backscattering coefficient for HH polarization for a range of frequency
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 Figure 2: The backscattering coefficient for HH polarization for different (a) incident angles and (b) top surface
(air-snow) roughness.

investigation of the effect of the top surface roughness (snow roughness) to the overall backscattering coefficient.
It can be found from the figure that the variation of the backscattering coefficient is very small across a range
of smooth top surface to rough top surface (air snow interface). The variation of the backscattering coefficient
is around 0.05dB. Since the contribution of the top surface backscattering to the backscattering coefficient does
not vary much for various σ/L values, it is indicative that the effect of various roughness conditions of the top
snow surface due to wind blow in Antarctica is small to the overall backscattering coefficient. This is because
of small change of dielectric constant value across the air-snow interface. The result shows that although wind
blowing in Antarctica is unpredictable with different speeds and directions, and this causes the surface roughness
conditions to change frequently, this has little impact to the overall backscattering coefficient.

Figure 3: Comparison of theoretical and measured backscattering coefficient for sites A-P

Figure 3 shows the data points of theoretical and measured backscattering coefficient for sites A-P (Total
16 sites with 8 sea ice areas and 8 ice shelf areas). Ice shelf data 2002 are from sites A, B and C and sea ice
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data 2002 are from sites D, E and F. Meanwhile, for year 2003, sea ice data are from sites G and H and ice
shelf data are from sites I, K and L. Sites M, N and O are 2004 sea ice area and lastly P is ice shelf site.The
measured value for each site is obtained by averaging the backscattering coefficient recorded by Radarsat for a
window size of 5 pixels by 5 pixels assuming that the physical parameters in the area do not vary much and
also this will average out the speckle effect of the SAR images. For the ice shelf data, the theoretical and the
measured backscattering coefficient values match very well. The matching of the measured data and model
calculation for sea ice areas is also showing promising results. For Site D, the difference in the measured data
and calculated value may be due to the fact that the site is very close to the McMurdo base and is beside the
main road leading to the base from the airport. Thus, the physical parameters collected at one location may
not be a good representation of the area. For site H, the radar backscattering coefficient for the center pixel is
taken, as the site is too close to the land area.

Conclusion

Ground truth measurement data that had been collected was used in computing the backscattering coefficient
using the radiative transfer model. RADARSAT backscattering coefficient is then compared with the model
backscattering coefficient. The radiative transfer model with incorporated phase and amplitude correction
method, generally gives a good result on the matching of the backscattering coefficients for the measured and
the model predictions. Therefore, this model is suitable to be applied for the understandings of backscattering
returns from sea ice and ice shelf areas.
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Abstract

The development of a theoretical model to describe the scattering mechanisms involved in the remote sensing
of rice crops is essential, as it ensures correct application of remote sensing data for rice monitoring. The
theoretical model used in this study is based on the radiative transfer theory applied on a layered dense discrete
random medium. The dense medium phase and amplitude correction theory (DM-PACT), which considers the
coherent effects of the scatterers, is incorporated in the development of the phase matrices of the scatterers,
which are modeled after the physical geometry of the plants. Ground truth measurements of rice fields were
acquired at Sungai Burung, Selangor, Malaysia for an entire season. These measurements are used in the
theoretical model to calculate the backscattering coefficients of rice fields. The results are then compared to
those obtained from RADARSAT images to test the validity of the model. Comparisons show promising results,
but further research is required to improve on the current model.

Introduction

In recent years, there has been a lot of international interest in the use of microwave remote sensing for
rice field monitoring and yield prediction applications. Initial studies [1-3] have shown that earth observation
satellites such as ERS-1 and RADARSAT can be used to classify rice covered areas from non-rice areas due to the
high temporal variations in the backscattering coefficient of rice fields. In addition to that, the backscattering
information allows the growth stage of the rice plants to be determined. However, the actual interaction between
electromagnetic waves and rice crops still remains relatively unknown. There is therefore a need to develop a
theoretical model that will enable us to understand the scattering mechanisms involved when electromagnetic
waves interact with rice crop canopies. This theoretical model will ensure correct application of remote sensing
data, as well as allow the retrieval of physical parameters of rice crops using inversion algorithms.

Ground Truth Measurements

Ground truth measurements of rice fields were obtained at regular 12 day intervals between 27th August
2004 to 1st December 2004 at Sungai Burung, Selangor, Malaysia. These measurements were acquired from 6
different test fields in the region. Parameters that were measured include plant geometry (such as plant height,
leaf length, leaf width, leaf thickness and leaf inclination angle), plant density, plant gravimetric water content
and plant biomass. These measured parameters were then used to calculate and obtain other parameters for
the theoretical model. RADARSAT images were acquired on the 27th of August, 20th of September, 14th of
October and 6th of November of 2004, which coincide with four ground truth measurements. The RADARSAT
operates at 5.3 GHz (C-Band), and all the images were obtained using Fine Mode 2.

Theoretical Modeling

In this study, the theoretical model is developed based on the radiative transfer theory [4], which describes
the change in intensity of an electromagnetic wave due to scattering and absorption as it travels through an
inhomogeneous medium, and is given by:

cos θ
dĪ

dz
= −κeĪ +

∫
P Ī dΩ (1)

where Ī is the Stokes vector, κe and P are the extinction matrix and phase matrix of the medium respectively.
This equation is solved iteratively up to second order in both the upward and downward directions. The phase
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matrices of the rice canopies are developed using the generalized Rayleigh-Gans approximation to obtain the
scattered fields from needle shaped and cylindrical scatterers [5] with Fresnel phase corrections being considered
by including the higher order terms in the expression of the scattered fields [6]. The dense medium phase and
amplitude correction theory (DM-PACT) [7, 8] has also been incorporated to include the coherent effects of
closely packed scatterers, by multiplying an array phase correction factor to the Stokes matrix to obtain the
phase matrix of the medium. The phase matrix is thus given by:

P (θs, φs; θi, φi) =< |ψ2| >n ·S(θs, φs; θi, φi) (2)

where S is the Stokes matrix and < |ψ2| >n is the array phase correction factor given by:

< |ψ2| >n=
1− e−k2
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ki and ks are the propagation vectors in the incident and scattering directions, l is the array correlation length,
d denotes the average distance between scatterers and σ is the standard deviation of scatterers from their mean
positions.

The rice canopy is modeled as either a single layer or multilayer dense discrete random medium, depending
on its growth stage, over a smooth water surface. Table 1 shows the different models used for the different
growth stages of the rice crops corresponding to its age and dates of RADARSAT image acquisition. In its early
vegetative stage, corresponding to the RADARSAT image obtained on the 20th of September, the rice model
consists of a single layer of needle-shaped scatterers, in the consideration of the uniform orientation distribution
of the rice leaves. For the image obtained on the 14th of October, the rice plants are now in their late vegetative
stage, and the canopy is modeled as a double-layer medium. The upper layer consists of needle shaped leaves,
while the lower layer is a combination of needle shaped leaves and cylindrical stems. During the reproductive
stage, tiny cylinders are added to the upper layer of the model to simulate grains. This corresponds to the
RADARSAT image acquired on the 6th of November. The RADARSAT image obtained on the 27th of August
will not be included in this study as the seeds have just been broadcasted and the only source of backscattering
is the soil. Test fields 2 and 3 have also been omitted due to incomplete data collection as a result of heavy
rains and partial destruction of rice fields respectively.

The list of parameters used in the model is shown in Table 2. The water surface is assumed to be flat and
smooth. The dielectric constants of water and rice plants are calculated from the equations given in [9]. The
standard deviation of scatterers from their mean positions is chosen to be 0.5d, where d is the average distance

Table 1: Various models used for the different growth stages of rice plants corresponding to plant age and date
of RADARSAT image acquisition

Date Test
Field

Age
(days)

Growth stage Model Scatterers

20/9/04 1 27 early vegetative single layer needles

4 26 early vegetative single layer needles

5 29 early vegetative single layer needles

6 21 early vegetative single layer needles

14/10/04 1 51 late vegetative double layer needles, stem cylinders

4 50 late vegetative double layer needles, stem cylinders

5 53 late vegetative double layer needles, stem cylinders

6 45 late vegetative double layer needles, stem cylinders

6-11-04 1 75 early reproductive double layer needles, stem cylinders,grain cylinders

4 74 early reproductive double layer needles, stem cylinders,grain cylinders

5 77 early reproductive double layer needles, stem cylinders,grain cylinders

6 69 early reproductive double layer needles, stem cylinders,grain cylinders
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between the scatterers. The angle distribution parameters for the leaves, stems and grains are based on the
equation in [10].

Table 2: Model input parameters

Model Input Parameters Values

array standard deviation of scatterers 0.5d

array correlation length 1.0d

radius and length of leaves, stems and grains according to test field measurements

volume fraction of leaves, stems and grains according to test field measurements

layer heights according to test field measurements

plant dielectric constant (at 5.3 GHz) according to test field measurements

leaf, stem and grain angle distribution parameters according to test field measurements

Results and Comparisons 
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Figure 1: Comparisons of theoretical and measured HH polarized backscattering coefficients of rice canopies for
(a) Test Field 1, (b) Test Field 4, (c) Test Field 5 and (d) Test Field 6 at various stages of growth

The theoretical model is used to calculate the HH polarized backscattering coefficient of the rice canopies,
at a frequency of 5.3 GHz and at an incident angle of 39˚ to match that of Fine Mode 2 of RADARSAT. The
results for test fields 1, 4, 5 and 6 are compared to the corresponding backscattering coefficients obtained from
the RADARSAT images, and are shown in Figure 1. As expected, both results show a large increase in the
backscattering coefficient when the crops are about 60 days old, compared to when the crops are 20 days old.
This is due to the rapid growth of rice plants in their vegetative stages, thus increasing the canopy height and
the volume fraction of scatterers. There is then a slight decrease in the backscattering coefficient as the crops
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move into the reproductive stage and grains begin to form. This could be due to the decrease in the density of
the rice canopy as smaller plants and stems die off. These trends agree with those that have been reported in
other studies [2].

Comparisons between the backscattering values obtained from the RADARSAT images with the values
calculated using the theoretical model show promising results. Even though there are errors up to approximately
2dB, the majority of the points are quite closely matched. The small differences and errors can be attributed to
the fact that the ground truth measurements may not be an ideal representation of the entire test field, but are
only approximations. Another reason for the differences is that using needle-shaped scatterers to model leaves
may not be accurate enough as it does not describe the actual geometry of rice leaves. Currently, the phase
matrix of a medium containing general ellipsoidal and elliptical disk-shaped scatterers is being developed to
improve on the current model presented in this paper. This will enable a better representation of the geometry
of rice plants in the model. Measurement comparisons will also be carried out at different frequencies, incident
angles and polarizations for a more rigorous testing of the model.

Conclusion

In this study, a theoretical model was developed for rice fields based on the radiative transfer theory applied
to a layered discrete random medium. The DM-PACT was used to account for the coherent effects of the
scatterers. Season-long ground truth measurements were obtained and used as input parameters for the model
to calculate the HH backscattering coefficients of rice fields. Results were then compared to those obtained from
RADARSAT images. Comparisons show that most of the results are closely matched, while one or two points
have errors of about 2dB. This shows promising results for the model, but a phase matrix for general ellipsoidal
and elliptical disk-shaped scatterers needs to be developed for a better representation of rice leaves. In future,
the model can be tested with measurement results from scatterometer measurement more rigorously to check
its validity.
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Backscattering from Multi-scale and Exponentially
Correlated Surfaces
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Abstract

Most natural surfaces have been reported to have an exponential-like correlation function and generally
contain more than one scale of roughness. In this paper we want to show that a multiscale Gaussian-distributed
surface with a differentiable correlation function also possesses an exponential-like correlation function except
near the origin. As a result, angular backscattering from such a surface in the low frequency region behaves the
same as if it is from an exponentially correlated surface. In the high frequency region, scattering from the two
differently correlated surfaces should be quite different as expected. Furthermore, we show that the differentiable
correlation function for a multi-scale, Gaussian-distributed surface can be used to interpret backscattering from
a known randomly rough surface that appears to possess an exponential correlation over a wide range of
frequencies. These findings indicate that for natural surfaces the exponential correlation function may be a
valid approximation to the real correlation in the low frequency region, although it is not the correct function
in the high frequency region. It also offers an explanation as to why many natural surfaces appear to be
exponentially correlated.

1. Introduction

In the study of surface scattering over the last forty years it has been found that most natural surfaces possess
an exponential-like correlation function [Hayre and Moore, 1961; Oh et al., 1992]. In practice, best fit to data
is often realized with an exponential correlation function. However, an exponential correlation function is not
differentiable at the origin and hence cannot lead to a meaningful scattering model in the high frequency region.
Furthermore, the use of an exponential correlation does not allow the backscattering coefficient to approach
the geometric optics solution in the high frequency limit. Thus, an exponential correlation function cannot
be the correct function for any surface scattering model in the high frequency region. One possible answer to
this dilemma is that the surface is actually a multi-scale surface and each surface roughness scale possesses
a differentiable correlation function. It is the combination of these scales that makes the overall correlation
function appear exponential-like. The purpose of this paper is to demonstrate this possibility using a physical
surface with measured surface parameters along with a set of radar measurements over a frequency range from
1.5 GHz to 9.5 GHz.

To provide the stated demonstration we select in Section 2 a set of backscattering data from a surface with
a measured root mean squared height of 0.4 cm and a correlation length of 8.4 cm. This set of three-frequency
measurements, 1.5, 4.75 and 9.5 GHz, was taken by Oh et al. [1992] and can be interpreted with the IEM
surface scattering model [Fung, 2004] using the exponential correlation, (0.4)2 exp[−|r|/8.4]. In Section 3, we
show that by replacing the exponential correlation with another three-scale correlation function with an adjusted
curvature, we can produce very similar backscattering angular curves at all three frequencies. This last result
demonstrates that the true correlation function can be an exponential-like but differentiable correlation function.
This demonstration also shows that a multi-scale surface tends to possess an exponential-like correlation, but
the true correlation function may not be exponential. Conclusions are given in Section 4.

2. An Exponential-like, Correlated Surface

Many radar measurements have been taken by Oh et al. [1992] along with surface profiles from which the
surface root mean squared (rms) height and its correlation length are computed. Due to the finite length of
the measured profiles, the complete shape of the correlation function cannot be determined, but the general
appearance of the function has an exponential look as given in Figure 2 of Oh et al. [1992]. For ease of reference
we repeat Oh et al.’s reported correlation function in Fig.1, where the corresponding exponential and Gaussian
functions with the same correlation length are also plotted for comparison. It is seen that over a distance close to
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Figure 1: Comparisons of the correlation function based on measured profile and an exponential and Gaussian
function according to Oh et al. [1992].

twice the correlation length, the reported correlation function can be approximated by the exponential function.

The general form of the vertically, σ0
vv , and horizontally, σ0

hh, polarized backscattering coefficients based on
the integral equation method [3] is

σ0
pp =

k2

4π
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In the above, k is the wave number; σ is the rms surface height; Rp is the p-polarized Fresnel reflection
coefficient; and the quantity w(n) is the surface spectrum corresponding to the two-dimensional Fourier transform
of the surface correlation coefficient ρ(x, y) raised to its nth power, ρ(x, y)n, defined as follows in polar form:

w(n)(κ, ϕ) =

∫ 2π

0

∫ ∞

0

ρn(r, φ)ejκr cos(ϕ−φ)rdrdφ (2)

If the surface roughness is independent of the view direction, the correlation coefficient is isotropic depending
only on r. In this case (2) reduces to

w(n)(κ) = 2π

∫ ∞

0

ρn(r)J0(κr)rdr

where J0(κr) is the zeroth order Bessel function. The first term in Inpp is the Kirchhoff term and the second
term is the complementary term.

A comparison of the IEM surface scattering model given by (1) with Oh et al.’s measurements from a wet
surface with an rms height, σ, of 0.4 cm and a correlation length, L, of 8.4 cm at 1.5, 4.75 and 9.5 GHz using
the exponential correlation is shown in Figures 2a through 4a. By changing the correlation to a three-scale
Gaussian as

Ggg(r) = σ2{σ
2
1

σ2
exp[−(r/L1)

2] +
σ2

2

σ2
exp[−(r/L2)

2] +
σ2

3

σ2
exp[−(r/L3)

2]} (3)

where σ1 = 0.79σ, σ2 = 0.43σ, σ3 =
√

1− σ2
1 − σ2

2 , L1 = 1.5L, L2 = 0.45L, and L3 = 0.14L, leads to
comparisons shown in Figures 2b, 3b and 4b.
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It is seen that the use of the normalized correlation function, exp[−|r|/8.4], leads to excellent agreements
between model predictions and data at all three frequencies and over a wide range of incident angles. As
indicated in Fung [2004], the IEM model agrees with data over a wider range in the incident angle than the
empirical model provided by Oh et al. [1992]. Oh et al. [1992] indicated that the data at 10 degrees and
1.5 GHz is very high due to contributions from coherent scattering. Thus, the disagreement there is to be
expected, because all scattering models are designed to account for incoherent scattering. In the next section
we shall show that a differentiable correlation function from a surface with three scales of roughness can generate
backscattering similar to exp[−|r|/8.4].

Figure 2: Comparisons between backscattering data by Oh et al. at 1.5 GHz with the IEM model using the
correlation function defined by (a) exponential and (b) Ggg.

Figure 3: Comparisons between backscattering data by Oh et al. at 4.75 GHz with the IEM model using the
correlation function defined by (a) exponential and (b) Ggg.

Figure 4: Comparisons between backscattering data by Oh et al. at 9.5 GHz with the IEM model using the
correlation function defined by (a) exponential and (b) Ggg.

3. A Three-scale X -power Correlated Surface

A differentiable, x-power correlation function for three-scale randomly rough surfaces is defined to be,

Gpp(r) = σ2{σ
2
1

σ2
exp[−(r/L1)

2] +
σ2

2

σ2
[1 + (r/L2)

2]−x +
σ2

3

σ2
[1 + (r/L3)

2]−x} (4)

where x > 1.0. All other model parameters remain unchanged as in the previous section. Again, σ = 0.4 cm
and L = 8.4 cm. A comparison between this correlation function with x = 1.2 and the Ggg is given in Fig. 5.
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In Fig. 5, we see visually that Gpp is almost identical to Ggg. The difference in curvature between the
two functions cannot be seen by looking at the curves. We do know that Gpp has a larger curvature and we
expect it will produce much better fit to the data at higher frequencies. The reason why Ggg cannot work is
because an increase in curvature for Ggg can only come at the expense of forcing the shape of the curve to
depart significantly from the exponential function.

Figure 5: A comparison between the three-scale Gaussian correlation function, Ggg, and the three-scale x -power
correlation function, Gpp, with x = 1.2.

In Fig. 6 we show comparisons with data at 1.5 GHz. The comparison based on the three-scale Gaussian
correlation is given in part (a) and a similar comparison using Gpp is in part (b). The backscattering curves are
very similar, even though the correlation functions are different, and they all fit the data. The use of Gpp gives
a slightly better overall fit.

Figure 6: Comparisons between the backscattering data by Oh et al. at 1.5 GHz with the IEM model using (a)
the Ggg and (b) the Gpp correlation functions.

To show that the model predictions using the x-power correlation function Gpp can match data fairly well
at the intermediate frequency of 4.75 GHz, we show in Fig. 7 similar comparisons as we did in Fig. 3. To see
the improvement using this correlation function over the use of Ggg we repeat the comparison using Ggg in part
(a) of Fig. 7. Clearly, part (a) in Fig. 7 shows a poorer fit to data for vv polarization as compared to part (b)
where the correlation function Gpp is used.

To show that the Gpp correlation continues to work at high frequencies we show in Fig. 8 similar comparisons
as in Fig. 7 but at 9.5 GHz. In part (a) of Fig. 8 we show the comparisons using the Ggg correlation and in part
(b) the Gpp correlation. We see that despite the two functions appear very close to each other as seen in Fig. 5,
there is a huge difference in backscattering because these two functions represent different surface curvatures.
An excellent agreement between model and data is realized only in part (b) of Fig. 8 with the Gpp correlation.

The gradual shifting of backscattering from a dependence on the shape of the surface correlation function
to a dependence on both the surface curvature and the shape of the function is observed. This is the reason
why the use of Ggg cannot lead to satisfactory backscattering results. The fact that the two functions Gpp and
Ggg are so close as shown in Fig.5 suggests that it is difficult to determine the curvature of the surface through
measured surface profiles.

4. Conclusion

The comparisons between model and measurements shown in the previous section have shown the following:
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Figure 7: Comparisons between the backscattering data by Oh et al. at 4.75 GHz with the IEM model using
the correlation function defined by (a) Ggg and (b) Gpp.

Figure 8: Comparisons between the backscattering data by Oh et al. at 9.5 GHz with the IEM model using the
correlation function defined by (a) Ggg and (b) Gpp.

1. A possible reason why most natural surfaces seem to be exponentially correlated is because they contain
more than one scale of roughness.

2. Over a wide range of frequencies a multi-scale Gaussian correlated surface may appear to be exponentially
correlated, when in fact it is not an exponential function and may have a finite curvature.

3. By allowing the large scale to be Gaussian correlated and the smaller scales to follow a power-law, a
three-scale correlation function can approximate the exponential function quite well in terms of backscattering
behavior over a wide frequency range.

4. The exponential correlation function could be viewed as a practical approximation to the true correlation
function in the low and intermediate frequency regions.

5. The curvature of the surface is an important consideration in scattering especially in the intermediate
and high frequency region.

REFERENCES

1. Hayre, H. S. and R. K. Moore, “Theoretical Scattering Coefficient fro near Vertical Incidence from Contour
Maps,” J. Res. NBS D. Radio Propagation, Vol. 65-D, 427-432, 1961.

2. Oh, Y., K. Sarabandi, F. T. Ulaby, “An Empirical Model and an Inversion Technique for Radar Scattering
from Bare Soil Surfaces,” IEEE Trans. Geosci. Remote Sensing, Vol. 30, No. 2, 370-381, March 1992.

3. Fung, A. K., K. S. Chen, “An Update on the IEM Surface Backscattering Model,” IEEE Geoscience and
Remote Sensing Letters (GRSL), Vol. 1, No. 2, 75-77, April 2004.

4. Fung, A. K., Microwave Scattering and Emission Models and Their Application, Boston, Artech House,
1994.



34 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26
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Abstract

In this paper, the interaction of an evanescent wave with a slab made of negative refraction index medium
is discussed. It is found that this slab can not cancel the decay of an evanescent wave and thus it can not be
used to realize a perfect lens.

Introduction

In Pendry’s letter[1], the limitation of the conventional lens is addressed and an unconventional alternative
is suggested. It is a lens made of negative refractive index medium. It can focus light even in form of a parallel-
sided slab. Furthermore, it focuses light in a double focusing manner. The primary message delivered by Pendry
is that this medium can cancel the decay of evanescent waves and thus can be used to fabricate perfect lens.
After careful study, we discover that his message is problematic.

Evanescent Wave and Surface Wave

In Pendry’s letter[1], a proof is present to show that a medium of negative refraction index can cancel the
decay of evanescent waves. Let us assume a S-polarized light in vacuum. The electric field is given by

E0s+ = [0 1 0] exp(ikzz + ikxx− iωt) (1)

where the wave vector,

kz = +i
√
k2
x + k2

y − ω2c−2, ω2c−2 < k2
x + k2

y (2)

implies exponential decay. At the interface with the medium some of the light is reflected,

E0s− = r[0 1 0] exp(−ikzz + ikxx− iωt) (3)

and some transmitted into the medium,

E1s+ = t[0 1 0] exp(ik
′

zz + ikxx− iωt) (4)

where

k
′

z = +i
√
k2
x + k2

y − εµω2c−2, εµω2c−2 < k2
x + k2

y (5)

Eq.(1) and (4) imply that ky is zero. It seems that Pentry makes his discussion with a scheme in his mind,
which is depicted in Fig.1.

However, this scheme is valid only in the case where both kz and kx of the incident wave are real. When kz
is imaginary, the scheme should be quite different (see Fig.2).

In EM domain, a wave which propagates along x direction with a decreased amplitude along z direction
is called a non-homogeneous plane wave. It is also referred as a surface wave because its propagation follows
the guidance of the surface that excites it. A surface wave will be observed or excited in the optically sparser
half space of an interface when a plane wave impinges on this interface from the optically denser half space
with such a large incident angle that a total reflection occurs. It is illustrated in Fig.3. Assuming a plane wave
impinges on interface I from left half space filled with a medium with higher permittivity (i.e. εd ≫ 1, µd ≥ 1).
Let k0 = ωc−1 and kd = k0

√
ωdµd be wave numbers in free space and the medium with higher permittivity

respectively.
When θin > arcsin (k0/kd), total reflection occurs and the wave on the free space side of interface I will be a

surface wave. It will propagate along x direction with decreased amplitude distribution along z direction. From
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the power flow point of view, a surface wave carries zero power flow in z direction because the reflected wave
inherits all the power flow in this direction from the incident wave. This is where total reflection obtains its
name. In x direction, the power flow distribution is completely different. The incident and reflected wave share
the same power flow in the incident half space and the transmitted wave possesses its own power flow in its own
space. They obtain their power flow in x direction at the very beginning of their excitement.

Figure 1: S-polarized light incidence on an interface. Figure 2: An evanescent wave along z direction.

Figure 3: Total reflection and surface wave. Figure 4: The wave inside the negative refraction
medium remains as a surface one.

If another medium with negative refraction index (designated by ε and µ ) is presented in the definition
half space of the surface wave (Fig.4), the power flow of this surface wave in x direction will also cover the
space occupied by this negative refraction medium unconditionally. For the wave inside the negative refraction
medium, chance is that its wave number in z direction, i.e. kz , may become real and part of the power flow in
x direction will thus be distributed into z direction. Whether this will happen or not depends on the optical
denseness of the negative refractive medium. If ω2c−2εµ < k2

x holds, kz is still imaginary and the wave remains
as a surface one in and out of this negative refraction medium (see Fig.4). The magnitude of electric field near
Interface II will always larger than that near Interface III.

When ω2c−2εµ > k2
x, k

2
z is positive and kz will be real, no matter what sign it is. This means it will

propagate in both x and z directions and we say it turns into propagation one (Fig.5). The ultimate wave in
this medium will be a stationary one due to repeated reflection. The wave going out of the second surface of
this negative fraction medium will be a surface wave again since in free space kz has no opportunity to be a real
number in the present case.

Now we are facing a critical problem. What is the optical denseness of the so-called “negative refraction
index medium”? If we take the same assumption as Pendry[1]that is, ε = −1 and µ = −1 , the square of its wave
number, k2 = ω2c−2εµ remains the same as the one in free space, i.e. k2 = k2

0 . This means that the evanescent
or surface wave will not turn into propagation one when going through a slab made of negative refraction index.
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Figure 5: The wave inside the negative refraction medium turns into propagation one.

Conclusion

It is not appropriate to discuss the behavior of an evanescent wave or a surface wave in presence of a dielectric
slab with positive or negative refraction index using method suitable only for propagation waves. A slab with
negative refraction index will not cancel the decay of an evanescent wave and thus it can not be used to realize
a perfect lens.
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Abstract

An original regime of operation for flat superlenses formed by electromagnetic crystals is proposed. This
regime does not involve negative refraction and amplification of evanescent waves in contrast to the perfect lenses
formed by left-handed media. The sub-wavelength spatial spectrum of a source is canalized by the eigenmodes
of the crystal having the same longitudinal components of wave vector and group velocities directed across the
slab. The regime is implemented at low frequencies with respect to the crystal period by using capacitively
loaded wire media. The resolution of λ/6 is demonstrated. The thickness of the lens is not related with the
distance to the source and the lens can be made thick enough.

Introduction

The theoretical possibility of sub-wavelength imaging by a slab of left-handed medium (LHM) [1] with
ε = µ = −1 was demonstrated by J. Pendry in his seminal work [2]. The focusing phenomenon in Pendry’s
perfect lens is based on two effects. The propagating modes of a source are focused in the LHM due to the
negative refraction and the evanescent modes experience amplification inside the LHM slab. This allows to
restore sub-wavelength details in the focal plane. The second effect happens due to the resonant excitation of
the surface plasmons at the interfaces of the slab. To the present time the LHM is created only for frequencies up
to 1 THz [3]. It is an ambitious goal to obtain the subwavelength resolution without LHM in the optical frequency
range. In this range the negative refraction phenomenon is observed in photonic crystals [4] at frequencies close
to the band gap edges. This fact was theoretically revealed by M. Notomi [5] and experimentally verified by
P.V. Parimi et.al [6]. A flat superlens formed by a slab of photonic crystal was suggested by C. Luo et. al. in
[7] and the possibility of sub-wavelength imaging was theoretically studied in [8]. The experimental verification
of the imaging effect was demonstrated in [9]. The principle of Luo’s superlens is similar to the principle of
Pendry’s perfect lens: negative refraction for propagating modes and amplification due to the resonant surface
plasmon for evanescent modes. Both effects are obtained without left-handed properties of a material. The
further increase of the resolution for Luo’s superlens can be achieved simultaneously increasing the dielectric
permittivity of the host medium, and decreasing the lattice period [8]. In practice, this is not a helpful way in
optical frequency region where large permittivity for real media is related with high losses. Also, an important
factor deteriorating the image is the finite thickness of the superlens. The eigenmodes excited in the crystal
experience multiple reflections from the interfaces and their interference disturbs the image. This destructive
interference appears due to the mismatch between wave impedances of air and photonic crystal, and is inevitable
for some angles of incidence. C. Luo et. al. in [7] partially solved the problem with matching by choosing an
appropriate thickness of the slab. In this case the slab operates as a Fabry-Perot resonator. However, this
solution is not complete since the Fabry-Perot resonance holds only for a narrow range of incidence angles.

Canalization Regime

In the present letter we solve the problems described above. For that purpose we suggest to use the photonic
crystal in a different regime than suggested by C. Luo et. al. in [7]. We do not involve negative refraction
and amplification of evanescent modes, rather, we propose to transform the most part of the spatial spectrum
of the source radiation into propagating eigenmodes of the crystal having practically the same group velocity
(directed across the slab) and the same longitudinal components of the wave vector. The spatial harmonics
produced by a source (propagating and evanescent) refract into the crystal eigenmodes at the front interface.
These eigenmodes propagate normally to the interface and deliver the distribution of near-field electric field
from the front interface to the back interface without disturbances. The incoming waves refract at the back
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interface and form an image. This way the incident field with sub-wavelength details is transported from one
interface to the other one. We will call the described regime as canalization with sub−wavelength resolution.

The similar regimes for propagating spatial harmonics are called as self-guiding [10], directed diffraction
[11], self collimation [12] and tunneling [13]. One can see from the results of the works [11, 12, 13] that the
canalization dominates over negative refraction in the superlens suggested in [7]. However, in these papers the
canalization for evanescent harmonics was not noticed. It allows to avoid the negative refraction at all while
obtaining the superlens and achieve subwavelength resolution. In fact, the canalization has the similar principle
of operation as the medium with zero refraction index [14]. The difference is that in our case the image is
transmitted by waves which all vary identically with distance from the front interface, whereas in zero refraction
index medium there is no such variation. Also, the similar effect is observed in bilayers of media with indefinite
permittivity and permeability tensors [15] where the pair of layers effectively compensate the properties of each
other and provides total transmission within wide range of the transverse wave vectors.

The problem of strong reflection from a slab can be solved by choosing its thickness appropriately so that it
operates as a Fabry-Perot resonator. In our case the Fabry-Perot resonance holds for all incidence angles and
even for incident evanescent waves. The reason is that after the refraction all these waves acquire the same
longitudinal component of the wave vector for which the Fabry-Perot resonator is tuned. Thus, in our regime
the superlens does not suffer the image deterioration due to its finite thickness, because there are no waves
traveling along the interfaces. We suppose that proposed regime also helps to avoid the problems related to
finite transverse size of the lenses inherent to LHM slabs [16].

Figure 1: a) Geometry of capacitively loaded wire medium (CLWM). b) Geometry of the flat lens.

Capacitively Loaded Wire Medium

The regime of canalization can be implemented by using the isofrequency contour which has a rather long
flat part. Such contours are available for different types of photonic crystals. In the present study, we use a
two-dimensional electromagnetic crystal formed by capacitively loaded wires [17] (see Fig. 1.a), the so-called
capacitively loaded wire medium (CLWM). We have chosen this type of the crystal since the analytical result
for the dispersion properties of the infinite CLWM is available [17], and the finite size samples of CLWM with
large number of loaded wires can be easily numerically analyzed [18]. Other types of electromagnetic crystals
(like photonic crystals with high dielectric permittivities of components [7, 8]) can be applied as well, but their
studies will require additional efforts. The CLWM has a band gap near the resonant frequency of a single
capacitively loaded wire [17]. The position of this band gap (the so-called resonant band gap) can be tuned by
changing the value of the load capacitance. The high value of capacitance allows to locate the resonant band
gap at much lower frequencies than the first lattice resonance [17]. This way it is possible to obtain band gap
at very low frequencies without increasing the dielectric permittivity of the host medium.

The typical dispersion diagram for CLWM is presented in Fig. 2.a. k is wavenumber of host media.
Γ = (0, 0, 0)T , X =(π/a, 0, 0)T , Y =(0, π/a, 0)T and M =(π/a, π/a, 0)T are points in the first Brillouin zone.
The parameters of the structure normalized by lattice period a are the following: radius of wires r0 = 0.058a,
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period of loading c=0.55a and loading capacitance C=2pF. The isofrequency contours for the frequency region
near the lower edge of the resonant band gap are shown in Fig. 2.b. The isofrequency of the host medium is
shown as the small circle around Γ point. The variation of this circular contour radius is negligible over the
interval of normalized frequency ka =0.46...0.474.

Figure 2: a) Dispersion diagram for CLWM. b) Isofrequency contours for CLWM. The numbers correspond to
values of ka.

Imaging with Help of Capacitively Loaded Wire Medium

The part of the isofrequency contour of the crystal corresponding to ka = 0.46 and located within first
Brillouin zone is practically flat. This part is perpendicular to the diagonal of the first Brillouin zone. Thus,
in order to achieve canalization regime we orient interfaces of the slab orthogonally to (11)- direction of the
crystal as shown in Fig. 1.b. As a result, we obtain the situation shown in Fig. 3, where the isofrequency
contours corresponding to ka = 046 are plotted in terms of longitudinal ql (with respect to the interfaces) and
transversal qt components of the wave vector. The circle at the left side of Fig. 3 is the isofrequency contour
of the host medium and the curve at the right side is the part of CLWM isofrequency contour corresponding
to the propagation from the left to the right. We denote the wave vector of CLWM eigenmode with qt=0 as Q
and introduce notation kmaxt =

√
2π/a−Q. All propagating spatial harmonics of a source and the wide range

of evanescent ones refract into the eigenmodes with longitudinal wave vector close to Q. There is a part of the
isofrequency contour with |kt| ≈ kmaxt which is not flat. It corresponds to the very narrow band of evanescent
wave spectrum and we neglect its contribution. The light shaded region (|kt| ≤ k) in Fig. 3 corresponds to the
propagating incident waves. The dark shaded regions (k < |kt| ≤ kmaxt ) correspond to the evanescent incident
waves which transform into the propagating eigenmodes after refraction. The refraction of the propagating

wave with kt = k
(1)
t ,|k(1)

t < k| and the evanescent wave with kt = k
(2)
t ,k < |k(2)

t | ≤ kmaxt is illustrated in Fig.3.
Both waves refract (keeping the transverse wave vector component) into the eigenmodes which have longitudinal

wave vectors close to Q and practically identical group velocities (v
(1)
g and v

(2)
g )directed across the slab. Though

the transversal components of the wave vector are retained in the refraction (qt = kt), this does not mean the
transversal propagation of refracted waves! These components describe the transversal phase distribution of the
waves travelling across the slab (this is similar to the so-called transmission-line modes of wire media [19]).

The condition of the Fabry-Perot resonance is QNlb/2 = mπ where Nl is number of the crystal planes along
the longitudinal direction of the slab (see Fig 1.b), m is the number of half-wavelengths and b/2 = a/

√
2 is the

longitudinal distance between the layers. In our case Nl=14 layers of CLWM (or any multiple of 14) allows to
satisfy the Fabry-Perot resonance condition. The regions corresponding to Fabry-Perot resonances are shown
in Fig. 3 and vector Q lies within the fifth region (m=5). This choice allows to achieve transmission coefficient
equal to unity practically for all spatial harmonics with transverse component of wave vector within the band
[−kmaxt , kmaxt ].Thus, we can estimate the value of transverse size ∆ for the image of the point source with help
of eq. (11) of [8]. This estimation gives △ = 2π/kmaxt = 3.4b.

The result of numerical simulation for excitation of the slab by a point source located at the distance
d = b =

√
2a from front interface (see Fig. 1.b) is presented in Fig. 4. The image near the back interface is

observed. The transverse size of the image (found from the intensity distribution using the Rayleigh criterium)
turns out to be △ = 3.4b, which exactly coincides with the theoretical estimation. This size is only about 70%
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higher than the ultimate resolution limit △ = 2b obtained in [8]. Moreover, we deal with the sub-wavelength
resolution, because the radius of the focal spot is △/2 = 1.7b ≈ λ/6. We conclude that the canalization allows
transportation of the sub-wavelength images from one interface to the other. Though the imaging can be
achieved only with the sources which located closely enough to the front interface, the utilization of our regime
is advantageous compared to the Pendry’s perfect lens. Our lens can be made thick, since its required thickness
is not related with the distance d to the source. It is practically important for the near-field microscopy in the
optical range, when the needle of the microscope used as a probe can be located physically far from the tested
source. Then we can avoid the destruction of the sources under testing by the microscope and can prepare a
mechanically solid superlens.

Figure 3: Isofrequncy contours for canalization regime

Figure 4: Distribution of electric field amplitude (a) and intensity (b), ka = 0.46, Nl = 14, Nt = 39.

Conclusion

We have suggested a regime of the near-field image transportation from the front interface to the back
interface of a photonic crystal layer. This canalization regime can be realized at frequencies much lower than
the frequency of the lattice resonance using capacitively loaded wire media. We have shown sub-wavelength
resolution with transverse size of the focal spot equal to λ/3. This result can be further improved by increasing
the value of loading capacitance in order to decrease operational frequency with respect to frequency of the first
lattice resonance.
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Abstract

The optimization of a 500 GHz receiver based on Electromagnetic Band Gap (EBG) technology is presented.
The conguration consists of a dipole antenna placed on top of a woodpile structure and utilises a Schottky diode
as the detecting element. The inuence of the diode and its substrate chip on the radiation performance has been
studied, with the nding that it has to be placed as close as possible to the dipole antenna to avoid distorting
the radiation pattern. Measurements are presented which conrm our simulations.

Introduction

Passive millimetre-wave (PMMW) imaging is a method of forming images through the passive detec- tion of
naturally occurring millimetre-wave radiation from a scene [1]. Although such imaging has been performed for
decades [2, 3], new detector technology based on Electromagnetic Band Gap (EBG) tech- nology may enable the
generation of PMMW imagers which overcome some of the problems encountered when standard technologies are
used [4, 5]. An imaging array conguration based on EBG technology could consist of a set of detecting elements
placed on top of an EBG structure. The EBG structure will act as a dielectric mirror, which simultaneously
improves the radiation performance of the detectors and increases their isolation.

This paper presents our results concerning the design of one such direct detector for a frequency of 500 GHz.
The detector consists of a dipole antenna placed on top of a woodpile structure. The combination of a dipole
antenna and a woodpile structure has been previously shown to improve the dipole’s radiation pattern [6]. In
the work presented below the conguration has been studied in detail leading to a solution that combines both
an improved radiation pattern and a good impedance match. The study has considered the several equivalent
symmetry options for the location of the dipole on the EBG surface and has also investigated the location of
the Schottky diode with respect to the dipole and RF filter. Results of beam pattern simulations have been
conrmed by measurements at 500 GHz.

Woodpile Structure

The EBG structure that was chosen as the dipole antenna substrate is the silicon woodpile or layer- by-layer
EBG crystal [8, 9]. The woodpile has been found to be very appropriate for the millimetre wave range, since it
is robust and the manufacturing processes involved in its fabrication using silicon are relatively straightforward
[10, 11]. In our case Deep Reactive Ion Etching (DRIE) [12] was the selected fabrication method, since it
provided the required aspect ratios and tolerances [11].

The woodpile structure that was used is an optimized design, which presents a theoretical bandwidth of
21% of the central frequency. The horizontal and vertical periods are a and ca respectively, with a bar side
of d, as shown in Figure 1(a). Parameter values which lead to the 21% bandgap are c = 1.22 and d = ca/4.
The dimensions for a central bandgap frequency of 500 GHz are found to be a = 232.91µm, ca = 284µm and
d = 71µm. A photograph of a manufactured woodpile structure is shown in Figure 1(b).
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Figure 1: (a) Schematic of the woodpile structure and its parameters. (b) Photograph of a silicon woodpile
fabricated using DRIE.

Positioning of the Dipole on the Woodpile

The direct detector used consists of a dipole antenna which is coupled to a Schottky diode and RF fiter
via a perpendicular transmission line structure. Taking into account the woodpile symmetry itself, there are 8
different positions that will maintain the symmetry of the radiation pattern of a dipole antenna placed on top
of this type of EBG structure. These symmetry positions can be classified according to the dipole orientation
with respect to the top layer of bars, i.e. “parallel” or “perpendicular”, and to the position of the centre of
the dipole with respect to the bars of the two upper layers of the woodpile. In the latter case the positions are
labelled as “void” if the dipole centre is on air or “solid” in case it is on a dielectric bar.

An extensive study was made on the radiation and impedance matching properties of these 8 symmetry
positions. As a result, the “perpendicular solid-solid” symmetry position was selected, since it forms the best
compromise between these two properties. In this position the antenna feed lines run along a bar in the top
layer and the dipole arms overlay a perpendicular bar in the layer immediately below. The dipole dimensions
were optimized in order to achieve a well matched conguration at 500 GHz. The simulated return loss levels
were below 20 dB over a 9% bandwidth [13].

Detector Configuration

The detector conguration consists of the aforementioned dipole antenna, and a low pass filter printed on a
20µm thick quartz substrate (see Figure 2). An UMS Schottky diode [14] is placed between the feeding lines.

Figure 2: Schematic of the detector conguration, showing the design parameters

The overall length of the dipole is 255µm. The dimensions of the feeding lines and filter can be found in [13].
The low pass filter blocks the RF frequency and is used to tune the diode embedding impedance. It consists

of alternating sections of high and low impedance coplanar stripline. The diode embedding impedance can be
optimized, to get the maximum power transfer from the dipole, by varying the distance from the RF filter to
the diode and the separation between the lines at the point where the diode was placed.

The UMS diodes come in pairs and dicing is performed in order to separate them and reduce their overall
size. After being diced, their dimensions are approximately 140µm long, 60µm wide and 30µm thick after
having been diced. At 500 GHz these dimensions are not negligible and the piece of GaAs must be taken into
account when studying the performance of the detector. In order to test the impact of the filter and diode chip
on the radiation performance, an HFSS model was used which included both elements, as shown in Figure 3.

In performing the simulations, the distance between the diode and the dipole, dd, was first varied, while
keeping df = 160µm. As it is shown in Figure 4(a) the radiation pattern depends very strongly on this distance.
Note that in this plot only the H-plane of the radiation pattern is shown, since it is in this plane that the
interaction with the diode chip takes place. When the diode is next to the dipole, the radiation pattern does
not show any dips. However, if the distance between them increases, some nulls appear due to the scattering at
the diode. It is therefore necessary that the distance between dipole and diode is as short as possible.
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Figure 3: HFSS model used to compute the radiation patterns. Left: Full model. Right: Detail of the diode
chip and the dipole antenna placed on the “perpendicular solid-solid” position.

Subsequently the distance from dipole to diode was kept fixed to a value of 50µm, whereas the distance
between diode and filter, df, was modified. The results obtained are presented in Fig.4(b). In all cases the
radiation pattern remains almost unchanged, showing the weak dependence on this parameter.

Figure 4: Simulation results of the dependence of the radiation pattern (H-Plane) with the design parameters.
(a) Dependence upon dd. (b) Dependence upon df.

Measurements of the Detector Configurations

Different detector prototypes were manufactured at the Rutherford Appleton Laboratory. The circuits were
formed from gold deposited on a 30µm quartz substrate. An UMS Schottky diode [14] was soldered across the
stripline between the dipole and filter as shown in Figure 2 The radiation patterns at 500 GHz were measured
at the Institute of Applied Physics, University of Bern using an ABmm vector network analyzer. The sample
was attached to a rotating stage in order to perform the angular scanning. The diodes were subharmonically
pumped by a 16.66 GHz signal whose 30th harmonic was mixed with a 500 GHz signal generated by the 5th

harmonic of a Gunn diode oscillator. The local oscillator and the signal generator were phase stabilized in order
to permit amplitude and phase measurements with more than 30 dB dynamic range.

The results corresponding to two different values of the distance between dipole and diode, dd, are presented
in Figure 5. In both cases the measured value of df is 150µm, whereas dd is 170µm and 50µm respectively.
This value of df guarantees enough coupling of power to the diode, whereas the different values of dd will
allow us to experimentally confirm the influence of the diode chip on the radiation pattern. Note that due to
the manufacturing tolerances the thickness of the quartz substrates was 30µm instead of 20µm as it was in
the previous section. This will make the results of this section slightly different from those presented above.
The simulation results were obtained using the real dimensions of the circuits. However, a smaller size of the
woodpile structure (11 × 11 × 2 periods in the x, y and z directions respectively, as shown in Figure 3) was
considered due to the very large computing requirements of this type of configurations.

As for the simulation results above, in these plots only the H-Plane is shown. In the dd = 170µm case, Figure
5(a), the radiation pattern is largely distorted by the diode chip. As it was predicted by our simulations, several
nulls appear in the radiation pattern due to the interaction of the dipole radiation with the power scattered at
the diode. Conversely, for a value of dd = 50µm, Figure 5(b), the radiation pattern is not affected by the diode
chip, since both the radiation of the dipole and the scattered power at the diode are in phase. In both cases
the agreement between simulations and measurements is satisfactory.
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Figure 5: Measurement results showing the dependence of the H-Plane of the radiation pattern on the distance
between the dipole and the diode. (a) dd = 170µm. (b) dd = 50µm.

Conclusion

A direct detection conguration for 500 GHz has been presented. The receiver elements consisted of a dipole
antenna connected to a Schottky diode and RF filter, all supported by a silicon woodpile structure.

The radiating performance of this configuration has been shown to depend very strongly on the distance
between the diode and the dipole antenna. The dimensions of the diode chip are not negligible at the working
frequency and for the proper modelling of this configuration its influence must be taken into account. In order
to minimize the degradation of the radiation pattern caused by the scattering at the diode chip it has been
found that the diode has to be placed as close as possible to the dipole antenna.
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Abstract

In this article, the simulation and experimental results of millimeter-wave Coplanar Patch Antennas (CPAs)
using spin-on low-k dielectric substrate are presented. The antennas are designed for the direct integration of
millimeter-wave / optical devices of coplanar waveguide (CPW) output terminals. Benzocyclobutene (BCB)
with dielectric constant 2.7 is selected as the low-k dielectric substrate of the antennas. The measured resonant
frequency and impedance bandwidth (S11 < -10dB) are 38.3GHz and 2.6% respectively. The maximum gain
of the antenna is 4.2 dBi at 38.7GHz. Stable radiation patterns across the pass band are achieved. Good
agreement between the simulation and measurement has been obtained.

Introduction

In millimeter-wave circuit design, low-k dielectric substrates have more advantages than ceramic substrate
(εr = 9.8), such as RC time delay, power dissipation, and crosstalk. In this article, it is the first time to
demonstrate that low-k dielectric substrate can be used in the fabrication of millimeter-wave CPAs, to achieve
higher performance in impedance bandwidth and gain. BCB from Dow Chemical Co., which is used for the
device fabrication in the semiconductor industry [1-3], is selected. The low-k dielectric substrate is spun on the
silicon wafer layer by layer using common semiconductor process; this fabrication technique makes multi-layer
structure and monolithic integration easier.

Coplanar patch antennas (CPAs) [4-5] have CPW input terminals; can directly connect to the CPW terminals
of millimeter-wave / photonic devices, and reduce the insertion loss between connections. Low radiation loss,
less dispersion and uni-planar configuration are the other advantages of using CPAs in the circuit design.
Commercial EM simulation software is used in the antenna design stage.

Antenna Geometry and Semiconductor Fabrication Process

The geometry of a CPA is shown in Fig. 1. The antenna composes of a gold ground plane at the bottom,
two layers of BCB dielectric substrate (εr = 2.7 tan δ = 0.002@20GHz) in the middle and a CPA pattern on the
top. The total thickness of the BCB layer is 30 micrometers. Fluid state BCB is first spun onto a 3-inch ground
plane evaporated silicon wafer. The deposition technique is similar to the commonly used photoresist coating
technique. After spinning, the BCB layer will undergo baking. The spinning speed and time as well as the
curing temperature control the final thickness of the film. Finally, the metal CPA pattern will be evaporated
onto the BCB dielectric layer. The thickness of the ground plane and the CPA pattern are both about 1.5
micrometers.

Results and Discussion

Vector network analyser and a probe are used to measure the performance of the antennas. Both simulated
and measured return losses of the millimeter-wave CPA are shown in figure 2. The simulated and measured
impedance bandwidths are about 1.2% and 2.6% respectively. The measured resonant frequency of the antenna
is 38.3 GHz.

Figure 3 shows the gain of the antenna, a maximum gain of 4.2 dBi is obtained at 38.7 GHz. The radiation
patterns of the antenna at 38 GHz are shown in figure 4. The cross-polarization levels at the broadside direction
is about –20dB in both planes. The symmetry of E-plane radiation patterns are distorted by the probe holder
and the probe connected to CPW feed-line of the antenna.

From figure 2 and 3, good agreements can be observed between the simulation and measurement results.
The simulated return loss and gain of a coplanar patch antenna using ceramic dielectric substrate (thickness =
30 micrometers) are also shown in the figures for comparison.
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Figure 1: Geometry of mmw CPA using low-k dielec-
tric substrate

Figure 2: Return loss of mmw CPA using low-k di-
electric substrate

Figure 3: Gain of mmw CPA using low-k dielectric
substrate

Figure 4: Radiation pattern of mmw CPA using low-
k dielectric substrate at 38GHz

Conclusion

This article has presented the simulation and measurement of the millimeter-wave CPAs using spin-on low-k
dielectric substrate. Low-k dielectric substrate is first used in the design of millimeter-wave planar antennas.
The CPW feed lines of the antennas make the integration to millimeter-wave / optical circuits easier. When
the antennas using low-k dielectric substrate are compared with those using ceramic dielectric substrate, wider
impedance bandwidth and higher gain can be achieved. The impedance bandwidth of the antenna is about
2.6% centered at 38.3 GHz. The maximum gain of the antennas was 4.2 dBi at 38.7 GHz and the radiation
patterns were stable across the pass band. The cross-polarization level of the antenna was about –20dB. Good
agreement between the simulation and measurement has been obtained.
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Abstract

The aim of this work is to investigate the advantages of wavelet-type representations in electromagnetic
analysis of antennas and related waveguide structures. A wavelet-type approach is described for the analysis of
the modes of multi-conductor cylindrical waveguides where the conductors have polygonal cross-sectional shape.
Such structures are of interest for example in the analysis of wideband array feeds for reflector antennas.

Introduction

In this stage of the work we consider cylindrical waveguides with polygonal cross-sectional shapes filled with
homogeneous lossless material and perfectly conducting waveguide boundaries. The fields inside are therefore
subject to the boundary conditions n × E = 0 and n ·B = 0, where n is the outward unit normal vector on
the boundary. We further assume that the waveguide’s size and shape remain constant along the cylinder axis
(z-axis). The fields travel down the waveguide in positive z-direction with a wave number kz .

E(x, y, z, t) = E(x, y) exp(j(ωt− kzz))
H(x, y, z, t) = H(x, y) exp(j(ωt− kzz))

(1)

In this case the nabla operator takes the form ∇ = ∂
∂xex + ∂

∂xey − jkzez = ∇t − jkzez, where ∇t denotes
is transversal part. If we express the Laplacian as ∇2 = ∇2

t − k2
z and separate the transverse and longitudinal

field components like E = Ez +Et = Ezez +Et we end up with a set of two Helmholtz equations [1,3]

∇2
t

(
Et

Ht

)
+ (µ0ǫ0ω

2 − k2
z)

(
Et

Ht

)
= 0 (2)

∇2
t

(
Ez

Hz

)
+ (µ0ǫ0ω

2 − k2
z)

(
Ez

Hz

)
= 0 (3)

Instead of solving both equations directly we solve the scalar Helmholtz equation for the TE and TM
modes and determine the transversal field components by means of the reduced form of Maxwells equations for
waveguides.

TE-modes (Ez = 0): We solve the homogeneous Neumann Problem in the waveguide’s cross-sectional A,
∇2
tHz + k2Hz = 0, ∂Hz

∂n |C = 0 where C is the inner contour of the waveguide and k2
c = µ0ǫ0ω

2 − k2
z the cut-off

frequency of the mode. After that we can get the transversal field components:

Ht =
jkz

µ0ǫ0ω2 − k2
z

∇tHz Et = −ωµ0

kz
(ez ×Ht) (4)

TM-modes (Hz = 0): We solve the homogeneous Dirichlet Problem in A∇2
tEz + k2Ez = 0, Ez |C = 0. After

that we can get the transversal field components by:

Et = − jkz
µ0ǫ0ω − k2

z

∇tEz Ht =
kz
ωµ0

ez ×Et (5)

TEM-modes (Ez = Hz = 0): Here we can use the same formulation as for the TE case. If we set Et = −∇tΦ
we can solve ∇2

tΦ + (k2
0 − k2

z)Φ = 0, ∂Φ
∂n |C = 0 to obtain

Ht =
kz
ωµ0

ez ×Et (6)

All solutions Hz, Ez and Φ for the three different types of modes are approximated by a trial function ψ̃.
For this ψ̃ we use a Windowed Fourier Transform (WFT) representation which is described in the next section.
Once the solution space is set up we apply a general variational principle for the cut-off frequencies of the modes.
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WFT Representation of the Trial Function

The WFT was introduced 1946 by Gabor with the aim to get a precise analysis of a signal in both time and
frequency domain. Here time is replaced by space in two dimensions. We are synthesising the solution of the
potential function. In our approach we use a window Gi in form of a Gaussian similar to the one in [2] but in
two dimensional space which can be allocated at a certain point by a vector ri and changed in width by a scalar
αi (narrow-shaped Gaussians in certain areas might resolve sharp transitions in a solution better):

Gi(r) =
1√
π

exp (−αi | r − ri |2), ri = (xi, yi)
T

This window allowes us to perform a localized Fourier analysis if we move the Gaussians step-wise along a
grid over the x-y-plane of the waveguide. We therefore get good localization properties of our solution not only
in space but also in frequency due to the Gaussian shaped window. One must note that the sort of trial functions
are not wavelets yet. The only difference lies in the fact that the sinusoidal filling of the Gaussians wont be
translated with the Gaussian window. That means we don’t use modulated Gaussians as trial functions (what
would be a wavelet) but just perform a Fourier analysis/sythesis in different regions of the problem structure.

Before we go on let’s introduce the notation for the spatial frequency vector km:

km =

(
f(m)k0x

g(m)k0y

)
, f, g : Z→ Z (7)

The values for k0x
and k0y

are subject to certain requirements on the representation space what we will see
later. We represent the trial function as a finite linear combination consisting of Np ∈ Z windows each multiplied
by a sum of 2Nk+1 different phases where Nk ∈ Z stands for the number of different frequency combinations in
x-y-direction. Each summand is weighted by a coefficient ci, m. It is basically a linear combination of localized
complex Fourier series. The locations of these Fourier series are defined by the Gaussian windows which are
translated over the x-y-plane. The representation consists of Np(2Nk + 1) summands of the form:

ψi,m = Gi(r)e
jkm·r =

1√
π

exp(−αi|r − ri|2 + jkm · r) (8)

The trial function takes on the form

ψ̃ =

Np∑

i=1

Nk∑

m=−Nk

ci,mψi,m (9)

The trial function in (9) can be written in different manners according to the theory of Fourier series. If
we split ci,m =1

2 (ai,m− jbi,m) into its real and negative imaginary part, shorten the notation by writing p=
(i,m), q= (j, n) and sum up over all possible tupels for p:

ψ̃ =
∑

p

Gp(r)[cpe
jkp·r + c̄pe

−jkp·r] =
∑

p

Gp(r)[ap cos (kp · r) + bp sin (kp · r)] (10)

The grid itself can be chosen arbitrarily in the two dimensional plane which contains the waveguide cross-
section. Here we use an equidistant one with ∆x and ∆y grid spacings and αw = 0.5 for the width of the
Gaussians. Of course, the Gaussians must not be too far away from each other - it depends on whether the
lowest spatial frequency k0 used in the WFT is low enough - otherwise the solution space looses it frame property.
But to save computation time the grid spacings should be as large as it is acceptable to obtain a good solution.
This trade-off was subject of an investigation for the two dimensional case and for different equidistant grid
spacings. To maintain the frame property for large grid spacings the WFT-frame has to be very redundant.
This is shown by estimating the frame bounds A and B of the WFT frame and its “redundancy ratio” B/A

A‖f‖2 ≤
∑

i,m

|〈f, ψi,m〉|2 ≤ B‖f‖2 (11)

with β(s, t) := supx,y∈[0,0;∆x,∆y]Σie
− 1

2 |r−ri|2e−
1
2 |r−ri+(s,t)T |2 where s, t ∈ Z, the frame bounds are estimated

(by repeated use of Cauchy-Schwartz’s inequality):
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A =
4π2

k0x
k0y



 inf
x,y∈[0,0;∆x,∆y]

∑

i

e−
1
2 |r−ri|2 −

∑

s,t6=0

[β(− 2π

k0x

s,− 2π

k0y

t)β(
2π

k0x
s,

2π

k0y
t)]1/2



 (12)

B =
4π2

k0xk0y



 sup
x,y∈[0,0;∆x,∆y]

∑

i

e−
1
2 |r−ri|2 +

∑

s,t6=0

[β(− 2π

k0x

s,− 2π

k0y

t)β(
2π

k0x
s,

2π

k0y

t)]1/2



 (13)

The results of this estimation can be improved by using a second estimator which makes use of the symmetry
of the first one under the Fourier transform. Table 1 shows results of this computation.

Table 1: Frame bounds A and B, “redundancy ratio” B/A, r for comparison. Each table shows results for
different grid spacings in x-y-direction for different products of k0 ·∆

k0x
∆x = π/2, k0y

∆y = π/2 k0x
∆x = π/2, k0y

∆y = π

∆y ∆x A B B/A ∆y ∆x A B B/A

1 1 15.975 16.025 1.0031 1 1 7.7719 8.2281 1.05870

1 2 15.414 16.586 1.0761 1 2 6.6433 9.3587 1.4087

1 3 15.413 16.587 1.0762 1 3 2.854 13.545 4.746

1 4 15.412 16.588 1.0763 1 4 2.4032 14.183 5.9018

2 2 15.539 16.461 1.0593 2 2 7.4681 8.5319 1.1421

2 3 14.118 17.882 1.2666 2 3 6.7316 9.2684 1.3768

2 4 12.587 19.413 15.422 2 4 5.9382 10.062 1.6944

3 3 8.3163 23.684 2.8479 3 3 4.1552 11.845 2.85806

3 4 2.0655 29.935 14.493 3 4 1.029 14.971 14.548

4 4 0.10934 41.271 377.44 4 4 0.054672 20.635 377.44

The Variational Principle

Now that the solution space is set up in form of a WFT frame a general variational principle for the cut-off
frequencies of the modes is used to find the series coefficients of the trial function ψ̃. One can show that finding
eigenfunctions ψ and eigenvalues k2

c = µ0ǫ0ω
2 − k2

z of the Helmholtz equation on the area A with boundary
C which satisfy a homogeneous Neumann (+) or homogeneous Dirichlet(-) boundary condition is equivalent to
finding stationary points of a variational principle [4]

δ[k2
c ] = δ[

1∫
A ψ

2dA
(−
∫

A

ψ∇2ψdA±
∮

C

ψ(
∂ψ

∂n
)dx)] = 0 (14)

in which we can use (+) for the TE and TEM modes (the eigenfunction ψ for the eigenvalue k2
c = 0 is

ψTEM = Φ in this case) and (−) for the TM modes. Thus, for the different sort of modes ψ represents different
field components

ψTE = Hz ψTEM = Φ ψTM = Ez

Inserting our trial function ψ̃ in each case transforms the integral equations of (14) into a discrete form.

[k̃2] =
dT (−M±N)d

dTPd
(15)

Performing the variation is a derivation with respect to all coefficients and leads to a generalized linear
matrix eigenvalue problem which has the coefficient solutions d = (a,b)T to the cut-off frequencies k̃c:

(−M±N)d = λPd (16)
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where λ = k̃2. Note that by choosing the variational principle (14) the system matrices M,N,P are independent
on the operating frequency ω of the waveguide. Main computation time is used for creating these system
matrices. Once they are computed the generalized eigenvalue problem can be solved very quickly. This allows
to obtain TE(M)/TM modes just by switching the sign from (+) to (−). Due to the good localization of the
Gaussian windows the system matrices become sparse for large waveguide structures.
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Figure 1: E-Field lines of TE10, TE10 + TE02 (deg.) and TE11 of rectangular waveguide, Np = 5 · 3, k0 =

(π4 ,
π
2 )T , Nk = 32.
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Figure 2: H-Field lines for TM 11 and a degenerate TM mode, Np = 5 · 3, k0 = (π4 ,
π
2 )
T
, Nk = 22.

Computation of the System Matrices for Polygonal Shaped Waveguides

For the computation of the matrix elements in M and P we have to evaluate area integrals of the form

Gxn

A (rw,kw) :=

∫

A

xnGw(r)ejkw·rdA (17)

Gy
n

A (rw,kw) :=

∫

A

ynGw(r)ejkw·rdA (18)

for n = 0, 1, 2. For a subclass of waveguide cross-sections with orthogonal polygon edges, analytical solutions
for these integrals are found in terms of the scaled complementary error function Erfcs(z) = ez

2 ∫∞
z
e−t

2

dz
with complex argument. Furthermore, matrix elements in N involve integrals like

NC(rp,kp; rq,kq) :=

∮

C

Gp(r)Gq(r)(vp(r;kp) · n)ej(kp+kq)·rdr (19)

and can be reduced to sums of weighted error functions at the corner points of the waveguide.
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Figure 3: Magnetic field lines of TM modes of other polygonal waveguides, NkNp ≤ 162.
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Numerical Results

To verify the correctness of our method the TE and TM modes of a rectangular waveguide are computed
(Fig. 1,2). In this case the analytical solution is known and can be compared. Degenerate modes appear due
to the special relation of length to width of the waveguide. The plots we show here are contour plots of the
potential functions. The contour lines for Hz correspond to the electric field lines in the TE wave solution up
to a factor. Similar, the contour lines of Ez correspond to the magnetic field lines of the TM wave solution up
to a factor. Only these factors are frequency dependent.

The number on top of each plot is the eigenvalue which corresponds to the cut-off frequency of the mode.

Conclusion

The windowed Fourier transform has been applied to the numerical calculation of eigenmodes of cylindrical
waveguides. Due to the localization properties of the Gaussian windows it is now possible to extend the method
to multi-conductor structures. The method was verified by calculating of the modes of a rectangular waveguide.
The results showed to converge using just a few Fourier terms in the trial function. The method proved to be
fast and precise in determining cut-off frequencies and field patterns and was applied to obtain TE and TM
modes of more complex polygonal structures.
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Abstract

In this paper, we investigate the thermal noise behavior of the multi-antenna communication systems, when
antenna elements are closely spaced. We analyze the mutual coupling effect on thermal noise. We apply the
Nyquist’s thermal noise theorem to determine thermal noise power in the multi-antenna system and to confirm
the partial correlation of thermal noise for antenna spacing lower then one wavelength. Simulation results
confirm the decrease of thermal noise power level when antenna spacings drop below a half of wavelength.

Introduction

MULTIPLE-INPUT multiple output (MIMO) wireless systems, characterized by multiple antennas at the
transmitter and receiver, have demonstrated the potential for increased capacity by exploiting the spatial proper-
ties of the multipath channel [1]. If the channel matrix coefficients are i.i.d (independent identically distributed)
complex Gaussian variables, then linear increase in capacity with the number of antenna is possible. The mutual
independence of channel coefficients is generally achieved by wide inter- element spacing in the multi-antenna
system. However, wide antenna spacing is not always achievable due to physical size constraints of subscriber
units in wireless communication systems.

As the consequence of the small antenna spacings, correlation arises among the antenna elements. The
impact of the correlation due to mutual coupling effect on the antenna arrays has been evaluated by examine
its influence on adaptive array performance in [2]. Then, the model for evaluation the mutual coupling effect
on MIMO channel capacity was presented in [3]. Additionally, the mutual coupling effect on MIMO channel
capacity through the radiated power and the power collection capability was assessed in [4].

While above studies present important contributions concerning the effect of array mutual coupling on
MIMO system performance, they neglect mutual coupling effect on thermal noise. The quantitative analysis
of the mutual coupling effect on thermal noise is a missing puzzle to complement the analysis of the mutual
coupling effect on the performance of the multi-element antenna systems. The real insight into the physical
phenomenon of thermal noise behavior for coupled antennae can be obtained by investigating the thermal noise
correlation due to the mutual coupling effect.

In this paper, we investigate the mutual coupling effect on thermal noise in the multi-antenna systems with
closely spaced antenna elements. The Nyquist’s thermal noise theorem [5] enables to identify the correlated part
of the thermal noise from the total thermal noise and to confirm the correlation of noise for antenna spacing
below one wavelength. We calculate noise correlation coefficients to additionally assure the existence of the
noise correlation.

The rest of this paper is organized as follows. In Section 2, the effect of mutual coupling in the multiple
antenna element system is presented. In Subsection 3.1, the mutual coupling on thermal noise is elaborated.
Subsection 3.2 is devoted to thermal noise power evaluation in two-dipole array. Simulation results are presented
in Section 4. While, concluding remarks are given in Section 5.

Figure 1: Nodal network represention for two antenna array
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Mutual Coupling Effect

The principal feature of an antenna is to convert an electromagnetic field into an induced voltage or current.
However, for closely spaced antenna element, the total (measured) voltage on each antenna element is a function
not only of the excited field but also of the voltages on the other elements. The phenomenon is known as the
mutual coupling effect and can be including in the received voltage model, by inserting the coupling matrix[3]

y = MHcx+ n (1)

Thus, the new channel matrix that consider the electromagnetic behavior of antennae is H ′ = MHc[3]. Using
fundamental electromagnetic and circuit theory, the coupling matrix of an array antenna can be written as[2]

M = (ZA + ZT )(Z + ZT I)−1 (2)

where ZA is the antenna impedance, ZT is the impedance of the measurement equipment at each element and
Z is the mutual impedance matrix.

Mutual Coupling Effect on Thermal Noise

The electromagnetic properties of thermal noise is discussed in [8]. Also, thermal noise radiation is classied
into self-radiated thermal noise (self-noise) and induced thermal noise of radiated body in antenna element[8].
Then, the partially correlated thermal noise in two closely spaced antennae with isolated receivers is discussed
in [6], based on Nyquist’s thermal noise theorem[5].

Nyquist Thermal Noise Theorem - The theorem states that for passive network in thermal equi- lib-
rium it would appear possible to represent the complete thermal-noise behavior by applying Nyquist’s theorem
independently to each element of the network[5]. In the case of the multi-antenna system these elements are
self-impedances and mutual-impedances. In addition, the general nonreciprocal network with a system of in-
ternal thermal generators all at absolute temperature T can be represented as the source-free network together
with a system of noise current generators Ir and Is with infinite inter- nal impedance [6]. In that case, the
Nyquist’s thermal noise theorem[5] states that the nodal current cross-correlation is given by

IsIrdf = 2kT (Ysr + Y ∗
sr)df (3)

Alternatively the internal noise sources can be represented by a system of nodal voltage generators Vr and
Vs, with zero internal impedance. The correlation of nodal voltage generators is given by:

VsVrdf = 2kT (Zsr + Z∗
sr)df (4)

where Zsr and Ysr are the mutual impedance and admittance, respectively and k is Boltzmann constant.
Correlation is zero when the mutual coupling is purely reactive.

Thermal noise coupling matrix - In this subsection, we derive thermal noise coupling matrix for two-
antenna array based on the generalized Nyquist’s thermal noise theorem. Although, we use this simple model,
it still enables significant conceptual insight to be gained into thermal noise behavior of the multiple antenna
systems.

One can write the noise current for two-antenna array from Fig. 1 in terms of its spectral density by

J1 = y11V1 + y12V2 = jL1 + j1 − YL1V1

J2 = y21V1 + y22V2 = jL2 + j2 − YL2V2

(5)

where Ji, i = 1, 2 are the total noise current spectrum and Vi, i = 1, 2 associated noise voltage spectrum of ith

antenna element. ji, i = 1, 2 are the nodal noise current spectrum of ith port, jLi, i = 1, 2 are the noise current
spectrum associated with load admittance of receiver YLi, i = 1, 2 of ith antenna elements.

Following that,

jL1 + j1 = (y11 + YL1)V1 + y12V2

jL2 + j2 = y21V1 + (y22 + YL2)V2

(6)

[
jL1 + j1
jL2 + j2

]
=

(
y11 + YL1 y12
y21 y22 + YL2

)[
V1

V2

]
(7)
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[
V1

V2

]
=

(
y11 + YL1 y12
y21 y22 + YL2

)−1 [
jL1 + j1
jL2 + j2

]
(8)

V1 =
1

|D| ((y22 + YL2)(jL1 + j1)− y21(jL2 + j1)) (9)

V2 =
1

|D| ((y11 + YL1)(jL2 + j2)− y12(jL1 + j1)) (10)

where |D| is determinant of the following matrix

(
y11 + YL1 y12
y21 y22 + YL2

)
(11)

The average power absorbed dissipated in the receiver load of the first antenna is proportional to PL1 in the
following form

PL1 =
1

2
(YL1 + Y ∗

L1)V1V ∗
1 (12)

Similarly, for the second antenna:

PL2 =
1

2
(YL2 + Y ∗

L2)V2V ∗
2 (13)

Substituting the expressions (9) in (12) yields

PL1 =
YL1 + Y ∗

L1

2|D||D∗| ((y22 + YL2)(y
∗
22 + Y ∗

L2)(iL1i∗L1 + i1i∗1)

− y21(y∗22 + Y ∗
L2)i1i

∗
2 − y∗21(y22 + YL2)i∗1i2 + y21y

∗
21(iL2i∗L2 + i2i∗2))

(14)

Using (3) for nodal current correlation, the expression (14) becomes

PL1 = 2kT
(YL1 + Y ∗

L1)

2|D||D∗| ((y22 + YL2)(y
∗
22 + Y ∗

L2)((YL1 + Y ∗
L1) + (y11 + y∗11))

− y21(y∗22 + Y ∗
L2)(y12 + y∗12)− y∗21(y22 + YL2)(y12 + y∗12) + y21y

∗
21((YL2 + Y ∗

L2) + (y22 + y∗22)))

(15)

The spectral density of thermal noise power dissipated in the received load of first antenna PL1 consists of two
parts, self-noise and induced thermal noise[9]. Self-noise originates in its own resistive element, while induced
thermal noise arises from the adjacent antenna element. The induced thermal noise exists due to thermal noise
mutual coupling effect.

Similarly, the spectral density of thermal noise power of second antenna is

PL2 = 2kT
YL2 + Y ∗

L2

2|D||D∗| ((y11 + YL1)(y
∗
11 + Y ∗

L1)((YL2 + Y ∗
L2) + (y22 + y∗22))

− y12(y∗11 + Y ∗
L1)(y21 + y∗21)− y∗12(y11 + YL1)(y21 + y∗21) + y12y

∗
12((YL1 + Y ∗

L1) + (y11 + y∗11)))

(16)

where k is Boltzmann constant and T is absolute temperature.
Now, the absorbed thermal noise power in the receiver load of first and second antennae are, respectively

Nmc(1) =

∫

B

PL1df (17)

Nmc(2) =

∫

B

PL2df (18)

The thermal noise matrix of two coupled antennae is then

Nmc =

(
Nmc(1) 0
0 Nmc(2)

)
(19)
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Here, thermal noise matrix for two-coupled antennae is diagonal matrix, because the receiver loads are
isolated. In fact, the coupled antenna system with its mutual impedance matrix translates into the diagonal
receiver load matrix. Thus, each loads absorbs thermal noise radiation from its own antenna element and from
adjacent antenna, what represents the partially correlated noise. In such a way, we define thermal noise matrix
as eigenvalue matrix of one general thermal noise correlated matrix. Here, the correlation is due to mutual
coupling effect.

Simulation Experiments

To confirm results of the presented analytical analysis, we use the simulation models consist of the uniform
linear arrays (ULA) with two and three half-wave dipoles in multi-antenna system. Mutual- and self impedances
are calculated by using SONNET software[7]. This simplified models still enable significant conceptual insight
be gained into the multi-antenna system performance in terms of thermal noise power level.

Fig. 2 depicts mutual coupling effects upon thermal noise power in the multiple element antenna systems.
Simulation analysis shows decrease in thermal noise power for antenna spacing below 0.5λ if mutual coupling
of thermal noise (mctn) is considered in comparison with traditional approach which ignores the coupling
interaction for thermal noise (nmctn). Results are given for antenna spacing below 0.7λ. The simulation results
indicate on the trend that thermal noise power level of one dipole will decrease further as the number of antenna
in the multi-antenna elements increases.

Additionally, we estimate the noise correlation coefficients in order to drawn conclusions about mutual
coupling effect on thermal noise. Therefore, we analyze the two-antenna array and estimate the correlation
coefficients of complex thermal noise voltages within antenna spacing range [0, 1λ]. The voltage correlation
coefficient is computed as γ12 = 〈V1, V2〉. Here, Vi, i = 1, 2 is the voltage at the output port of ith antenna
element. Operation 〈a, b〉 computes the complex correlation coefficient between a and b as

〈a, b〉 = E{[a− E{a}][b− E{b}]∗}√
E{|a− E{a}|2}E{|b− E{b}|2}

.

We calculate thermal noise voltages for two-antenna array by using (9) and (10).

Figure 2: Effect of mutual coupling on thermal noise
power in the multiple element antenna systems

Figure 3: Correlation coefficients of thermal noise
voltages due to mutual coupling effect

Fig. 3 plots the resulting magnitude of the correlation coefficients versus antenna spacing, for both, two-
dipole and three-dipole arrays. The correlation coefficients are calculated for the adjacent dipoles (12), (23)(Fig.
3) and dipoles set 2 ∗ d apart(13)(Fig. 3). The results from Fig.(3) confirm that thermal noise between the
adjacent antenna elements in the multi-antenna system is highly correlated for antenna spacing up to 0.5λ.

The uncorrelated white noise is usually presupposed in antenna array applications, neglecting the radiation
characteristics of noise. However, the results from Fig.3 show that the mutual coupling strongly correlates
thermal noise in the closely spaced antenna elements. The noise correlation depends of a antenna spacing, but
also of the position of antenna elements in antenna array.
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Conclusion

This paper outlines a procedure for thermal noise analysis of the multi-antenna system with coupled an-
tennae. We present a method for thermal noise power calculation in two-antenna array, which can be used to
determine thermal noise behavior of the multi-antenna system with small antenna spacing. We confirm the
partial correlation of thermal noise for antenna spacing below a wavelength.
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Abstract

A novel approach to design N×N silica-on-silicon optical switches based on phase-compensated and cascaded
multimode interference structures is presented. Taking into consideration of weakly guiding features of silica-
on-silicon waveguides, instead of using self-imaging theory, we apply a two-step design approach: In the first
step the multimode sections are optimized for minimum loss and best uniformity. In the second step the phase
shifting compensations are obtained by accurate calculation of relative phases of MMI sections. Using this
novel approach we designed a 4×4 optical switch and achieved better device performance from our numerical
simulation results. Compared with the configuration from the self-imaging theory, the results from our designing
approach can reduce the device loss and crosstalk by 1dB and 8dB, respectively.

I. Introduction

The cascaded N×N MMI couplers structures with generalized Mach-Zehnder configuration have proposed
to realize the switch function [1-2]. Commonly the switches are made of high index contrast structures that
strongly guiding approximation is well satisfied. Good device design could be obtained by directly using the
self-imaging theory based on the strongly guiding approximation.

Recently MMI couplers based on silica-on-silicon waveguides [3] have attracted lots of research interests
because of their advantages: low cost, low material loss and easy fiber coupling [4]. However silica-on-silicon
waveguides are low index contrast structures and the strong guiding approximation is no longer well satisfied.
Hence the appropriate design approaches are required for MMI devices based on silica-on-silicon waveguides.

Previously silica-on-silicon MMI switches have also been studied [5]. However, they had considered only 2×2
devices and the weakly-guiding modification of the self-imaging theory had not been discussed. In this paper we
propose a novel design approach for N×N optical switches based on planar silica-on-silicon waveguide structure.
Considering weakly guiding features of silica-on-silicon waveguides, instead of using self-imaging theory, we
apply a novel 2-step designing approach to give good performance devices.

II. Device Modeling

The silica-on-silicon switch structures are showed as Fig.1. N (N = 4) phase shifting waveguide arms link
two MMI couplers, each having a phase shifter. The structure is designed to be single-moded in the transverse
direction. Thus a correspondent 2D representation can be found using the effective index method. In this paper
we used the 2D model to discuss the problem.

The transfer matrix method can be used to do device modeling [2]. Different sections of the optical switches,
MMI couplers and phase shifting waveguide arms, are described by special transfer matrixes. The products of
these matrixes are the total transfer matrixes of the optical switches:

TNNSwitch = T ·
couplerΛ · Tcoupler (1)

The Tcoupler is a transfer matrix of a N×N MMI coupler and it’s elements tcoupler,ji are field transfer coefficients
from input i to output j. The value of tcoupler,ji can be calculated using mode propagation method [3]:

tcoupler,ji =

m−1∑

0

∫
Ψin
i (y)Ψv(y)dy∫
[Ψv(y)]2dy

exp[−βvLmmi,coupler]
∫

ΨvΨ
out
j (y)dy∫

[Ψout
j (y)]2dy

(2)

In Eq.(2) Ψin
i (y) is the power normalized eigenmode of the field at input guide i. Ψv(y) are the power normalized

eigenmodes in MMI section and v = 0, 1, · · · ,m − 1. Ψout
j (y) is the power normalized eigenmode of the field
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Figure 1: Schematic diagram showing a 4×4 optical switch

at output and it is same as Ψin
i (y). βv is the propagation constant for the v-th mode in the MMI section.

Lmmi,coupler is the length of the MMI section.
The phase shift is applied in a given arm j by an amount ∆Φj . The arms in the switch can be described by

the diagonal N × N matrix:

Λ =




eJ∆Φ1

. . .

eJ∆Φj

. . .

eJ∆ΦN




(3)

where J =
√
−1.

The output intensity can be calculated by the elements of the total transfer matrix. If a single input beam
of optical intensity Iini is fed into input guide i and at output port k

INN,outSwitch,k =
∣∣tNNSwitch,ki

∣∣2 Iini (4)

III. Device Designing

The purpose of the device designing is to achieve low loss and small crosstalk devices. The design of MMI
couplers and phase compensation for a desired switch state can be found using the self-imaging theory [6].
However for silica-on-silicon waveguides are weakly guiding structures, the configurations from self-imaging
theory can only be regarded as first-approximate design. For finding better design with lower loss and smaller
crosstalk we introduce a novel 2-step approach: 1) Optimal MMI coupler configurations are found; 2) Accurate
phase compensations are calculated.

Optimal Design of MMI Couplers

Using the self-imaging theory, if the width of the MMI coupler is fixed the length of the MMI coupler can
be found by

Lmmi,coupler =
3Lπ
N

(5)

where Lπ is the beat length of the two lowest order modes in MMI section. The Lmmi,coupler here can be used
as first-approximation design and put in Eq.(2) to calculate device performance.

The optimal designing of MMI couplers based on weakly guiding structure has been discussed recently. In
[3] we gave detail discussions of optimal design of N×N MMI couplers based on silica-on-silicon structures.
It was show that the length of the MMI section can be varied in a well-defined range to find optimal device
performance. The range linked to the propagation constant spacing of fundamental and higher order modes
of the MMI section. In that range we can find the optimal length Loptimalmmi,coupler as the MMI coupler design to
replace the self-imaging result Eq.(5).

Accurate Phase Compensation
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The reciprocal characteristics of the MMI couplers can be used to find the phase compensation for a desired
switch state. For an N×N switch, the compensating phases ∆Φj |output=k,input=i can be determined by

∆Φj |output=k,input=i = Φincoupler,kj − Φoutcoupler,ji (6)

where the relative phases Φoutcoupler,ji is the output from the first N×N coupler and Φincoupler,kj is the required
relative phases of all inputs for the second N×N coupler with light out only at output k. According to reciprocal
characteristics, the required input relative phases, Φincoupler,kj is negative of Φoutcoupler,jk, which is the relative
phases of the output from the N×N coupler with input k is fed. Thus we have

∆ΦNNj
∣∣
output=k,input=i

= −Φoutcoupler,jk − Φoutcoupler,ji (7)

Same as the length of MMI coupler, the relative phases from MMI couplers can be found by the self-imaging
theory [2,6] as the first approximation:

ΦOutCoupler,ji = −π
2
(−1)i+j+N +

π

4
[i+ j − i2 − j2 + (−1)i+j+N · (2ij − i− j + 0.5)] (8)

For silica-on-silicon waveguides a novel approach to find the accurate values is need. Remember that the element
of a transfer matrix of a MMI is the field transfer coefficient from one input to one output. Each element is
a complex. Thus the argument of the complex, or arg(tcoupler,ji) is the accurate phase relation between the
output field and the input field. So we can use arg(tcoupler,ji) to calculate relative phases Φincoupler,kj instead of
using the self-imaging theory Eq.(8). Then the accurate phase compensation ∆Φj |output=k,input=i can be found

using Eq.(7).

IV. Numerical Calculations and Results

We analyze the particular case of 4×4 switches based on silica-on-silicon MMI couplers to test our theoretical
approach. The operation wavelength is 1.55 um, and the core index is chosen to be 1.461 and the cladding index
1.453. The thickness of the core is 5 um. The access waveguides have width of 5 um and are single mode.
The width of the MMI section is set to 85um, based on the need to minimize coupling between the 4 output
waveguides. Because the system is little polarization only TE modes are discussed.

The optimization is done first to find the optimal design of the 4×4 couplers. Using the method discussed
in [3] when the width is fixed as 85 um the length can be varied from 7.456 mm to 7.716 mm. Fig.2 shows the
optimal calculation.

We defined the loss as the difference between the input power and the sum of the powers from all 4 output
guides and the uniformity as the difference between the maximum and minimum output powers. The optimal
length for the MMI couplers is LOptimalmmi,coupler = 7.55mm, for both low loss and good uniformity, instead of the
self-imaging result 7.456mm.

Figure 2: The optimal calculation of the 4×4 coupler with the variation of the length in the well-defined range
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Table 1: The performance for the designed 4×4 switch is calculated for different switching status when port 1
is fed. The relative phase is set in the range from 0 to 2 π. And Arm1 (Port 1) is the reference for the relative
phases.

Switched
output
port k

Accurate phase compensation
∆Φ j |input=1 (π) Loss(dB)

Crosstalk(dB)

Arm1 Arm2 Arm3 Arm4 Output
port1

Output
port2

Output
port3

Output
port4

1 0 0.48 0.45 1.95 1.27 N/A -31.80 -30.43 -46.25
2 0 1.99 0.94 0.96 1.27 -31.57 N/A -47.08 -26.22
3 0 0.96 1.99 0.99 1.27 -31.45 -48.16 N/A -32.35
4 0 1.49 1.49 0.00 1.27 -45.57 -25.63 -28.56 N/A

Table 2: The performance for the designed 4×4 switch is calculated for different switching status when port 2
is fed. The relative phase is set in the range from 0 to 2 π. And Arm1 (Port 1) is the reference for the relative
phases.

Switched
output
port k

Accurate phase compensation
∆Φ j |input=2 (π) Loss(dB)

Crosstalk(dB)

Arm1 Arm2 Arm3 Arm4 Output
port1

Output
port2

Output
port3

Output
port4

1 0 1.99 0.94 0.96 1.27 N/A -28.68 -26.22 -55.26
2 0 1.51 1.43 1.98 1.28 -31.78 N/A -55.34 -30.42
3 0 0.48 0.48 0.00 1.28 -26.79 -54.07 N/A -33.02
4 0 1.01 1.98 1.01 1.27 -62.12 -29.45 -32.30 N/A

Tables 1 and 2 give the configuration and performance of the designed optical switches. The calculation shows
that the optimal length and accurate compensating phase result good performance devices. The loss is about
1.27 dB and the crosstalk is less than -25dB. We also calculated the device performance with configurations
from the self-imaging theory, or Eqs. (5) and (8), for comparison. We find that for the first-approximation
design, device losses are about 2.3 dB and the crosstalks are less than -17dB. Our novel approach reduces loss
and crosstalk by about 1 dB and 8dB, respectively.

V. Conclusion

Designing N×N optical switches based on planar silica-on-silicon waveguide has been discussed in this paper.
Instead of using self-imaging theory, we apply a novel designing approach to get good performance optical
switches. In numerical simulations, using the novel approach a 4×4 optical switch is designed and turns out
good device performance. Compared with the configuration from the self-imaging theory, the design from our
approach can reduce the device loss and crosstalk by 1dB and 8dB, respectively.
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Abstract

A novel ytterbium-thulium codoping scheme is presented taking advantage of the fact that ytterbium codop-
ing in thulium could facilitate population inversion between the relevant energy levels, through a cross energy
transfer process between Tm3+ and Yb3+.A set of nonlinear coupled ODEs which govern the dynamics of optical
amplification in the ytterbium-thulium codoped material system was established based on the rate equations
and propagation equations. The results demonstrated that the ytterbium to thulium energy transfer process is
significant and beneficial. PACS: 42.81; 42.70.HJ

1. Introduction

The development of the so-called ‘dry fiber’ opens up opportunity for optical communication in the S-band
[1]. The emission associated with Tm3+transition 3H4 to 3F4 covers the spectral range 1440nm-1520nm [2].
Hence Tm3+ doped fiber amplifier (TDFA) is desirable for the S-band (1460-1520nm) optical amplification
and has attracted considerable attention as a means of extending the transmission bandwidth of optical fibers
beyond the range available from Er3+-doped fiber amplifiers (EDFA) [3]. Several types pumping schemes and
methods have been developed for Tm3+ doped optical fibre amplifiers. In terms of TDFA’s gain in the S-band,
it has been reported that around 20dB has been achieved in thulium doped telluride fiber [4] and fluoride fibers
[5,6] using various upconversion pumping methods. However these thulium doped fibers have difficulties in
practical implementation and application, mainly due to the host material instability, problems in fabrication
and in connection with silica fiber system.

These difficulties have stimulated further development of thulium doped silica fibers. Although the lifetime
of its upper level is significantly shorter compared to that of telluride and fluoride host materials, remarkable
amount of progress has been made in recent years. In thulium doped silica fiber, gain excess of 20dB has been
predicted by theoretical modeling and simulation [7] and gains as high as 10dB [8], 12dB [9], have been achieved
by various experiments. Nevertheless, there remain many challenges such as improving gain, gain bandwidth,
pump efficiency, etc.

Yb3+ has the advantage to present only two multiplets: the ground-state level 2F7/2 and the excited-state
level 2F5/2, corresponding the highly efficiency absorption in the range of 900nm-1000nm [10]. This particular
energy level structure is highly desirable for efficient absorption of commercially available laser diodes emitting
around 980nm and avoiding any undesirable excited-state absorption under intense optical pumping.

Based on the above consideration, as a first attempt as far as we know, we investigate ytterbium codoping
in thulium doped silica fibers in this paper, a generic model of ytterbium-thulium codoped S-band silica fiber
amplifier is established for the first time taken into consideration the Yb3+ →Tm3+ energy transfer process and
investigated the relevant aspects of ytterbium codoping in silica TDFAs. A new computational strategy was de-
veloped to solve the rate and propagation equations, which are nonlinear coupled ordinary differential equations
(ODE). From the simulation results, it is shown that Yb3+ codoped TDFA produce improved performance for
S-band optical amplification.

2. Modelling of Yb 3+-Tm3+ codoping

With the selection of the 980nm and 1064nm co-pumping scheme, the relevant absorption and emission
transitions and the energy transfer process between Tm3+ and Yb3+ are shown as in Fig.1. The energy levels
3F2 and 3F3 of Tm3+ are very close and thus they are treated as a single level (level 4). The stimulated
absorption and emission rates between levels i and j are Wij . Spontaneous decay processes are described by the
radiative and nonradiative decays, Arij and Anri , respectively. Branch ratio βij is the probability of a radiative

transition from upper level i to lower level j. Since the nonradiative decay rates from 3F3 and 3H5 to the
respective underlying level are very high (≫ 105/s), the atomic population density N2 and N4 of both bands
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Figure 1: Pump scheme of ytterbium-thulium, energy transfer process between ytterbium-thulium

are neglected in this model. The thulium concentration in TDFAs is usually low and the self-quenching process
3H4 +3 H6 → 3F4 is neglected. Based on these considerations, the rate equations for the Tm3+ population
densities, N1, N3 and N5 are established as follows:

dN1

dt
=N0W01−N1(W13+W14+Anr1 +Ar10)+N3(W31+Anr3 +Ar31)+N5(A

r
51+Ar52)+K1N0NY b1−K2N1NY b1 (1)

dN3

dt
= N1(W13 +W14) +N5(A

nr
5 +Ar54 +Ar53) - N3(W35 +W31 +Anr3 +

2∑

j=0

Ar3j) +K2N1NY b1 (2)

dN5

dt
= N3W35 −N5(A

nr
5 +

4∑

j=0

Ar5j) (3)

NTm = N0 +N1 +N3 +N5 (4)

The rate equations for the Yb3+ population densities, NY b0, and NY b1 are given by:

dNY b1
dt

= NY b0WY b01 −NY b1WY b10 −K1N0NY b1 −K2N1NY b1 −NY b1/τ1 (5)

NY b = NY b0 +NY b1 (6)

Here NTm and NY b are the total Tm3+ and Yb3+ concentrations in the fiber. N1, N3, N5 are the population
densities of the energy levels 3F4,

3 F3,
1G4. NY b0 andNY b1 are the population densities of the energy levels 2F7/2

and 2F7/2. K1 is the energy transfer parameter for 3H6(Tm3+) +2 F5/2(Yb3+) →3H5(Tm3+) +2 F7/2(Yb3+),
and K2 is the energy transfer parameter for 3F4(Tm3+)+2 F5/2(Yb3+) →3F2,

3 F3 (Tm3+)+2 F7/2(Yb3+). Wij

describes interaction of the electromagnetic field and the ions, it can be written as [7]:

Wij(z) =

∫ ∞

0

λΓ(λ)σij

(
P+
λ (z, λ) + P−

λ (z, λ)
)

hcπb2
dλ (7)

Here P±
λ are the spectral power densities of the radiation propagating in the positive and negative directions

of the fiber axis, is so called overlap factor defined by [7]:

Γ(λ) =

∫ ∞
0
|E(r, ϕ, λ)|2N(r)rdr

NTm
∫ ∞

0
|E(r, ϕ, λ)|2 rdr

(8)

Where N(r) is the Tm3+ concentration distribution with NTm =
∫ ∞

0 N(r)rdr
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As ASE is not significant, we can derive the propagation equation of each partial wave,

dP±(λ)

dz
= Γ(λ)P±(λ)

(Niσij(λ)−Njσji(λ))∑

ij

(9)

The spectroscopic parameters used in our analysis and design are summarized in Table 1. The absorption
and emission cross-section spectra of ytterbium and thulium are collected in Ref. [7, 11]. Since there is no

Table 1: Parameters used in the numerical simulations

Parameter Unit Symbol Value Ref

Tm concentration ppm 1000∼3000 Specification

Yb concentration ppm 2500∼15000 Specification

Core diameter µ m 2a 2.6 Specification

Fluorescence µ s τ5 784 [7]

Lifetimes (Thulium) µ s τ3 45 [7]

µs τ1 430 [7]

Radiative µs 1/
∑4
i=1 A

r
5i 860 [7]

Lifetimes(Thulium) µs 1/
∑2
i=1 A

r
3i 650 [7]

µs 1/A10 3500 [7]

Fluorescence µs τ1 1500 [11]

Lifetimes (Ytterbium)

Branching

Ratios (Thulium) β54 0.03 [7]

β53 0.11 [7]

β52 0.30 [7]

β51 0.06 [7]

β50 0.5 [7]

β32 0.03 [7]

β31 0.09 [7]

β30 0.88 [7]

data available for the energy transfer parameters K1 and K2 in ytterbium-thulium codoped silica materials, we
collected the energy transfer parameters K1 and K2 determined in Ref.[10] and delineated them in terms of the
product of the total Tm3+ and Yb3+ concentrations, NTm and NY b, the values of K1 and K2 is estimated by
the extrapolation method.

3. Result and Discussion

Firstly, we investigated the gain characteristics of ytterbium-thulium codoped silica fibers with dual wave-
length pumping 1064nm (1w) and 980nm (0.4w), the ytterbium and thulium concentrations are 15000ppm and
3000ppm respectively, input signal power is 10µW. The spectral gain in S-band is shown in Fig.2; the solid
curve represents the gain of the ytterbium-thulium codoped fiber amplifier, while the dotted curve represents
the spectral gain of a TDFA as a reference for comparison. The reference TDFA has exactly the same parameters
as the ytterbium-thulium codoped fiber amplifier, except without the ytterbium codoping and 980nm pump. It
is shown that, with a total pump power increase by only 1.5dB; ytterbium codoping improves the maximum
gain by about 2dB at 1470nm.

The relation of gain versus Yb3+ and Tm3+ concentrations is shown in Fig.3. Here the signal wavelength
is 1470nm and the input signal is 10µW. The pump powers are as in the case of Fig.3. It is shown that fibers
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Figure 2: Spectral gain in the S-band of TDFA and
Ytterbium codoped TDFA

Figure 3: Dependence of gain versus Yb and Tm
concentration

with higher ytterbium-thulium concentration will produce a higher gain.

The gain characteristics with respect to the pump power are demonstrated in Fig.4. In this case, the thulium
concentration is 3000ppm and the ytterbium concentration 15000ppm, the signal wavelength is 1470nm and the
input signal is 10µW. It is clear that the higher the main pump power at 1064nm is the higher gain will be. It is
noted that there is an optimal 980nm pump power given a certain 1064nm pump power level. The value of the
optimal 980nm pump power increases with the 1064nm pump power. When the main pump powers are 0.5W,
0.75W and 1W, the corresponding optimal 980nm pump powers are 0.27W, 0.33W and 0.4W respectively.

Figure 4: Dependence of gain versus pump power

Conclusion

We proposed a novel ytterbium-thulium codoping scheme, expecting that ytterbium codoping can facilitate
population inversion between the relevant energy levels3H4 and 3F4 of Tm3+, through a cross energy transfer
process between Tm3+ and Yb3+. A set of nonlinear coupled ODEs, which govern the dynamics of optical
amplification in the ytterbium-thulium codoped material system, were established based on the rate equations
and propagation equations taken into consideration of the energy transfer process between Tm3+ and Yb3+ in
silica fiber host. A novel computational strategy to solve the set of rate equations and propagation equations is
developed to study various cases of ytterbium-thulium codoping under different parametrical conditions.

From our simulation results, we have demonstrated that the gain characteristics and pump efficiency can be
improved by ytterbium codoping and using an auxiliary pump at 980nm. It has been shown that higher values
of the parameters from higher doping concentrations would produce a higher gain improvement. This suggests
that fabrication techniques for higher doping concentrations should be pursued in future.
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Advanced Numerical Techniques for Large PEC Cavity
Modeling

C. F. Wang, Y. Xu, F. G. Hu, and Y. B. Gan
National University of Singapore, Singapore

Abstract

Air intake structures greatly affect the overall electromagnetic scattering response of real airborne targets.
This has motivated the development of accurate and efficient methods to model the electromagnetic scattering
of such structures. This paper summarizes the work done on several newly developed numerical techniques in
the Temasek Laboratories at National University of Singapore (NUS) for electromagnetic scattering from large
PEC cavities.

1. Introduction

Efficient modeling of electromagnetic scattering from open cavity structure is one of the most important
and challenging topics in the research area of computational electromagnetics. As reviewed in [1], many studies
have been carried out for the analysis of the electromagnetic scattering from cavity structures for years. Several
typical methods have been proposed to handle various cavity structures from different points of view and all the
methods developed have different features. The study along this direction can help us to accurately characterize
the effects of the cavity on the overall electromagnetic scattering response of real target. This has motivated
the development of accurate and efficient methods to model the electromagnetic scattering of cavity structure.
The purpose of this paper is to summarize the work done on several newly developed numerical techniques in
the Temasek Laboratories at National University of Singapore (NUS) for electromagnetic scattering from large
PEC cavity.

2. Equivalent Models and Integral Equations

To model the electromagnetic scattering from indented screens, Asvestas and Kleinman have developed a
set of coupled integral equations using purely mathematical vector manipulation in conjunction with Maxwell’s
equations [2]. It has been claimed that the coupled integral equations are expected to be free of interior resonance,
but it still remains to be shown [2]. Later on, the same set of coupled integral equations has been formulated
using the equivalent current model, based on the image theory with perfect magnetic conductor (PMC) ground
plane, for indented screens or open-ended cavity [3]. To firmly understand how the integral equations can be
used to characterize and analyze the cavity problem, paper [3] has discussed the integral equation modeling
of electromagnetic scattering from indented screens or cavity structure by three aspects: (1) derivation of the
integral equations using physical model, which can be proved mathematically; (2) numerical verification of the
integral equations by simulating the monostatic scattering from 3D rectangular cavity structures; (3) comparison
of the numerical behaviour of the two integral equations, such as accuracy and convergence.

In-depth discussion on numerical verification, accuracy, and well-posedness of the coupled integral equations
will facilitate understanding on how integral equations can be applied to the study of cavity problems [4].
Further development on these integral equations with fast algorithms results in robust solvers for modeling of
large cavity structures.

3. Development and Extensions of the Field Iterative Method (FIM)

Three distinct phenomena are observed from the interior scattering of cavities: 1) induction of an aperture
field by sources in the exterior region; 2) propagation of electromagnetic fields down the duct, “guided” by
the walls; and 3) reflection at the termination end. Upon reflection, the fields propagate back towards the
aperture, which are integrated to obtain scattered field. This basic understanding of interior scattering from
large PEC cavity gave rise to the original field iterative method (FIM) proposed by Reuster and Thiele [5]. We
have improved the original FIM through the use of an accurate equivalent model and fast algorithm, namely
FAFFA-FIM, for modeling of large 2D and 3D PEC cavities [5-9]. With the effort on development of the FIM in
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conjunction of the FAFFA, we can simulate the electromagnetic scattering from large PEC cavity. The domain
decomposition method [10] can be applied to further enhance the capability of the FIM to handle the real cavity
structures.

4. Non-Overlapping Domain Decomposition Method (DDM)

A non-overlapping domain decomposition method is applied to solve surface integral equations for elec-
tromagnetic scattering from cavities [11]. This scheme allows the cavity to be divided into sub-domains and
modeled on sub-domains sequentially or in parallel. Thus, the memory requirement and CPU time for modeling
of large cavity structures can be dramatically reduced. Moreover, interior resonances are eliminated from this
scheme, in contrast to that in the Generalized Network Formulation [12].

5. Development of Fast Higher-Order FE-BI Code

The higher-order FE-BI method proposed by Jin and Liu et al is suitable for computation of the echo area
of inhomogeneously-filled and arbitrarily-shaped cavity [13]-[17]. Through using the frontal solver, higher-order
FE-BI method can efficiently handle the electromagnetic scattering from large and deep cavities. The successful
development of the higher-order FE-BI code paves the way to investigate the electromagnetic scattering from
more challenging cavities. It can help us to discover and observe the new phenomena of the interior electromag-
netic scattering from various representative cavities. Reasonable numerical results obtained for some typical
cavities validate and verify the implementation of the in-house code. With this in-house code, we can acquire
in-depth understanding of the effect of the cavity shape and complex termination on the echo area, and find
more physics of the scattering from cavity that will be helpful for real cavity design [18].

6. Conclusion

Several techniques have been discussed for modeling electromagnetic scattering from large PEC cavity struc-
ture. Using equivalent current model to establish integral equations for modeling electromagnetic scattering
from cavity is a good way to understand the physics of the problem solved. The FIM is a good method for
modeling PEC cavity with large aperture. This method is based on the three distinct phenomena observed from
the interior scattering of cavity. Combination of the FIM and DDM provides a possibility to handle monostatic
scattering from large PEC cavity. The higher-order FE-BI method implemented using frontal solver is one of
the most successful methods for modeling the monostatic scattering from cavity structures. All the methods
developed in the Temasek Laboratories at NUS can be benchmarked each other to produce reliable codes for
real cavity structure modeling and design.
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Scattering and Radiation Modeling Using Hybrid
Integral Equation Approach and Mixed Mesh Element

Discretization

C. C. Lu and Z. Y. Zeng
University of Kentucky, USA

Abstract

A mixed mesh algorithm is developed for the integral equation modeling of scattering by three dimensional
complex radar targets that consist of conducting surfaces and radar absorbing materials. The integral equation
combines the surface integral equation (for conducting surfaces) and the volume integral equation (for dielectric
material regions). The mixed mesh element scheme is proposed to model the complex scatterers. In this scheme,
the surface is modeled by a set of triangles and quadrangles, and the dielectric volume is modeled by a set of
tetrahedrons, prisms of triangle base, and prisms of quadrangle base (the hexahedron). The simulation shows
that as long as the average edge length remains the same, the results from single element mesh and combined
element mesh are of the same order, but the later uses less number of unknowns, less computing resources, and
sometimes less iteration numbers.

Introduction

The integral equation modeling of scattering and radiation problems has become popular due to the devel-
opment of fast solvers such as the multilevel fast multiple algorithm. In most previous modeling of 3D complex
structures, single element type is used. In many applications, it is difficult to balance the modeling accuracy
and the efficiency using only one type of element. For example, using tetrahedron element can easily model any
complex volume structure, but the number of unknowns involved is significantly larger than using prism element
or using hexahedron element. However, using hexahedron element alone is not flexible to model complex shapes
such as those with sharp corners and edges. In this paper, a mixed element scheme is introduced and applied
to model complex objects in the discretization of the hybrid integral equations. In this scheme, a line element,
two surface elements (triangles and quadrilaterals), and three volume elements (tetrahedrons, hexahedrons, and
prisms) are applied to model an object that may contain thin conducting wires, surfaces of conductors and/or
impedance boundaries, and dielectric volumes. It is expected that the mixed mesh element approach will make
the meshing more flexible than the single element approach, and lead to less number of unknowns, and will
remain the solution accuracy. In the following, we will present a brief discussion on the formulation and some
numerical simulation results. The multilevel fast multipole algorithm (MLFMA) [6] has been applied to generate
the numerical results.

Formulation

Consider the electromagnetic scattering by a 3D complex structure that may consist of thin conducting
wires, conducting surfaces, and dielectric volumes. An essential objective of the problem is to determine the
induced currents. The induced currents are determined by the following hybrid integral equations [4]: (a)
The Pocklington’s integral equation for thin conducting wires, (b) the Surface integral equation (such as the
electrical field integral equation) for conducting surfaces and impedance boundaries, and (c) the Volume integral
for dielectric volume regions. To discretize the object, we introduce the following elements:

(1)Wire element: A wire element is determined by two points. Two roof-top basis functions are associated
with a line element. It is used to represent thin conducting wires.

(2)Triangle element: A triangle element is determined by three points, and three RWG (Rao-Wilton-
Glisson) [1] basis functions are associated with a triangle. It is used to model conducting and impedance
surfaces.

(3)Quad element: A quad element is determined by 4 points and 4 roof-top basis functions [2] are associated
with the four edges. Each edge is associated with one basis function. It is also used to model surfaces.
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(4)Tetrahedron element: A tetrahedron element is used to model volume regions, and it is determined by
4 points. Each of the 4 faces of the tetrahedron is associated with one volume RWG basis function [3]. It
is used to model volume regions.

(5)Hexahedron element: a hexahedron element is specified by 8 points and 6 roof-top basis functions are
associated with each hexahedron element [4]. It is used to model volume regions.

(6)Prism element: this element has a cross section of triangular shape. It is defined using 6 points. The 6
points are set on the base triangle and top triangle. It has 5 faces (2 triangles, and 3 quadrilaterals), and
hence each prism is associated with 5 prism basis functions [5]. It is also used to model volume regions.

It is expected that the mesh generating will be very flexible when all of the above mesh elements are used
for the mesh of a complex object that has conducting wires, surfaces, and the dielectric volumes. The basic
requirements for the elements can be summarized as follows: (a) the edge lengths are comparable to one tenth
of a wavelength (in the case of volume meshing of a dielectric region, the wavelength of the material should
be used as a measurement), (b) the meshes must be well connected. The normalized basis function for all the
element types can be expressed as

~fn(~r) =
±1√
g
~bn

where the subscript “n” is the basis function index,
√
g is the Jacobian of the transformation which maps the

mesh element to the corresponding unit element, and ~bn is a vector that is related to the edge or face of an
element. The sign “+” and “−” is determined by the order of an element in a basis function (each basis function
is defined on two mesh elements. On the common edge or face, the basis function points from one element to
another. If the element is the first one, a “+” is used for that element. Otherwise, the “-” sign is used). After
choosing the basis functions, the general Method of Moment steps can be followed to discretize the integral
equations.

Numerical Examples

In this section, we present some numerical examples to demonstrate the applications of the mixed element
approach. All numerical computations are conducted using a HP super computer (750 MHz processor). In
the first example, we calculate the scattering by a trapezoid shaped conducting plate with material coating on
the four sides. The thickness of the plate is 2.54 cm. Refer to Figure 1, the dimensions of the four sides are:
6.4m (bottom side), 0.9144 m (left and top sides), and 1.524 m (right side). The width of the coating is 5.08
cm, and the thickness is of the same as the conducting plate. The relative dielectric permittivity is 4.5+9i.
Conducting part is modeled by quad element and triangles. The coating material region is also modeled using
two types of elements, the hexahedron and the prism of triangle base. The partitions are displayed in Figure 1.
For comparison, this object is also modeled by all triangles and prisms. The calculated backscattered RCS for
V-V polarization is shown in Figure 2. It can be seen from Figure 2 that the results from two different meshes
are very close to each other. However, the “QUAD+TRI” mesh uses 24,984 unknowns (246 MB memory), and
17.6 (sec.) CPU time per RCS angle, and the “TRI-ONLY” mesh uses 66,384 unknowns (1.65GB memory),
and 66.0 (sec.) CPU time per RCS angle.

Figure 1: The top view of the mesh of the trapezoid shaped plate with material coating on all sides (left) and
the details of the sharp region (right).
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Figure 2: The calculated monostatic RCS (V-V pol.) at 1 GHz for the dielectric material coated object shown
in Figure 1. The ”QUAD+TRI” stands for the mesh that uses quad /triangle for conducting surface, and
hexahedron/prism for the dielectric material. The “TRI-ONLY” stands for another mesh of the same object
using triangle only for surface and prism only for material.

Figure 3: (a) The cross view of a cone-shaped dielectric shell with a conducting plate closing (the short arrows
stand for 5 electric dipoles). (b) The mesh of the cone-shaped dielectric shell. (c) The normalized radiation
pattern of 5 ideal electric dipoles in the presence of the shell. The solid line is the results using prism mesh only
and the circles represent the result from the mixed mesh case (the normalization scales the maximum radiation
intensity to 50 dB and all points with radiation intensities 50 dB below the maximum are truncated to 0 dB).
The angle measurement is from x-axis (0 degree) to z-axis (90 degrees).

The second example considers the radiation of a dipole array in the presence of a dielectric shell which is
modeled by a layer of dielectric material. The sketch of the cross view is shown in Figure 3(a). The shell
is meshed using (a) prism (with triangle cross section) only, and (b) prism and hexahedron (shown in Figure
3(b)). In the mixed mesh element approach, the triangles/prisms are used as transition of mesh sizes. The
cone’s height and base radius are 32cm and 10cm, respectively, the thickness is 7.5mm, and the tip is a spherical
cap of radius 1 cm. The dielectric material has relative permittivity of 2.0. The primary source is an array of 5
dipoles parallel to z-axis and is 2.5cm above the conducting plate. The dipoles are 2.5cm apart and are of the
same moment magnitude. The frequency is 3 GHz. The radiation patterns on the x-z plane calculated from
the two meshes are shown in Figure 3(c). The two curves are in good agreement. However the mixed element
mesh case uses significantly less CPU and memory (15082 unknowns, 846.8 sec. total CPU for 361 observation
directions, 95 MB memory for the mixed mesh case, as compared to 28029 unknowns, 2730 sec. CPU for 361
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angles, and 290 MB memory for the prism-only mesh). As a remark, the mixed mesh algorithm also included
the tetrahedron elements.

Conclusion

A mixed mesh element discretization scheme is applied to model complex object in the hybrid integral
equation modeling. This approach has the advantages of reducing the number of unknowns, and providing
flexibility in the modeling. The solution accuracy is maintained as long as the edge length remains the same for
the single element mesh and the mixed element mesh.
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Scattering of Electromagnetic Waves from Vibrating
Perfect Surfaces: Simulation Using Relativistic

Boundary Conditions

Mingtsu Ho
WuFeng Institute of Technology, Taiwan

Abstract

One-dimensional numerical simulation of electromagnetic waves scattered from vibrating perfect conductor
is reported in this paper. The computational results are generated by the method of characteristics with the ap-
plication of the relativistic and characteristic variable boundary conditions. The perfect conductor may oscillate
either in zigzag or sinusoidally. For easy observation of oscillatory effects on the reflected electromagnetic waves,
objects are set to vibrate at a very high frequency with constant amplitude such that the extreme instantaneous
velocity is about one tenth of the speed of light. The numerical calculations show that the reflected electric
fields bear the oscillatory characteristics of the vibrating perfect conductor and that the change in magnitude
are in agreement with the theoretical Doppler shift values.

Introduction

For the past half-century the two most widely used computational methods for electromagnetic problems
have been the method of moment (MoM) and the finite-difference time-domain (FDTD) technique. They provide
numerical results giving researchers better understanding of various problems. The method of characteristics
(MOC) was proposed and initially applied to the fluid dynamic problems in the early 80s by Whitfield and
Janus [1]. Shang applied explicit central difference technique in a characteristic-based algorithm to approximate
the time-domain Maxwell curl equations in the early 90s [2]. Soon it was formulated in an implicit form and
found to produce results in good agreement with data produced by FDTD [3]. This numerical approach has
advantages such as to be able to solve problems involved with objects having curvature without staircasing the
object surface and to perform well when the cell size is changing with time without interpolation techniques
[4]. Unlike MoM and FDTD, MOC places all field variables in the center of the grid cell and solves Maxwell’s
equations by balancing all fluxes across cell faces within each computational cell, which enables the method to
easily handle time-varying cells.

In many circumstances, dealing with electromagnetic scattering problems either from moving and/or vibrat-
ing objects becomes necessary and important wherever such effects cannot be ignored. The one-dimensional
analytical theories of scattering of EM fields by a moving boundary [5] and that by linearly vibrating objects
[6] have been studied. The following conclusions were made. The oscillatory behavior of target impress upon
the scattered fields. The scattered EM waves from oscillating target are altered in phase and magnitude when
compared with that of a stationary target, which obey the double-Doppler shifts.

Though inspired by many studies, the present work focuses only on the application of the MOC numerical
approach to one-dimensional simulation of electromagnetic waves scattered from perfect electrical conductors
(PEC) oscillating either in zigzag or sinusoidally. The scheme accuracy is investigated by comparing the com-
putational results with the theoretical Doppler shift values.

Governing Equations and Boundary Conditions

The governing equations for electromagnetic problems in source-free region are the Maxwell’s equations.
Since the present algorithm numerically solves Maxwell’s equations in one-dimension, we can only consider a
two-dimensional formulation and make the following arrangements. In the model, the electric field intensity is z-
polarized and normalized to unity, the incident waves initially propagate in the positive x-direction and normally
illuminate upon a perfect conductor that is vibrating at a very high frequency. The Maxwell’s equations are
transformed from the Cartesian coordinate system (t, x, y) into a time-invariant curvilinear coordinate system
(τ , ξ, η) and rewritten as:

∂Q

∂τ
+
∂F

∂ξ
+
∂G

∂η
= 0 (1)
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where Q = Jq, F = J(ξxf + ξyg), G = J(ηxf + ηyg), q = [Bx, By, Dz]
T , f = [0,−Ez,−Hy]

T , g = [Ez, 0, Hx]
T ,

and symbol J is the Jacobian of the inverse transformation and equal to |∂x
∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ
|. The implicit formu-

lation is derived first by applying the central difference to (1) and written as

Qn+1 −Qn
∆τ

+
δiF

∆ξ
+
δjG

∆η
= 0 (2)

where
δk(∗) = (∗)k+1/2 − (∗)k−1/2 (3)

is known as the central-difference operator. The superscripts n and n+1 on variable vector Q are the two
successive time levels, the subscripts (i) and (j ) in (2) and (k) in (3) represent various directions in the curvilinear
coordinate system, and the one-half integer index in (3) indicates that flux is evaluated at the cell face along
one particular direction. The flux vector splitting technique and the Newton iterative method are then applied
to (2) followed by the lower-upper approximate factorization scheme for the solution of the system of linear
equations.

The boundary conditions employed in the present simulation are the combination of the relativistic boundary
conditions and the characteristic variable (CV) boundary conditions. The former is to include the relativistic
effects due to the movement of conductor and given by

n× E = (n · v)B (4)

where v and n are the instantaneous velocity of the oscillating conductor and the unit vector normal of the
conductor surface, respectively. Each CV is defined as the product of one row eigenvector and the instantaneous
variable vector. Because each CV is associated with one of the eigenvalues it carries information with the speed
and direction that which information propagates. Since MOC evaluates flux at the cell face within cell, one of
the characteristic variables carrying information and arriving on the boundary is given by

CV b = n×B + ηoD (5)

where ηo is the impedance of free space and the superscript (b) is for the CV evaluated on the boundary, and
variables B and D are taken from the adjacent cell. By using the fact that n =-1 as in the present problem, we
solve for boundary values from (4) and (5) and have

Bb =
1

v − 1
CV b (6)

Eb =
v

v − 1
CV b. (7)

The change in the field magnitude due to the relative motion between electromagnetic wave and perfect
conductor is predictable by the multiplying factor

1 + βMax

1− βMax
. (8)

Above, βMax is the ratio of the maximum PEC instantaneous velocity to the speed of light and ranges from -0.1
to +0.1, respectively corresponding to the approaching and receding cases. The instantaneous velocity of the
oscillating perfect conductor is designated to be negative if it moves toward the incidence and positive if it goes
in the same direction as the incidence. Expression (8) is employed to investigate the accuracy of the present
method and known as the Doppler shift.

Cases Studied

The problem is specified in Figure 1 where the incident wave is plane and initially propagates toward a
vibrating perfect conductor. The incident electromagnetic wave is monochromatic (1 GHz in frequency or 30
cm in wavelength) and composed of seven complete cycles. A one-half Gaussian window is applied to each end
to avoid abrupt changes in field quantities that are measured one full wavelength from the peak to the truncated
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Figure 1: Definition of the studied problem.

level (100 dB). The vibration type of the vibrating perfect conductor is either zigzag or sinusoidal. The vibration
frequency of the perfect conductor is set to be either 1 or 2 GHz. The corresponding peak-to-peak amplitudes
are respectively 9.549 and 4.775 mm for sinusoidal and 15 mm and 7.5 mm for zigzag such that the maximum
instantaneous velocity is one tenth of the light speed, i.e., βMax = ±0.1 near the equilibrium position. The
calculated instantaneous velocities are given in Figure 2. It is clearly shown that the vibration forms are either
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Figure 2: Calculated instantaneous velocities: βMax = ±0.1 (fi= 1 GHz).

sinusoidal or periodic rectangular functions; one is involved with acceleration while the other is not.
For a one-dimensional model the cell indexing is simple. Both the total number of grid cell and the cell size

are constant values. In the present work, because the oscillatory behavior of perfect conductor as illustrated in
Figure 3, portion of the Nth cell may be occupied (left dashed lines) by the oscillating conductor surface (dark

Figure 3: One-dimensional cell indexing with a vibrating boundary.
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solid line, equilibrium position) at certain instant of time. A moment later an extra fractional cell, the (N+1)th

cell, is added (right dashed lines).

Results

In order to observe how the oscillation type and frequency affect the reflected waves, the reflected electric
fields are shown in Figure 4 where the vibration frequency (fv) of conductor is either identical with or twice
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Figure 4: Reflected electric field magnitudes (fi= 1 GHz).

as high as that of the incident wave (fi). It is shown that the variations of the reflected electric field bear
the similar characteristics of the vibrating perfect conductor. The resultant magnitude and frequency of the
reflected waves were calculated directly from the computation results. The Doppler shift values in the reflected
electric field magnitude are also computed and compared with the theoretical values as listed in Table 1 where
the exact values are obtained by using (8). As clearly seen they are in good agreement. It is noticed that when
the perfect conductor is vibrating in zigzag the reflected electric fields overshoot in magnitude whenever the
perfect vibrator changes direction rapidly at which time instance the perfect conductor experiences an abrupt
change in velocity from + 0.1 to -0.1 and vice versa.

Table 1: Comparison of the calculated with the theoretical values: magnitude and frequency of the reflected
electric fields.

Vibration Extreme Maximum Magnitude Minimum Magnitude Frequency (GHz)

Type Velocity(C) Theoretical Calculated Theoretical Calculated Theoretical Calculated

Sinusoidal ±0.1000 1.2222 1.2248 0.8182 0.8154 1.0000 1.0000

Sinusoidal ±0.1000 1.2222 1.2248 0.8182 0.8154 2.0000 2.0000

Zigzag ±0.1000 1.1361 1.1457 0.8802 0.8675 1.0000 1.0000

Zigzag ±0.1000 1.1361 1.1457 0.8802 0.8675 2.0000 2.0000

Given in Figure 5 are the phase differences for various cases in which they are calculated on the basis of
the stationary case. The phase change reflects the oscillatory behavior of the vibrating perfect conductor in
both amplitude and form. It is observed that the phase change depends on the direction of the moving perfect
conductor: it changes more when the perfect conductor recedes from the incident than when it approaches. The
pattern of the phase difference also reveals the vibration type: the change is linear when the perfect vibrator
goes in zigzag and sinusoidal when it vibrates sinusoidally. The computational results give the fact that the
object oscillation alters the reflected waves of a stationary object in phase as well as in magnitude and that
these variations are subject to the type of vibration.
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Figure 5: Phase difference in the reflected electric fields (fi= 1 GHz).

Conclusion

In this paper we present that the method of characteristics successfully simulates the effects of vibrating
perfect conductor on the reflected waves in one-dimension. The Doppler shifts in magnitude of the reflected
electric fields are found in good agreement with the theoretical values. On the surface of the perfect conductor,
we successfully applied the electromagnetic boundary conditions that are the combination of the characteristic
variable boundary conditions and relativistic boundary conditions. The results showed that the reflected electric
fields are imprinted with the properties of the oscillating perfect conductor. It is our future goal to extend the
existing formulation to three-dimensional problems.
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New Topography Inversion Using EM Field

Baiyao Ruan and Youxue Wang
Guilin University of Technology, China

Abstract

The method is developed to model the three dimensional (3D) terrain effect of the electromagnetic fields
of the artificial source in the frequency domain. By vector integral theory and boundary conditions, the elec-
tromagnetic fields in the air and earth medium are transformed into two vector integral equations just related
to the topography. The integral related to the topography is then decomposed into a series of integrals in the
triangular element.The electromagnetic fields in the triangular element are decomposed into two parts : the
electromagnetic fields in the unlimited air space and in the earth medium. The linear equations come from
vector integral equations can be solved by SSOR.

Introduction

It is well-known that rugged surface topography distorted the electromagnetic response of the earth dramat-
ically. When electric-magnetic method are carried out in the mountain land, the effect of topography should
be removed from the data before inversion. Wannamaker, Stodt and Rijo (1986) and Chouteau and Bouchard
(1988) have modeled 2D topography in magnetotelluric suryey (MT) using finite element method. Xu and Zhou
(1997) used boundary element method (BEM) to model the MT over the 2D topography. Xu et al. (1997)
tried to model the 3D topography effect in MT using BEM. For artificial source, Endo and Noguchi (1999)
modeling the 3D electromagnetic field in time domain using the finite difference method (FDM) in the case of
3D topography. Yutaka Sasaki (2003) put forward a method for 3D electromagnetic modeling and inversion
with topography using FDM.

The BEM is used in this paper to model the electromagnetic response for the 3D topography and artificial
source in frequency domain. Firstly, we illustrated the vector Helmholtz equation, boundary conditions and
boundary integral equations of electromagnetic field. Secondly, the BEM is used to solve the integral equation.
Finally, the electromagnetic responses on 3-D hill topography is shown.

Electromagnetic Field Boundary Integral Equation

It is supposed that the studied region Ω is surrounded by a boundary Γ, and is occupied by homogenous
and isotropic media with a electric conductivity of σ and a medium permittivity of ε. By using the magnetic
permeability µ0 in the vacuum instead of that in medium (µ) and the time factor is eiωt, the electromagnetic
fields in the region, according to Xu’s method (Xu et al., 1997), can be described by the following boundary
integral equations,





ωp
4π

H(p) +

∫

Γ

[(H · n)∇ϕ+ (n×H)×∇ϕ+ (σ + iωε)(n×E)ϕ]dΓ

=

∫

Γc

[(H · n)∇ϕ+ (n×H)×∇ϕ+ (σ + iωε)(n×E)ϕ]dΓ

ωp
4π

E(p) +

∫

Γ

[(E · n)∇ϕ+ (n×E)×∇ϕ− iωµ(n×H)ϕ]dΓ

=

∫

Γc

[(E · n)∇ϕ+ (n×E)×∇ϕ− iωµ(n×H)ϕ]dΓ

(1)

where

H(p), E(p) are magnetic and electric fields at a point p with the studied region respectively;

k =
√
ω2µε− iωµσ is the wave number;

ϕ =
1

4πr
e−ikr , r is the distance between p and integral point;
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n is the outer normal direction of the region Ω;

ωp is the solid angle from point p to region Ω, ωp=4π when the point p is within the region Ω;

Γc is the small boundary within the source is located.

The right sides of equation (1) can be deduce to equal the primary magnetic Hp(p) and electric field Ep(p)
in the unlimited space with a electric conductivity σ respectively. Thus





ωp
4π

H(p) +

∫

Γ

[(H · n)∇ϕ+ (n×H)×∇ϕ+ (σ + iωε)(n×E)ϕ]dΓ = Hp(p)

ωp
4π

E(p) +

∫

Γ

[(E · n)∇ϕ+ (n×E)×∇ϕ− iωµ(n×H)ϕ]dΓ = Ep(p)
(2)

These are the boundary integral equations for the homogeneous medium within the region Ω.

Electromagnetic Boundary Integral for 3D Topography

In the case of 3D topography, there are two regions, Ω1 above the earth surface including a source and Ω2

underneath the surface.
Supposed that the electric and magnetic fields areE1 and H1 in the region Ω1, respectively, the electromag-

netic responses at point p1 can be written from equation (2) as follows:




ωp1
4π

H1(p1) +

∫

Γ

[(H1 · n1)∇ϕ1 + (n1 ×H1)×∇ϕ1 + iωε(n1 ×E1)ϕ1]dΓ = Hp(p1)

ωp1
4π

E1(p1) +

∫

Γ

[(E1 · n1)∇ϕ1 + (n1 ×E1)×∇ϕ1 − iωµ(n1 ×H1)ϕ1]dΓ = Ep(p1)
(3)

where Γ is the boundary of the topography, n1 is the normal direction of the surface downward, and ϕ1 =
1

4πr
e−ik1r, k1 = ω

√
µε.

Similarly, in the region Ω2 which is homogeneous and isotropic with the electric conductivity of σ, if the
electric and magnetic fields areE2 and H2, respectively, at point p2 then we have





ωp
4π

H2(p2) +

∫

Γ

(H2 · n2)∇ϕ+ (n2 ×H2)×∇ϕ2 + (σ + iωε)(n2 ×E2)ϕ2]dΓ = 0

ωp2
4π

E2(p2) +

∫

Γ

(E2 · n2)∇ϕ2 + (n2 ×E2)×∇ϕ2 − iωµ(n2 ×H2)ϕ2]dΓ = 0
(4)

where Γ is the boundary of the topography, n2 is the normal direction of the surface upward, and ϕ2 =
1

4πr
e−ik2r,

k2 =
√
ω2µε− iωµσ.

Noted that the right sides is zeros in equations (4) because there is no source in the lower space.
When the points p1 and p2 are at the same point p on the surface, according to the continuity of electro-

magnetic field in transversal direction and electric current density in the normal direction across the surface,

{
n2 ×E2 = −n1 ×E1 = −n×E
n2 ×H2 = −n1 ×H1 = −n×H

(5)

{
n2 · E2 = −(1 + α)n1 ·E1 = −(1 + α)n · E
n2 ·H2 = −n1 ·H1 = −n ·H (6)

ωp1 + ωp2 = 4π (7)

where: α =
iωε

σ + iωε
− 1.

Added the electromagnetic field equations (3) and equation (4) together and used equation (5) and (6) and
(7), respectively, the electromagnetic boundary integral equations for 3D topography can be written as below:





H(p) +

∫

Γ

{Hn∇(ϕ1 − ϕ2) + (n×H)×∇(ϕ1 − ϕ2)

+(n×E)[iωε(ϕ1 − ϕ2)− σϕ2]}dΓ = Hp(p)

E(p) + αEn(p)(1 −
ωp
4π

) +

∫

Γ

{En[∇(ϕ1 − ϕ2)− α∇ϕ2]

+(n×E)×∇(ϕ1 − ϕ2)− iωµ(n×H)(ϕ1 − ϕ2)}dΓ = Ep(p)

(8)
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where Hn and En are the magnetic and electric field component in the normal direction, respectively.

Boundary Element Method

To solve the integral equations (8), the topography Γ is divided into M triangular elements. Taking the
center in each triangular element as the node at which the electromagnetic response will be calculated and
ωp=2π, the integrals in equations (8) over the surface Γ are equal to the sum of integrals in each triangular
element Γj . Taking p as the node of the ith element, the equations (8) can be rewritten as below:





Hi +

M∑

j=1

∫

Γj

{Hn∇(ϕ1i − ϕ2i) + (n×H)×∇(ϕ1i − ϕ2i)

+(n×E)[iωε(ϕ1i − ϕ2i)− σϕ2i]}dΓ = Hpi

Ei +
α

2
Eni +

M∑

j=1

∫

Γj

{En[∇(ϕ1i − ϕ2i)− α∇ϕ2i]

+(n×E)×∇(ϕ1i − ϕ2i)− iωµ(n×H)(ϕ1i − ϕ2i)}dΓ = Epi

(9)

where the subscript i used in the basic solutions of ϕ1 and ϕ2, means that r is the distance from ith node to
the integral point.

In each element Γj , the electromagnetic response should be the stack of the electromagnetic field in unlimited
air space and the distribution of the earth medium. In order to simplify the computation, it is supposed that
the distribution of the earth medium is a constant within the element, which means that the electromagnetic
fields at any point p in each element satisfy the relationships

E(p) = Ej + [Ep(p)−Epj ]
H(p) = Hj + [Hp(p)−Hpj ]

(10)

by equations (9) and (10), we get





Hi +

M∑

j=1

{Hnj

∫

Γj

∇(ϕ1i − ϕ2i)dΓ + (nj ×Hj)×
∫

Γj

∇(ϕ1i − ϕ2i)dΓ

+(nj ×Ej)

∫

Γj

[iωε(ϕ1i − ϕ2i)− σϕ2i]dΓ} = Hpi + Hci

Ei +
α

2
Eni +

M∑

j=1

{Enj
∫

Γj

[∇(ϕ1i − ϕ2i)− α∇ϕ2i]dΓ

+(nj ×Ej)×
∫

Γj

∇(ϕ1i − ϕ2i)dΓ− iωµ(nj ×Hj)

∫

Γj

(ϕ1i − ϕ2i)dΓ} = Epi + Eci

(11)

where 



Hci =

M∑

j=1

∫

Γj

{(Hpnj −Hpn)∇(ϕ1i − ϕ2i) + n× (Hpj −Hp)×∇(ϕ1i − ϕ2i)

+n× (Epj −Ep)[iωε(ϕ1i − ϕ2i)− σϕ2i]}dΓ

Eci =

M∑

j=1

∫

Γj

{(Epnj − Epn)[(∇(ϕ1i − ϕ2i)− α∇ϕ2i]

+n× (Epj −Ep)×∇(ϕ1i − ϕ2i)− iωµn× (Hpj −Hp)(ϕ1i − ϕ2i)}dΓ

(12)

The boundary integral equations (11) are vector equations and can be decomposed into 6 linear equations
in the directions of x, y and z in the Cartesian coordinate. Since there are 6 linear equations decomposed from
the integral equations (11) for each node, 6×M linear equations will be formed for M elements (nodes). The
coefficient matrix of the line equations is a diagonally dominant matrix, so the equations can be solved by the
SSOR method.

Calculated the electromagnetic fields in each element on the surface, the electromagnetic fields either in the
air space or earth medium can be obtained by the equations (3) and (4).
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Electromagnetic Field on 3-D Hill Topography

The 3-D hill topography is shown in Figure 1a and 1b, and the vertical magnetic dipole source is located by
the center of the 3-D hill topography. The non-normalized and normalized vertical magnetic responses are given
Figure 2. The results indicate that the vertical magnetic responses is decreased in both the real and imaginary
part due to the topography effect of the uplift topography, i.e, the uplift topography makes the vertical magnetic
responses smaller above the source.

Figure 1: 3-D hill topography (Tx is the location of the source)

Figure 2: The vertical magnetic responses for an uplift topography (circle and cross are calculated by BEM,
solid and dash lines are calculated in a homogeneous earth with horizontal surface)

Conclusion

The boundary element modeling method in this paper for electromagnetic field of artificial source in frequency
domain with 3D topography is proven to be effective.
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Simulation of the Grounding Grid by Coupling the
Unidemensional Finite Element Method(FEM) and the

Three-dimensional FEM

Yan Gan and Jiangjun Ruan
Wuhan University, China

Abstract

A novel method, which is based on electromagnetic field theory to calculate the current distribution in
grounding grid is presented in this paper. The finite element method (FEM) is used to calculate the distribution
of the fault current in the grounding grids. By using both the unidimensional units and the three-dimensional
units in modeling the grounding grid and its surrounding soil, the performance of the real substation grounding
grid can be analyzed. The current distribution in the grids as well as its distribution in the surrounding soil
can be seen clearly. The accuracy of the calculation is improved significantly and both of the current flowing in
the grids and the leakage current distributed in soil can be easily obtained under different condition.

1. Introduction

The objective of a grounding system is to provide a way to ground for currents generated by some fault or
disturbance. Under the condition of short-circuit fault, large fault current will distribute in the grounding grid
while emanating to the earth. The fault current distributed in the grounding grid and the leakage current has
directly effect on the normal state of the secondary instruments. It is known that unless the grounding grid is
treated as unequal potential grid, the performance of the current distribution can not be analyzed. Therefore
many methods[1]-[2] which are widely used in studying the performance of the grounding grid are not suitable
to study the current distribution in the grounding grid. Most of the methods which are used in analyzing the
current distribution [3] are based on circuit theory or the combination of electromagnetic field theory and circuit
theory. Using these methodswe need to calculate the equivalent parameters of the grids such as the grounding
grid’s self-resistances and grounding grids’ mutual-resistances and so on, then calculate the current distribution
in the equivalent circuit. Usually the leakage current of the grids is taken into account by equivalent resistances
in the middle of the grids. That means in these calculation models the leakage current are supposed to leak only
from the middle of the grids. In reality this leakage current is distributed everywhere around the grids. More or
less such equivalence has some approximated factors. So traditional methods can’t simulate this phenomenon
very well.

In this paper, a novel method is presented to calculate the current distribution in grounding grid. This
method is based on electromagnetic field theory. The finite element method (FEM) is used to calculate the
distribution of the fault current in the grounding grids. Unidimensional units and the three-dimensional units are
used in modeling the grounding grid respectively. The current distribution in the grids as well as its distribution
in the surrounding soil can be seen clearly. Without the equivalence of the grid’s parameters, the accuracy of
the calculation is improved a lot and both of the current flowing in the grids and the leakage current distributed
in soil can be easily obtained.

2. Basic Electromagnetic Theory of the Method

We know that the 50HZ fault current is the main part of the fault current. The performance of the grounding
grid under 50HZ excitement is almost the same as it is under the direct current excitement. So we can analyze
the fault current distribution in steady current field.

2.1 Finite element method
The basic process of FEM is discreting the differential equation according to variational principle and method

of weighted residuals. From this way, set of equations can be obtained. These equations have large, sparse and
symmetry coefficient matrix. After the restriction by boundary condition, it becomes positive definite matrix.
The approximate equation resolution can be got from it.
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Combining the boundary condition, changing the differential equation into integral equation by method of
weighted residuals, discreting the element we can obtain a linear set of equations:

[K] [B] = [Q] (1)

Where [K] is n× n coefficient matrix; [B] is n× 1 nodal voltage matrix; [Q] is n× 1 excitation matrix.
Solution of the steady current field problem is nodal potential.

2.2 Coupling mechanism of the unidimensional units and the three-dimensional units
No matter what kind of conductor we use in making the grounding grid, the equivalent radius of the conduc-

tor is much smaller comparing with the dimension of the soil which will be taken into account when we calculate
the current distribution in the grids. Therefore, it is reasonable to use unidimensional units in modeling the
grounding grids and three-dimensional units in modeling soil surrounded it.Both of the unidimensional units
and three-dimensional units have the same form of the linear set of equations as the equation (1).

2.2.1 Unidimensional unit
Unidimensional unit used in this paper is the line element which has two nodes, namely xi, xj . And their

nodal potential is φi and φj respectively. They are the unknown quantities in equation. The grounding grid
conductor is presented by line element.

The shape function of the Unidimensional unit is as follow:

ψei = αi + βix (2)

this linear function can be described by two polynomials. αi, βi are constant coefficients. Both of them can be
calculated by the value of the ψei on each of the node attach to the element, namely,

ψei =

{
1
0

(3)

therefore equation (2) can be written as two linear algebraic equation,

{
1 = αi + βixi
0 = αi + βixj

(4)

By solving this equation set, we can get αi and βi, Substituted them to equation (2), ψei can be obtained.
The shape functions of other nodes can be got by the same way. The distribution of φe in each element can

be described by φi, φj of node i, j and their shape function ψi and ψj ,

φe = φeiψi + φejψj (5)

the contribution of one Unidimensional unit to the whole matrix is:

[Ke] =

[
Ke
ii Ke

ij

Ke
ji Ke

jj

]
(6)

[fei ] =

[
fei
fej

]
(7)

2.2.2 Three-dimensional unit
Three-dimensional units have many forms including tetrahedron element with four nodes, pentahedron

element with six nodes and cuboid element with eight nodes. In this paper we use cuboid element because we
can obtain the least elements after meshing by using this type of element. We use cuboid element to denote the
soil area around the grounding grid conductor.

The node coordinate of the eight-node cuboid element is
(
xi yi zi

)
,
(
xj yj zj

)
,
(
xk yk zk

)
,(

xl yl zl
)
,
(
xm ym zm

)
,
(
xn yn zn

)
,
(
xo yo zo

)
,
(
xp yp zp

)
, voltage function of each

node is φi, φj , φk, φl, φm, φn, φo, φp. The shape function of the eight-node cuboid element is:

ψei = αi + βix+ γiy + µiz + λixy + χiyz + ξizx+ νixyz (8)
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ψei of each node is:

ψei |i = 1, ψei |j = 0, ψei |k = 0, ψei |l = 0, ψei |m = 0, ψei |n = 0, ψei |o = 0, ψei |p = 0

αi, βi, γi, µi, λi, χi, ξi, νi can be confirmed by eight linear algebraic equations:





1 = αi + βixi + γiyi + µizi + λixiyi + χiyizi + ξizixi + νixiyizi
0 = αi + βixj + γiyj + µizj + λixjyj + χiyjzj + ξizjxj + νixjyjzj
0 = αi + βixk + γiyk + µizk + λixkyk + χiykzk + ξizkxk + νixkykzk
0 = αi + βixl + γiyl + µizl + λixlyl + χiylzl + ξizlxl + νixlylzl
0 = αi + βixm + γiym + µizm + λixmym + χiymzm + ξizmxm + νixmymzm
0 = αi + βixn + γiyn + µizn + λixnyn + χiyizn + ξiznxn + νixnynzn
0 = αi + βixo + γiyo + µizo + λixoyo + χiyozo + ξizoxo + νixoyozo
0 = αi + βixp + γiyp + µizp + λixpyp + χiypzp + ξizpxp + νixpypzp

(9)

Accordingly, ψei can be solved by substituting αi, βi, γi, µi, λi, χi, ξi, νi in equation(8). By the same method
we can got the shape function of other nodes. The distribution of the voltage function in this element can be
got by superposing the product of the voltage value and the shape function of each node:

φe
(
x y z

)
= φeiψi + φejψj + φekψk + φelψl + φemψm + φenψn + φeoψo + φepψp (10)

the contribution of one three-dimensional unit to the whole matrix is:

[Ke] =




Ke
ii Ke

ij

Ke
ji Ke

jj

Ke
ik Ke

il

Ke
jk Ke

jl
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2.2.3 Coupling mechanism of the unidimensional units and the three-dimensional units
In order to minimize the total elements and nodes to facilitate the calculation speed, we build the line

element just on one border of the cuboid element and share two of the eight nodes of the cuboid element. One
line element and cuboid element are shown in Fig.1

We can see that the line element and the cuboid element share node 1 and node 2.All of the line elements
and the cuboid elements will form their own linear set of equations in which some of the unknown quantities in
the nodal voltage matrix are the same. The coefficients of the same unknown quantities can be combined. In
this way, the whole linear set of equations can be obtained.

3. Calculation Model Description

3.1 Grounding grid’s model
The practical grounding grid is a square. Each margin of the grid is 90m. Soil resistivity and conductor

resistivity are 100Ω ·m and 10−7Ω ·m respectively. Section area of the grounding grid conductor is 400mm2.
The depth is 0.5m at which the grid is buried in the earth. The current injected into the grid is assumed to be
1000A and the current is injected from corner.
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Figure 1: line element and cuboid element

3.2 Calculation result
Solution of the steady current field problem is nodal potential. Current flowing in the grounding grid

conductor can be obtained from it.The voltage distribution of the grounding grid when the fault current is
injected from point 1 is shown in Fig.2.

Figure 2: Distribution of the potential voltage in the grounding grid

The current distribution in the grounding grid is described in Fig.3. The current distribution along y axis
is shown in Fig.3(a). The current distribution along x axis is shown in Fig.3(b).

Figure 3: Distribution of the fault current in the grounding grid
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Conclusion

In this paper, a novel method to analyze the performance of the grounding grid is presented. It has advantages
in many ways for analyzing the fault current distribution in the grounding grid and other performance of the
grounding grid under the short-circuit fault. Calculation of the equivalent parameters of the grids and many
of the approximate factors in modeling the grounding grids is entirely avoided by simulating the grids and soil
in a whole model, thus the accuracy of the results can be improved. By meshing the grids into several parts
the current distribution in the grid and the leakage current can be seen more explicitly. Also, we can use this
method in analyzing other properties of the grounding grid such as the voltage distribution on the soil surfacethe
voltage distribution in the grounding gridthe grounding grid’ resistance and ect.
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Abstract

A novel means of transducing tensile stress using a diffractive Bragg grating based polymeric sensor is
presented. The diffraction gratings are successfully fabricated on a polydimethylsiloxane (PDMS) polymer
using the holographic interference and micromolding technique. The micro MTS tensile test incorporated with
the Raman experiment showed that a relationship between the load and the observed diffraction pattern shift
could be obtained. The results show an excellent correlation between the optical measurement and load with a
tensile sensitivity of 0.05N. However, this value would be much lower if a better optical and mechanical setup
were used.

Introduction

Investigation in strain sensing has been an active research area for the past 60 years, and it has the potential
to impact a large number of industries and disciplines [1-2]. The technologies applied to date in the tactile sensing
field include metal strain gages, conductive elastomers, ferroelectric polymers (i.e. PVF2), semiconductor strain
gages, and optoelectronics [1]. The characteristics of all strain sensors depend, to some degree, on the properties
of the deformable contact materials. Each material has its advantages and disadvantages, depending on physical
properties and manufacturing concerns. In here we present a novel means of transducing strain along the axial
direction using a diffractive Bragg grating sensor.

Polymer gratings are widely investigated due to their low cost and simple fabrication. Typical techniques
for patterning gratings on polymers have been published in several literatures [3,4]. The advantages of the
holographic interferometric technique are that it can provide flexibility in the grating period and depth by
changing incident laser beam angles, and the irradiation time. The minimum grating period is reduced to
λ/2(λ: light wavelength) and it is only limited by the wavelength of the light source. Therefore, our polymer
diffraction gratings were fabricated using the holographic interferometric technique.

Experiment Results and Discussion

The fabrication of the polymer diffraction gratings sensor utilizes a unique micromolding and holographic
interference technique that we recently developed. The fabrication process begins with creating a mold on a
Pyrex glass substrate. A precut 2.0 by 1.0cm2 Pyrex glass substrate was spin coated with a layer of 0.6µm thick
positively tone Ultra 123 photoresist (MicroChem Corp., MA.). This sample was first baked in a convection
oven at 90◦ for 120 seconds to remove excess solvent from the photoresist. The sample was then placed on the
sample holder for the holographic light exposure (Figure 1). This sample was postbaked in an oven at 110◦ for
120 seconds. After baking, the sample was rinsed in MF26A developer (MicroChem Corp., MA.) for 30 seconds
until the grating pattern was obtained. The patterned resist was then used as a mold to transfer the grating
pattern onto a (PDMS) thin film using typical micro-molding technique [5] (e.g. stamping). The result from the
scanning electron microscope (SEM) micrograph of the PDMS gratings indicates a good pattern transfer from
the photoresist gratings (Figure 2). The thickness measurement of the PDMS obtained from a scanning electron
microscope (SEM) indicated a 92µm thickness. The grating period and grating depth measured using SEM
and AFM showed 0.952µm 0.0448µm thicknesses respectively, which are within 0.5% of our designed grating
pattern specifications. From the measurements obtained from the SEM and AFM, it was shown that we could
accurately control the depth/width ratio of the diffraction grating pattern by our holographic/micromolding
process. The PDMS thin film was then cut into 5mm long and 1mm wide sensor configuration from a metal
mold for the load test. (Figure 3) Fillets near the bases of the sample were done to prevent stress concentration
and prevent breakage near the region during the load test.
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Figure 1: The optical setup for the holographic in-
terference procedure.

 

Figure 2: The SEM micrograph of the gratings on
PDMS.

 

Figure 3: The top view of the PDMS tensile test
sample (the dimension unit is mm).

Figure 4: The micro MTS test accompanied with the
Raman experiment.

Gratings were holographically exposed using a two-beam interferometer technique (Figure 1). The light
source is a 60mW 325nm wavelength single mode operated Helium-Cadmium laser (Kimmom Corp., MA). The
laser beam was split using a beam splitter and separated into two plane waves with equal intensity. The two
plane waves after reflecting by the two mirrors (mirror A and B) interfered at the sample holder plane where the
sample coated with a photosensitive polymer (Ultra123, refractive index = 1.618) were exposed. The grating
period can be determined by

T = λ/(2 sin θ) (1)

where T is grating period, λ is the wavelength of laser light, and θ is the incident angle of the two plane waves
into the surface plane. From eq. (1), the grating period could be accurately controlled by a single reflecting
angle θ. For example, if the θ was adjusted to 18.96◦, T is equal to 0.5µm.

The micro Materials Test System machine (MTS) was used to apply the tensile load on the PDMS grating
sensor. The change of the gratings period on the sample due to a tensile load was observed based on the strain-
induced grating period shift using the Raman scattering setup (Figure 4). A He-Ne laser (wavelength=632.8nm)
was used to provide the incident light intensity for the diffracting gratings. The positions of the diffracted light
were measured at some predetermined location using a straight ruler with a 1mm resolution. The diffracting
angle measurement was used to calculate the displacing grating period using the Raman principle.

The plots of displacement change as a function of the force using one sensor with two 90◦ grating alignments,
and one with no gratings are shown in Figure 5. All two curves appear nonlinear. This is expected since the
PDMS is a elastomeric material. The results also show that a sensor with gratings oriented at 90◦ from the axial
direction displace more easily than that of the sample with no gratings. This effect is similar to a corrugated
structure commonly seen in the diaphragm of a speaker where the displacement of the diaphragm is enabled
by the fact that the surface tension of the structure is reduced due to the corrugated structure on the sample.
In the case of the sensor, the axial displacement is relaxed by the corrugated structure. For the 90◦ grating
off axial direction sample, the gratings period increased with the increasing axial load (Figure 6). For the 90◦
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Figure 5: The displacement change as a function of
the load

 

Figure 6: The gratings change as a function of the
load

grating case, the period appears to change nonlinearly with the axial load. Based on the initial study, we found
the sensitivity of the diffracting grating sensor is good. Since the sensitivity of the load cell was limited at 0.05
N, our sensor’s sensitivity is currently set at 0.05 N for the tensile force sensing. We believe this number should
be two orders or better if a better loading and optical setups were used for the measurement.

Conclusion

The polymer diffraction gratings were successfully fabricated using the holographic interference technique.
The depth/width ratio could be easily controlled by the incident angle and exposing time of the laser light. The
micro MTS tests incorporated with the Raman experiment showed that the grating period on PDMS polymer
was sensitive to the tensile stress. The results from our preliminary study show the polymer sensor capable of
measuring very small axial load. It is our intention that a tensile/shear sensor will be derived from the concept
for mechanical or biomedical applications.
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Abstract

Polymer waveguides were successfully fabricated by a new method, which was incorporated with a micro-
molding process. The refractive index of the UV polymer used in these experiments was changed by an extremely
low electric field. The experiment of the near field measurement with end fire coupling had shown that the light
had been totally restricted inside the core layer of the waveguide. This process is easy and simply for mass
production of any shape of polymer waveguides.

1. Introduction

Polymer optical waveguides have attracted much attention due to their low cost, and high process ability.
Their possible applications include optical components in optical interconnects and optical communication
systems. There are a number of methods to fabricate polymer waveguides, which include photocrosslinking[1],
photobleaching[2], reactive ion etching[3], photolocking[4],and laser/electron beam writing[5]. There is other
many replication processes that are simple and easy fabrication and can be used for mass productivity, such
as hot embossing [6], UV-embossing [7], and micro-transfer molding method [8]. But, these methods have
some problems to be overcome, such as lip problems and only limited substrate and core material can be used
[6-8]. Micro-electro-mechanical system (MEMS) technology offers a wide number of applications for military,
industrial and consumer markets. Use of a LIGA-Like process to fabricate micro-optical components shows
great mass production potential [9]. Following a molding process (either injection molding or hot embossing),
optical component mass production can be achieved [6-9].

In here, the LIGA-Like process was used to fabricate polymer optical waveguides. The waveguide was
fabricated by using UV polymer, which was provided by EPOXY TECHNOLOGY Inc., and the refractive
index of the UV polymer is between 1.52∼1.54, which is close to the refractive index of the optical fiber,
therefore the UV epoxy-made waveguide can effectively reduce the Fresnel reflection. The electric field was
applied to induce the change of the refractive index of the UV polymer. It usually needed a very high electric
field (V/µm) to change the refractive index of the waveguide materials [10], but the UV epoxy in liquid form
only needed a low electric field to change the refractive index dramatically.

Figure 1: Schematic illustration of electric field-induced refractive index change (a,b) Injecting the un-solidified
OG polymer; (c,d) Exposing the UV light and electric field simultaneously
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2. Experimental Result and Discussion

In order to measure the refractive index and to fabricate the optical waveguide, first, Si wafers with thickness
500µm cut to 2cm × 1.5cm were clean, a spacer with 400µm thickness was put between ITO and Si wafer
substrate, and pressure was used to clad the ITO Glass and Si wafer. After injecting the un-solidified UV
epoxy polymer, which was stable and low viscosity, into the opening of the tunnel, the liquid polymer was
automatically spread and filled up the tunnel, due to the capillary effect, which was shown in Fig.1(a,b). The
UV light with wavelength 300∼400 nm was used to expose on the ITO glass surface to solidity the polymer
at the intensity of 100mw/cm2 for 1∼2 minutes and a electric field was also applied to change the refractive
index of the polymer simultaneously. Fig.1(c,d) depicted the above process. After removing the ITO glass,
the changes in refractive indexes of the cured polymers, nTE and nTM (TE and TM polarization, respectively),
induced by electric field were measured with the Metricon’s prism coupler at a wavelength of 633nm. Fig.2
shows the change in refractive indexes during UV irradiation at the applied voltage from 0 to 70 V. The nTE

and nTM firstly decreased dramatically at 10 V,and then decrease slightly till 70 V for nTM . The decrease in
nTE was accelerated in terms of increasing the applied voltage from 50V to 70V. The change in the refractive
index may be due to the electric field, which induced the change of the polymer molecular orientation [11].

Figure 2: The refractive index change during UV irradiation at the applied from 0 to 70V

The farication procedure of the Y and straight shaped polymer waveguides were described as follows. Si
wafers with < 110 > oriented cut to 2×1cm were cleaned and coated with a 1.2µm thick positive photo-resist
(FH6400) using a spin coater. The spin condition was 1800rpm for 15 seconds. This sample was pre-baked
in a convention vacuum oven at 90◦C for 120 seconds to remove excess solvent from the photo-resist. Wafers
were then exposed through the Cr-based masks using a UV mask aligner (EVG620) for 90 seconds. The aligner
was equipped with NUV (near ultra-violet) wavelength 350-450nm. The lamp power ranged from 200-250W.
After immersed in the developer for 30 seconds, the waveguide patterns in the opaque regions of the mask were
obtained. This sample was put into oven at 130◦C for 180 seconds as the post-baking. The RIE with the
reaction gas CCl2F2 was used for continuing etching the sample to obtain the deep and vertical channel of the
waveguide. The gas pressure and the power used in RIE were 65 mTorr and 150w respectively. These processes
were shown in Fig.3(a)-(d). After removing the photo-resist by immersing the sample into the acetone for 10
minutes, the pattern on the mask was transformed to the wafers, and the depth and width of the waveguide
pattern on wafer measured by SEM was 2µm and 7µm respectively.

Metal Ni electroplating technique was applied to transfer the pattern into Ni mold (Fig.3(e)). The metal-
lization process includes the following step. First, a Ni thin film was sputtered on the structure surface served
as seed layer, then Ni electroplating technique was used to form Ni mold. The electroplating sample was then
immersed to the KOH solution with ultrasonic aid machine to vibrate for 5 min to separate the wafers and
metal mold (Fig.3(f)). The SEM micrograph of the electroplating metal mold shown in Fig.4 had indicated
that the waveguide pattern was remained well, and the thickness of the Ni mold was about 1.5mm.

Next, metal molds with Y shape and straight pattern were used to fabricate polymer waveguides. Polymer
waveguides were fabricated on a 2×1cm ITO Glass. A spacer of 400µm was put between the ITO Glass and
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Figure 3: Schematic flow chart of the metal mold fabricating process (a) Coating photoregister (b) Photolitho-
graphic patterning (c) RIE etching (d)Removing photoregister (e) Ni electroplating (f) Separating metal mold
and substrate.

Figure 4: The refractive index change during UV irradiation at the applied from 0 to 70V

the metal mold, and a pressure was used to clad the ITO Glass and the mold (Fig.5a). After the UV polymer
was injected into the tunnel, the sample was simultaneously exposed to UV light with wavelength 300-400nm
and voltage with 50 V (Fig.5(b)). After separating with the metal mold, the solidified polymer could become
the cladding layer of polymer waveguide (Fig.5(c)). The thickness of the spacer was then adjusted to 0.5µm
to leave another empty tunnel, and another ITO Glass was put on the top of the sample. After the UV epoxy
was injected into the tunnel, the UV light was irradiated to solidify the polymer (Fig.5(d)). This results in the
bottom cladding polymer showing lower refractive indices than the core polymer. The final polymer waveguide
could be easily peeled off from the ITO Glass (Fig.5(e)).

The near-field pattern of the polymer waveguide mode was measured in terms of end-fired coupling technique.
The propagation experiment was performed at a 633 nm wavelength using a He-Ne as a light source. The light
launched from the other edge of the waveguide was focused on the screen through the convex lens. The results
showed that the all red light almost focused on the core layer of the Fig.3 Schematic flow chart of the metal mold
fabricating process (a) Coating photoregister (b) Photolithographic patterning (c) RIE etching (d)Removing
photoregister (e) Ni electroplating (f) Separating metal mold and substrate. waveguide to propagate; therefore
the energy loss of the light propagating through the waveguide was very small.
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Figure 5: Schematic diagram of polymer waveguides fabricating process (a) Injecting the unsolidified OG
polymer (b) Exposing the UV light and electric field simultaneously (c) Removing off the bottom metal mold
(d) Injecting the unsolidified OG polymer and exposing the UV light to solidify the polymer (e) Peeling off the
ITO glass.

Conclusion

In conclusion, the refractive index of the UV epoxy could be changed by a low electric field (maximum of
70V/400µm) for optical waveguides applications. The UV polymer waveguide was fabricated by the LIGA-Like
process, which was easy and simple fabrication process. Any shapes of polymer waveguides could be successfully
fabricated using this process. The experiment of the near-field measurement with end-fire coupling had shown
that the light had been totally restricted inside the core layer of the waveguide.

REFERENCES

1. Kang, Jae-Wook, Jang-Joo Kim, Jinkyu Kim, Xiangdan Li, Myong-Hoon Lee, “Low-loss and Thermally
Stable TE-mode Selective Polymer Waveguide Using Photosensitive Fluorinated Polyimide, Photonics Tech-
nology Letter,” IEEE, Volume: 14, Issue: 9, 1297-1299, Sep. 2002.

2. Diemeer, M. B. J., F. M. M. Suyten, E. S. Tromml, A. McDonach, J. M. Copeland, L. W. Jenneskens and
W. H. G. Horsthuis, Electron. Lett., Vol. 26, 379, 1990.

3. Hikita, M., Y. Shuto, M. Amano, R. Yoshimura, S. Tomaru and H. Kozawaguchi, Appl. Phys. Lett., Vol.
63, 1161, 1993.

4. Booth, B. L., “Low Loss Channel Waveguides in Polymers,” J. Lightware Technol., Vol. 7, 1445-1453, 1989.

5. Eldada, L. and L.W. Shacklette, “Advances in Polymer Integrated Optics,” IEEE J. Select. Topics Quantum
Electron, Vol. 6, 54-68, 2000.

6. Becker, Holger, Wolfram Dietz, “Microfluidic Devices for µ-TAS Applications Fabricated by Polymer Hot
Embossing,” SPIE, Vol. 3515, 177-181, 1998.

7. Ferm, Paul M. and Lawrence W. Shackjette, “High Volume Manufacturing of Polymer Waveguides via
UV-Embossing,” SPIE, Vol. 4106, 1-10, 2000.

8. Paul, Kateri E., Tricia L. Breen, Joanna Aizenberg and George M. Whitesides, “Maskless Photolithography:
Embossed Photoresist as Its Own Optical Element,” Appl. Phys. Lett., Vol. 73, No. 20, 289. Maruo, Y. Y.,
S. Sasaki and T. Tamamura, “Embedded Channel Polyimide Waveguide,” 3-2895, 1998.

9. Bauer, H. D., W. Ehrfeld, M. Harder, T. Paatzsch, M. Popp and F. Smaglinski, “Polymer Waveguide
Devices with Passive Pigtailing an Application of LIGA Technology,” Synth. Metals, 115, 13-20, 2000.

10. Hwang, W. Y., J. J. Kim, T. Zyung, M. C. Oh, S. Y. Shin, IEEE J. Quantum Electron, 32, 1054, 1996.

11. Yu, H. H., J. Phys.:Condens, Matter 11, 6927, 1999.



96 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Hard Magnetic Material for Perpendicular Magnetic
Anisotropic Field in Electromagnetic Actuator

Fabrication

Ruey Fang Shyu1, H. Yang2, C.-T. Pan3, and Peter Tsai4

1 National Formosa University, Taiwan
2 National Chung Hsing University, Taiwan
3 National Sun Yat-Sen University, Taiwan

4 IDEC Taiwan Corporation, Taiwan

Abstract

This paper describes a high power electromagnetic microactuator fabrication method that combines the
hard magnetic Fe/Pt process, Ni/Fe permalloy magnetic circuit design, bulk micromachining, and excimer laser
ablation. The hard magnetic material Fe/Pt is deposited under low temperature less than 300◦C by sputter
onto a suspension diaphragm to produce a perpendicular magnetic anisotropic field. The magnetic circuit with
closed loop design is applied to concentrate the magnetic flux and increase the magnetic force. The magnetic
field induced by the planar coil and Ni/Fe permalloy enhances the interaction with Fe/Pt to induce attractive
and repulsive displacement, provide a large output force, and operate at high frequency. This high power
electromagnetic microactuator is demonstrated with minimum dimensions with a magnetic force two times
greater than conventional magnetic micro-actuators.

1. Introduction

The magnetic and structural properties of Fe/Pt equiatomic alloy thin films elicit great scientific and appli-
cation interest. These films have potential for high-density recording media and high-energy permanent magnets
because of their exceptional magnetic properties. The film of NiFe-Au-NiFe layers and helical microcoil structure
were deposited by means of radio-frequency (RF) sputtering [1]. It was fabricated to measure the off-diagonal
impedances in the high frequency range up to 100 MHz. Magnetic microactuators have seen significant growth
in the microelectromechnical system (MEMS) field [2]. The MEMS process offers many advantages; including
integrated elements and miniaturized dimensions for microactuators fabricated using IC (integrated circuit)
compatible processes [3-6]. The huge power consumption required to actuate a component is an existing prob-
lem in these integrated systems. This study presents a high efficiency electromagnetic microactuator consisting
of a planar coil with high aspect ratio, a closed loop micromagnetic circuit design, Ni/Fe(80/20) permalloy using
micro-electroplating, and sputtered hard anisotropic magnetic material Fe/Pt [7].

The produced magnetic field can be used to enhance the driving force of the electromagnetic microactuator,
induce large displacement, generate large output force, and provide high frequency operation. The implemen-
tation of electromagnetic actuators heavily depends on the micro-fabrication technologies. Actuators have a
movable structure constructed onto a sacrificial layer in the fabrication process. When the sacrificial layer is
removed, the structure has an extremely flat surface resulting in stiction [8], which increases the process difficul-
ties and decreases the yield rate. Hence, excimer laser ablation technology is used to construct the desired shape
and avoid stiction. Laser ablation is useful in various microstructure manufacturing processes, laser-LIGA, and
rapid prototyping [9]. In the following sections, the design procedure, the fabrication and the results will be
presented in detail.

2. Design

With the growing interest in the MEMS field, we present the perpendicular hard magnetic field concept and
apply it to microactuators traditionally used in recorder hard drives. Soft magnetic material is usually used in
microactuators to facilitate diaphragm actuation. Force through magnetic actuation is known to be a strong
and long force range compared with other actuator driving methods [10-11]. Magnetic actuation is the method
of choice for driving microsystems. Electromagnetic microactuators are designed using the following processes.
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The hard magnet Fe/Pt is sputtered onto the suspension diaphragm to apply perpendicular magnetic anisotropy.
This is coupled with the magnetic field using an efficient planar coil and resulting in larger displacement output.
The Ni/Fe permalloy on the planar coil is centered using micro-electroplating. The closed loop magnetic
circuit can concentrate the magnetic flux and increase the magnetic force. An electromagnetic actuation for
microactuators is designed as shown in Figure 1. Because the polyimide microstructure has higher Young’s
modulus after full curing, polyimide shows excellent electrical, mechanical, chemical and thermal properties [8].
Under the same actuation force, the polyimide microstructure produces larger deflection. It was selected as the
vibrating suspension diaphragm for this reason.

 
Figure 1: Illustration of magnetic actuation for the designed microactuator.

Passing a current onto the planar coil generating a magnetic field actuates the device. The closed loop
magnetic flux goes through the air gap and repulses and attracts the Fe/Pt thin film. The magnetic field thus
induces a force to switch the microactuator toward the direction of the magnetic flux. When the current is
dispelled, the mechanical suspension arms pull the diaphragm back. The magnetic and structural properties
of Fe/Pt equiatomic alloy thin films elicit great scientific and application interest. These films have potential
for high-density recording media and high-energy permanent magnets because of their exceptional magnetic
properties [12]. With the growing interest in the MEMS field, we present the perpendicular hard magnetic field
concept and apply it to microactuators traditionally used in recorder hard drives. Soft magnetic material is
usually used in microactuators to facilitate diaphragm actuation. In this study, a perpendicular hard magnet is
applied to microactuator to enhance the vibration angle and displacement. A planar coil is placed at the bottom
to provide electrical induction to the magnet. This is an innovative approach that enhances the membrane
displacement.

The essential feature is that the Fe/Pt thin film can undergo a phase transition from a disordered face
centered cubic structure into an ordered face centered tetragonal structure after post-deposition annealing,
or when deposited at an elevated substrate temperature. The long range ordering has critical effects on the
magnetic properties of the films. It is well known that the ordered Fe/Pt alloy has a very high anisotropy
constant K1 of 7×107 erg/cc. Fe/Pt thin film deposited using magnetron sputtering tends to grow with a (111)
texture. In this research, the Fe/Pt thin film was deposited onto a NiO buffer layer of nanometer size. Fe/Pt
can grow onto the NiO layer within the normal film direction and produce perpendicular magnetic anisotropy.
The Fe/Pt multilayers were deposited onto NiO buffer substrates by sputtering. The Fe/Pt layer thickness was
about 1500 nm. The base pressure of the sputtering chamber was 2 × 10−6 Torr at high purity. Ar ions were
used for deposition at a pressure of 1 mTorr. Two targets were used, Fe target (99.95% in purity) and Pt target
(99.995% in purity). The Fe/Pt composition was adjusted using the sputter-gun power. The film structure was
investigated using transmission electron microscopy (TEM) and x -ray diffraction with Cu/K radiation.

3. Fabrication

1. Device fabrication

The fabrication process for the magnetic microactuators consists of thick photoresist lithography, electro-
plating, bulk micromachining and excimer laser ablation. In this study, a perpendicular hard magnet is applied
to microactuator to enhance the vibration angle and displacement as described in the following section. A
planar coil is placed at the bottom to provide electrical induction to the magnet as depicted in Figure 2. The
component parameters involved in this design are as follows: coil inner diameter 400 mm, track width 10 mm,
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track spacing 10 mm and thick single layer 25 mm. The number of turns is 13 and the driving current is 0.5A.
From the coil simulation, a magnetic field is generated at a working distance 25 mm between the coil planes.
According to the calculations, the force reaches optimal when the hard magnetic material is placed at the center
along the Z-axis.

Sixteen hundred nanometers of SiO2 were wet oxidized at 1100◦C onto a two-side polished (100) wafer. This
was used as the etching mask and bulk-etching area on the backside of a patterned silicon wafer. Polyimide
film was then spin-coated onto the top side of the silicon wafer. After fully curing the polyimide at 350◦C, the
PI thickness was 10 µm. One hundred nanometers of Ag was deposited as the seed layer by sputtering on the
top side of the silicon wafer. Five µm thick photoresist was then patterned using UV-lithography. Two µm
thick Fe/Pt alloy thin film was then sputtered onto the photoresist pattern. The photoresist and seed layers
were then stripped away. Using a Teflon chuck to protect the top side, the wafer backside was immersed into
30 wt % KOH solution at 70◦C until the SiO2 etching stop film reached the top side of the silicon wafer. The
final process involved removing the top side SiO2 etching stop layer and fabricating microbeams using excimer
laser ablation on the backside. The finished electromagnetic microactuator is shown in Figure 3. The top figure
shows the hard magnetic film on the suspension diaphragm. The right figure has two types of coils: planar coil
and toroidal coil. Both coils are available for different applications and suitable for the hard magnetic film.

 Figure 2: Cross-sectional view of coil and magnetic film composition.

A A

 

Figure 3: Schematic of the electromagnetic microactuator; top figure is the hard magnetic film on the suspension
diaphragm and bottom figures are a planar coil and a toroidal coi.

2. Magnetic Film Processing

FePt 

NiO 

Si substrate 

Cr →  Cr (capping layer): avoid oxidation 

→  FePt: magnetic film 

→  NiO: underlayer with (200) texture 

→  Si(100): clean with HF solution and remove SiO2 

 

 
Figure 4: The composition of Fe/Pt alloy film.

The Fe/Pt alloy thin film was sputtered onto the vibrating suspension diaphragm. A 10 mm thick Ni/Fe
permalloy array was arranged as shown in Figure 4. To induce a magnetic dipole along each axis, a strong
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magnetic field was applied during electroplating. Passing a small current to induce a magnetic field was used
to actuate the microactuator. The film arrangement is based on the following consideration.

1. The co-sputtering thin film technique was used by adjusting various powers to control their composition.
The thin film with multiple layers also affects its crystalline and magnetic properties.

2. Using the annealing temperature and the sputtering power can change the film orientation and microstruc-
ture and investigate its relation to magnetic properties.

3. The substrate and buffer layer selection can directly affect the film crystalline orientation and microstruc-
ture, the proper buffer layer is helpful in the film composition control and magnetic properties.

4. The annealing and heat treatment can change the film structure and phase transformation. The post-
annealing was performed in a vacuum chamber to avoid Fe oxidation. Figure 6 shows the x-ray diffraction
diagram for Pt/Fe crystalline orientation.
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Figure 5: X-ray diffraction diagram for FePt film.

Figure 6: Simulation results of the magnetic field using ANSYS software, the magnetic field generated by the
planar coil.

4. Results and Discussion

The magnetic field generated by the planar coil was simulated using ANSYS software, as shown in Figure
6. The soft magnet Ni/Fe on a planar coil had the same dimensions, 200× 200× 20µm3 in volume. With the
Biot-Savart law the magnetic force was simulated at 35 mN at a driving current of 0.5 A. To induce a magnetic
dipole along each axis, a strong magnetic field was applied during electroplating. Passing a small current to
induce a magnetic field was used to actuate the microactuator. The higher the coil thickness, the larger the force
output generated. When a current is applied to the planar coil, a magnetic field and perpendicular magnetic
anisotropic force is generated that acts on the vibrating suspension diaphragm resulting in suspension diaphragm
deflection. This magnetic field intensity induces an attractive force on the diaphragm plate.
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5. Conclusion

The research provides a new method for integrating the Ni/Fe permalloy, high aspect ratio (more than 5)
microelectroplating, closed loop magnetic circuit, hard magnetic material Fe/Pt anisotropy, bulk micromachin-
ing and excimer laser ablation processes. The fabrication process reduces the procedure complexity, etching
selectivity and residual stress problems. This design method concentrates the magnetic flux and increases
the magnetic force. This microactuator can provide 2 times greater output force larger than the conventional
method.

Acknowledgement

This work was supported by the National Science Council (series no. NSC93-2212-E-005-006) and the Min-
istry of Economic Affairs of Taiwan, R.O.C. Thanks are due to the Mechanical Industry Research Laboratories
of the Industrial Technology Research Institute Technology for supporting this study.

REFERENCES

1. Fry, N., Makhnovskiy, D. P., Panina, L. V., Sandacci, S. I., Mapps, D. J. and Akhter, M., “Off-diagonal
Magnetoimpedance in NiFe-Au-NiFe Layered Film and Its Application to Linear Magnetic Sensors,” IEEE
Transactions on Magnetics, Vol. 40, No. 5, 3359-3367, 2004.

2. Ruan, M., Shen, J., and Wheeler, C. B. , “Latching Micromagnetic Relays,” Journal of Microelectrome-
chanical Systems, Vol. 10, No. 4, 511-519, 2001.

3. Toshiyoshi, H., Miyauchi, D., and Fujita, H. , “Electromagnetic Torsion Mirrors for Self-Aligned Fiber-
Optic Crossconnectors by Silicon Micromachining,” IEEE J. Selected Topics in Quantum Electronics, Vol.
5, 10-17, 1999.

4. Judy, J. W. and Muller, R. S., “Magnetically Actuator, Addressable Microstructures,” Journal of Micro-
electromechical Systems, Vol. 6, 249-255, 1997.

5. Yi, Y. W. and Liu, C. , “Magnetic Actuation of Hinged Microstructures,” Journal of Microelectromechical
Systems, Vol. 8, 10-17, 1999.

6. Bhails, D. et al., “Modelling and Analysis of a Magnetic Microactuator,” Sensors and Actuator A, Vol. 81,
285-290, 2000.

7. Ebine, N. and Ara, K., “Magnetic Measurement to Evaluate Material Properties of Ferromagnetic Struc-
tural Steels With Planar Coils,” IEEE Transactions on Magnetics, Vol. 35, No. 5, 3928-3930, 1999.

8. Ghosh, M. K. and Mittal, K. L., “K. L. Polyimides Fundamentals and Application,” Marcel Dekker, Inc.
New York, 199.

9. Rubahn, H. G., “Laser Applications in Surface Science and Technology,” John Wiley & Sons, Inc., New
York, 1999. 231, 1994.

10. Quandt, E. and Claeyssen, F., “Magnetostrictive Materials and Actuators,” Proc. of Actuator 2000: 19-21,
Bremen, Germany, 2000.

11. Tayler, W. P., Brand, O., and Allen, M. G., “Fully Integrated Magnetically Actuated Micromachined
Relays,” Journal of Microelectromechical Systems, Vol. 40, 181-191, 2000.

12. Thiele, J. U. et al., “Perpendicular Magnetic Anisotropy and Magnetic Domain Structure in Sputtered
Epitaxial FePt (001)L10 Films,” Journal of Applied Physics, Vol. 84, 5686-5692, 1998.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 101

Optimal Design of Matched Load by Immune Micro
Genetic Algorithm

Yubo Tian1, Jian Qian2, and Fei Meng1

1 Jiangsu University of Science and Technology, China
2 Nanjing University, China

Abstract

Genetic algorithm (GA) is an efficient approach for optimize, combining GA with immune operator and micro
technique, immune micro genetic algorithm (IMGA) is developed. In the process of the algorithm, simulated
annealing, niche skill and shuffle scheme are added, too. IMGA can optimize the initial population and efficiently
reduce the memory requirement. Comparing with simple genetic algorithm (SGA), the operating time of the
presented method is cut down obviously and computing efficiency is improved dramatically. It is successful to
design the short matched load of rectangular waveguide in terms of IMGA. The methodology may be extended,
in principle, to other similar problems.

1. Introduction

Optimal design of terminal matched load of rectangular waveguide is a traditional problem in electromagnetic
field. All we know that the simplest method is to put a dielectric absorbing slice changed gradually, which acts
as an impedance convertor, into rectangular waveguide. Because the varying of the slice thickness is continuous,
obviously this kind of matched load is long in size, and it doesn’t satisfy some specific demands. For example,
for a plane antenna array system, we hope that its terminal matched load has some characteristics, such as
small size, light weight, good absorbing effect and broad band. For the sake of lighting the weight of matched
load, reducing its size, and improving its absorbing performance, H-plane T-kind matched load is adopted in
our design. In section 2, the immune micro genetic algorithm, which is used to design the matched load, is
depicted briefly. The optimal process and optimal result of matched load is included in section 3, and section 4
gives the conclusion.

2. The Immune Micro Genetic Algorithm

In the optimal process of the matched load, genetic algorithm (GA) [1], which is a fruit of intercross,
pervasion and promotion between life science and engineering science, is adopted. GA simulates the mechanisms
of survival of the fittest, natural selection, inheritance and variation in Darwin evolutionism, and essentially
is an efficient, parallel, global and random searching arithmetic for optimization. It has two main features:
population searching strategy and information exchange between individuals. At present, as a practical and
robust optimizing and searching method, GA is utilized generally in electromagnetic field [2, 3], such as the
design of absorbing material [4], frequency selective surface [5], antenna design [6] and so on.

It is well known that for conventional GA, sizing the population is problem-specific and a strong function
of the length and cardinality of the chromosome. For most optimal problems, the length of the chromosomes
is a function of the number of parameters to be optimized, the individual parameter range, and the step
size to be implemented. Hence, for a multidimensional search space, a large population base and several
generations are required to achieve optimal or near optimal results. The Scheme Theorem [1] points out that
if the population base is M , the genetic operation can generate and test M3 schemes, simultaneously form
and optimize building block based on them until finding the optimization. Obviously large population base
may places a considerable burden on the CPU time and computer resource; otherwise small population base
may cause premature convergence because of the less diversity. One possible approach to solve this problem is
to employ micro genetic algorithm (MGA) [7, 8]. Simply speaking, the MGA starts with a random and small
population (generally 5-50), which evolves in a conventional GA fashion and convergences after a few generations.
At this point, keeping the best individual from the previously converged generations (elitist strategy), a new
random population is chosen and the evolution process restarts. Although the initial population base is small,
it can avoid premature convergence [7]. In our case, population convergence occurs when the difference in bits
of the chromosome between the best and other individuals is less than 5%.
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From the viewpoint of species evolution, although the evolution goes towards the direction of fitting the
environment, some individuals that are not good may appear. They could not be excluded from the species,
and should be a part of the population. This is the basic idea of simulated annealing [9]. It means that some
individuals whose fitness is not good enough may be included in the evolution process and their presence is
helpful to make the algorithm jump out from the local optimum and find the global minimum. The operation
of simulated annealing is executed after the genetic operations. According to the simulation result, the fitness
functions of about 20% individuals are improved by using the technique of simulated annealing.

Figure 1: Flow chart of the immune micro genetic algorithm.

Although GA is efficient in the field of optimization, it may face several problems yet [10], such as how to
describe all solutions of problem space by chromosomes of GA space, how to control the convergence direction
of GA and so forth. All the problems affect not only GA’s computing efficiency but also its applying scope.
Reference [10] considers that the felicitous approach to deal with this problem is fusing immune operator with
GA, which is so-called immune genetic algorithm (IGA). Immune operation is a kind of intelligence algorithm
that simulates the immune function of natural system. It can achieve the dynamic balance between the con-
vergence of population and diversity of individuals, and accelerate the optimal process under certain precision
conditions. IGA adds many new functions than simple GA (SGA), for instance, antigen recognition, memory,
and adjustment, however it doesn’t increase complex operations and decrease the robust of GA. In our practi-
cal program, an immune operator is added to speed up the evolution process. After the injection of immune
algorithm, there are about another 20% individuals whose fitness functions are improved[11].

In the process of the algorithm, other techniques, such as niche technique based on sharing mechanism,
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tournament selection, shuffle technique, and uniform crossover are also added. Under the same computing-time
condition, we find that it is much faster to achieve the desired result by having several shorter trials than a single
longer simulation. Then the results are sorted, and the optimal result is easy to be found. For convenience, we
call the algorithm immune micro genetic algorithm, and abbreviate it to IMGA. Figure 1 shows the flow chart
of IMGA.

3. Optimal Design of Matched Load

Rectangular waveguide loaded with dielectric/magnetic slab is often used in electromagnetic and microwave
technique field, for example, phase shifter, circular-polarizer, isolator, short matched terminator etc. When
rectangular waveguide is loaded in the manner of E-plane fully filled and H-plane partially filled, the TE
mode may exist. According to separating variable method and boundary condition, the eigen function of the
rectangular waveguide loaded symmetrically is given by

µ2
rK

2
c1 tan(Kc2t) + 2µrKc1Kc2 tan(Kc1

a− t
2

)−K2
c2 tan2(Kc1

a− t
2

) tan(Kc2t) = 0 (1)

where K2
c1 = ω2µ0ε0 − β2, K2

c2 = ω2µε− β2, t represents loaded slab width, a stands for waveguide width, µr
is relative permeability, complex. The equation (1) has many roots corresponding to different modes, and it
can be separated to two equations linked to even-symmetrical driven mode and odd-symmetrical driven mode,
respectively. They are given by

µr cot(Kc2t/2)− Kc2

Kc1
tan(Kc1(a− t)/2) = 0 (2)

µr tan(Kc2t/2) + Kc2

Kc1
tan(Kc1(a− t)/2) = 0 (3)

In the IMGA, the fitness function is constructed by

fitness = 1/(1 + |val|) (4)

where val is the value of the left in equation (2) or (3). If the fitness tends to unity, the val will be the ideal value
zero, and the equation is solved. According to the same rule, the eigen function of H-plane T-kind matched
load (see figure 2) can be got, which means its reflect coefficient is obtained.

Figure 2: H-plane T-kind matched load.

In the computing process, the material serial number, the width (x direction) and thickness (z direction)
of superstratum and substratum are optimized simultaneously by IMGA. Comparing with SGA, the operating
time of IMGA is cut down obviously and the calculation efficiency is improved dramatically. When we obtain
the optimal result for a standard rectangular waveguide BJ100 (22.86mm×10.16mm), the running time of SGA
is 1970.62 CPU second and the reflect coefficient is –32.83 dB, whereas the running time of IMGA is 25.75 CPU
second and the reflect coefficient is –35.78dB. At this point, the material parameters are µr = 4.031− j0.035,
εr = 1.167−j0.353, the width and thickness of superstratum and substratum are 9.64mm, 1.45mm and 10.53mm,
2.49mm respectively, and the reflect coefficient is lower than –30 dB within 600 MHz band width (from 9.4 GHz
to 10 GHz). It has good agreement with the simulation result of Ansoft HFSS. For clarity, table 1 gives the
running time and calculating results when reaching the optimization.
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Table 1: Computing result of different genetic algorithm.

Iteration Number Running Time (CPU second) Computing Result (dB)
SGA 43 1970.62 -32.83

IMGA 117 25.75 -35.78

4. Conclusion

The immune micro genetic algorithm (IMGA) is developed in this paper, and the algorithm and simple
genetic algorithm (SGA) are used to optimize H-plane T-kind matched load of rectangular waveguide respec-
tively. From the optimal results we can see that the running time of IMGA is obviously less than of SGA
under the similar reflect coefficient condition. The remarkable decrease of operating time make it possible to
apply IMGA to more large area in electromagnetic field, for instance solving electromagnetic inverse problem,
real-time imaging of microwave near field and so on.

REFERENCES

1. Holland, J. H., “Adaptation in Nature and Artificial Systems,” Ann Arbor, MI: University of Michigan,
1975.

2. Johnson, J. M., and Y. Rahmal-samii, “Genetic Algorithms in Engineering Electromagnetics,” IEEE
Antenna Propagat. Mag., Vol. 39, 7-25, April 1997.

3. Weile, D. S., and E. Michielssen, “Genetic Algorithm Optimization Applied to Electromagnetic: a Re-
view,” IEEE Trans. Antennas Propagat., Vol. 45, 343-353, March 1997.

4. Qian, J., X. Y. Wang, R. X. Wu, and M. Pei, “The Multizone Scheme for Designing Radar-absorbing
Materials Using GA,” Late-breaking papers, GECCO-2001, San Francisco, 347-351, July 2001.

5. Chakravarty, S., R. Mittra, and N. R. Williams, “Application of a Microgenetic Algorithm (MGA) to the
Design of Broad-band Microwave Absorbers Using Multiple Frequency Selective Surface Screens Buried
in Dielectrics,” IEEE Trans. Antennas Propagat., Vol. 50, 284-296, March 2002.

6. Altshuler, E. E., “Electrically Small Self-resonant Wire Antennas Optimized Using a Genetic Algorithm,”
IEEE Trans. Antennas Propagat., Vol. 50, 297-300, March 2002.

7. Krishnakumar, K., “Micro-Genetic Algorithm for Stationary and Non-stationary Function Optimization,”
SPIE: Intelligent Control and Adaptive Systems, 1196, 289-296, 1989.

8. Goldberg, D. E., “Sizing Population for Serial and Parallel Genetic Algorithms,” The Clearinghouse for
Genetic Algorithm, University of Alabama, Tuscaloosa, AL, TCGA Rep. 88 004, 1988.

9. Kirkpatrick, S., C. D. Gelatt, and M. P. Vecchi, “Optimization by Simulated Annealing,” Science, Vol.
220, 671-680, 1983.

10. Choi, B. K., “Multiobjective Optimum Design of Rotor-bearing Systems with Dynamic Constraints Using
Immune Genetic Algorithm,” Proceedings of IEEE International Conference on Systems and Man and
Cybernetics, 108-113, 1996, Japan.

11. Tian, Y. B., “Application of Computational Intelligence in Electromagnetics,” Ph. D. Dissertation, Nan-
jing University, May 2004.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 105
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Abstract

In this paper, we propose a new Advanced Global Integral and Local Differential (GILD) Electromagnetic
(EM) modeling and inversion (AGILD). We derive a new EM differential integral strip equation. We used it on
the boundary strip and MAXWELL differential equation in the internal domain to construct the AGILD. A new
9-cell local weak regularizing inversion scheme is presented. The new AGILD is a fast modeling and reasonable
stable inversion. AGILD preserved GILD’s merits and is simpler than the GILD. Recently, we developed a
novel and powerful GL modeling and inversion. The GL and AGILD can jointly work in the geophysics, GPR
and weather radar imaging, optical electric, nondestructive testing, material sciences, nanometer materials etc.
sciences and engineering.

1. Introduction

The electromagnetic inversion is strongly dependent on the frequency. In the high frequency, the EM
inversion is wave field inversion with weak ill posed. In the low frequency, the EM inversion is diffusion inversion
with strong ill posed. In the medial frequency, the EM inversion is mixed ill posed. In general, Geophysical EM
inversion in low frequency is ill posed. The EM inversion in material science, sensor, radar, and nondestructive
is weak or medial ill posed. Therefore, high resolution and ill posed conflict in the EM inversion. That is a main
difficulty for the EM inversion. Xie and Li proposed Global Integral and Local Differential GILD Modeling and
Inversion in 1997. The GILD EM modeling and nonlinear inversion has been published in Xie and Li’s papers
in SEG in 1997, 3D Electromagnetcs in 1999[5], Physica D in 1999 [4], and Geophysics [6] in 2000. GILD EM
modeling and inversion overcame main difficult in EM inversion. In this paper, we proposed an advanced GILD
EM modeling and inversion. We derive a EM differential integral boundary strip equation. We use it on the
boundary strip and MAXWELL differential equation in the internal domain for the AGILD. A new FEM EM
integral differential equation on the boundary strip and the Galerkin FEM EM equations in the internal domain
to construct the AGILD EM modeling and inversion. A new 9-cell local weak regularizing inversion scheme is
presented. The AGILD is a fast modeling and a reasonable stable inversion. AGILD has GILD’s merits and
is simpler than the GILD. Recently, we developed a novel and powerful GL modeling and inversion. The GL
and AGILD can joinly work in the geophysics, GPR and weather radar imaging, optical electric, nondestructive
testing, material sciences and engineering. The arrangement of this paper is as follows. In section 2, we propose
the new magnetic field differential integral equation on the boundary strip. The advanced GILD EM modeling
is described the section 3. In the section 4, we present the new advanced GILD EM inversion. The simulation
and applications are described in the section 5. Finally, we describe discussion and conclusion in the section 6.

2. A New Magnetic Field Differential Integral Equation on the Boundary Strip

In this section, we proposed a new magnetic field differential integral equation on the boundary strip Ωs.

H (r) = Hbo (r) +

∮

∂Ωi

1

σ + iωε

(
GMb ×∇×H

)
· dS −

∮

∂Ωi

1

σb + iωεb

(
∇×GMb ×H

)
· dS

+

∫

Ωs

(σ + iωε)− (σb + iωεb)

σ + iωε
EMb · (∇×H) dr′

(1)

where Ωs is a strip domain located between the double boundary layers ∂Ω0 ∪ ∂Ωi, and with (σ − σb) +
iω (ε− εb) 6= 0, ∂Ω0 is the external boundary of the strip domain Ωs, ∂Ωi is the internal boundary of the strip
domain Ωs, H (r) is the unknown magnetic field, Hbo (r) is incident magnetic field, GMb (r′, r) is the magnetic
Green function excited by a magnetic dipole source at point r, σ is the conductivity, ε is the dielectric, σb is the
background conductivity, εb is the background dielectric, µ is the permeability, ω is the angle frequency, ∇r′ is
curl operator with respect to r′. The unknown magnetic field H(r) in (1) is continuous when µ is continuous or
constant. The equation (1) is second type differential integral equation with weak singularity and convergent
Green kernel.
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3. The Advanced GILD EM Modeling

3.1 Finite Element Equation of The Equation (1) on The Boundary Strip
The strip domain Ωs is inside the double layered boundary. The Ωs is divided into a strip set Ωhs of the

cubic elements with 8 nodes. The point r is located in external layer, r′ is located in the internal layer ∂Ωi
and Ωhs . The ∂Ωi is divided into a set ∂Ωhi of the rectangle elements which is the internal layer of the Ωhs . The
differential integral equation (1) is discretized as

Hh(ri) =Hh
bo(ri) +

∮

∂Ωh
i

(
1

σ + iωε
GMb (r′, ri)×▽×Hh(r′)) · dS

−
∮

∂Ωh
i

1

σb + iωεb
(▽×GMb (r′, ri)×Hh(r′)) · dS

+

∫

Ωh
s

(σ + iωε)− (σb + iωεb)

σ + iωε
EMb · (▽×Hh)dr′

(2)

Hh(ri) is the finite element approximation of H(r), The equation (2) is collocation finite element equation of
the (1). The equation (2) is the matrix equation

KbbH
h
b +KbdH

h
d = Qsb (3)

where Hh
b is the magnetic field on the finite element external boundary ∂Ωh0 , Hh

d is the magnetic field on the
finite element internal boundary ∂Ωhi , Kbb is the finite element matrix on external boundary ∂Ωh0 and relative to
∂Ωh0 , Kbd is the finite element matrix on external boundary ∂Ωh0 and relative to ∂Ωhi , Kbb and Kbd are boundary
full matrix.
3.2 Finite Element Equation in the Internal Domain

In the internal domain D which is inside ∂Ωi, we use Galerkin FEM method [9-10] and the cubic element
to discretize the MAXWELL magnetic field differential equation

∇(
1

σ + iωε
∇×H) + iωµH = Ms (4)

The Galerkin finite element equation [9-10] is as follows
∫

∂Ωh
i

1

σ + iωε
(∇×Hh × (φi~e) · dS +

∫

Ωh
D

1

σ + iωε
∇×Hh · ∇ × (φi~e)dr + iωµ

∫

Ωh
D

Hh · (φi~e)dr

=

∫

Ωh
D

Ms · (φi~e)dr
(5)

where ΩhD is the finite element domain of the internal domain D, ∂Ωhi is finite element set of the ∂Ωi, the φi is
the finite element base function, the ~e is unit vector. The equation (5) is the matrix equation

KdbH
h
b +KddH

h
d = Qsd (6)

where Hh
b is the magnetic field on the finite element external boundary ∂Ωh0 , Hh

d is the magnetic field inside the
finite element internal domain ΩhD, Kdb is the finite element matrix in internal domain ΩhD and relative to ∂Ωh0 ,
Kdd is the finite element matrix in internal domain ΩhD and relative to ΩhD, Kdb and Kdd are sparse matrices.
3.3 The Advanced GILD EM Modeling

The collocation finite element matrix equation (3) and the Galerkin finite element matrix equation (6) are
coupled to construct the advanced GILD EM modeling.

The GILD EM modeling algorithm from the internal domain to the boundary is performed, in parallel.

4. Advanced GILD EM Inversion

The GILD EM nonlinear inversion was proposed by us in 1997. The papers was published in SEG proc in
1997, 1999[5], 2000[6]. We present the advanced GILD EM inversion here.
4.1 First Type Differential Integral Equation for EM Parameters
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We proposed a first type differential integral equation for EM conductivity and dielectric parameters. The
equation is used to connect the EM parameters on the boundary strip to the measured magnetic field data in
the data site.

HD(rd) =Hh
bo(rd) +

∮

∂Ωh
i

(
1

σh + iωεh
(GMb (r′, rd)×∇×Hh(r′)) · dS

−
∮

∂Ωh
i

1

σb + iωεb
(∇×GMb (r′, rd)×Hh(r′)) · dS

+

∫

Ωh
s

(σh + iωεh)− (σb + iωεb)

σh + iωεh
EMb (r′, rd) · (∇×Hh(r′))dr′

(7)

The equation (7) is similar to equation (2), however, they are totally different in mathematical physical
meaning. The equation (7) is the first type nonlinear differential integral equation with respect to unknown
conductivity σh and dielectric parameter εh. The equation (2) is the second linear differential integral equation
with unknown magnetic filed Hh. In the equation (7) Hh is also unknown magnetic field, moreover, it is a
implicit nonlinear operator of the σh and εh. So, the equation (7) is nonlinear. The rd is data location, HD(rd)
is the magnetic field data in the data location rd. HD(rd) = H(rd, rs, ωf), d=1, . . .nd, s=1,. . .ns, f=1,. . .nf.
Let σhs is finite element vector σh in the strip with ms components. εhs is finite element vector εh in the strip
with ms components. σhi is finite element vector σh on the internal boundary strip with mi components. εhi
is finite element vector εh on the internal boundary strip with mi components. The equation (7) includes
nd × ns × nfnonlinear equations. After regularizing with regularizing parameter αs and linearization, the
linearized equation system of the (7) with respect to unknown parameters δσhs , δεhs ,and δσhi , δεhi will be the
following matrix equation

ςss

[
δσhs
δεhs

]
+ ςsi

[
δσhi
δεhi

]
= δHDs (8)

where ςss is only 2ms× 2ms strip full matrix on the strip cells relative to the strip cells. ςsi is only 2ms× 2mi
strip full matrix on the 2ms strip cells relative to the 2mi internal strip cells. The internal strip is belonging to
the internal domain.
4.2 Galerkin Equation for EM Parameters

The Garlekin equation (5) is a linear equation for finite element magnetic field Hh, when conductivity σ and
dielectric parameter ε are known. In the EM parameter inversion, the conductivity σ and dielectric parameter
ε are unknown, the Galerkin equation (5) is a nonlinear equation for the σh and εh. The Hh is also unknown
magnetic field, moreover, the Hh is the implicit nonlinear operator of the σh and εh.∫

∂Ωh
i

1

σh + iωεh
∇×Hh × (φi~e)dS +

∫

Ωh
D

1

σh + iωεh
∇×Hh · ∇ × (φi~e)dr + iωµ

∫

Ωh
D

Hh · (φi~e)dr

=

∫

Ωh
D

Ms · (φi~e)dr
(9)

After linearization and weakly regularizing of the (9) with weak regularizing parameter β, the weak regular-
izing linearized equation of (9) is the following matrix equation

ςds

[
δσhs
δεhs

]
+ ςdd

[
δσhd
δεhd

]
= δHDd (10)

[δσhd δεhd ] is the increment vector of δσh and δεh in the cells of the internal domain D. The [δσhi δεhi ] is a
part of [δσhd δεhd ]. ςds is the matrix on the cells of the internal domain Ωhd and relative to the boundary strip
cells Ωhs . ςdd is the matrix on the cells of the internal domain Ωhd and relative to the Ωhd with ∂Ωhi ⊂ Ωhd . ςds
and ςdd are sparse matrices.
4.3 Advanced GILD EM Inversion

The regularizing linearization finite element equation (8) on the strip Ωhs and the weak regularizing lineariza-
tion finite element equation (10) on the strip Ωhd are coupled to construct the advanced GILD EM Inversion.
The AGILD EM inversion algorithm from the internal domain to the boundary strip is performed, in parallel.
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4.4 Regularizing
Because the low frequency EM parameter inversion is ill posed, the regularizing method is necessary to make

the inversion stable. We used the Tikhnov regularizing for first type EM parameter differential integral equation
(7) on the boundary strip.

The weak regularizing is used for the Galerkin parameter equation (9). The strong and weak regularizing
methods are consistently coupled to make AGILD EM inversion stable and high resolution.
4.5 2.5D AGILD EM Modeling and Inversion

In the electromagnetic engineering and sciences, the 2.5D problem with 3D EM field and 2D EM parameters
is an important topic. Suppose that the electric conductivity σ and dielectric parameter ε are invariable on
the variable y. i.e, the σ(x, z) and ε(x, z) are only two dimensional functions. Upon substituting Fourier
representation for Hh(r) into the differential integral equation (2) and Galerkin equation (5), we obtain the
2.5D advanced AGILD EM modeling. To substitute Fourier representation for Hh(r) into the (7) and (9), we
obtain the 2.5D AGILD EM inversion[7].

5. The Simulation and Application

5.1 AGILD EM Modeling Simulation
We used many models to test our advanced GILD modeling code. The AGILD simulations of the bone

models are presented in this section. Figure 1 shows the back bone model, which consists of a cubic domain {-
25,65µm; -40, 40µm; 0,65µm; } with background resistivity ρ=20 ohm-m, background permittivity εb = 1000ε0.
The mesh is 90×80×85. In the back bone simulation model, resistivity ρ= 20 ohm-m, permittivity ε = 5000ε0,
ε0 = 8.854 × 10−12F/m. A vertical magnetic dipole source is at (0, 0, 40) to excite the EM field. By AGILD
EM modeling calculation, the vertical magnetic field of the model 1 in the plane, y=0, are plotted in Figure 3.
The tests show that the AGILD EM modeling algorithm and software are fast and accurate.

Figure 1: The BackBone Model Figure 2: Bone Image Using AG-
ILD Inversion

Figure 3: The magnetix field Hz of
backbone model

5.2 AGILD EM Inversion Simulation

We received vertical magnetic field Hz in the 40 data sites on the surface z=0 for the model excited by four
sources. We used the background EM parameters as starting model to simulate AGILD inversion. After 25
times AGILD inversion iterations, the inversion image by AGILD inversion is obtained. The figure 2 shows the
born image using the AGILD inversion. The high resolution images are obtained by synthetic data.

5.3 Applications
The AGILD modeling and inversion has wide applications in the material sciences, nondestructive testing,

earth quake exploration, geophysics exploration, and environment engineering and civil engineering.[4-10]. Paper
[9] is the first 3D FEM journal paper in China that show that author developed 3D finite element method first
in China. In this paper, author proposed a higher convergent that displacement and stress have convergent rate
O(h4) in [9] that is superconvergence.

6. Conclusion and Discussion

6.1 Frequency and Data
Many synthetic and field data simulations show that the advanced GILD modeling is fast and accurate, the

advanced GILD inversion has high and reasonable resolution for middle and high frequency.
The inversion imaging resolution depends on the scattering data quality, frequency, configuration, and target
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size. The AGILD inversion has ability to invert field data with 20% ∼ 30% noises.
6.2 Merits of AGILD Method

We proposed boundary strip differential integral equation to simplify and upgrade GILD method. AGILD
has same merits as GILD method in paper [4-6,8]. The strip differential integral equation is used to be exact
boundary condition that reduced boundary reflect error. The Galerkin equation for inversion that is lower
ill posed sparse matrix. The strip differential integral equation generate double layers finite element matrix
equation (3) for modeling and generate double layers finite element matrix equation (8) for inversion. These
main upgrades speed and simplify GILD parallel algorithm and preserve GILD’s accurately and high resolution.
6.3 GL Method and AGLID Inversion

Recently we develop a new novel Global and Local electromagnetic field modeling and inversion[1-3,8]. We
proposed an explicit nonlinear formulation for the GL EM inversion. The GL EM modeling and inversion are
alternative processes. The advantages of GL method is that, (1) there is no any big matrix need to solve, (2)
The complex artificial absorption conditions are removed, (3) Combining analytic and numerical method. The
GL method is totally different from FEM, FD, Born like method. GL method and AGILG can be perfectly join
for inversion.
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Abstract

Modulated microwave absorption (MA) was measured under magnetic field sweeping at liquid nitrogen
temperature on superconducting c-oriented and a-oriented YBCO thin films for various filed configurations.
The both samples show strong low-field MA peaks resulted from the surface Meissner current. The MAs for
the perpendicular field to the superconducting plane increase with increasing the sweep rate, indicating the
stronger transient screening current due to viscous vortex motion. Anisotropic vortex dynamics were clarified
on the a-YBCO.

Introduction

Microwave losses in high temperature superconductors (HTS) have been an interesting subject in the both
categories of practical applications and physical fundamentals. HTS microwave filter device is one of the
promising applications because its microwave loss is much less compared with normal metals [1,2]. Recently,
tunable microwave filters with HTS/Ferromagnetic (FM) double-layer structure are also proposed [3,4]. In this
device, the center frequency can be tuned by modifying permeability of FM layer through application of magnetic
field. But it is well known that the microwave loss in HTS is quite sensitive to low magnetic fields. Therefore,
it becomes an urgent topic now how to obtain the low and invariable microwave loss under magnetic field. On
the other hand, the microwave loss in HTS is also a fascinating phenomenon in physics of superconductivity. It
is related to some fundamental matters of superconductivity, such as screening current, Josephson junction and
vortex dynamics, etc [5-7].

The physics behind the phenomenon is not fully understood yet. A few phenomenological models developed
recently have helped to shed some light on the mechanisms of microwave losses in HTSs. They include nine
mechanisms divided into two categories of the vortex mechanism and screening current mechanism; see Refs.
[8] for review. The vortex mechanism involves the main absorption induced by viscous vortex motion driven
by microwave current. The screening current mechanism involves the main absorption caused by the resultant
current, vector sum of the screening currents and microwave currents, which exceeds the critical currents at
weak superconducting regions and weak junctions. In the case of modulated microwave absorption (MA), we
proposed that the screening current mechanism dominates over the vortex mechanism. Otherwise, the intensive
main absorption signals around zero magnetic fields cannot be understood because differential vortex number
due to the modulation field cannot be large [9,10]. This is obvious because the absolute vortex number is quite
few around zero fields.

As for applications, high quality HTS films are essential to the microwave filters. Besides the quality of HTS
films, we suppose that the orientation of film and configuration of field are two main factors to the microwave
losses. At present, c-oriented HTS films are generally used in the filter devices because it is well known that
propagation of microwave in the ab-plane (CuO2 plane) parallel to the substrate plane results in lower loss.
However, in a c-axis aligned a-oriented HTS film, we believe that the microwave also suffers lower loss when it
propagates along b-axis, i.e. along the ab-plane. Moreover, the a-oriented film exhibits another characteristic
that is a higher in-plane anisotropy. Further, when the magnetic field (Ha) is applied in the plane of film, the
distinguishable two configurations of Ha//c and Ha//b can be realized.
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Because of the highly anisotropic physical properties in HTS materials, the microwave loss must be affected
by the magnetic field configuration. Thus it is quite valuable to investigate the anisotropic microwave absorption
properties in HTS films. But as we know, few papers have been published on this topic so far. It has not been
clarified which configuration of the field application is in favor of reducing the microwave losses. The aim of
the present work is to investigate the field configuration dependence of the microwave losses in the a-oriented
YBCO film. And we also compared the difference in nature between the c-YBCO and a-YBCO films.

Experimental

Experiments were performed on the a-oriented and c-oriented YBCO superconducting films. Using PLD
technique, the a-YBCO film was grown epitaxially on SrLaGaO4 substrate with 350 nm thickness and the
c-YBCO on MgO substrate with 650 nm thickness, respectively. X-ray diffraction results show excellent crys-
tallinity for both of the films. The films exhibit critical temperatures around 85 K for the a-YBCO and 87 K
for the c-YBCO in a standard four-point resistance measurement.

The experimental set up consists of measuring the differential MA intensity (S) with respect to swept dc
magnetic field (Ha) using the field modulation and phase sensitive detection techniques in a commercial EPR
system. The modulation field (5 G and 100 kHz) was superimposed in the direction parallel to the dc field.
The MA in a rectangular cavity excited in a TE102 mode tuned at 9.3 GHz was measured, and the microwave
power was held at 0.1 mW. A sample tube was immersed in liquid nitrogen throughout the measurement.

In order to investigate the anisotropy of MA, Ha was applied to the a-YBCO film in three configurations,
namely, Ha//a-axis, Ha//b-axis and Ha//c-axis as shown in Figure 1. In the case of Ha//a, Hais perpendicular
to the film plane and parallel to the ab-plane (CuO2 plane). In the latter two configurations, Ha is parallel to
the film plane, but it is totally different for the b- and c-axes. In Ha//b configuration, magnetic field is parallel
to the ab-plane, whereas Ha is perpendicular to the ab-plane in Ha//c configuration. For comparison, the MA
in c-YBCO film for Ha//c configuration was also investigated. In this configuration, Ha is perpendicular to the
film plane.

Figure 1: Various magnetic field configurations for the c- and a-
YBCO films. Hw(a, b, c) indicates the microwave magnetic field.

Figure 2: S vs Ha within one cycle of sweep
for the c-oriented YBCO film with Ha//c.

Results and Discussion

1. c-YBCO film
In this part, we refer to experiments carried out on the c-YBCO film in Ha//c firstly. Figure 2 shows the MA

signal as a function of Ha. Clearly Figure 2 displays a complete hysteresis loop of the MA. For a single sweep,
such as upward sweep, a strong peak appears at a low field around 20 Oe. Then at higher field, S decreases
rapidly and it is positive. Considering the signal based on the differential, this feature corresponds to a sharp
increase of the MA at the low field followed by saturation of magnetic change induced by the modulation field
at the higher fields.

As mentioned above, various mechanisms have been proposed to explain the MA in HTS. But they can
be classified into two mechanisms, namely the screening current mechanism and vortex mechanism. The main
absorption change occurs at the low field, ∼20 Oe, where the system is in a Meissner state without vortex
principally. So the vortex mechanism is not valid in this region. Usually HTS contains many weak links and
Josephson junctions. When the external magnetic field is applied, the screening current circulates around sample
edge. If the resultant current of screening current IS and microwave current exceeds the critical current density
of the weak links, these weak links are decoupled and electrical voltages appear across them. Therefore energy



112 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

must be lost in these decoupled weak link areas. It is obvious that IS increases with increasing external field
(Ha), then the number of decoupled weak links and microwave losses increase also, leading to the rapid increase
in S.

When Ha reaches a characteristic value, namely HS ∼50 Oe, where most of the effective weak links have
been decoupled, the vortex can enter easily and the strong surface Meissner current decays. Then the MA
decreases, leading to the drop of S. The result shows it decreases to a finite value, not zero. So the other
mechanism, vortex motion, comes out. As we know, when a type-II superconductor is in the mixed state,
a viscous vibration of vortex driven by microwave current-induced Lorentz force is the main cause of MA.
Considering of our experiments carried out at liquid nitrogen temperature closed to the critical temperature of
the sample, the effective lower critical field HC1* must be rather low, around several tens of Oe. Therefore, just
after the process of weak link decoupling, the system enters into mixed state and then the vortex mechanism
begins to be valid. But the absorption difference due to the modulation field is small, then S is small in this
region.

Figure 3: MA spectra at various sweep rates (Rs) for
the c-YBCO with Ha//c.

Figure 4: Rs dependence of S at (a) the peak and
(b) 100 and 200 Oe for the c-YBCO with Ha//c.

In the vortex mechanism, the MA is proportional to the number of vortices. It is obvious that the number
of the vortices increases with increasing external field. But the differential vortex numbers due to the field
modulation are almost the same even with increasing field. Thus the MA intensity S is almost constant with
increasing field.

The aim of present work is to obtain knowledges about the vortex dynamics following to the field and
screening current. Then we investigated the MA spectra at various sweep rates (RS) as presented in Figure
3. The spectrum changes and the intensity looks larger with increasing RS . Figure 4 summarizes the RS
dependence of the MA peak height and signal intensities at 100 and 200 Oe. It can be seen that the MA peak
height, corresponding to the weak link decoupling, and S at 100 Oe increase with increasing RS , whereas S at
200 Oe is almost independent on RS .

Firstly, we consider the increase of the peak height, dominated by the screening current in the Meissner
state, with RS . According to Maxwell equations, the screening current density JS is proportional to the curl of
flux density B. The B distributions at various RS are schematically drawn in Figure 5. In this one-dimensional
illustration, JS is proportional to the slope of B distribution as JS ∝dB/dx. The solid curve in Figure 5 denotes
the equilibrium distribution under a steady magnetic field. The dashed curves denote the transient distributions
under the field sweeps at various RS . When the field is swept fast, the flux entrance into the sample must be
delayed from the external field because of the viscous nature in the superconducting medium. Then, with
increasing RS , the slope of distribution near the sample surface becomes steeper. Therefore, larger JS results
in more weak links being decoupled. This is the reason why the MA peak height increases with increasing RS ,
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as shown in Figure 4 (a).

Figure 5: Illustration of transient distributions of
magnetic induction B at various Rs.

Figure 6: The Rs dependences of S at (a) low and
(b) high fields for the a-YBCO film with various field
configurations.

Secondly, we discuss RS dependence of S at 200 Oe (Figure 4 (b)), which should correspond to the vortex
mechanism in the mixed state. In this region, the vortex vibration motion does not depend on RS so much.
Then the resulting S does not depend on RS .

The result at 100 Oe is interesting. The MA at 100 Oe must also be caused principally in the mixed state.
Then, why its RS dependence is totally different from that at 200 Oe? It is noteworthy that the field strength
of 100 Oe is slightly above HC1. When the external field reaches 100 Oe at much higher RS , the flux entrance
into the sample is much delayed and its density is lower than the equilibrium flux density corresponding to HC1.
In this situation, the sample behaves as it is in the Meissner state actually. Therefore, RS dependence of S at
100 Oe is similar to that at the peak in the Meissner state. Moreover, we like to point out that this behavior
is valid only at RS higher than 40 Oe/s, as it is known from Figure 4 (b). When RS is lower than 40 Oe/s, S
does not increase because the flux is not delayed so much then it is in the mixed state. So the RS value around
40 Oe/s is a critical value whether it is still in the Meissner or mixed states under the external field at 100 Oe.
As we know, the characteristic delay time of the flux entrance is about 0.5 s. Its order of magnitude is well
consistent with our explanation.

2. a-YBCO film
Next, we show experimental results of the MA on the a-YBCO film in three different magnetic configurations

and discuss them. For Ha//c configuration, it shows the highest low-field S and then S decreases sharply at
higher fields. For Ha//a at low fields, we see the similar behavior as that in the former configuration of Ha//c,
but with lower signal intensity. With increasing Ha further, S decreases gradually and reaches a finite constant
value at the high fields. But S in Ha//b configuration behaves in a quite different way, i.e. the low-field MA is
very small and high-filed MA is comparatively large.

Firstly, we consider the low-field MA corresponding to the screening current mechanism as mentioned above.
For Ha//c configuration, the strong screening current flows in the ab-plane. Therefore, a lot of weak links are
decoupled and S is the strongest. In the case of Ha//a configuration, half of the screening current path is along
the c-axis with weak superconducting-coupling. Then the current density must be reduced and the low-field
MA is smaller than that in Ha//c configuration. In Ha//b configuration, the screening current flows almost
along the c-axis. So in this case, only the very weak screening current flows, leading to the small low-field MA.

Secondly, we discuss the high-field MA in the a-YBCO. In this sample, the MA is rather large compared
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with those in the c-YBCO. The superconducting coupling between the grains is stronger in this a-YBCO, and
then the surface Meissner screening current can flow even in the mixed state. Therefore the MA is dominated
by the screening current mechanism even at the high fields. This is the reason why the MA is larger at the high
fields in this a-YBCO.

We also investigated the RS dependence of S on the a-YBCO film as shown in Figure 6. It can be seen in
Figure 6 (a) that the low-field S, corresponding to the screening current mechanism, increases with increasing
RS for each field configuration. The reason is the same as that given in the c-oriented film. At the high field as
shown in Figure 6 (b), the increasing rate of S becomes smaller for Ha//a and it does not change for Ha//b.
But in Ha//c configuration, S decreases with increasing RS , in a totally different way from those for Ha//a
and Ha//b.

We discuss this decreasing manner. At the larger RS the Abrikosov vortices enter into the sample very fast
in the viscous medium for Ha//c. The generated heat is larger at the higher fields due to the larger density of
vortices with increasing RS . This induces melting of vortex, resulting in the lower viscosity. Thus the surface
slope of flux distribution becomes more gradual, leading to the smaller transient screening current and smaller
MA. This is the cause for decreasing manner with increasing RS for Ha//c. This effect is smaller for Ha//a
and the smallest for Ha//b because we have Josephson vortex in these configurations.

Conclusion

The MA spectra with the magnetic field sweeping were measured on the c- and a-oriented YBCO films.
The spectra for the both films show the strong signals at the low fields closed to zero. This strong MA for
Ha//c comes from the in-plane strong surface Meissner current, and weaker MA forHa//a,b is attributed to
the weaker out-of-plane screening current. At the high fields, the c-YBCO shows the very small MA due to the
serious reduction of current resulted from the grain decoupling. While the a-YBCO certainly shows the small
MA at the high fields but it is not so small. Probably this a-YBCO has stronger connection of the grains. With
increasing RS , the MA around the peak fields increases due to the stronger transient screening current owing
to the vortex viscosity. The vortex melting is suggested by the decreasing manner of MA with RS at the high
field.
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Abstract

A novel technique for localizing the scatterer in microwave imaging of two-dimensional circularly symmetric
dielectric scatterers using degree of symmetry and neural networks is presented. The degree of symmetry for a
transmitter position is computed as a function of the difference between the first half and the spatially reflected
second half of the measured scattered field vector. A Probabilistic Neural Network (PNN) classifier is trained
with the degree of symmetry vectors for the different object configurations. It classifies the degree of symmetry
vector of the unknown circularly symmetric scatterer presented to it into one of the classes that indicate the
radius and location of the centre of the scatterer. Thus the scatterer is localized in the imaging domain. This
not only reduces the degrees of freedom in the inversion for the unknown object, thereby aiding the global
convergence of the solution, but also results in a reduction in computation time. The technique has been tested
on synthetic data and the results are promising.

Introduction

Microwave imaging is of great interest in many applications, ranging from medical imaging to non-destructive
evaluation of buried pipelines, and involves the solution of an electromagnetic inverse problem. The measured
scattered field and the contrast function of the unknown object whose dielectric profile is to be estimated are
nonlinearly related because of multiple scattering [1]. The inverse problem of microwave imaging is ill posed
in the Hadamard sense [2]. Both deterministic and stochastic methods have been developed to solve this
inverse scattering problem. Some examples of the deterministic techniques are the Born iterative method [3],
distorted Born iterative method [4], Newton Kantorovich method [5, 6] etc. Due to the nonlinearity of the
inverse scattering problem, there is a risk of the solution from a deterministic method, getting trapped in a
local minimum. Neural Networks have been employed for the solution of electromagnetic inverse problems [7-9].
Neural networks offer an advantage in that it can work as a black box system capable of solving the physical
problem without directly considering the functional relation between the input and output values of the problem
itself [10]. In this communication the a priori knowledge about the cylindrical geometry of the 2-D dielectric
scatterer is exploited, with the assumption that the complex permittivity distribution is symmetric with respect
to the centre of the cross section. By a 2-D dielectric scatterer, one refers to the fact that permittivity does
not vary along the axis. This a priori is valid for dielectric pipelines. A custom defined degree of symmetry is
computed for each transmitter position. A Probabilistic Neural Network is trained with the degree of symmetry
vectors computed for a training set of object configurations. PNN offers the advantage of rapid training and easy
re-trainability. It is also guaranteed to converge to the Bayesian classifier, the optimal classifier, with enough
training data [11]. It classifies the degree of symmetry vector of the unknown circularly symmetric scatterer
presented to it into one of the classes that indicate the geometry of the scatterer localizing the scatterer in
the imaging domain. Thus the degrees of freedom in the inversion for the unknown object are reduced, which
aids the global convergence of the solution. It also results in a reduction in computation time. The Newton
Kantorovich procedure is employed to image the scatterer that has been localized. The details of the formulation
of the problem and numerical simulations and discussions are presented in this paper.

Formulation of the Problem

A 2-D dielectric scatterer of circular cross section and complex permittivity distribution symmetric with
respect to the centre of the cross section is located in an imaging domain I , which is usually a square or a
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rectangle. However, since the location of the object to be imaged is not known, the imaging region has to be
chosen sufficiently large. The background and the object are non magnetic. To simplify the implementation,
TM polarization of the incident field is considered. A circular geometry for the imaging system is employed,
with M line sources equispaced on a circle, one of which will be transmitting and the others receiving at a given
time as shown in figure 1.

Figure 1: The measurement setup.

The total field satisfies the scalar electric field integral equation for the view v,

evr = eincv (r) + escatv (r) (1)

where eincv (r) is the incident field and escatv (r) is the scattered field given by

escatv (r) =

∫

I

∫
k2
mc(r

′)ev(r
′)G(r, r′)dr′, v = 1, 2, . . . ,M (2)

with G being the two-dimensional Greens function, km the propagation constant of the medium and c the object
contrast. The integral equations are discretized with pulse basis functions and point matching. The imaging
region is discretized into N cells. The degree of symmetry for a transmitter position v is defined as (assuming
even number of receivers M − 1 per view).

Sreal(v) =

(M−1)/2∑

k=1

‖Re(escatv (k)− escatv (M − k))‖2

Simag(v) =

(M−1)/2∑

k=1

‖Im(escatv (k)− escatv (M − k))‖2
(3)

When circular geometry of measurement employed, if the dielectric cylinder is circularly symmetric and off
centred, the measured scattered field vector escatv exhibits symmetry with respect to its centre, only for the views
v1 and v2 that are diametrically opposite as shown in figure 1. The symmetry plots also exhibit two maxima,
a1 and a2, which correspond to the transmitter positions where the symmetry of the measured scattered field
vector is minimum. The plots of Sreal and Simag with respect to v, exhibits two significant minima, at v1 and
v2, and two significant maxima at a1 and a2, the maximum asymmetric views. It is seen that the location
of the centre of the scatterer and its radius decide the values and features of the degree of symmetry vector.
This indicates that the object maybe localized in the imaging domain by employing the degree of symmetry
data for the scatterer [12]. For this purpose, a Probabilistic Neural Network, trained with degree of symmetry
vectors for different circularly symmetric scatterers is employed. The PNN has been chosen because of its
rapid training and easy re-trainability. It is also guaranteed to converge to the Bayesian classifier, the optimal
classifier, with enough training data. The PNN has three layers: The input layer is presented with the training
set of degree of symmetry vectors for different scatterer configurations, having varying radii, offset from the
centre and permittivity profiles. The weight matrix of the second layer, the pattern layer, is set to the transpose
of the matrix formed from the training set of degree of symmetry vectors. The pattern layer units compute the
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distance between the input test vector and the units weight vector. The activation function of the pattern units
is the radial basis function. When a test degree of symmetry vector is presented to the PNN, each neuron in
the radial basis layer outputs a value that indicates how close the input vector is to each neurons weight vector.
The pattern layer outputs are selectively connected to units in the summation layer depending on the class of
patterns they represent. Since each summation unit collects inputs from the pattern units of the same class,
their output is an estimate of the probability density function of that particular class. The output layer is a
competitive layer that produces a binary output, with only one of the output neurons firing, indicating that the
test degree of symmetry vector belongs to that particular class.

Numerical Simulations and Discussions

The coupled equations 1 and 2 are employed to generate synthetic scattered field data in the measurement
domain for the inversion, for known object profiles. For the simulations, 49 transceivers have been used, that is
48 receivers per view. The degree of symmetry for each transmitter position is computed as per equation 3, for
various radii and distances of the cylinder centres from the origin. For the forward simulations, imaging domain
is a square discretized into 64×64 pixels, with a sampling interval of 0.05 wavelengths. The inverse problem is
solved at a coarser resolution of 0.1 wavelengths. The cross sectional profiles considered for the cylinders are
a homogenous profile and a profile consisting of two concentric circles, which are usually the practical cases
for a dielectric pipeline. The training set is minimized by considering only diagonal displacements along the
leading diagonal of the centres of the circularly symmetric scatterer from the centre of the imaging domain.
The training data set is generated with the following parameters:

· The outer radius is varied in the range between 6 and 11 sampling intervals, and the inner radius in the
range 4 and 8 sampling intervals.

· The relative permittivity of the unknown cylinder is varied in the range [1:16].

· The offset from the centre is varied in steps of one sampling interval.

Figure 3a: The actual profile of the object. Figure 3b: The degree of symmetry vector for the
scatterer.

Figure 3c: The circularly shifted degree of symmetry vector. The degree of symmetry vector is now aligned
with the diagonal views.
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Each output target class indicates the offset from the centre and the range of radii the unknown circularly
symmetric scatterer belongs to. The weight matrix of the summation layer is derived from the target classes.
An example is shown in figure 3. The synthetic data is generated from the profile shown in figure 3a. The
degree of symmetry for the scatterer is shown in figure 3b. Since the training data consists of scatterers that
are displaced only along the main diagonal, the test degree of symmetry vector is circularly shifted in the
anticlockwise direction by n elements, so that the two minima of the degree of symmetry are aligned with the
views v1 and v2 of the main diagonal, to that in figure 3c. The PNN classifies the test degree of symmetry vector
into one of the target classes that indicates the offset and range of radii the circularly symmetric scatterer belongs
to. The Newton Kantorovich procedure has been employed for the imaging in the reduced investigation domain.
The reconstructed image is rotated in the clockwise direction about the centre of the imaging domain by 360∗n◦

M .
The reconstructed image after the 4th iteration of the Newton Kantorovich algorithm without localization in the
investigation domain is shown in figure 4a. The reconstructed image after the 4th iteration when localization
in the investigation domain is done is shown in figure 4b. The result with the proposed technique is seen to be
much better. There is also a considerable reduction in computation time compared to the case where the entire
imaging domain is employed.

Figure 4a: The reconstructed image after the 4th

iteration. The entire investigation domain is consid-
ered.

Figure 4b: the reconstructed image after the 4th it-
eration with the proposed technique.

Conclusion

A novel preconditioning technique for localizing the scatterer in the imaging domain in microwave imaging
of two-dimensional circularly symmetric scatterers has been presented. The proposed technique reduces the
degrees of freedom in the inverse scattering problem of microwave imaging, and also results in considerable
reduction in the computation time and improvement in the convergence rate.
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Abstract

In this paper, synthesis of cylindrical dielectric resonators, for the design of transmission mode filters is
presented. Dielectric constants of these resonators are calculated from the TE01δ resonant mode of the DR using
Hakki-Coleman method. Microwave band pass filter characteristics are studied by measuring the reflection and
transmission characteristics of the dual mode HEM11.

Introduction

Dielectric resonators are integrable and provide all the advantages of an integrated circuit in terms of space,
weight, etc. and offer higher Q’s as well as better temperature stability over conventional wave guide resonators.
Compact bandpass filters using dielectric resonators made of TiO2have been reported by Cohn [1]. Since then,
the availability of high Q temperature compensated dielectric resonators has been advancing tremendously. The
dielectric filter technology based on high-Q ceramic materials has been contributing to great size reduction of
mobile telecommunication equipment, especially cellular handset and base station. Furthermore, it has great
mass productivity and low cost. Significant development efforts have been spent and great progress has been
achieved in DR filter technology since the end of 1960’s [2, 3, 4].

There are several possible operating modes for dielectric resonator filters. The list includes single transverse
electric (TE) modes, single transverse magnetic TMmodes, dual hybrid electromagnetic (HEM) modes, triple
(TM) modes and triple TE modes. These modes have an impact on the filter size, unloaded Q and spurious
performance. Two types of DR filters are the most commonly used. One is the single mode filter operating
in the TE01δ mode, providing low loss and good spurious free performance. Also an elliptic function response
can be realized by this type of filter to further reduce the loss and the volume. The most preferred mode of
operation when designing DR filter is TE01d mode [5, 6]. Other type is the dual mode filter, operating in the
HE11 mode, providing low loss, smaller volume and elliptic function realizations.

A filter employing the HEM11δ mode, often which is a dual degenerate mode is analyzed in this paper.

DR- Synthesis Procedure

The DRs are synthesized from TiO2 raw material powders with cylindrical pellet die, of suitable dimensions.
High pressures are applied to densely pack the TiO2powder in the die. The DR pellets thus obtained are
then sintered at a high temperature of 1200 oC for 4 hours. The sintered pucks are polished by grinding
and smoothening. Cylindrical discs of different aspect ratios (height/diameter) are machined. The dielectric
constants of these pellets are measured from the TE01δ resonant mode excited in Hakki-Coleman measurement
setup, as 69.5.

Filter Fabrication

The principal resonant mode is HEM11δ and the aspect ratio of the resonator, (h/d) is chosen around 0.5
to avoid interference of spurious modes. The orientation of the DR can be either co-axial or transverse as
discussed in [3]. The transverse orientation is preferred because in this configuration, DR can be tuned with
screws concentric with resonators, so as to avoid spurious mode excitation. The simplest way to integrate the
dielectric resonator into a microwave network is placing it on top of a microstrip transmission line. The lateral
distance between the resonator and the microstrip conductor determines the amount of coupling between them.
The coupling coefficient between the resonator and the transmission line is a function of the distance between
the resonator and the line and is given by

K = S11/S21
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Where S11 and S21 are the reflection and transmission coefficients respectively.

DR filters with microstrip line coupled to co-axial port have been developed as shown in the Figure 1 A
rectangular cavity of dimension 82 x 82 x 25 mm is fabricated using aluminium metal.

OUT 

Aluminium Cavity 

Microstrip line  

DR  

IN 

Substrate 

Figure 1: Top view of the proposed cavity.

SMA connectors were fixed on the adjacent sides to facilitate connection to the microstrip lines (of dimension
62 × 3 mm2) etched on the substrate for the filter. An HP 8510 C network analyzer interfaced with a computer
is used for measuring reflection and transmission coefficients (S22 and S21 respectively).

Results

Figure 2 shows the return loss (S22) and transmission coefficient (S21) of the empty cavity. Measurement
has been

Figure 2: Return loss (S22) and transmission coefficient (S21) of the empty cavity in the S-band.

carried out in the S-band (2-4GHz) of microwave frequencies. The S22 shows no resonance in the 2 to 4 GHz
range for this cavity. A cylindrical dielectric resonator of dimensions, height = 6.54 mm and diameter = 19.8
mm is mounted on the stripline and it is positioned so as to get minimum reflection and maximum transmission.
Figure 3 shows the characteristics of the dielectric loaded cavity. From the Figure 4 it is found that the first
mode being HEM11δ of the filter is having a -3 dB bandwidth of 30 MHz centered around 2.38 GHz.

Volume reduction can be achieved by modifying the cavity structure in lieu of the Qunload of the HEM11δmode[7].
Tuning is possible by varying the height of the metal enclosure above the cavity. By bringing the metal enclo-
sure close to the DR, the resonant frequency of TE01δ mode is modified to a new increased value and HEM11δ

mode is lowered in frequency and becomes the fundamental mode. The reason for such behavior of the reso-
nant frequency can be found in cavity perturbation theory namely when a metal wall of a resonant cavity is
moved inwards, the resonant frequency will decrease if the stored energy of the displaced field is predominantly
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Figure 3: Characteristics of of the dielectric loaded
cavity.

Figure 4: Characteristics of the filter at HE 11d
mode of operation.

electric. Otherwise, when the stored energy close to the metal wall is predominantly magnetic as is the case for
a shielded TE01δ dielectric resonator, the resonant frequency will increase when the wall moves inward. The
dielectric resonator functions like a resonant cavity by confining the electromagnetic energy in the dielectric
and its close vicinity by means of reflections at the dielectric air interface. In order to prevent losses due to
radiations, the entire device is usually enclosed in a shielding box made of aluminium.

Conclusion

Band pass filter with dielectric resonator coupled to microstriplines enclosed by aluminium cavity is analyzed.
Dielectric resonators are synthesized from TiO2 for these filters. The reflection and transmission characteristics
of the empty cavity and dielectric loaded cavity are studied for the HEM11δ dual mode. The filter is having a
-3 dB bandwidth of 30 MHz centered around 2.38 GHz.
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Resolution Radar Observations
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Abstract

The SMEX02 experiments held in June – July 2002, at Iowa demonstrated the potential of the L band
radiometer (PALS) in estimation of near surface soil moisture under dense vegetation canopy conditions. The
L band radar was also shown to be sensitive to near surface soil moisture. However, the spatial resolution of a
typical satellite L band radiometer is of the order of tens of kilometers, which is not sufficient to serve the full
range of science needs for land surface hydrology and weather modeling applications. Disaggregation schemes
for deriving sub pixel estimates of soil moisture from radiometer data using higher resolution radar observations
may provide the means for making available global soil moisture observations at much finer scale. This paper
presents a simple approach for disaggregation of coarser resolution radiometer estimates of soil moisture using
higher resolution radar backscatter and vegetation water content measurements. The algorithm has been applied
to coincident PALS radiometer and Airsar datasets of 400 m and 30 m spatial resolutions respectively acquired
during the SMEX02 campaign. PALS radiometer estimates of soil moisture at a 400 m resolution have been
disaggregated to 100 m resolution.

Introduction

Soil moisture is an important variable in analyzing the dynamics of the atmospheric boundary layer, weather
and climate [1, 2]. Observations of soil moisture are needed at various scales for hydrologic modeling, weather
forecasting, climate prediction, flood and drought monitoring and other water and energy cycle applications
[3], [4], [5]. Active and passive microwave remote sensing provides a unique capability for obtaining frequent
observations of soil moisture at global and regional scales [6], [7],[8]. The microwave emissive and scattering
characteristics of a soil surface depend on soil moisture among other variables, such as, soil texture, roughness
and vegetation type and water content. Retrieval of soil moisture using ground-based or aircraft mounted
radiometers operating at L band has been demonstrated in several prior studies [9], [10], [11], [12], [13], [14].
However, currently planned and proposed L band satellite radiometers have the problem of moderately coarse
spatial resolution, which has to be addressed before important potential applications such as incorporation of
soil moisture estimates in precision agriculture can become operational[15] .

Radars are capable of a higher spatial resolution than radiometers if synthetic aperture processing is em-
ployed. However, retrieval of soil moisture using radar backscattering coefficients is difficult due to more complex
signal target interaction of radar data, which is highly influenced by surface roughness and vegetation canopy
structure and water content. On the other hand, the retrieval of soil moisture from radiometers is well established
and can have a better accuracy with limited requirements for ancillary data [16], [3].

The present study simplifies the problem of spatial disaggregation of soil moisture by considering that the
spatial variability of bare soil properties (texture, roughness) that influence radar sensitivity to soil moisture is
not significant and hence the variability of radar signal within the radiometer footprint is due to soil moisture
and canopy vegetation water content variability only. The algorithm presented here provides estimates of the
change in soil moisture at the spatial resolution of the radar. (The temporal resolution is assumed to be the
same for both radar and radiometer). If we know the lower resolution soil moisture estimate of the region for a
particular time (say t0) and it is also known that the spatial variability in soil moisture for that time is very low
(conditions are very dry or very wet), then the lower resolution estimate can be simply resampled to a higher
resolution. The higher resolution change in soil moisture derived from the algorithm can be then added to the
high resolution soil moisture image obtained from resampling to produce higher resolution soil moisture images
for the next time step.
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Data and Methods

The algorithm discussed above was tested on data from the SMEX02 field experiments. The Soil Moisture
Experiments in 2002 (SMEX02) were conducted in Walnut Creek, a small watershed in Iowa, over a one-month
period between mid June and mid July 2002. An extensive dataset of in situ measurements of soil moisture
(0-6 cm soil layer), soil temperature (surface, 5 cm depth) soil bulk density, and vegetation water content
was collected. Aircraft mounted instruments – the Passive and Active, L- and S- band sensor, PALS and the
NASA/JPL Airborne Synthetic Aperture radar, Airsar - were flown with supporting ground sampling data.The
PALS instrument was flown over the SMEX02 region on June 25th, 27th and July 1st, 2nd, 5th, 6th, 7th and 8th,
2002 [23], [24]. PALS radiometer and radar provided simultaneous observations of horizontally and vertically
polarized L- and S- band brightness temperatures, radar backscatter measured in VV, HH and VH configurations
and thermal infrared surface temperature at a resolution of ∼ 400 m. The Airsar instrument has P-, L- and C-
bands with H/V dual microstrip polarizations and spatial resolutions of 5 m in slant range and 1 m in azimuth.
Airsar instrument was flown on July 1st, 5th, 7th, 8th, and 9th. The algorithm proposed in this study needs
simultaneous observations of the radar and radiometer. Since, the PALS spatial coverage of the watershed on
July 1st was partial, the data sets for PALS and AIRSAR for July 5th, July 7th and July 8th were used. Airsar
data used in this study was L band HH and VV polarization and provided at a spatial resolution of 30 m after
processing. The Airsar images were geo located by registration to a Landsat TM7 image.

The ground based soil moisture data used in this study was the volumetric soil moisture measured at 14
locations in each field site using a theta probe for all the 31 fields. In the present study the representative area
for each field site is 800 × 800 m2 and hence the lower spatial resolution dimension in this study was chosen as
800 m. Noting that there were 7 measurements of volumetric soil moisture made along each of the two 600 m
transects, 100 meters was chosen as the value of the lower cell size or the higher spatial resolution. This enabled
us to prepare higher resolution estimates of in situ soil moisture for each field by considering each of the 14 soil
moisture measurements are representative of the soil moisture in a 100×100 m area.

Results

In situ estimates of soil moisture at a 100 m resolution were obtained for July 5th, 6th and 7th by interpolation
of 14 in situ sampling points at each field site to a 100 m resolution grid. Figure 1 compares the 100 m resolution
estimates of soil moisture with the 100 m resolution in situ soil moisture for all the fields for July 7th and similar
results are obtained for the same comparison for July 8th. The root mean square error for the prediction
(RMSE) in both cases is 0.07 volumetric, which is around 14 % estimation error. It was noted that around
30 outliers from the initial set of 260 data points accounted for a significant portion of the error of estimation.
These outliers are seen mostly in the cases when the algorithm produces very low estimates of soil moisture
(volumetric moisture less than 0.1, a condition that was not seen in the in situ data). The outliers may be a
result of very low sensitivity of the radar to soil moisture in case of very highly vegetated corn fields (vwc ∼ 5 kg/
m2). Soil moisture estimates that are within the range of 0.05 to 0.5 are only considered. Once the 30 outliers
are removed from the initial prediction data set of 260 points the RMSE and the coefficient of determination
(R2) improve to 0.04 and 0.55 respectively, for the July 7th comparison (Figure 2). Similarly, the estimation
error for July 8th reduces to 0.04 volumetric and the R2 value becomes 0.64 on removing 43 outliers from a data
set of 260 points.

To illustrate the soil moisture retrieval accuracy obtained at a higher resolution by using this algorithm,
algorithm results for July 7th were compared with radiometer retrieved soil moisture at a 100 m resolution.
Radiometer only retrievals provided soil moisture estimates at 800 m resolution.

And to estimate the soil moisture distribution at a 100 m resolution, the assumption of uniform soil moisture
distribution within each field was made. The soil moisture value for a field estimated from the radiometer was
assigned to each 100 m cell within the field. The 100 m radiometer estimates of soil moisture were then plotted
against the 100 m ground sampled soil moisture measurements (Figure 2). The RMSE and the coefficient of
determination are 0.054 is 0.36 respectively, which in the case of algorithm predicted soil moisture were 0.04
and 0.55. Similar comparisons are made for July 8th also. The radiometer estimates of soil moisture resampled
to 100 m and compared with 100 m in situ measurements gave a RMSE of 0.043 and R2 of 0.53. Again,
the comparison of algorithm predicted soil moisture estimates with ground sampling measurements at 100 m
resolution had given a lower RMSE of 0.04 and a higher R2 of 0.64. It was seen that the RMSE obtained
for the algorithm and the simple resampling of radiometer estimated soil moisture are similar (0.04 and 0.043)
in case of July 8th because the soil moisture distribution across the watershed on July 8th of was relatively
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uniform (standard deviation of 0.06 for the ground sampled soil moisture measurements) as compared to the
soil moisture distribution on July 7th (standard deviation of 0.07). Uniform soil moisture distribution reduces
the error introduced when the radiometer retrieved soil moisture at 800 m resolution is resampled to a 100 m
resolution. Also, the error of estimation for the July 7th estimation gets propagated to July 8th, as the algorithm
estimate for July 7th gets added to the algorithm predicted change in soil moisture between July 8th and July
7th. As a result, the soil moisture estimate for July 8th contains error introduced during the July 5th to July 7th

time step, and the July 7th to July 8th time step. This effect is seen in the form of greater number of outliers
(Figure 1) and a slightly larger RMSE value for July 8th as compared to July 7th.
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Figure 1: 100 m in situ soil moisture (x axis) compared with the 100 m resolution estimates of soil moisture
derived from the algorithm, for July 7th. A good agreement is seen between the algorithm estimated and in
situ estimates of soil moisture apart from the presence of some outliers.
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Figure 2: 100 m in situ soil moisture (x axis) compared with the 100 m resolution estimates of soil moisture
derived from the algorithm and from the radiometer for July 7th, with 30 outliers removed from the original
set of 260 points. Radiometer estimates at 100 m resolution are produced by assigning the 800 m resolution
radiometer retrieved soil moisture to each 100 m pixel within each field.

Conclusions and Discussions

In situ estimates of soil moisture at 800 m resolution were disaggregated to a resolution of 100 m. A root
mean square error of 0.07 volumetric soil moisture is obtained for July 7th and July 8th which is shown to
be the effect of a relatively few number of outliers. The error reduces to 0.04 volumetric when the outliers
are removed. The algorithm performs satisfactorily even though the formulation of the relationship between
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relative sensitivity and vegetation opacity was very simple. Future studies in this direction will aim at a better
parameterization of the sensitivity relationship with vegetation opacity, which will result in better accuracy
of soil moisture estimation using the presented algorithm. The simulation experiment done in this study to
analyze the performance of the algorithm under ideal conditions of low vegetation cover (0.5 – 1 kg / m2

vegetation water content) and over a longer time period indicates that the algorithm leads to estimation of soil
moisture at a higher resolution with a root mean square error of 0.002 volumetric or ∼ 0.5 % after time step
one and 0.05 volumetric or ∼ 10 % after time step 11. The algorithm seems to diverge at some discrete pixels
which can be rejected from the disaggregated soil moisture image or if considered they should not effect the
soil moisture estimation for the next time step. Hence, better strategies for handling error propagation will be
incorporated in the future. Radar retrievals of soil moisture using models that have been developed for bare
soils have acceptable estimation errors of less than ±4% when vegetation water content is less than about 0.5
kg / m2. Change detection and combined radar radiometer approaches allow the application of radar data to
soil moisture retrieval over surfaces with significant vegetation cover. A good temporal resolution is required for
such approaches as the requirement for such approaches is that the change soil moisture is the driving force for
change in radar and radiometer measurements and change in vegetation and surface roughness is not significant.
Hydro has a revisit rate of around 2 to 3 days which would make it ideally suited for such applications.

REFERENCES

1. Shukla, J. and Y. Mintz, “Influence of Land-Surface Evapo-Transpiration on the Earths Climate,” Science,
Vol. 215, No. 4539, 1498-1501, 1982.

2. Delworth, T. and S. Manabe, “The Influence of Potential Evaporation on the Variablities of the Simulated
Soil Wetness and Climate,” Journal of Climate, Vol. 1, 523 - 547, 1988.

3. Jackson, T. J., J. Schmugge, and E. T. Engman, “Remote Sensing Applications to Hydrology: Soil Moisture,”
Hydrological Sciences Journal-Journal Des Sciences Hydrologiques, Vol. 41, No. 4, 517-530, 1996.

4. Fennessy, M. J. and J. Shukla, “Impact of Initial Soil Wetness on Seasonal Atmospheric Prediction,” Journal
of Climate, Vol. 12, No. 11, 3167-3180, 1999.

5. Dirmeyer, P. A., F. J. Zeng, A. Ducharne, J. C. Morrill, and R. D. Koster, “The Sensitivity of Surface
Fluxes to Soil Water Content in Three Land Surface Schemes,” Journal of Hydrometeorology, Vol. 1, No. 2,
121-134, 2000.

6. Njoku, E. G. and D. Entekhabi, “Passive Microwave Remote Sensing of Soil Moisture,” Journal of Hydrology,
Vol. 184, No. 1-2, 101-129, 1996.

7. Ulaby, F. T., P. C. Dubois, and J. vanZyl, “Radar Mapping of Surface Soil Moisture,” Journal of Hydrology,
Vol. 184, No. 1-2, 57-84, 1996.

8. Schmugge, T. J., W. P. Kustas, J. C. Ritchie, T. J. Jackson, and A. Rango, “Remote Sensing in Hydrology,”
Advances in Water Resources, Vol. 25, No. 8-12, 1367-1385, 2002.

9. Owe, M., R. de Jeu, and J. Walker, “A Methodology for Surface Soil Moisture and Vegetation Optical
Depth Retrieval Using the Microwave Polarization Difference Index,” IEEE Transactions on Geoscience and
Remote Sensing, Vol. 39, No. 8, 1643-1654, 2001.

10. Njoku, E. G., T. J. Jackson, V. Lakshmi, T. K. Chan, and S. V. Nghiem, “Soil Moisture Retrieval from
AMSR-E,” IEEE Transactions on Geoscience and Remote Sensing, 2003, Vol. 41, No. 2, 215-229.

11. Wang, J. R., J. C. Shiue, T. J. Schmugge, and E. T. Engman, “The L-Band Pbmr Measurements of Surface
Soil-Moisture in Fife,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 28, No. 5, 906-914, 1990.

12. Schmugge, T., T. J. Jackson, W. P. Kustas, and J. R. Wang, “Passive Microwave Remote-Sensing of
Soil-Moisture - Results from Hapex, Fife and Monsoon-90,” Isprs Journal of Photogrammetry and Remote
Sensing, Vol. 47, Vol. 2-3, 127-143, 1992.

13. O’Neill, P. E. and N. Chauhan, “Use of Active and Passive Microwave Remote Sensing for Soil Moisture
Estimation Through Corn,” International Journal of Remote Sensing, Vol. 17, 1851-1865, 1996.

14. Jackson, T. J., D. M. Levine, C. T. Swift, T. J. Schmugge, and F. R. Schiebe, “Large-Area Mapping of Soil-
Moisture Using the Estar Passive Microwave Radiometer in Washita92,” Remote Sensing of Environment,
Vol. 54, No. 1, 27-37, 1995.

15. Voltz, M., “Spatial Variability of Soil Moisture Regimes at Different Scales: Implications in the Context of
Precision Agriculture,” in Precision Agriculture: Spatial and Temporal Variability of Environmental Quality,
Wiley Publishers, December 1997.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 127

16. Owe, M., A. A. Van de Griend, R. de Jeu, J. J. de Vries, E. Seyhan, and E. T. Engman, “Estimating
Soil Moisture from Satellite Microwave Observations: Past and Ongoing Projects, and Relevance to GCIP,”
Journal of Geophysical Research-Atmospheres, Vol. 104, No. D16, 19735-19742, 1999.

17. Dobson, M. C. and F. T. Ulaby, “Preliminary Evaluation of the Sir-B Response to Soil-Moisture, Surface-
Roughness, and Crop Canopy Cover,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 24, No.
4, 517-526, 1986.

18. Njoku, E. G., W. J. Wilson, S. H. Yueh, S. J. Dinardo, F. K. Li, T. J. Jackson, V. Lakshmi, and J. Bolten,
“Observations of Soil Moisture Using a Passive and Active Low-frequency Microwave Airborne Sensor during
SGP99,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 40, No. 12, 2659-2673, 2002.

19. Du, Y., F. T. Ulaby, and M. C. Dobson, “Sensitivity to Soil Moisture by Active and Passive Microwave
Sensors,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 38, No. 1, 105-114, 2000.

20. Ulaby, F. T., R. K. Moore, Adrian K. Fung, Microwave Remote Sensing: Active and Passive, Vol. II,
Norwood, MA: Artech House, 1986.

21. De Roo, R. D., Y. Du, F. T. Ulaby, and M. C. Dobson, “A Semi-Empirical Backscattering Model at L-Band
and C-Band for a Soybean Canopy with Soil Moisture Inversion,” IEEE Transactions on Geoscience and
Remote Sensing, Vol. 39, No. 4, 864-872, 2001.

22. Jackson, T. and T. J. Schmugge, “Vegetation Effects on the Microwave Emission of Soils,” Remote Sensing
of Environment, Vol. 36, No.3, 203-212, 1991.

23. Cosh, M., T. J. Jackson, R. Bindlish, and J. Prueger, “Watershed Scale Temporal Persistence of Soil
Moisture and Its Role in Validating Satellite Estimates,” Remote Sensing of Environment, Vol. 92, 427-435,
2004.

24. Limaye, A. S., W. L. Crosson, C. A. Laymon, and E. G. Njoku, “Land Cover-based Optimal Deconvolution
of PALS L-band Microwave Brightness Temperatures,” Remote Sensing of Environment, Vol. 92, 497-506,
2004.

25. Narayan, U., V. Lakshmi, and E. G. Njoku, “Retrieval of Soil Moisture from Passive and Active L/S Band
Sensor (PALS) Observations during the Soil Moisture Experiment in 2002 (SMEX02),” Remote Sensing of
Environment, Vol. 92, No. 4, 483-496, 2004.

26. Gao, B. C., “NDWI - A Normalized Difference Water Index for Remote Sensing of Vegetation Liquid Water
from Space,” Remote Sensing of the Environment, 58, 257-266, 1996.

27. Jackson, T. J., D. Chen, M. Cosh, F. Li, M. Anderson, C. Walthall, P. Doraiswamy, and E. Hunt, “Vegetation
Water Content Mapping Using Landsat Data Derived Normalized Difference Water Index for Corn and
Soybeans,” Remote Sensing of Environment, Vol. 92, No. 4, 475-482, 2004.

28. Wilson, W. J., S. H. Yueh, S. J. Dinardo, S. L. Chazanoff, A. Kitiyakara, F. K. Li, and Y. Rahmat-
Samii, “Passive Active L- and S-band (PALS) Microwave Sensor for Ocean Salinity and Soil Moisture
Measurements,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 39, No. 5, 1039-1048, 2001.



128 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Free-Space Electromagnetic Characterization of
Materials for Microwave and Radar Applications
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Abstract

Characterization of the electrical material properties εr, µr and tan δ is of prime importance for all microwave
and antenna design applications. Experimental “S” parameters in wide frequency band are used. Problem
related to the calibration elements, calibration references planes and the thickness samples (d) are reported.
Problem of calibration can be avoided by using noncontact free space electromagnetic characterization based on
the measurement of the insertion transfer function. This method allows spatial correction of the experimental
set-up. Problem of the sample thickness (d) is essentially due to the existence of multiple solutions when
solving the set of basis equations with S21, S11, εr and µr. This is the principal reason why some algorithms
give spurious solutions or didn’t converge. In this work, we developed a method combining several solutions
suggested otherwise based on:

- Free-space electromagnetic characterization associated with an adapted wave-guide LRL (“line-reflect-
line”) calibration method in the 8-12GHz X band range,

- Insertion mode to correct spatial dependence of the transfer function (S21),

- An electrical E-wall to correct the phase of the reflection parameter (S11),

- A supplementary criterion on loss material is used to obtain a unique solution.

We have experimentally characterized a 50mm thick dielectric material and extracted its relative permittivity
in the X band. The obtained results are in excellent agreement with the known value.

Introduction

Recently, there has been intensive research effort in the design, fabrication and characterization of meta
materials. These complex materials exhibit new properties which lead to new potential applications in microwave
and radar area, increasing at the same time the necessity to develop efficient methods for characterizing these
materials. Noncontact free space electromagnetic characterization is well appropriate for such materials. In
this paper we present a characterization methods for determining the dielectric properties of materials in the X
band frequency range. In order to validate this approach, low loss homogenous dielectric materials with different
thickness and different permittivity are studied. In section 1, we present the developed algorithms and their
validation. In section 2 we present the experimental results.

Developed Algorithms

Figure 1: Multi solutions of equa-
tion (1)

Figure 1 shows at least two minimums for the equation (1) solutions of
the permittivity ε∗r = (εr−jε′r) of the studied material. In equation (1) the
S21 parameter is related to the permittivity, the frequency and the sample
thickness. For a fixed frequency, existence of multiple solutions is pointed
out to be attributed to the rotation of the phase and the increase of the
loss coefficient X=e−2αd as a function of εr and ε′r. As a consequence,
all the solutions where |X | ≪ 1 and |X | > 1 must be eliminated. The
following criteria: 0.95 < X ≤ 1 which is naturally available for low loss
material is used and the convergence of the iteration process is excellent:
the solution is unique.

S21 =
(1 − Γ2)Z

1− Γ2Z2
[1− 4] (1)
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Z = exp(−γd) = exp

(
− j ω

c

√
ε∗r × µ∗

rd

)

ε∗r = (εr − jε′r)
µ∗
r = (µr − jµ′

r)
Γ : Reflection coefficient

To exploit the data measurement (see section 2), we developed two numerical algorithms codes using theo-
retical formulas reported in [2] and [4] using Sij parameters. The first algorithm uses the S21 (transmission) and
the S11 (reflection) parameters (see [4]). Against all attempt [5] this algorithm is convergent on low frequency
range and give a good value for εr. The algorithm gives spurious ill values as soon as the phase rotates with
frequency. This is clearly shown by the electromagnetic simulations. Figure 2 shows an example where the
convergence is excellent: the phase is monotonous. In contrast, Fig. 3 shows an ill solution due to the phase
rotation.

Figure 2: A good convergence of [4] method; the phase is monotonous

Figure 3: As soon as the phase rotates, ill solution is given

The second algorithm uses only the forward transfer parameter S21 (equations 1 and 2) using the insertion
procedure developed by [2, 3]. Again the solution is multiple and the use of the above criteria for very low
loss material (0.95 < X ≤ 1, X = e−2αd) gives an excellent convergence. Figures 4a to 4f show the results
of the εr extraction with data obtained using HFSS (Ansoft) 3D Electromagnetic simulator. The simulations
are performed on low loss homogenous dielectric materials with different thickness (d= 0.1mm to 50mm) and
different permittivity (2 to 12). These results are a validation of our method and now we can apply it for our
measurements.

µ∗
r = 1 γ = jω

√
ε0µ0εr(

√
(1− jε′r/εr)) = jω

√
ε0µ0(εr − jε′r))

γ = (α + jβ) = jω(
√
ε0µ0ε∗r) = j

ω

c

√
εr ×

√
1− jε′r/εr





reste = (tan((β0d)− phi)− tan(βd)×
((

1−QX
1 +QX

))

if (reste > −0.05)&(reste < 0.05)
[2] (2)
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Figure 4: Recovered permittivity (εr) from simulation data∗ performed on HFSS Electromagnetic 3D Simulator

β0 = ω
√
ε0µ0 βr = ω

√
ε0µ0 ×

√
εr X = e−2αd Q = −

(√
εr − 1√
εr + 1

)2

[2] (2)

Figure 5: Extracted permittivity from measured S parameters for different frequency: 8, 10.3, 11.75 and 12

GHz Echantil.:d=50mm, nominal dielectric εr =
√

10
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Experimental Results

The experimental characterization of our samples was performed in a noncontact free-space electromagnetic
focused beam setup using an ANRITSU 373XXA network analyser. Associated wave-guide LRL (“line - reflect
- line”) calibration method is applied in the X- band frequency range (8-12 GHz).

The measures are done using the insertion procedure developed by [2, 3] where the measure is made in
absence then in the presence of the sample. For each frequency, a subtraction of the dB magnitude and angle
of the S21 parameters is calculated in order to obtain a spatial correction of the measurements. The S11 phase
is also corrected using an electrical wall reference plane calibration. This plane is a low impedance metallic
surface which gives a perfect reflection.

In order to verify the validity of the calibration procedure, two samples with known properties (Epoxy,
“Echantil.”) are characterized. Fig.5 shows the experimental results with the sample “Echantil.” which has a
thickness of d=50mm and a nominal dielectric permittivity εr =

√
10. The measured permittivity is 3.379 at

Figure 6: Experimental recovered permittivity εr versus frequency (X band) Echantil.:d=50mm, nominal

dielectric εr =
√

10

8GHz, 3.16 at 10.3GHz, 3.2 at 11.75GHz and 3.52 at 12GHz. Fig.6 shows the εr variation with frequency. The
mean value of the measured permittivity is < εr >= 3.4. The results obtained with a d=2mm Epoxy substrate
show a strong variation of the permittivity with frequency: εr=2.7 at 9GHz, 3.7 at 10GHz, 4 at 11.1GHz (Fig.7),
4.6 at 11.5GHz (Fig.7) and 7.7 at 12GHz. This substrate which presents an important dielectric loss is never
used for so high frequency.

Figure 7: A recovered permittivity for d=2mm Epoxy dielectric measured at f=11.1GHz and f=11.5GHz

Conclusion

A free space Electromagnetic characterization method is developed for determining the dielectric properties of
low loss homogeneous material in the X band frequency range. Simulation data from HFSS Electromagnetic 3D
simulator are used to validate the developed algorithms. Existence of multiple solutions of the basis equations
seems to be associated to the phase rotation when the frequency (or the sample thickness) increases. In
our knowledge, this is the main delimiting factor of the [4] method. The experimental setup and calibration
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procedure are used to measure the “S” parameters of samples with known properties. The experimental results
are in excellent agreement with the attempt results. Actually simulation data obtained on complex material are
under study to retrieve the effective permittivity.
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A New Design for Terahertz Photonic Crystal Fiber
Using the Finite-Difference Time-domain Method
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Abstract

With unsplit anisotropic perfectly matched layer (APML) for the boundary treatment, a new design for
terahertz photonic crystal fiber (PCF) by using the finite-difference time-domain (FDTD) method is present.
Electromagnetic fields of guided mode and transmission spectrum in PCFs are computed.

Introduction

The terahertz (THz) frequency range (0.1THz ∼ 10THz) that lies between microwave and infrared light, has
received much attention, containing many characteristic resonances, such as cooper pairs, excition and donor
binding energy. With the progress in sources and receivers of THz waves, much interest has been generated
in propagation properties of the waves. There are two methods to transmit THz waves, namely, quasi-optical
approach and guided-wave approach. Many THz waveguides such as metal circular [1], sapphire fiber [2], plastic
ribbon waveguide [3], metal wire [4] and photonic crystal [5,6] have been reported.

On the other hand, photonic crystal fiber is a kind of very useful waveguide, in which a single defect is
introduced into a two-dimensional photonic crystal, and the light is guided through the defect [7]. According to
the light guided mechanisms of PCFs, they can be divided into two general categories, i.e. the photonic band
gap (PBG) and the total internal reflection (TIR) PCFs.

Because of long wavelength of THz radiation, it is not difficult to construct THz PCF as new kinds of THz
waveguide. Some teams have reported their work on THz PCFs [8,9], which are fabricated by materials with low
loss in THz frequency range, such as polyethylene and Teflon tubes. In this paper, several PCFs with different
lengths are computed for comparison, but the distance between the nearest air holes and the area of the air
holes in these PCFs are same. These two physical fators are very important for the design which dicide the
transmission spectrum and guided mode of THz waves in this structure. According to the design the PCFs will
be constructed by low loss materials in future.

Numerical Methods

1.1 FDTD Time-stepping Formulas

The FDTD is to derive the discretization of Maxwell’s equations by difference with the electromagnetic
distribution of the Yee space cell [10]. The electric field and magnetic field are computed in desired space by
using leapfrog for time derivatives. The FDTD approximations to the fields Hx and Ex obtained from Maxwell’s
equations in computational domain, are given in [10]. The FDTD approximations to other field components
can be obtained in a similar manner. Once necessary information at each space grid point, such as permittivity,
permeability, conductivity and the initial distribution of the source fields, the time evolution of the fields can
be obtained by these time-stepping formulas.

1.2 Numerical Stability and Boundary Condition

The numerical stability of the FDTD time-stepping formulas can be ensured when the following condition
is satisfied [11]

∆t ≤ 1

c
√

∆x−2 + ∆y−2 + ∆z−2
(1)

where c is the speed of the light.
It is necessary to truncate the FDTD space grid at the boundaries of the computational domain for a finite-

sized calculation, so the unsplit APML method is applied. In the APML[12], Maxwell’s curl equations are
expressed as

∇× ~H = jωε0εr ¯̄ε · ~E (2)
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∇× ~E = −jωµ0 ¯̄µ · ~H (3)

Where the coefficient tensors

¯̄ε = ¯̄µ =




SySz

Sx
0 0

0 SxSz

Sy
0

0 0
SxSy

Sz


 (4)

Sx = 1 + σx

jωε0

Sy = 1 +
σy

jωε0

Sz = 1 + σz

jωε0

(5)

Where σx, σy and σz are the conductivities of APML region along the x-, y- and z-direction, respectively.
Empirically, the APML conductivities σx, σy and σz to vary spatially along x-, y- and z-direction is chosen as
follow[13]

σv = σmax
|i− i0|n
NAPML

i = 0, 0.5, 1, ..., NAPML and v = x, y or z (6)

Where NAPML is the number of cells in the APML region; n, the order of polynomial variation, is set to be 3 or
4 in the applications; i0 denotes the starting grid index of the APML; and σmax is an empirical constant which
depends upon the size of the spatial discretization, ∆v in the APML region. Here σmax is chosen as following
[14]

σmax ≈
n+ 1

15 ·NAPML · π∆v
√
εr

(7)

The APML is usually hard terminated with a PEC (perfect electric conductor) wall at the outermost
boundary and it can be easily implemented by enforcing the tangential electric field components and normal
magnetic field components to be zero on the wall.

Numerical Example

In this paper a new type of THz-PCF based on TIR is designed and shown in Fig.1. The white parts are

Figure 1: Transverse cross-section of photonic crystal
fiber

Figure 2: Electric field distribution in cross-section.

air holes, and the dielectric constant of the black part is assumed to be 2.25 in THz region. The diameter d
of the air holes is 0.8Λ, which denotes the distance between the nearest air holes. There are ten layer APML
used to truncate the FDTD space grid. A total of 102,400 (320∗320) mesh points are used in a cross-section,
and total number of time steps is 20,000. According to the field distribution of the guided mode at 0.62 THz
at the output cross-section in Fig.2, THz field is confined to the core. It is implied that THz wave can be easily
controlled in this kind of PCF.
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Figure 3: Transfer spectra of THz pulses: curves 1∼5 are transfer spectra of transmitted pulses in PCF at the
lengths of 1, 1.5, 2.5, 3.5 and 6 mm, respectively. Inset shows amplitude spectrum of input pulse.

Figure 4: Length dependence of pulse average inten-
sity (1) and intensity at 0.62 THz (2) in PCF.

Figure 5: Calculated pulses after propagating
through a 2.5 mm-long photonic crystal fiber.

The amplitude transfer spectra of pulse and normalized transmitted intensity of THz field in the PCF at
different lengths are calculated and shown in Fig.3 and Fig.4, respectively. According to Fig.3, the high frequency
cut-off can be observed, and the peak position of transfer spectra moves to 0.62 THz with the length of PCF
increasing. It is implied that this PCF fits for propagation of electromagnetic wave around the frequency of 0.6
THz. As shown in Fig.4, the intensity at 0.62 THz decreases with PCF length more slowly than the average
intensity. The waveguide dispersion becomes stronger with PCF length changing. Figure 5 demonstrates the
strong group-velocity dispersion of the PCF, through which the input pulse has been stretched to ∼ 22ps. New
study on PCF structures for THz waves with higher frequency and to reduce dispersion in wave propagation
are in progress.

Conclusion

We have demonstrated the calculation of the THz wave propagation in PCFs with different lengths. The PCF
is a good kind of waveguide for THz wave and it is possible to fabricated longer PCF for practical application.
THz PCF which is based on the PBG will be reported in future papers.
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Abstract

This article briefly reviews broadband design techniques in dielectric resonator antennas (DRAs). The
attentions focus on a type of DRAs that can offer multi-resonant frequencies and these frequencies can be
mergered into a broad band.

Index Terms - dielectric resonator antenna, broadband, multi-frequencies.1

I. Introduction

Dielectric resonator antennas (DRAs) have attracted broad attentions in various applications due to their
attractive features in terms of high radiation efficiency, light weight, small size and low profile [1]-[4]. Over
last decades, various bandwidth enhancement techniques have been developed for DRAs. An overview on these
techniques has also reported in [4], where these techniques were classified into three broad categories: Lowering
the inherent Q -factor of the resonator; using external matching networks; and combine multiple dielectric
resonators.

In this article, recent broadband designs of dielectric resonator antennas (DRAs) are briefly reviewed. The
attentions are focused on a type of DRAs that can offer multi- resonance frequencies and these frequencies
can be mergered into a broad band. In order to effctively review design techniques, DRAs in this article are
also categorized into three types, but unlike in [4], DRAs here are classed in terms of their components, such
as a single DRA, multi-DRAs and a hybrid DR with other resonators, respectively. Especially for the hybrid
resonator structures, they were not mentioned in [4] for they are newly developed. By using the present way,
this article is expected to offer antenna designers more direct design choice and guidance. In order to achieve
the above objective, this article first overviews several special features of DRAs showing their mechanism and
potentials of multi-frequencies, and further broadband operation, and then a survey and a collection of several
scattered papers are presented , and finally discussions and conclusions are given.

II. Advantages of DRA

DRAs have many attractive features that can provide aborad design flexibility in multi- frequency or further
broadband operation. These features mainly include the followings:

1) A DRA is a resonance structure, various modes can be excited and each mode has its radiation charac-
teristics depended on its shape, dielectric material and feed structure. For example, as shown in Fig. 1, the
TE01δ mode of an isolated cylindrical resonator radiates like a magnetic dipole oriented along its axis and the
TE01δ mode radiates like an axial electric dipole. This gives a clue that a DR with a slot feed may result in a
hybrid structure.

Figure 1: Nature of radiation of different modes of an isolated cylindrical DR.
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2) A DRA can be excited by various feeds, such as probes, slot, microstriplines, dielectric image guides,
coplanar lines and waveguide slot. These excitation methods can accommodate a variety of design restrictions
or requirements.

Figure 2: Some geometries used in dielectric resonator antennas.

3) A DRA can be fabricated in various shapes, as shown in Fig. 2 , they may be rectangular, cylindrical,
hemispherical, etc., which allows more flexibility in antenna design.

4) A wide range of permittivity values can be used ( from about 6 to 100). With the above characteristics,
broadband design of DRAs become possible.

The next section summaries current broadband design techniques in terms of a single DRA, multi-DRAs
and hybrid DR with other resonators. With this clue, several examples are also presented with addressing their
advantages and disadvantages.

III. Broadband Design of DRAs

3.1. A Single DRA

A single DRA is here defined as one DRA made of only a kind of dielectric material but with various shapes.
In order to feed a single DRA to operate at dual or multi- frequencies, and further to be mergered into a
broadband, one must let it be excited at least at two different modes by using suitable DR geometries. With
referring to various geometries, one approach is to remove portions from a regular shaped DRA [2]. Another
approach is to modify geometry so as to obtain various shapes, such as a truncated tetrahedron [5], spilt
cylinder [6]. The above approaches mainly concerning DRA geometries have some advantages. For example,
these approaches can keep DRA in a single volume and compact size. Thus the modified geometries have more
design parameters, better performance can be obtained by optimizing these parameters. However, since the
excited modes are very sensitive to the dimensions of the DRA, more design parameters may also increase
difficulty in designs. In addition, due to the high hardness of DRA materials, re-shaping geometry of a DRA
is not easy in fabrication. Recently a simple cylindrical DR provides broadband operation by mergering two
different modes in a mode family [7], it has a simple shape and a single volume but it needs very precise
dimensions that leads to dual modes in a mode family, which increases significantly the difficulty in simulations
and fabrications.

3.2. Two or Multi- Dielectric Resonators

Two or multi- resonators are defined as those having different sizes with the same or different dielectric
materials, they may be loaded or separated from each other. The excited modes in the resonators may be the
same or not. For the same modes, the corresponding radiation performances have a good agreement. For the
different modes, similar patterns can also be obtained after choosing suitable parameters.

With the above approach, an earlier design is a pair of slot coupled-DRAs [8]. The proposed structure
consists of two rectangular dielectric resonators that are displaced near the two edges of a single slot on a
ground plane. Since the two DRAs have the same shape and material but the different sizes, it may be possible
to get the same resonance modes but with the different resonance frequencies. The advantage of this approach
is that each resonator can be tuned more or less-independently, allowing for a great deal of design flexibility, this
reduces the complexity in a trial design. The disadvantage lies in the added real-state required, which increases
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the size of antenna and may preclude some of these configurations from being used in an array environment.
There is also one alternative approach proposed for the combination of two dielectric resonators together as if
one resonator is loading the other one. For example, a dielectric resonator is stacked on the top of the other
[9]-[12], or a smaller size dielectric resonator is inserted into another lager size dielectric resonator [13], [14] In
this approach, the combined two dielectric resonators can usually operate at the same modes or at the different
modes.
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Figure 3: A hybrid resonator antenna consisting of a pair of dielectric resonators and a radiating T-shaped strip.

Although these approaches represent efficient solutions for getting compact size, there are however certain
drawbacks. For instance, they require a composite structure, which can result in more difficult in independently
tuning of each frequency. In addition, due to the high hardness of dielectric materials, it is not easy to re-shape
DRAs. Since they require additional real-estate, the increased insertion loss and the degraded radiation eciency
may be occurred.
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3.3. Hybrid Dielectric Resonator with Other Resonators

A types of antennas is considered as the combination of a dielectric resonator with other resonators, such
as a microstrip patch, a slot, and individual radiator in the hybrid structure are designed to radiate at two
separated bands. If the two bands are close to each other, a hybrid resonator can offer broadband operation.
This technique is previously employed in aperture coupled microstrip antennas [15], [16].

Recently hybrid resonator antenna techniques have also been used in dielectric resonator antennas, such as
a dielectric-resonator-on-patch antenna [17]. In this structure, the power coupling from the microstrip line to
the two radiators requires two layer substrates, which increases the size and the complexity of the antenna.
Other alternative designs were carried out by using the combination of a dielectric resonator with a strip or a
slot radiator. The most improvement for these designs is that the structures use only a substrate layer. For
instance, a CPW feed T-shaped strip is used to feed a pair of rectangular DRAs as shown in Fig. 3 [18] or a
microstrip fed rectangular slot is employed to feed a rectangular slot [19]. Although the proposed antenna in
[19] displays high front-back ratio and asymmetry in the E- plane radiation patterns from both the DR and the
slot, further improvements may be obtained by designing the slot to resonate at the upper frequency band, and
the DR and the slot are excited at their centers.

Hybrid resonator antennas have advantages in terms of low profile and compact size, but usually due to
interactions among resonators, the expected resonance frequencies for individual resonance component require
more cut and trial processes in simulations and measurements.

IV. Discussion and Conclusion

A review on broadband DRA techniques is briefly presented in this article. These bandwidth enhancement
techniques are based on multi-frequency resonance and they are classified into three categories according to their
physical structures: a single DR, multi-DRs and a hybrid resonator with other resonators. Since broadband
DRA designs have been being a current topic, and a lot of interest have been reported through paper work
from many researchers, it is impossible to collect all these papers. However, based on our search available
techniques nowadays can be fell into the above three categories. Therefore, the bandwidth enhancement tech-
niques mentioned in this article can offer antenna designers wide choice flexibility and design guidance for the
implementation of broadband DRAs.
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The High-Mode-Merging Technique for Dielectric
Waveguides
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Abstract

The mode-matching method and transverse resonance technique for dielectric waveguides was developed in
60s-70s last century [1]. After that, there are only few attentions were paid. But it may be an effective method.
Now a derived method -high-mode-merging method is approached. According to the strict mode-matching
method of the solution electromagnetism field, we got a kind of the equivalent network that can express the
characteristic of the dominant mode mainly, but in which the influence of high modes are considered if they are
excited. Thus it guarantees strictness of originally theoretical and simplified the calculation consumedly.

1. Introduction

Along with the development of integrated optics and millimeter wave integrated circuit, the research of
opening dielectric waveguide also becomes more and more important [1−4]. A very widely applied type is ridge
wave-guide as shown in figure 1. And the analysis of it can be a basis of treatment for more complicated systems.

Figure 1: The cross-section of a rectangular strip
dielectric waveguide.

Figure 2: Profile of a step dielectric discontinuity.

There are many methods to analyze the characteristic of the waveguide. A strict one is the so-called mode-
matching method[3]. The foundation of this method is based on the analytical discontinuity dielectric structure
between two infinite parallel metal planes (figure 2), the bottom one of which, is a substrate of the dielectric
layer, it also provides the convenience for building up the theories; the top one is where the requirement of the
strictness for of theory. With this method, we can consider not only the coupling between higher modes and
dominant mode is needed, also between TE mode and TM mode. Thus this theory is a strict one. But this is a
problem of multi- port network and a great deal of matrix calculation is needed. However, under the condition
of practice, we are usually just interested in the behavior of the dominant mode (surface wave). If the influence
of the higher mode isn’t considered completely, corresponding method is the so-called equivalent dielectric
constant method (EDC-method), that is an approximate method. If we still need to consider the influence
of higher modes to dominant mode, but don’t need to know the detail of it, we can make some appropriate
processing and change the multi-port network into a new effective two port network that is simple, upon the
basic mode. The influence of the higher modes to dominate mode contributes to the parameter matrix of the
network. After that, a corresponding equivalent circuit can be introduced, it may be more familiar to microwave
engineers. To do this, the physical meanings are more succinct, and simplify the calculation considerably. But
we’ll do this later.

2. Theory

Mode merging method is a simplified one which is developed based on the mode matching method, As we’ve
known, an uniform multi-layer dielectric structure (waveguide) can be treated as a transmission line, in such
a system, the single mode waves can propagate independently. If a discontinuity exists, there may be lots of
high modes to be excited. For the most simple case, we can consider a step discontinuity structure, it can be
treated as a multi-port network, each port of which connects with a transmission line, each of them represents
a mode of waves, of voltage or current, or correspondingly electric or magnetic fields, and, if the waves incident
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normally (parallel to the dielectric layer, x-direction), then there is no coupling between the TE modes and the
TM modes, and it can be treated separately.

Figure 3: The multi-port network correspond-
ing to a step dielectric discontinuity.

According to the mode theory, for each mode, the spacial
distribution of electric and magnetic field components can be
denoted as the product of two single variable factors. One is
x, for electric field and magnetic field it is denoted by V and I
respectively, which satisfy the transmission line equation:

dV (x)

dx
= −jkxZI(x) (1a)

dI(x)

dx
= −jkxY V (x) (1b)

where kx is the propagation wave number in X-direction and is
the same for different layers, but different for different regions,
and, can be got by transverse resonance technique. Z and Y
are the characteristic impedance and admittance in X-direction
respectively, we have Z = 1/Y . Another factor is a function of
y, which sometimes is called mode functions and is the solution
of Sturm-Liouville equation:

[
d

dy
p(y)

d

dy
+ q(y)]Φn(y) = k2

nw(y)Φn(y) (2)

with boundary condition
Φn(0) = Φn(h) = 0 for TE mode (3a)

Φ′
n(0) = Φ′

n(h) = 0 for TM mode (3b)

and

p(y) = w(y) = 〈 1 for TE mode
1/ε(y) for TM mode

(4a)

q(y) = 〈 k
2
0ε(y) for TE mode
k2
0 for TM mode

(4b)

For an uniform multiple dielectric layer system

ε(y) = 〈 ε0 t ≤ y ≤ h
ε0εf 0 ≤ y ≤ t (5)

ε0 denotes the permittivity of free space, εf is the relative dielectric constant for the medium layer, t may be
different for different regions. And we can get infinite number of solutions of (2), one solution corresponds one
mode. It can propagate independently. As it meets a discontinuity, say, step discontinuity (see fig. 2), lots of
higher modes are excited, both in transmission and reflected waves even the incident wave is only a dominant
surface mode wave, when it propagates the along the x-direction, there is no coupling between TE and TM
modes,here, transverse is with respect to Y . Then we can treat them separately, but the procedure is the same.
Total field, for electric and magnetic, must match at the discontinuity, x=0. The value of V and I at x=0, for
dominant and high modes are denoted as V0, V1 · · · , and I0, I1, · · · in region I respectively, and V̄0, V̄1 · · · , and
Ī0, Ī1, · · · in region II correspondingly.

According to the orthonormality of eigenfunctions of Sturm-Lioville equation, it is led to [1]

V = QV̄ (6a)

I = P Ī (6b)

where

V =




V0

V1

V2

Vn



, V̄ =




V̄0

V̄1

V̄2

V̄n




(7)
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I =




I0
I1
I2

In



, Ī =




Ī0
Ī1
Ī2

Īn




(8)

For both TE and TM mode separately, Q, P are matrix, elements of which are:

Qmn = Pmn = 〈φm‖φ̄n〉 =

∫ h

0

φmφ̄ndy for TE mode (9)

Qmn =
〈
φm

∣∣∣ 1
ε̄(y)

∣∣∣
∣∣φ̄n

〉
=
∫ h
0 φm

1
ε̄(y) φ̄ndy

Pmn =
〈
φm

∣∣∣ 1
ε(y)

∣∣∣
∣∣φ̄n

〉
=
∫ h
0
φm

1
ε(y) φ̄ndy

(for TM-mode) (10)

(m = 0, 1, 2, . . . ...), φm and φ̄n are the mode-functions for two regions respectively. Now, (6a) and (6b) can be
expanded into the component form, and among them the equations and the terms for dominant mode can be
separated specially:

V0 = Q00V̄0 +
∞∑

n=1

Q0nV̄n (11a)

Vm = Qm0V̄0 +

∞∑

n=1

QmnV̄n (11b)

I0 = P00Ī0 +

∞∑

n=1

P0nĪn (11c)

Im = Pm0Ī0 +
∞∑

n=1

PmnĪn (11d)

(m = 1, 2, . . . .). Then, the step discontinuity can be seen as a network, which connects infinite number of
transmission lines, which are uniform and infinitely long (fig 3).

We assume the incident wave is of dominant mode, and along x-axis, for all high modes we have

Vm = −ZmIm (12a)

V̄m = Z̄mĪm (12b)

where Zm and Z̄m are characteristic impedance of m-th mode in region I and II respectively. Substituting
(12a), (12b) and (11d) into (11d)we get

∞∑

n=1

(ZmPmn +QmnZ̄n)Īn = −QmoV̄0 − ZmPm0Īo (13)

Define matrix A as Amn = ZmPmn +QmnZ̄n (14)

Z=




Z1

Z2 0
. . .

0 Zn
. . .



Z̄=




Z̄1

Z̄2 0
. . .

0 Z̄n
. . .




(15)

A = Z P +Q Z̄ (14’)

AĪ = −Q0V̄0 − ZP0Ī0 (13’)
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Q0 =




Q10

Q20

...
Qm0

...




, P0 =




P10

P20

...
Pm0

...




Ī = −A−1Q0V̄0 −A−1ZP0Ī0 (13”)

We get
(−

∞∑

n,m=1

P0n(A−1)nmQm0)V̄0 = I0 − (P−
00

∞∑

n,m=1

P0n(A−1)nmZmPm0)Ī0 (16)

it can be rewritten for short as V̄0 = (
1

H
)I0 + (

G

H
)(−Ī)

0 (16’)

where
H ≡ −

∞∑

n,m=1

P0n(A−1)nmQm0 (17a)

G ≡ P−
00

∞∑

n,m=1

P0n(A−1)nmZmPm0 (17b)

By means of a similar procedure, it also can be led to that

V0 = FV̄0 − EĪ0 (18)

where
F ≡ Q00 −

∞∑

n,m=1

Q0nZ̄n(A
−1)nmQm0 (17c)

E ≡
∞∑

n,m=1

Q0nZ̄n(A
−1)nmZmPm0 (17d)

Using (16’), (18) becomes
V0 = (

F

H
)I0 + (E +

FG

H
)(−Ī0) (18’)

Combine (16’) and (18’), a matrix equation
[
V0

V̄0

]
= Z

[
I0
−Ī0

]
(19)

can be obtained then where

Z =

(
Z11 Z12

Z21 Z22

)
with Z11 =

F

H
,Z12 = E +

FG

H
,Z21 =

1

H
,Z22 =

G

H

Figure 4: The 2- port network in which influence
of high modes has been involved.

That makes us can treat a step discontinuity as a 2-port
network with which 2 transmission lines connect, on which
waves of dominant mode propagating mainly, but the influ-
ence of high modes is involved in (see fig 4).

Actually, such a network is a virtue one there is no any
extra so-called incommutative material be involved then we
should have

Z12 = Z21 (20)

therefore FG+HE = 1 (21)

which can be used for check the intermediate results. The whole theory stated above is true for both TE mode
and TM mode, the total difference is in matrix elements.

3. Numerical Examples

Table 1 shows the parameters of some step discontinuities structure to which we did the corresponding
calculations. And Table 2 gives some numerical results.
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Table 1: Parameters of structures. The dimensions are normalized to the wavelength in free space, λ0.

Structure
Dimension∗

h t1 t2 εf
A 2.30 0.20 0.10 12.0
B 2.30 0.35 0.25 2.56

Table 2: Some numerical results.

Struc-
ture

Type
of
mode

Number
of
high
modes

Normalized∗ parameters of the Z -matrix Reflectance
Coefficient∗∗

Transmission
Coefficient∗∗

Radiation
lose∗∗

z11 z12 z21 z22

A TE 32 0.0971
+j7.9486

0.0922
+j7.9866

0.0923
+j7.9910

0.0906
+j8.0449

0.2887
∠9.409◦

0.2890
∠0.0◦

0.9543
∠0.746◦

0.9573
∠0.0◦

0.00609

0.0

A TM 48 15.9375-
j297.4812

13.002-
j242.3411

13.7134-
j242.3367

11.8125-
j210.4032

0.4689
∠−66.030◦

0.4805
∠180.0◦

0.8773
∠2.733◦

0.8770
∠0.0◦

0.0106

0.0

B TE 32 41.1198
+j18.4143

41.116
+j18.3914

41.1200
+j18.3925

41.1434
+j18.3742

0.0817
∠4.941◦

0.0774
∠0.0◦

0.9737
∠0.070◦

0.9970
∠0.0◦

0.0453

0.0

B TM 32 6.8083-
j305.9519

6.5825-
j294.4585

6.5818-
j294.4224

6.3650-
j283.3780

0.2490
∠−41.900◦

0.2506
∠180.0◦

0.9680
∠0.198◦

0.9682
∠0.0◦

0.00134

0.0

∗Normalized to the characteristic impedance of free space.
∗∗The quantities under lines are of the EDC-method for comparing.

Acknowledgement

This work is supported by foundation of Southwest Jiaotong University, grant no: 2004B05.

REFERENCES

1. Peng, S. T. and A. A. Oliner, “Guidance and Leakage Properties of a Class of Open Dielectric Waveguides:
Part I—Mathematical Formulations,” IEEE on Trans. on MTT, Vol. MTT-29, No. 3, 785-794, 1981.

2. Sheng, Kemin and Ziyuan Shen, “An Equivalent Network and an Equivalent Circuit for a Dielectric Step
Structure,” Journal of Southwest Jiaotong University, No. 2, 83-91, 1995(in Chinese).

3. Mclevige, W. V., T. Itoh and R. Mittra, “New Waveguide Structures for Millimeter-wave and Optical
Integrated Circuits,” IEEE on Trans. on MTT, Vol. MTT-23, 788-794 ,1975.

4. Li, Wei-hua and Shan-jia Xu, “Network Analysis of the Dispersion Characteristics for Various Dielectric
Waveguides,” Journal of China University of Science and Technology, Vol. 30, No. 1, Feb. 2000(in Chinese).



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 147

Propagation Characteristics of Confocal Elliptical
Coaxial Lines Filled with Multilayered Media

Tianxin Xiong1,2 and Rugui Yang1

1 Southwest Jiaotong University, China
2 Sichuan Normal University, China

Abstract

By using the method of separation of variables in the elliptical coordinate system, a recursive formula for the
electromagnetic fields in a confocal elliptical coaxial line filled with multilayered homogeneous isotropic mediums
is derived; and the eigenequation is given in this paper. When the confocal elliptical coaxial line becomes
circular coaxial line, the fields and the eigenequation for the circular coaxial line can be carried out from the
eigenequation of the confocal elliptical coaxial line using the asymptotic formulae of Mathieu and the modified
Mathieu functions with a large radial variable in elliptical system. The results show that the eigenequation of a
circular coaxial line filled with multilayered media can be treated as a special case of a confocal elliptical coaxial
line. In addition, some numerical examples will reveal the influence of the permittivity and the permeability of
the media in the confocal elliptical coaxial line on the propagation characteristics.

1. Introduction

The elliptical waveguides has a wide area of applications, such as radar feed line, multiplex communication,
electron accelerator, microwave heater and dual-mode filter. In 1938, Chu [1] first created the theory of the
transmission theory of the electromagnetic waves in elliptical waveguide. The six cutoff frequencies of wave
modes were calculated. From then on, more attention was paid to the elliptical waveguide. In 1960, Valenzuela
[2] calculated the impedance of the elliptical waveguide for the eH1 mode. In 1962, Yeh [3] gave the eigenfunctions
of eHEmn and oHEmn modes in the elliptical waveguide filled with dielectric, calculated the characteristic roots
of two dominant waves for the different eccentricities of waveguides and the permittivities of the filled media,
and compared the measured data of guide wavelength with the theoretical results for the two dominant wave
modes, It showed that they were in very good agreement. In 1980, elliptical dielectric waveguide was investigated
by Rengarajan, et al once again [4]. The electromagnetic fields in an elliptical waveguide filled with different
dielectrics and the propagation characteristics of eHEmn and oHEmn modes were discussed. Specifically, in
1970s Kretzschmar pointed out the Chu’s error for the TM 01 mode fields and corrected the plots of Chu’s
configuration [5–8]. Since Chu’s expansion of Mathieu function is not valid unless ξ is large, Falciasecca et
al solved this problem [8–11]. Thereafter, several persons computed the eigenmode sequence for an elliptical
waveguide with arbitrary eccentricity by using different computing methods. Their results were consistent with
each other [12–14]. In 2000, Navarro et al researched on the confocal elliptical coaxial line filled with one kind
of medium [15].

In summary, although lots of investigations about the elliptical waveguide or the confocal elliptical coaxial
line have been done, the propagation characteristics of the confocal elliptical coaxial line filled with multilayered
mediums are not discussed yet. In this paper, we will discuss this topic and give the eigenequation of wave
modes as well as some numerical examples.

2. Mode Eigenequation

The cross section of a confocal elliptical coaxial line filled with multilayered media is shown in Fig.1. The
permittivity and the permeability of the i−th layer are εi and µi, and the major semiaxis and the minor semiaxis
of exterior surface of the i-th layer are ai and bi, respectively, where i= 1∼N. The wall

of the elliptical waveguide is considered as perfect electric conductor. It is assumed that harmonic time

variation electromagnetic waves propagate in the positive z direction. For simplicity, the factor ej(ωt−jβz) in
the following formulae is omitted, where ω is the angular frequency and β is the propagation constant along z
direction. Using the method of separation of variables, the electric and magnetic fields in the z direction in the
elliptical system are as follows [16]:
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Figure 1: cross section of an confocal elliptical coaxial line filled with multilayed media

even modes:

Ezi = [AiJem(ξ, γ2
i ) +BiNem(ξ, γ2

i )] cem(η, γ2
i ) (1)

Hzi = [CiJom(ξ, γ2
i ) +DiNom(ξ, γ2

i )] sem(η, γ2
i ) (2)

odd modes:

Ezi = [A′
iJom(ξ, γ2

i ) +B′
iNom(ξ, γ2

i )] sem(η, γ2
i ) (3)

Hzi = [C′
iJem(ξ, γ2

i ) +D′
iNem(ξ, γ2

i )] cem(η, γ2
i ) (4)

where ξ is radial variable and η is angular variable; ξi−1 ≤ ξ ≤ ξi and ξi = ln
√

(ai + bi)/(ai − bi); γ2
i =

q2i (k
2
0n

2
i − β2)/4 and qi =

√
a2
i − b2i , for the confocal elliptical coaxial line filled with multilayered mediums,

qi = qi+1, k0 is the wave number in vacuum. ni is the refractive index of the i-th layer medium. cem(η, γ2)
and sem(η, γ2) denote even and odd Mathieu functions, respectively; Jem(ξ, γ2), Jom(ξ, γ2) and Nem(ξ, γ2),
Nom(ξ, γ2) denote first kind of modified Mathieu functions and second kind of modified Mathieu functions,
respectively [16]. Ai, Bi, Ci, Di, A

′
i, B

′
i, C

′
i and D′

i are the constants, which are dependent on the boundary
conditions. When ξ → 0, all of B1, D1, B

′
1 and D′

1 will be zero.

Figure 2: Parameter γ2 of the modes TM e
11 vs the

eccentricity of the outer wall of the confocal elliptical
coaxial line

Figure 3: Parameter γ2 of the mode TEe11 vs ec-
centricity of the outer wall of the confocal elliptical
coaxial line

From Maxwell’s equations, the relationship between the transverse and the longitudinal of the electromag-
netic fields can be found, and using the boundary conditions gives

T ′
t11 · T ′

t33 − T ′
t13 · T ′

t31 = 0 (5)
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where T ′
t is defined as reference [17]. Eq. (5) is the eigenequation of even modes of the confocal elliptical coaxial

line filled with multilayered media. Solving Eq. (5) gives the propagation constant β. Let β = 0, the cutoff
frequencies are obtained. In the same way, the eigenequaton of odd modes can be found as well.

3. Numerical Examples

In order to reveal the propagation characteristics of a confocal elliptical coaxial line, some examples are
presented. The numerical results of the confocal elliptical coaxial line filled with one layer of medium are shown
in Fig.2∼5. Fig.2 and Fig.3 give the relations of the parameter γ2 of the mode TM e

11(TE
e
11) vs the eccentricity

of outer wall(e1) of confocal elliptical coaxial line with different eccentricity of inner wall(e0). The superscript
“e” of TM e

11(TE
e
11) denotes even modes

Figure 4: Normalized propagation constant (β/k0) of
the mode TEe11 vs the refractive index of the medium
filled in the coaxial line for the different eccentricity
of the outer wall.

Figure 5: Normalized propagation constant (β/k0) of
the mode TEe11 vs the normalized frequency (k0a1)
for the different eccentricity of the outer wall.

Figure 6: Normalized propagation constant (β/k0)
vs the normalized frequency (k0a2) on an elliptical
coaxial line filled with two layers of media for the
different eccentricities of the outer wall (m = 1, µ1 =
µ2, n1 = 2.0, n2 = 2.2, e0 = 2e1, e1 = 2e2)

Figure 7: Normalized propagation constant (β/k0)
vs the normalized frequency (k0a2) on an elliptical
coaxial line filled with two layers of media for the
same eccentricities of the outer wall. (m = 1, µ1 =
µ2, e0 = 2e1, e1 = 2e2, e2 = 0.1)

For the specific eccentricity of outer wall of the elliptical coaxial line and the normalized frequency (k0a1 = 1rad),
where a1 is the major semiaxis of the elliptical coaxial line, the relationship between the normalized propagation
constant (β/k0) of the mode TEe11 and the refractive index of media filled in the elliptical coaxial line is showed
in Fig.4. Fig.5 gives the relationship between the normalized propagation constant (β/k0) of mode TEe11 and the
normalized frequency (k0a1) for the different eccentricity of outer wall of the confocal elliptical coaxial line. The
refractive index of the media filled in the confocal elliptical coaxial line is 1.5. We can see that the normalized
constant will be decreased when the refractive index or normalized frequency increases due to the influence of
the eccentricity of the outer wall of the elliptical coaxial line.

When the confocal elliptical coaxial line is filled with two layers of media, the propagating modes are
hybrid modes (HEM e,o

mn). In order to demonstrate the propagation characteristic due to the influence of the
refractive index of the filled media and the eccentricity of the coaxial line wall, the variation of the normalized
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propagation constant of some modes vs the normalized frequency are shown in Fig.6-7. These results show that
the propagation characteristic is less influenced by the eccentricity of the outer wall of the elliptical coaxial line,
and the propagation characteristic of the lower order modes is less influenced by the refractive index of the filled
media also.

4. Conclusion

By using the method of separation of variables in the elliptical coordinate system, a recursive formula and
an eigenequation of a confocal elliptical coaxial line filled with multilayered homogeneous isotropic media are
derived. Using the same method, a recursive formula and an eigenequation in the confocal elliptical coaxial line
filled with multilayered homogeneous isotropic media can be found. When the elliptical coaxial line becomes
circular coaxial line, that is, ai = bi, γ

2
i → 0, ξ →∞, using the asymptotic formulae of Mathieu and the modified

Mathieu functions for small γ or large ξ: cem(η, γ2
i ) → cosmη, sem(η, γ2

i ) → sinmη, Jem, Jom → Jm (which
is the first kind of Bessel function) and Nem, Nom → Nm (which is the second kind of Bessel function), the
electromagnetic fields and the eigenequation of the circular coaxial line can be found. The results show that a
circular coaxial line filled with multilayered media can be treated as a special case of a confocal elliptical coaxial
line.
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Abstract

A reconstruction algorithm for three dimensional time harmonic impedance imaging based on the Modified
Perturbation Method (MPM), [1], is proposed. Both the object conductivity (σ) and permittivity (ε) are
reconstructed. The original Perturbation method developed for static problems was modified in order to apply
in time harmonic problem in higher frequency. In this case complex permittivity and complex voltages are
involved. So, major modifications have been made in order to achieve accepted results. The jacobian matrix is
expressed in complex form and the modified perturbation reconstruction algorithm formulated accordingly. A
number of successful reconstructions were carried out for different complex permittivity profiles, but all of them
based on a computer phantom approach.

Introduction

The Electrical Impedance Tomography (EIT) is a low frequency imaging technique, where current is injected
into an inhomogeneous object through an array of electrodes and the voltage measurements on these electrodes
are used to reconstruct the inhomogeneity. An impressive research effort was put in the reconstruction of the
conductivity (σ) based on static computer models. The realization that both conductivity and the dielectric
constant (εr) are strongly depended on the frequency of the injected current, has led to new research areas called
Impedance Spectroscopy and Time Harmonic EIT, e.g. [2],[3]. The purpose of these approaches is two-fold: to
increase EIT spatial resolution (moving to higher frequencies) and to exploit the information included in the
(σ) and (εr) frequency dependence. It is toward this direction that the present work is aiming. Our previous
work,[1], has modified the classical perturbation technique by substituting the sensitivity matrix with the most
accurate Jacobian matrix,which was calculated from closed form expressions deduced from the electrical circuits
compensation theorem.In our next step we have expanded our algorithm for time harmonic EIT using a quasi
static approximation, ignoring magnetic field effects in Maxwell equations. This is widely accepted to be valid
for frequencies up to about 100MHz. In this manner a Laplace equation for a complex voltage and a complex
dielectric constant is obtained as:

∇ · ε∗∇V = 0 where ε∗ = ε∗rε0 = εrε0 − j(σ/ω) and ω = 2πf (1)

This method was applied for two dimensional imaging (cross section of an object) and encouraging results
were obtained. The present aim is the application of this method for three dimensional imaging of the object
conductivity (σ) and permittivity (ε = εrε0). For the application of the algorithm, the whole object to be imaged
was simulated and the measurements sequence explained above was mimicked, solving the complex Laplace
equation.The Jacobian matrix (derivatives of the voltage at the electrodes with respect to pixel conductivity) was
also calculated during this procedure. The solution domain is now infinitely extended, since the air surrounding
the object is characterized by σ = 0 and εr = 1. The Finite Element Method is used for the solution of (1) in
conjunction with 1st order absorbing boundary conditions (ABCs).

Forward Solution

With FEM the body under consideration is split in small elements (pixels) with constant (σ) and (εr). So
a piecewise homogeneous model is constructed. Rectangular brick linear elements are used to discretize the
volume of the object and the region of the air. A cubic object embedded in a cubic air region is assumed. Three
electrodes planes are attached at the boundary with 16 electrodes each. In Fig1(a) we can see the mesh that
was created to simulate the whole object under consideration and the air region.
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A circular cylindrical geometry, which is better in approximating the human body, is also studied. However,
this is not presented here due to the space limitations, since it was also discretized using tetrahedral elements.

Figure 1: a) The object geometry and b) the mesh for the FEM formulation

For the solution of equation (1) the following boundary conditions are applied:
a) Neumann boundary conditions at the active current electrodes and at the body-surrounding air interface:

− jωε∗ϑV
ϑn

=

{
J on the electrodes

−jωε0
ϑV

ϑn
at the body air interface

(2)

where ϑV
ϑn is the potential derivative in the direction normal to the surface.

b) First order Absorbing Boundary conditions at the fictitious boundary which have the following form,[4]

ϑV

ϑρ
=

1

ρlnρ
V (3)

In the literature for the FEM the variational technique is usually applied for the solution of (1) which along
with the boundary conditions is found to be equivalent to the minimization of the following functional:

F (V ) =
1

2

M∑

e=1

ε∗e

∫∫

Ω

∫
[(
ϑV

ϑx
)2 + (

ϑV

ϑy
)2 + (

ϑV

ϑz
)2]dxdydz =

M∑

c=1

F e(V e) (4)

Where M is the total number of elements and Ωe is the volume of each e-element. For F (V ) to be minimized,
its partial derivatives with respect to the elements nodal voltages must be zero, namely:

ϑF (V )

ϑVi
= 0 for i = 1, 2, · · · , N (5)

By considering a bilinear interpolation function for the potential V inside the elements and by applying (5)
for the total number of the elements M we conclude to a linear system with N unknowns:

[K][V ] = [I] (6)

Solving this linear system we obtain the Voltages on the electrodes and all the internal nodes. These will be
used in the reconstruction algorithm. Here [I] is the excitation vector that depends on the active electrodes and
[K] is the global matrix that was formulated from the element matrices and the absorbing boundary conditions.

Reconstruction Algorithm

The reconstruction algorithm is based on the modified perturbation method as that was developed for the
conductivity imaging but the aim now is the reconstruction of both conductivity and permittivity. The new
algorithm is based again on the Jacobian matrix. The components of the Jacobian are partial derivatives that
are given in the literature in closed form expressions, [1]. In this work we used the compensation theorem.
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Because of the importance of the Jacobian matrix, we rewrite the elements Jij extracted from the compensation
theorem,[5], in a form appropriate for comlex permittivities:

Jij =
ϑVi

ϑ(jωε∗j )
= − 1

Iℓ

L∑

ℓ=1

SℓVij(ℓ)Vkj(ℓ) (7)

where Iℓ the excitation current, Vij and Vkj are the voltages developed at the branch of the jth element as
shown in Fig.2. The constants Sℓ are the weights arising from the finite element formulation. Equation (7) was
prooved for rectangular elements and we have generalized for every node element type, (in this case rectangular
brick elements). It is important to notice that now we have to deal with complex quantities so the Jacobian
is a complex matrix too. In the case of complex electrical permittivity perturbations in either the real or the
imaginary part trigger changes in both real and imaginary parts of the measured boundary voltages. So there
are four Jacobian sub-matrices to be calculated:

ϑVreal
ϑσ

,
ϑVimag
ϑσ

,
ϑVreal
ϑ(jωε)

and
ϑVimag
ϑ(jωε)

(8)

Figure 2: Original(left) and reconstructed(right) conductivity profiles σ (mS/cm) at the 6th iteration for the
cross-sections at heights: a) z=1cm, b) z=3cm, c) z=5cm, d) z=7cm.

Figure 3: Original(left) and reconstructed(right) permittivity profiles εr at the 6th iteration for the cross-sections
at heights: a) z=1cm, b) z=3cm, c) z=5cm, d) z=7cm.
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Each one gives the sensitivity of either real or imaginary voltage with respect to σ or εr. Considering the
voltage distribution V as an analytical function Cauchy-Riemann conditions are valid. Applying these conditions
we conclude to the following relations for the Jacobian matrices:

ϑVreal
ϑσ

=
ϑVimag
ϑ(jωε)

and
ϑVimag
ϑσ

= − ϑVreal
ϑ(jωε)

(9)

The complex Jacobian matrix is calculated from equation (7). According to [6], for an analytical comlex
function of two variables we have:

ϑf(x, y)

ϑz
=
ϑu

ϑx
+ j

ϑv

ϑy
where f = u(x, y) + jv(x, y) and z = x+ jy (10)

So calculating the complex Jacobian we have:

J =
ϑV

ϑ(jωε∗r)
=
ϑVreal
ϑσ

+ j
ϑVimag
ϑσ

=
ϑVimag
ϑ(jωε0εr)

− j ϑVreal
ϑ(jωε0εr)

(11)

And the reconstruction algorithm that gives the updated complex permittivity distribution of the jth element
takes the following form:

jωε0ε
∗j
rn = [σn−1

j + k1W1σ
n−1
j ] + jωε0[ε

n−1
rj + k2W2ε

n−1
rj ] (12)

W1 = 0.5

∑M
i=1

V realmi − V realci

V realmi

ϑV reali

ϑσj
∑M

k=1 |
ϑV realk

ϑσj
|

+ 0.5

∑M
i=1

V imagmi − V imagci

V imagmi

ϑV imagi

ϑσj

∑M
k=1 |

ϑV imagk

ϑσj
|

(13)

W2 = 0.5

∑M
i=1

V realmi − V realci

V realmi

ϑV reali

ϑ(jωε0εrj)

∑M
k=1 |

ϑV realk

ϑ(jωε0εrj)
|

+ 0.5

∑M
i=1

V imagmi − V imagci

V imagmi

ϑV imagi

ϑ(jωε0εrj)

∑M
k=1 |

ϑV imagk

ϑ(jωε0εrj)
|

(14)

where M is the total number of linearly independent measurements, Vmi and Vci are the measured and calculated
voltage differences at the ith port (electrodes pair) and k1,2 are the relaxations factors that may provide faster
convergence. The optimum values of k1, k2 can be obtained through a numerical investigation. If these are not
known then is preferable to set k1 = k2 = 1 (no relaxation).

Numerical Results

This algorithm was applied for the imaging of many different conductivity and permittivity distributions for
both cubic and cylindrical models and satisfactory results were obtained. An example of a reconstruction that
was obtained for a common anomaly distribution of human tissue is presented here. The algorithm was applied
in the cubic object of Fig.1 with sides 8 × 8 × 8cm. A total number of 48 electrodes (16 at each plane) were
used, where only two of them are active in each projection angle. An anomaly with conductivity σ = 20mS/cm
and permittivity εr = 300 was introduced in a homogeneous background of (σ = 8mS/cm) and εr = 150. The
anomaly is placed in different position for each profile (cross-section) as is shown in Fig.2. The size of the
anomaly is 4× 4× 8 elements-pixels. The frequency of the injected current is f=30MHz. The relaxation factors
k1, k2 are set equal to unity. The so called “computer phantom” is assumed. Namely, first the forward problem
was solved and the results are stored, labeled as “measurements”. In turn the reconstruction algorithm starts
from a homogeneous model and the desired complex permittivity profile is sought. The target model and the
reconstructed image after 6 iterations are presented in Fig.2 for the conductivity and Fig.3 for the permittivity
profile respectively, where z is the height of the cross-section. Each cross-section consists of 8×8 = 64, elements
whose numbers are shown in x,y axes of figures 2 and 3.

Comparing Figures 2 and 3, one can see a higher convergence rate for the conductivity than for the per-
mittivity. This was found to be caused by the different “Scaling” of σ and εr. Scaling can be defined as the
ratio of the maximum value of the target profile (σmax, εrmax), to the corresponding value of the homogeneous
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background (σ, εr). In the example above it is σmax/σ = 20/8 = 2.5, while εrmax/εr = 300/150 = 2. Exactly
the same scale 2.5:2 observed in the reconstructed profiles. This hypothesis was verified exactly by performing
a reconstruction with the same scaling for σ and εr.

Conclusion

A lot of successful reconstructions are carried out and the method seems to work well. A scaling problem
was observed in convergence rate of conductivity and permittivity profiles, however the normalized or relative
convergence rate was found to be the same. A further investigation of the optimum relaxation factors as well
as data collection strategies is required. Many reconstructed profiles were obtained for different conductivity
and permittivity distributions. Some of these results will be presented at the conference along with a number
of new phantoms that need investigation.
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Abstract

This paper extends upwind-leapfrog scheme, initially developed from computational aeroacoustics and elas-
todynamics, into computational electromagnetics, and develops a novel Characteristic Line FDTD (CL-FDTD)
method. In illustrating 2-D problems, this paper gives the implementation of the CL-FDTD method, and
points out its merits over the FDTD method chosen for comparison. The results demonstrate that the CL-
FDTD method is less numerical dispersion, no requirement to deal with outer boundary conditions and it can
precisely simulate accident signals that are difficult to treat with the conventional FDTD method.

Introduction

The upwind leapfrog method, originally developed from computational aeroacoustics and elastodynamics
[1][2], has a more compact stencil by compared with a classical leapfrog method such as the Finite-Difference
Time-Domain (FDTD) method. This approach preserves the time-reversibility of the leapfrog algorithm, which
results in no dissipation, and it permits more flexibility by the ability to adopt a characteristic based method.
Moreover, it leads to a more natural treatment of outer boundaries and material boundaries.

This paper introduces upwind-leapfrog scheme into computational electromagnetics and develops a novel
characteristic-line FDTD (CL-FDTD) method with combining the PDE features of electromagnetics. It also
gives the implementation of the CL-FDTD method for 2-D problems, and points out its merits over the FDTD
method chosen for comparison.

Complementation of CL-FDTD

Maxwell TM equations for 2-D linear homogeneous medium are

∂Dz

∂ t
− (

∂Hy

∂x
− ∂Hx

∂ y
) +

σ

ε
Dz = 0 (1)

1

c

∂ Hx

∂ t
+ c

∂Dz

∂ y
+

1

c

ρ

µ
Hx = 0 (2)

1

c

∂Hy

∂ t
− c∂Dz

∂x
+

1

c

ρ

µ
Hy = 0 (3)

where c = 1/
√
µε, σ and ρ are electric and magnetic conductivities respectively. The directions that waves

propagate with physical speed c are the characteristic lines. Therefore, the characteristic variables can be
defined as

P = Dz −
1

c
Hy , Q = Dz +

1

c
Hy , R = Dz +

1

c
Hx , S = Dz −

1

c
Hx (4)

to represent the ±x and ±y propagating solutions. Then equations (1) to (3) are rewritten as

∂ P

∂ t
+ c

∂ P

∂ x
+
a

2
P +

b

2
Q+

c

2

∂ (R − S)

∂ y
= 0 (5)

∂ Q

∂ t
− c∂ Q

∂ x
+
a

2
Q+

b

2
P +

c

2

∂ (R − S)

∂ y
= 0 (6)
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∂ R

∂ t
+ c

∂ R

∂ y
+
a

2
R+

b

2
S +

c

2

∂ (P −Q)

∂x
= 0 (7)

∂ S

∂ t
− c∂ S

∂ y
+
a

2
S +

b

2
R+

c

2

∂ (P −Q)

∂x
= 0 (8)

where a = σ/ε+ ρ/µ and b = σ/ε− ρ/µ. The stencil of the CL-FDTD method for 2-D wave is shown as Fig.1,
in which (n, i, j) is the point (i, j) at time leveln. Using the stencil shown as Fig.1, the difference equations for
(5) to (8) are

(Pn+1
i,j −Pni,j)+(Pni−1,j−Pn−1

i−1,j)

2 ∆ t
+c

(Pni,j−Pni−1,j)

∆ x
+
a

2
Pn+1
i,j +

b

2
Qni,j+

c

2

[(Rni,j−Rni,j−1)−(Sni,j+1−Sni,j)]
∆y

=0 (9)

(Qn+1
i,j −Qni,j)+(Qni+1,j−Qn−1

i+1,j)

2 ∆ t
−c

(Qni+1,j−Qni,j)
∆ x

+
a

2
Qn+1
i,j +

b

2
Pni,j+

c

2

[(Rni,j−Rni,j−1)−(Sni,j+1−Sni,j)]
∆y

=0 (10)

(Rn+1
i,j −Rni,j)+(Rni,j−1−Rn−1

i,j−1)

2 ∆ t
+c

(Rni,j−Rni,j−1)

∆ y
+
a

2
Rn+1
i,j +

b

2
Sni,j+

c

2

[(Pni+1,j−Pni,j)−(Qni,j−Qni−1,j)]

∆x
=0 (11)

(Sn+1
i,j −Sni,j)+(Sni,j+1−Sn−1

i,j+1)

2 ∆ t
−c

(Sni,j+1−Sni,j)
∆ y

+
a

2
Sn+1
i,j +

b

2
Rni,j+

c

2

[(Pni+1,j−Pni,j)−(Qni,j−Qni−1,j)]

∆x
=0 (12)

Figure 1: Amplitude contours of the E-filed intensity

The iterative modes of equation (9) to (12) are

Pn+1
i,j =

1

1+a∆ t

[
Pn−1
i−1,j+(1−2νx)(P

n
i,j−Pni−1,j)−b∆ tQni,j−νy(Rni,j−Rni,j−1−Sni,j+1+Sni,j)

]
(13)

Qn+1
i,j =

1

1+a∆ t

[
Qn−1
i+1,j−(1−2νx)(Q

n
i+1,j−Qni,j)−b∆ tPni,j−νy(Rni,j−Rni,j−1−Sni,j+1+Sni,j)

]
(14)

Rn+1
i,j =

1

1+a∆ t

[
Rn−1
i,j−1+(1−2νy)(R

n
i,j−Rni,j−1)−b∆ tSni,j−νx(Pni+1,j−Pni,j−Qni,j+Qni−1,j)

]
(15)

Sn+1
i,j =

1

1+a∆ t

[
Sn−1
i,j+1−(1−2νy)(S

n
i,j+1−Sni,j)−b∆ tRni,j−νx(Pni+1,j−Pni,j−Qni,j+Qni−1,j)

]
(16)
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where νx = c∆ t/∆ x, νy = c∆ t/∆ y are the x and y Courant numbers. When σ → ∞, there is condition
Pn+1
i = Qn+1

i = Rn+1
i = Sn+1

i = 0. Field variables Dz, Hx, Hy have the relationship with characteristic P , Q,
R, S that

Dz = (P +Q+R+ S)/4, Hy = c(P −Q)/2, Hx = c(R− S)/2 (17)

The procedure for the TE polarization is similar to that of the TM case, except the characteristic variables
are defined as

P = Dy +
1

c
Hz , Q = Dy −

1

c
Hz , R = Dx −

1

c
Hz , S = Dx +

1

c
Hz (18)

Numerical Dispersion between CL-FDTD and FDTD

The stability conditions for 1-D and 2-D CL-FDTD are ν ≤ 1 and νx , νy ≤ 1/2 respectively by using
Fourier analysis, and the numerical dispersion between the FDTD method and the CL-FDTD method for 1-D
and 2-D cases are compared as well. Fig.2 shows the result above, in which Fig.2 (a) for normalized phase speed
at different wave-lattice ratio with the Courant number ν = 0.5 in 1-D case, and Fig.2 (b) for normalized phase
speed at different angel with the Courant number νx = νy = 0.5 and wave-lattice ratio λ/∆ = 15. Based upon
the result, the CL-FDTD method gets more economical characteristics than that of the FDTD for the same
level of accuracy.

Figure 2: Numerical dispersion comparison between CL-FDTD and FDTD in 1D and 2D cases (a) 1D numerical
dispersion characteristic (b) 2D numerical dispersion characteristic

Comparison between CL-FDTD and FDTD for Simulating Signals

The FDTD method belongs to classical frog mode, it has no special choice in the direction that waves
propagate, and thus there comes numerical oscillation when it is used to simulate accident signals. However,
the CL-FDTD method has great selectivity in the direction wave propagates, and its numerical condition of
the lower reaches never effect that of the upper reaches, therefore, it can simulate accident signals with high
degree accuracy. Fig.3 shows the comparison between these two methods for simulating accident signals, in
which Fig.3 (a) is a comparison for simulating a single sine signal and Fig.3 (b) for simulating a single square
wave. It indicates from Fig.3 that the CL-FDTD method can simulate accident signals with high accuracy, but
to the FDTD method, it will comes severe oscillation. To simulate a square signal is so important because it
contains information in full frequency-domain, and has great significance to electromagnetics analysis.

Out Boundary Characteristics of CL-FDTD

Absorbing boundary conditions (ABC) are routinely used in electromagnetic simulations to minimize the
computer resources required for modeling an open system. Two classes of algorithms are usually in use, one of
them is “one-way ABC”, which is applied only to the wave leaving the computational domain [3][4], and another
is perfectly matched layer ABC [5][6], which absorbs waves regardless of their directions of propagation. The
latest one, with great flexibility and effectiveness, has more advantages over the former one. But no matter
which one is used, additional procedures and computational resources are required.
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Figure 3: Comparison between CL-FDTD and FDTD on simulating accident signals (a) Comparison between
CL-FDTD and FDTD on simulating single-period sinusoidal signal (b) Comparison between CL-FDTD and
FDTD on simulating square wave signal

Figure 4: Contour lines of point source radiation simulated by CL-FDTD (a) TM case (b) TE case

However, the CL-FDTD method is a up-wind frog-leap method, it has great selectivity in the direction and
the directions of its characteristic lines are those waves propagating, its numerical condition of the lower reaches
never effect that of the upper reaches, thus it has natural ABC.

Wave propagates from a point source in two dimensional domain (1m×1m) is illustrated here as an example.
The simulative parameters are λ = 0.1m, λ/∆ = 10, νx = νy = 0.5 and time-steps for simulation is equal to
500. Fig.5 is the contour lines of point source radiation simulated by CL-FDTD, in which Fig.5 (a) for TM case
and Fig.5 (b) for TE case. It indicates from Fig.5 that the contour lines are regular concentric circles.

Conclusion

This paper extends upwind-leapfrog scheme, initially developed from computational aeroacoustics and elas-
todynamics, into computational electromagnetics, and develops a novel Characteristic Line FDTD (CL-FDTD)
method for 2-D problems. The CL-FDTD method demonstrates many distinct merits over the conventional
FDTD method.

First, the CL-FDTD method has less numerical dispersion than the FDTD method. Second, it has natural
absorbing boundary condition. Finally, it can precisely simulate accident signals that are difficult to deal with
using the FDTD method.
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Simultaneous Inversion of Formation Resistivity and
Geometric Boundary Location from Phase Induction

Logging Data

Xiaobo Deng, Zaiping Nie, Yanwen Zhao, and Feng Yang
University of Electronic Science and Technology of China, China

Abstract

In this paper, the inversion method is used to simultaneously reconstruct formation resistivity and boundary
location per bed from the phase induction logging data. The inversion equation is obtained by applying the vari-
ation principal and the phase difference response equation in a two-dimensional axisymmetrical inhomogeneous
medium. The inversion result of synthetic data shows the validity of this inversion method.

Introduction

The phase induction logging consists of one transmitter coil and two receiver coils, and measure phase differ-
ence of two receiver coils to obtain information of formation resistivity. This paper considers the simultaneous
inversion of formation resistivity and boundary location from the phase induction logging data. The phase
difference response equation is transformed into the inversion equation by applying the variation principal,
the inversion equation is solved by using the conjugate gradient (CG) method. An efficient numerical mode
matching (NMM) method has been used in [1], [2].

Formulation

In a two-dimensional axisymmetrical inhomogeneous medium [3], both the permittivity εr (ρ, z) and conduc-
tivity σ(ρ, z) of the inhomogeneous medim are functions of ρ and z, and the permeability µ is assumed as the
constant µ0. The electric field generated by a coaxial loop antenna can be expressed in terms of the component
Eφ, which satisfies the following integral equation

Eφ(ρ, z, ρt, zt) = Eincφ (ρ, z, ρt, zt)

+
+∞∫
−∞

dz′
+∞∫
0

dρ′gb(ρ, z, ρ′, z′)
[
k2(ρ′, z′)− k2

b (ρ
′, z′)

]
Eφ(ρ

′, z′, ρt, zt)
(1)

where Eincφ and gb are the incident electric field and Green’s function in the background medium, respectively,
and k(ρ′, z′) is the complex wavenumber of the inhomogeneous medium, kb(ρ

′, z′) is the complex wavenumber
of the background medium. The frequency of transmitter signal in the phase induction tool is 800 kHz, the
effect of displacement current is neglected, and by using Born approximation, (1) can be written as

Eφ(ρ, z, ρt, zt) = Eincφ (ρ, z, ρt, zt)

+iωµ0

+∞∫
−∞

dz′
+∞∫
0

dρ′gb(ρ, z, ρ′, z′) [σ(ρ′, z′)− σb(ρ′, z′)]Eincφ (ρ′, z′, ρt, zt)
(2)

where ω is the angular frequency of the alternating current. The phase difference response equation of two
receiver coil R1 and R2 can be represented as

ϕ12 = ϕR1 − ϕR2 = arctg(2πρR1Eφ,R1)− arctg(2πρR2Eφ,R2) (3)

making a variation on (3) with respect to σ(ρ′, z′), the phase inversion equation can be expressed as

δϕ12 =
Im(MR1)Re(Eφ,R1

)−Im(Eφ,R1
)Re(MR1 )

|Eφ,R1 |2
δσ(ρ′, z′)

− Im(MR2)Re(Eφ,R2
)−Im(Eφ,R2

)Re(MR2 )

|Eφ,R2 |2
δσ(ρ′, z′)

(4)
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where

M = iωµ0

+∞∫

−∞

dz′
+∞∫

0

dρ′gb(ρ, z, ρ
′.z′)Eincφ (ρ′, z′, ρt, zt) (5)

δϕ12 = ϕ12 − ϕ(k−1)
12 (6)

is the perturbation between the measured value and the k-1th iteration value of the phase difference.

In a P-bed medium, conductivity σ(ρ, z) in the whole formation can be expressed as [4]

σ(ρ, z) = σ1(ρ)H(d1 − z)
+
P−1∑
i=2

σi(ρ) [H(z − di−1)−H(z − di)] + σP (ρ)H(z − dP−1)
(7)

where

H(x) =

{
1, x ≥ 0
0, x < 0

(8)

is the Heaviside’s function, di is horizontal boundary location. Variation of (7) yields the perturbation of
formation conductivity

δσ(ρ, z) = δσ1H(ρ− a)H(d1 − z) +
P−1∑
i=2

δσiH(ρ− a) [H(z − di−1)−H(z − di)]

+ δσPH(ρ− a)H(z − dP−1) +
P−1∑
i=1

δdi [σi − σi+1]H(ρ− a)δ(z − di)
(9)

where a is borehole radius. Substituting (9) to (4), and applying the measurement performed at different
locations, (4) can be rewritten in a matrix form as

δφ12 =
[
C D

]
·
[
δσ
δd

]
(10)

The perturbation of both formation conductivity δσ and the boundary location δd cause the perturbation
phase difference δφ12. To find δσ and δd, we use The Tikhonov regularization method [5] and conjugate gradient
(CG) method to solve the equation (10), the solution is used to updated the conductivity σ(k) = σ(k−1) + δσ
and the boundary location d(k) = d(k−1) + δd. Green’s function in the background medium is not changed
in the entire iteration process, and an efficient forward solver based on the numerical mode matching (NMM)
method is used.

Numerical Results

In order to demonstrate the validity of the simultaneous inversion method, the inversion results from the
model data are presented at the transmitter frequency of 800 kHz, two receiver coils are located at zr = zt+2.05
m and zt+1.41 m, respectively, zt is the location of transmitter coil. The borehole of radius 0.1m is filled with
a fluid of resistivity 2.5Ωm in following study. The example is the 9-bed model without mud invasion, the true
values of virgin resisitivity from top to down are 4, 83.3, 6.7, 50, 5, 100, 20, 66.7, and 5Ωm, while the true values
of boundary depth are 497.6, 498.7, 500.0, 500.9, 501.9, 503.0, 503.9, and 505.2m, the initial values of boundary
depth are determined with di + (−1)iMin(di − di−1, di+1 − di)× 10%.

The first inversion result is shown in Fig.1(a) when boundary depths are not updated at initial value during
the inversion process, and only formation resistivity is reconstructed. The relative mean square error is reduced
to 23.6% after 7 iteration of the inversion.

The second inversion result is shown in Fig.1(b) when resistivity and boundary location are simultaneously
reconstructed. After 7 iteration of the inversion, the relative mean square error is reduced to 7.6%, the boundary
location of the inversion is close to the true boundary location.
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Figure 1: Inversion results of 9-bed model.(a) Inversion result with fixed initial boundary depths; (b) Simulta-
neous inversion result of resistivity and boundary location.

Conclusion

This paper has presented an iterative inversion method in a two-dimensional axisymmetrical inhomogeneous
medium from phase induction logging data. Numerical results of synthetic data show that inversion result of
virgin formation resistivity is influenced if the boundary location is fixed at its inexact position. When formation
resistivity and boundary location of each bed are simultaneously reconstructed, the boundary location of the
inversion is gradually close to the true boundary location, the inversion quality of formation resistivity is
improved.
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Transmission and Reflection in a Periodic
Superconductor/Dielectric Film Multilayer Structure

Chien-Jang Wu
National University of Kaohsiung, Taiwan

Abstract

Microwave transmission and reflection in a periodic superconductor/dielectric film multilayer structure in the
mixed state are theoretically calculated. It is based on the model of vortex dynamics of a type-II superconductor
in the mixed state as well as the transfer matrix method in a stratified medium. We have made some numerical
analyses in the microwave transmission and reflection as functions of temperature, dielectric thickness, and
number of periodicity as well. The results indicate that the temperature-dependent reflection can be enhanced
by increasing the number of periodicity. In addition, both microwave reflection and transmission will be reduced
if the thickness of dielectric film is increased.

Introduction

Study of electromagnetic response for a superconductor is a useful and common means of understanding basic
physics of the superconducting materials. High-temperature superconductors are type-II ones that have opened
rich topics in the microwave response in the mixed state [1]. Microwave response can be described by the surface
impedance of a superconducting film or by the magnetic permeability of a superconducting single crystal [2].
The calculation of surface impedance or magnetic permeability is essentially an attenuation-dominated problem.
Another way of investigating electromagnetic response of a superconductor can be achieved by the measurements
of magnetotransmission and magnetoreflection [3]. Theoretical calculation on the microwave transmission and
reflection for a type-II superconducting film on a dielectric substrate was first reported by Coffey and Clem [4].
It belongs to a propagation-dominated problem because the structure of interest is generally a layered medium.

A periodic layered structure also is called a superlattice that has been attracting much attention in con-
densed matter physics. Superconductor superlattice was reported earlier in Ref. 5. Later, calculations of surface
impedance of a superconductor superlattice in the mixed state were made by Tagantsev and Traito [6]. Re-
cently, superconductor/dielectric superlattice has been further regarded as a photonic crystal and the associated
photonic band structure has been explored [7-8].

In this paper, we shall calculate the microwave transmission and reflection for a superconductor/dielectric
superlattice in the mixed state. The Coffey-Clem model [4] will be used to model the electromagnetic response
of a type-II superconductor in the mixed state. Expressions for the microwave transmission and reflection will
be derived based on the transfer matrix method [9]. A numerical analysis will then be made to illustrate the
roles played by the temperature, dielectric thickness, and number of periodicity of the structure.

Basic Equations

The periodic superconductor/dielectric film multilayer structure is depicted in Fig.1, in which an N-period
layered medium is immersed in the free space characterized by k0, where k0 = ω

√
ε0µ0 is the wave number of

the free space. The superconductor slab has thickness d while the dielectric has thickness t. The periodicity is
denoted by a = d + t. A static magnetic field B ≥ 2Bc1 is applied parallel to x axis to put the superconductors
in the mixed state. All superconductors are assumed to be identical and are characterized by the complex
penetration depth λ̃ described below, and the dielectrics are characterized by the complex wave number kd.
The incident microwave magnetic field is taken to be in the +z direction, meaning it is a TE-mode transmission
problem. We here assume an ejwt time dependence for all rf fields.

According to the Coffey-Clem model the response function for a superconductor in the mixed state is
represented by a complex penetration depth λ̃ = λ̃(ω,B, T ) given by [4]

λ̃(ω,B, T ) = λ1 − jλ2 =

√
λ2(B, T )− (j/2)δ2vc(ω,B, T )

1 + 2jλ2(B, T )δ−2
nf (ω,B, T )

(1)

where λ = λ(B, T ) is the static-field and temperature-dependent penetration depth, δnf = δnf (ω,B, T ) is the
normal fluid skin depth, and δvc = δvc(ω,B, T ) is the complex skin depth coming from the vortex motion and
creep. A detailed description for these parameters can be seen in Ref. 4.
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Figure 1: Transmission problem for an N-period multilayer structure. Microwave radiation is incident normally
along the x axis on a superconductor of thickness d and a dielectric of thickness t = a - d, where a is the
periodicity of the structure.

To handle a transmission problem, it is convenient to use the refractive indices for both the superconductor
and the dielectric. The effective complex index of refraction for a superconductor in the mixed state is given by
ns = −j/k0λ̃, and the index of fraction of the dielectric, nd is related to complex wave number by kd = k0nd.
By making use of the transfer matrix method, the microwave properties for structure shown in Fig.1 can be
well described in terms of the total characteristic matrix given by

M (Na) =

[
m11 m12

m21 m22

]
(2)

where

m11 = (cosβ2 cosβ3 −
p3

p2
sinβ2 sinβ3)UN−1(φ) − UN−2(φ)

m12 = j

(
1

p3
cosβ2 sinβ3 +

1

p2
sinβ2 cosβ3

)
UN−1 (φ)

m21 = j (p2 sinβ2 cosβ3 + p3 cosβ2 sinβ3)UN−1 (φ)

m22 =

(
cosβ2 cosβ3 −

p2

p3
sinβ2 sinβ3

)
UN−1 (φ)− UN−2 (φ)

(3)

where

φ = cosβ2 cosβ3 −
1

2

(
p3

p2
sinβ2 sinβ3 +

p2

p3
sinβ2 sinβ3

)
(4)

UN (φ) =
sin
[
(N + 1) cos−1 φ

]
√

1− φ2
(5)

and

β2 = k0nsd, β3 = k0ndt, p2 =
ns
Z0
, p3 =

nd
Z0

(6)

Z0 =
√
µ0/ε0 = 377Ω is the intrinsic impedance of the free space. The reflection coefficient and transmission

coefficient are then readily given by

r̃ =

(
m11 +m12Z

−1
0

)
Z−1

0 −
(
m21 +m22Z

−1
0

)
(
m11 +m12Z

−1
0

)
Z−1

0 +
(
m21 +m22Z

−1
0

) (7)

t̃ =
2Z−1

0(
M11 +M12Z

−1
0

)
Z−1

0 +
(
M21 +M22Z

−1
0

) (8)

Hence the reflectance, R and transmittance, Γ can be calculated, namely

R = |r̃|2 , Γ =
∣∣t̃
∣∣2 (9)
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Numerical Results and Discussion

In what follows we will present the numerical results for the microwave reflectance and transmittance.
The material parameters for the superconductor are on the order of typical high-temperature superconducting
system, Y Ba2Cu3O7−x. The dielectric parameters taken are typical of LaAlO3. For such a dielectric, the
index of refraction is nd = 4− j10−4 [4]. The superconductor thickness is 210 nm. As usual, we introduce the
reduced static magnetic field as b = B/Bc2 (0) , where Bc2 (0) = 112T is the upper critical field at temperature
T = 0 K. In Fig.2, we plot the reflectance and transmittance as a function of the temperature for N =1, 2,
5 and 10, respectively at the conditions of f=33GHz, b=0.075, and d=t=210nm. As seen in the figure, the
reflectance decreases with increasing the temperature, whereas the transmittance increases with increasing the
temperature. The temperature-dependent variation however is not pronounced when the number of periodicity
is increased. In addition, for a fixed temperature, the reflectance increase with N, the number of periodicity,
indicating a larger reflectance can be obtained in a multilayer structure with more periods. Thus, by increasing
the periodicity, a high-reflectance reflector in a layered structure can be obtained.

Figure 2: Calculated microwave reflectance (left) and transmittance (right) as a function of the temperature.
The reduced field is 0.075, the frequency is 33 GHz, and both two films have the same thickness of 210 nm.
Here Tc2 is the temperature at which B = Bc2(T )[4].

Figure 3: Calculated microwave reflectance (left) and transmittance (right) as a function of temperature for
various dielectric thicknesses in a 10-period superlattice.
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In Fig.3, temperature-dependent R and Γ in a 10-period structure are shown at various dielectric thicknesses t
= 0.5d, d, 5d, and 10d. Again, R decreases with increasing the temperature, while Γ increases as the temperature
increases. The variations in both R and Γ are close for t = 0.5d and d. They then drop apparently as the
thickness of dielectric is increased to 5d or 10d. The reductions in R and Γ can be ascribed to the more losses
dissipated in the dielectric slab. The role played by the dielectric slab is thus elucidated clearly.

Conclusion

In summary, microwave transmission and reflection for a type-II superconductor film in the mixed state
has been investigated in a periodic multilayer structure. For the simplest case, N = 1, our results indeed
reduce to those previously given in Ref. 4. Numerical results demonstrate that the reflectance can be enhanced
by increasing the number of periodicity. For a superconductor/dielectric superlattice, it is interesting to find
that microwave reflectance and transmission both decrease by increasing the dielectric thickness when the
temperature is fixed. Further analysis such as R and Γ as a function of the static field can be easily made. With
the highly potential in the application of multilayer structure in superconductor electronics, the results given
here are of fundamental and technical use in the microwave superconductivity.
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New AGILD EMS Electromagnetic Field Modeling

Ganquan Xie1, Jing Li2, and Jianhua Li1

1 GL Geophysical Laboratory, U.S.A
2 Yue Yang Ke Mei Da Mechanics Company

Abstract

The Electromagnetic Stirring (EMS) technology has wide applications in the metal continuous casting.
Stirring consists of exciting variable magnetic field in metal liquid, the magnetic field generates induction current.
The induction current in the metal flow interacts with magnetic filed to generate EM force, which makes perfect
motion to improve casting. The EM force strength is proportional with square of the magnetic field strength.
The key of the optimized control of EMS is to adjust several parameters for best EM force and deep magnetic
penetration. In this paper, we present a new AGILD EMS modeling. We use Maxwell magnetic field differential
equation to replace the reduced magnetic field equation. We present new volume magnetic differential integral
equation and new boundary strip magnetic field differential integral equation which are proposed by XIe and Li
in GLGEO. According to the new AGILD EM modeling in [1], we developed 3D AGILD EMS modeling. Our
AGILD EMS modeling does not need any complex boundary condition. The matrix equations are decomposed
by GILD parallel processes. Therefore, our AGILD EMS modeling is fast and accurate without any boundary
error. Our AGILD EMS modeling can simulate multiple strands and EMSs together. The simulation shows
that the AGILD EMS modeling is very powerful tool for the design of excellent EMS system in Billent/Bloom
and metal continuous casting system. The simulation is performed by using GLGEO’s new GL[2-4] and AGILD
EMS modeling software.

1. Introduction

The EMS is an established technology and installed in Billet, Bloom and metal casters. The stirring consists
of exciting variable magnetic field which is penetrating in the steel, iron, and metal liquid. The magnetic field
generates induction electric current in the metal liquid. The induction current in the metal liquid interacts
with the magnetic field to generate EM force which drives the metal liquid flow motion such that the casting is
perfectly performing. The casting quality is improved by reduced segregation and porosity through transforma-
tion to an equiaxed solidification structure. The steel and iron productions are increasing due to the increased
casting speeds. The temperature and carbon component are key factors for high quality steel. The magnetic
field penetrating distribution depends on the material properties and high temperature. Moreover, the electro-
magnetic properties depend on the temperature. The temperature difference between outer and insider of the
caster mold is very large. We consider the magnetic conductivity be space variable. The reduced magnetic field
equation is no longer to govern this case.

In this paper, we use the magnetic field Maxwell equation to replace the reduced magnetic equation. More-
over, we present a new strip magnetic field differential integral equation which is proposed by Xie and Li in
[1]. We use the new strip integral equation on the double layered boundary and the magnetic field Garlekin
equation in the internal domain to construct the AGILD EMS modeling for the metal continuous casting. It
has more advantages over FEM and FD modeling. The AGILD and GL EMS modeling, GL and AGILD non-
destructive testing, GL and AGILD heating modeling, and GL and AGILD heavier viscosity flow modeling for
the continuous casting are developed by Xie and Li in GLGEO.

Many EM research works on motor need the condition that the magnetic resistivity monotone increasedly
depends on the magnetic induction. It is very strong and unpractical condition. In practice, magnetic resistivity
is not monotone increasing but has a minimum point at B = B0. Our nonlinear FEM EM modeling [10-12] are
available for the above practical condition, i.e. the magnetic resistivity is not monotone increasing. We prove
that if H(B) monotone increasedly depends on B, the nonlinear FEM is convergent. Because H(B) = υ(B)B,
so, we only need that υ(B)B monotone increasedly depends on the B, which is widely generalized. Moreover,
the H(B)’s monotone property is the practical physical property. Our nonlinear FEM magnetic DC modeling
is briefly described in this paper.

The organization of the paper is as follows. We present the new strip differential integral equation in the
section 2 which is proposed in [1]. The double layered collocation FEM equation for the magnetic field is
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presented in the section 3. The Garlekin FEM equation is described in the section 4. In section 5, we describe
the advanced GILD EMS EM modeling. The DC EMS FEM modeling is described in the section 6. The
nondestructive test is described in the section 7. We describe the simulations and discussion in section 8.
Finally, we described conclusion in the section 9.

2. The New Magnetic Field Differential Integral Equations

2.1 The Magnetic Field Differential Equation

The MAXWELL equations are as follows

∇× E = −iωµH
∇×H = (σ + iωε)E + Js

(1)

The equations (1) can be reduced to the following magnetic field differential equation

∇×
(

1

σ + iωε
∇×H

)
+ iωµH = Ms (2)

where E(r) is the electric field, H(r) is the magnetic field. σ is the electric conductivity, ε is the dielectric
parameter, µ is the magnetic permeability. ω is the angle frequency, i is the complex unit i2 = -1, Ms is induced

magnetic source, Ms = ∇×
(

1
σ+iωεJs

)
.

In some EMS literature, the following reduced equation is employed

∆H + iωµσH = Ms

This equation was reduced from (2) by supposing that µ and σ are constants and in low frequency case.
Because the conductivity and permeability of steel depend on the space variable in continuous casting. Therefore,
it is better to use equation (2) for the continuous casting.
2.2 The New Volume Differential Integral Equation for the Magnetic Field

In 1995, Xie and Li proposed a new volume differential integral equation for the magnetic field[6].

H (r) = Hb (r) +

∫

Ω

(σ + iωε)− (σb + iωεb)

σ + iωε
EMb (r′, r)∇×H (r′) dr′ (3)

where Hb(r) is the incident magnetic field in the background media. σb is the background electric conductivity,
εb is the background dielectric parameter, EMb (r′, r) is the electric field Green function which is excited by the
magnetic source in the point r. The differential integral equation (3) can be used for the EMS modeling and
inversion. The equation (3) has a similar formula in the cylindrical polar coordinate system.

2.3 The New Boundary Strip Differential Integral Equation for the Magnetic Field

In this paper, we present the new boundary strip differential integral equation for the magnetic field which
is proposed by Xie and Li in GLGEO [1].

H (r) = Hbo (r) +
∮
∂Ωi

1
σ+iωε

(
GMb ×∇×H

)
· dS −

∮
∂Ωi

1
σb+iωεb

(
∇×GMb ×H

)
· dS

+
∫
Ωs

(σ+iωε)−(σb+iωεb)
σ+iωε EMb · (∇×H) dr′

(4)

where Ωs is a strip domain located between the double boundary layers ∂Ω0 ∪ ∂Ωi and with (σ − σb) +
iω (ε− εb) 6= 0, ∂Ω0 is the external boundary of the strip domain Ωs, ∂Ωi is the internal boundary of the
strip domain Ωs, H (r) is the unknown magnetic field, Hbo (r) is incident magnetic field, GMb (r′, r) is the mag-
netic Green function excited by a magnetic dipole source at point r, ∇r′ is curl operator with respect to r′.

3. The Double Layered Collocation FEM Equation for the Magnetic Field

We present the double layered collocation FEM equation for the magnetic field which is proposed by Xie
and Li in GLGEO [1]. That is suitable for the EMS strip domain.
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Hh (ri) = Hh
bo (ri) +

∮
∂Ωh

i

(
1

σ+iωεG
M
b (r′, ri)×∇×Hh (r′)

)
· dS

−
∮
∂Ωh

i

1
σb+iωεb

(
∇×GMb (r′, ri)×Hh (r′)

)
· dS

+
∫
Ωh

s

(σ+iωε)−(σb+iωεb)
σ+iωε EMb ·

(
∇×Hh

)
dr′

(5)

Hh (ri) is the finite approximation of H (r), The equation (5) is the double layered collocation FEM equation
of the (4). Its matrix equation is

KbbH
h
b +KbdH

h
d = Qsb, (6)

where Hh
b is the magnetic field on the finite element external boundary ∂Ωh0 , Hh

d is the magnetic field on the
finite element internal boundary ∂Ωhi , Kbb is the finite element matrix on external boundary ∂Ωh0 and relative to
∂Ωh0 , Kbd is the finite element matrix on external boundary ∂Ωh0 and relative to ∂Ωhi , Kbb and Kbd are boundary
strip full matrix.

4. Finite Element Equation in the Internal Domain

In the internal domain D which is inside of ∂Ωi, we use Galerkin FEM method [10-12] and the cubic element
to discrete the MAXWELL magnetic field differential equation (2)

The Galerkin finite element equation [10-12] is as follows:

∫
∂Ωh

i

1
σ+iωε∇×Hh× (φi~e) · dS

+
∫

Ωh
D

1
σ+iωε∇×Hh · ∇ × (φi~e) dr + iωµ

∫
Ωh

D

Hh · (φi~e) dr =
∫

Ωh
D

Ms· (φi~e) dr (7)

where ΩhD is the finite element domain of the internal domain D, ∂Ωhi is finite element set of the ∂Ωi, the φi is
the finite element base function, the ~e is unit vector. The equation (7) has the matrix equation form,

KdbH
h
b +KddH

h
d = Qsd. (8)

where Hh
b is the magnetic field on the finite element external boundary ∂Ωh0 , Hh

d is the magnetic field inside
of the finite element internal domain ΩhD, Kdb is the finite element matrix in internal domain ΩhD and relative
to ∂Ωh0 , Kdd is the finite element matrix in internal domain ΩhD and relative to ΩhD, Kdb and Kdd are sparse
matrices.

5. The AGILD Modeling for EMS Stirring

5.1 The AGILD EM Modeling

The collocation finite element matrix equation (6) and the Galerkin finite element matrix equation (8) are
coupled to construct the advanced GILD EM modeling for the EMS in continuous casting. The AGILD EM
modeling algorithm from the internal domain to the double layered boundary is performed, in parallel.
5.2 Advantages of the AGILD EMS modeling

(1). Because the EM field is spreading in all space around the EMS and caster equipments, in particular, the
low frequency EM field is diffusion, the exact and no reflection boundary conditions are necessary. In the
AGILD EMS modeling, we use the new strip magnetic differential integral equation as the exact boundary
condition that will reduce the boundary error.

(2). In general, there are two or three EMSs on the one strand and there are 5 or 10 strand casters in same
plant and workshop. These EMSs casters are influenced each other. Our AGILD EMS modeling can
calculate the magnetic field for multiple EMS and casters together.

(3). The matrix equation is decomposed parallel by using parallel GILD processes [6][7].
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6. Nonlinear DC Magnetic Field AGILD Modeling

In the previous 2-5 sections, we described AGILD EMS modeling for AC magnetic field. When DC is used
for EMS system, we call it EM brake system. In this section, we describe the nonlinear DC magnetic field
AGILD modeling.
6.1 Nonlinear DC Magnetic Potential Equation

∂

∂r

(
ν (B)

(
∂A

∂r
+
A

r

))
+

∂

∂z

(
ν (B)

∂A

∂z

)
= −J (9)

when r →∞, the potential A(r)→ 0, interface conditions are satisfied.

The magnetic induction |B| =
√(

∂A
∂r + A

r

)2
+
(
∂A
∂z

)2
.

6.2 The Properties of ν (B)
Many literatures supposed that the magnetic resistivity ν (B) is monotone increasing. In practice, the ν (B)

is not monotone increasing, but it has a minimum at B = B0. We consider the practical and generalized
conditions.
(6.2.1) ν (B) and its derivative are bounded and satisfy Lipschitz continuous condition.
(6.2.2) H (B) = ν (B)B is monotone increasing function on B with dH

dB ≥ ν0 > 0.
6.3 Nonlinear DC Magnetic Field FEM Modeling

Define nonlinear form:

L (B;A, φ) =

∫

Ω

ν (B)

((
∂A

∂r
+
A

r

)(
∂φ

∂r
+
φ

r

)
+
∂A

∂z

∂φ

∂z

)
rdrdz. (10)

The Garlekin equation is

L (B;A, φ) = (J, φ) (11)

The nonlinear DC magnetic field FEM equation is

L
(
Bh;Ah, φh

)
=
(
Jh, φh

)
. (12)

6.4 AGILD Modeling for DC Magnetic Field
A new discrete strip boundary differential integral equation is coupled with (12) to build the AGILD modeling

for the DC magnetic field. Under the conditions (6.2.1)∼(6.2.2), we proved that the magnetic field by AGILD
modeling is convergent to the exact magnetic field.

7. Nondestructive Testing Using Magnetic Field

EMS is very benefit for the steel, iron, and metal continuous casting. The nondestructive testing using the
magnetic leakage is the tool for evaluating the quality of casting.

Based on the new first type strip differential integral equation and parameter Garlekin equation, the new
AGILD and GL inversion in [1] and stochastic GILD inversion [5,8] can be jointly used for the nondestructive
testing of the metal using the magnetic field leakage.

8. Simulations and Discussion

The magnetic field in the practical MEMS equipment are simulated by using AGILD and GL EMS modeling
software in GLGEO [1-4]. Xie and Li have been using the convex functional frame to study EM filed in the EMS
and motor, studying the motion of metal liquid flow with strong viscosity and EM forces, and its free surface
front with minimum area in paper[11]. Their convergence have been obtained in [11][12]. New GL and AGILD
heating modeling and inversion software, GL and AGILD EMS modeling and inversion, SGL and SAGILD
nondestructive test software using the magnetic leakage, and GL and AGILD software for heavier viscosity flow
motion have been developed by Xie and Li in GLGEO.

In the new GL algorithm by Xie and Li in GLGEO, no any large matrix need to solve. Moreover, the
artificial boundary and absorption condition are removed. The simulation result using AGILD EMS modeling
will be reported in Journal paper. Xie and Li in GLGEO will develop GL and AGILD EMS inversion that
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will be useful for optimization performance and design of the continuous casting. The new AGILD EMS EM
modeling will be patented by G. Xie and Jianhua Li in GLGEO.

9. Conclusion

We validate the AGILD EMS modeling by several simulation tests in frequency range 1∼12 Hz. The
simulation results show that the AGILD EMS is fast and accurate and available for any EMS system in any
casters with any geometry and any parameters. The AGILD and GL EMS modeling can jointly calculate EM
field in multiple strands EMSs configuration.
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New GL and GILD Superconductor Electromagnetic
Modeling

Ganquan Xie, Feng Xie, and Jianhua Li
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Abstract

The electromagnetic (EM) field distribution in the superconductor is an important topic. In this paper, we
present a new GILD(Global Integra and Local Differental method) and GL (Global and Local Field method)
modeling for the magnetic field in the superconductors. We use the magnetic integral equation globally and
second order London –Maxwell magnetic Garlerkin equation locally to construct GILD superconductor EM
modeling. We derive a new magnetic integral equation to construct GL superconductor EM modeling. The
GILD and GL superconductor modeling can be widely used for the complex inhomogeneous vortex state super-
conductor media in the applications.

1. Introduction

There are papers to study magnetic field in the superconductor. Most research works are concentrated only
for superconductor media with regular geometry or layered media. Moreover, the suitable boundary condition is
often difficult for superconductor modeling. In practice applications, the superconductor device is embedded in
the base seat or piece which is normal materials. Therefore, we need solve magnetic field distribution problem
in the mixed material combining normal conductor and superconductor.

In this paper, we present new GILD and GL modeling methods for the magnetic field in the superconductors.
The new magnetic differential integral equation for the superconductor is obtained using the London magnetic
penetration mode. We use the magnetic differential integral equation globally and second order London –
Maxwell magnetic Garlerkin equation locally to construct the GILD modeling. We derived a new magnetic
differential integral equation for the new GL superconductor modeling. The GILD and GL superconductor
modeling can be widely used for the complex superconductor media in the applications.

In the optical-electric science and engineering, the electromagnetic field distribution in the superconductor
is important project. We consider the electromagnetic field distribution in the vortex state of the high-Tc
superconductor, like Y Ba2Cu3O

7−δ and the type – II superconductor NbSe2. In the type II superconductor,
when a small magnetic field H < Hc1 (Meissner state) incident to it, the field is expelled from the interior
of the superconductor device. When Hc1 < H < Hc2, the incident magnetic field can penetrate into the
superconductor. Recent, there is a magnetic superconductor materials, like heave Fermi class materials etc. In
the magnetic superconductor (MSC), the magnetic property and superconductivity are co-existed in the type
materials. The magnetic field in the MSC will become complicated.

The quantized electromagnetic field with very high frequency is needed for investigating the internal proper-
ties of the magnetic superconductor. We will present GL quantized magnetic superconductor modeling in next
paper. Also we will develop stochastic SGILD and SGL magnetic field modeling for the superconductor media.

The complex absorption boundary condition is replaced by the magnetic field boundary differential integral
equation in GILD method. The GILD method decomposes the big matrix into smaller matrices parallel. GL
superconductor EM modeling is novel and totally new method. In the GL modeling, the complex absorption
boundary condition is not necessary, and there is no any big matrix equation to solve. The GL modeling is
different from FEM, FD, and Born like methods. It is available for any high frequency and large contrast
material.

The plan of this paper is as follows: Our magnetic differential integral equation is described in the next
section. An modified London Maxwell magnetic field equation is described in third section. In section 4, we
describe the new magnetic field differential integral equation in superconductor material. GILD superconductor
EM modeling is described in section 5. In section 6, we present new GL Superconductor EM Modeling. The
mixed GILD and GL magnetic field modelling is described in section 7. In the section 8, we present the merits of
the GL magnetic field modeling. The applications are described in the section 9, Finally, we describe conclusion
in the section 10.
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2. Magnetic Field Differential Integral Equation

In 1995, G. Xie and J. Li proposed a new magnetic differential integral equation as follows

H (r) = Hb (r) +

∫

Ω

(σ − σb) + iω (ε− εb)
σ + iωε

EMb (r′, r) · ∇ ×HdΩ (1)

where H(r) is the magnetic field, EMb (r′, r) is the electric Green tensor excited by the magnetic dipole. σ
is the electric conductivity, ε is the electric permittivity, σb is the background electric conductivity, εb is the
background electric permittivity, µ is the magnetic permeability assumed continuous or constant, ω is the
angular frequency, Ω is the finite bounded domain with (σ − σb) + iω (ε− εb) 6= 0, Hb (r) is the background
incident magnetic field. The magnetic field differential integral equation has advantages over the traditional
electric integral equation by Holmond (1975)

E (r) = Eb (r) +

∫

Ω

(σ − σb)GJb (r′, r) ·EdΩ, (2)

(1) the Green electric tensor EMb (r′, r) in equation (1) is a convergent kernel, but the Green tensor GJb (r′, r) in
equation (2) is divergent. (2) When σ is discontinuous, the macro magnetic field in equation (1) is continuous
if the permeability µ is constant or continuous, but the electric field in equation (2) is discontinuous. (3) when

σ →∞,
(σ − σb) + iω (ε− εb)

σ + iωε
→ 1 and the magnetic differential integral equation (1) is still effective, but the

electric integral equation (2) will be crash.

3. Modified London Maxwell Magnetic Field Equation

In the superconductor material, the resistance is lost and super current is occurring. The Maxwell equation
and the electric integral equation are not available for the electromagnetic field in the superconductivity media.
Suppose that the macro electric conductivity σ →∞ in the superconductor, the new magnetic field differential
integral equation (1) is still available for the magnetic field in the HSC(High Temperature SuperConductor),

because
(σ − σb) + iω (ε− εb)

σ + iωε
→ 1. In the superconductor physical theory, the London equation and London

magnetic penetration are introduced to describe the superconductor property.
Using the London magnetic penetration depth concept, the London-Maxwell magnetic differential equation

is as follows λ2
L

(∇×∇×H) +H = Qs, (3)

where
λ2

L
=

µmc2

4πnse2
. (4)

the λL is the London penetration depth, ns is the super flow density, e is the charge, m is the mass, c is the
light speed.

Let
Λ =

1

λ2
L

(5)

Λ is an important physical quantity which is proportional the vortex state super fluid density ns.
We modify the equation (3) as a new magnetic differential equation for superconductor(

∇× 1

Λ
∇×H

)
+H = Qs. (6)

4. New Magnetic Field Differential Integral Equation I

It is very important to modify the London Maxwell equation (3) to the new magnetic field differential
equation (6). Then we can obtain the new magnetic differential integral equation I for superconductor as
follows,

H (r) = Hb (r) +

∫

Ω

Λ− (σb + iωεb)

Λ
EMb (r′, r) · ∇ ×HdΩ. (7)

When the superconductor is embedded in the normal materials or free space, the new magnetic differential
integral equation in the superconductor is effective. In some superconductor, the London magnetic penetration

depth λL is very small, Λ is very lager,
Λ + (σb + iωεb)

Λ
→ 1, the equation (7) is similar the equation (1).
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Therefore, we can in intuitionally think σ → ∞ in the superconductor, the magnetic integral equation (1) is

available and
(σ − σb) + iω (ε− εb)

σ + iωε
→ 1. The London mode is the extension mode from Maxwell mode in

superconductor materials. The λL and Λ depend on the temperature T. In the Vortex lattice, we use λ(a,b) to
replace λL.

5. GILD Superconductor EM Modeling

The domain of the superconductor is divided into the set of the cubic elements.
The collocation FEM for the new magnetic differential integral equation (7) on the boundary and the

Galerkin FEM for the new differential equation (6) in the internal domain is coupled to construct the GILD
magnetic field modeling in the superconductor.
5.1 Finite element scheme for 3D magnetic integral equation

The 3D domain is divided into a set of cubic elements with 8 corner nodes (Li and Xie, 1999 and Xie and
Li, 1999). Substituting the finite element magnetic field functions into the differential integral equation (7) for
the magnetic field and using the collocation method in conjunction with the matched domain finite element
scheme, The integral is calculated using the Gaussian numerical integration formula.
5.2 GILD Finite Element Method

The FEM equation in (7) includes the unknown magnetic field Hb on the boundary and Hd in the internal
domain.

The boundary matrix equation of (7) is

KbbH
h
b +KbdH

h
d = Qb (8)

Where Kbb and Kbd are matrices, Hh
b is the unknown magnetic field vector on the boundary, Hh

d is unknown
magnetic field vector in the internal domain .

In the internal domain, we apply the FEM scheme of the Galerkin equation of the equation (6) presented in
Xie et al. (2000) and Xie (1975). The matrix equation of the internal domain FEM equation in matrix form is

KdbH
h
b +KddH

h
d = Qd (9)

Where Kdb and Kdd are matrices, Qb is the source vector on the boundary, Qd is source vector in the internal
domain. The matrix equations (8) and (9) are coupled to construct the complete GILD finite element equation
system.
5.3 Parallel GILD algorithm

A parallel GILD Finite Element Method algorithm is presented as follows:
(1) The domain is decomposed into the two parts, SI and SII , SI is a set of nodes on the boundary, SII

is a set of nodes in the internal domain. The finite element matrix equation (9) in the internal domain SII is
sparse. The SII is decomposed into 4n subdomains SII(l), for example, l=1,2,...,4n .

K
SII(ℓ)
I,I H

h,SII(ℓ)
I +K

SII(ℓ)
I,B H

h,SII(ℓ)
B = Q

SII(ℓ)
I

K
SII(ℓ)
B,I H

h,SII(ℓ)
I +K

SII(ℓ)
B,B H

h,SII(ℓ)
B = Q

SII(ℓ)
B

(10)

(2) The 4n parallel CPU elements parallel computer will be used to solve the 4n sub matrix equations, in
parallel.

(3) The internal mesh of the new domain is reorganized into 4n−1 groups. The 4n parallel elements (PEs)
are divided 4n−1 groups, there are 4 PEs in each group. 4n−1 groups of PEs are used to solve 4n−1 group
sub-matrix equation, in parallel. This processor is called a parallel multiple hierarchy substructure algorithm
by Xie and Li (1999) and Xie et al. (2000)

(4) Finally, a complete finite element matrix equation on the boundary is obtained. A parallel LU decompo-
sition is used to solve the boundary matrix equation, and the magnetic field on the boundary will be obtained.
By backward processor, the magnetic field in the internal domain can be obtained. The boundary integral
representation can be used to calculate the magnetic field outside of the domain in parallel. The boundary strip
differential integral equation is described in [4], r is point in the domain and r′ is point on the boundary.

6. GL Superconductor Modeling

6.1. New magnetic field differential integral equation II
We derived a new magnetic field differential integral equation II for the superconductor as follows .
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H (r) = Hb (r) +

∫

Ω

Λ− (σb + iωεb)

Λ (σb + εb)
∇×GMH (r′, r) · ∇ ×Hb (r′) dΩ (11)

where GMH (r′, r)is the magnetic field Green function which satisfies the equation(
∇× 1

Λ
∇×GMH (r′, r)

)
+GMH (r′, r) = δ (r′ − r) I, . (12)

I is identify matrix.
6.2. New GL superconductor magnetic field modeling

In this section, we present a new Global and Local electromagnetic field modeling [1-3] for superconductor
which is called GL superconductor EM modeling.

The finite inhomogeneous superconductor domain is imbedded into the infinite whole or layered normal
conductor background domain. The incident background EM field is called an initial global field. The global
EM fields are updated by local scattering EM fields in superconductor sub domains locally and successively.
The total GL EM field is obtained when the global field is passing through the inhomogeneous domain. We
have proved that the finite GL iterations can obtain exact discrete EM field in superconductor media which
satisfies the discrete differential integral equation (11) and (7). The GL EM field converges to the exact EM
field which satisfies the modified London Maxwell magnetic field equation (6) when the cell size is going to zero
with O(h2)convergent rate. Super convergent rate O(h4) is obtained when the Gaussian integral points are
used.

7. Mixed GILD and GL Magnetic Field Modelling

Figure 1: Multi-layers
model of a high tempera-
ture superconductor

The superconductor and normal conductor and insulator are often mixed em-
bedding each other and are included in free space. A variable spacing planar high
temperature superconductor waveguide device is shown in Figure 1.

A new mixed GL magnetic field modelling is available for the mixed supercon-
ductor model. A designed index for each sub domain. Index is set to A if the sub
domain is superconductor, otherwise index is set to B. The new magnetic differ-
ential integral equation (11) is used in the sub domain with index – A. In the sub
domain with index – B , the new magnetic differential equation [5][6]

H (r) = Hb (r) +

∫

Ω

(σ − σb) + iω (ε− εb)
(σ + iωε) (σb + iωεb)

∇×GMH (r′, r) · ∇ ×HbdΩ, (13)

is used. If the element with index – 0 is internal domain, the Maxwell magnetic
differential equation is used.

8. Merits of the GL Magnetic Field Modeling

The merits of the parallel GL magnetic field modeling in HSC are as follows [1-3]:
New GL modeling is total new novel method and has advantages over FEM, FD, and Born like etc. method.
(1) The complex and artificial boundary conditions are necessary in FEM and FD method. GL modeling

method is totally different from FEM and FD method. There is no any artificial boundary and no any absorption
boundary condition in GL method.

(2) To solve large matrix that has been heaviness burden in FEM and implicit FD method. The GL modeling
completely overcome the difficult. There is no any big matrix to solve in GL method. GL method only needs
to solve 3 by 3 or 6 by 6 small matrices.

(3) Born like method and FEM method are no accurate for high frequency and large material contrast. GL
method has no limitation of the high frequency and lager material contrast.

(4) Born like method is an approximation using the electric integral equation (2) and the analytical back-
ground field. It is not accurate for high frequency, large domain, and large material contrast. Asymptotical
method is an approximate analytic method, FEM and FD are numerical method. They are independently
developed. GL method perfectly combines analytical method and numerical method. GL method can obtain
accurate field for any high frequency, large domain, and large material contrast.

(5) GL method is self parallel method. It is very high performance in parallel computer and PC-Cluster.
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(6) GL and GILD methods are different. In GILD method, the differential integral equation is used for
artificial boundary condition. The large matrix is decomposed by GILD parallel algorithm. However, these
tasks are reduced in GL method.

9. Application

Many tests show that the new GL and GILD magnetic field modeling for superconductor is accurate and
stable. They will be a powerful tools for studying superconductor material. The simulations of the practice
design model for micro wave field in the nonlinear VSPPR superconductor are performed. The simulation data
and results will be published in next paper.

The GL EM method will have very wide applications in the electromagnetic sciences and engineering,
superconductor material, continuous casting, geophysical exploration, antenna designs, microwave astronomers,
weather radar imaging, GPR, nondestructive testing, the mechanical problems, the heat diffusion, seismic
wave propagation, quantum mechanics and quantum electromagnetic field in nanometer sciences. The 3D GL
acoustic, 3D GL EM field and 3D GL elastic wave modeling software are developed by us in GLGEO. The GL
method algorithm and software are our invent patent in the GL Geophysical Laboratory.

10. Conclusion

Many GL superconductor model simulations show that the EM field by GL modeling is fast convergent to
exact EM field for high frequency and high contrast material property, while FEM method fails to simulate
EM wave field in the high frequency. We have proved that the GL modeling method can obtain exact discrete
EM field which satisfies the discrete differential integral equation. The GL EM field converges to the exact
MAXWELL EM field when the mesh step is going to zero with O(h2)convergent rate. Super convergent rate
O(h4) is obtained when the Gaussian integral points are used.

Our GL quantum electromagnetic superconductor method will be present in next paper. We will present
GL and GILD superconductor simulations in Journal papers.
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High-speed Clock Tree Simulation Method Based on
Moment Matching

Xiao-Chun Li, Jun-Fa Mao, and Min Tang
Shanghai Jiao Tong University, China

Abstract

A fast and accurate simulation method for high-speed clock trees with buffer insertions is proposed in this
paper, where transmission line model is used in all branches of clock trees rather than only in main path. The
proposed method is based on two-moment matching technique and can approximate all damping responses,
with analytical formulas for time domain responses given. It is shown that this method is significantly more
accurate than the Elmore delay model, especially for under damped responses.

Introduction

In VLSI(Very Large Scale Integration systems), a global clock signal is a relative time reference for data
movement within a digital system. Thus, much attention has been paid to the characteristics of these clock
signals. As the feature size of integrated circuits (ICs) continues to shrink and operating speed continues to
increase, much more accurate interconnect models are required for simulation of clock trees. Besides, fast
simulation methods, especially analytical delay models, are very useful for clock tree synthesis and optimization
[1]. To our best knowledge, Elmore delay model is the most popular delay one for lumped RC trees [2]. Some
analytical delay models have been developed for distributed RC trees and lumped RLC trees [3, 4]. More
recently, a fast simulation method is proposed for interconnect trees with transmission line model [5]. Clock
tree distributions are usually in the form of H tree or binary tree with buffer insertion [6], hence, fast simulation
methods are required.

A fast and accurate simulation method for high-speed clock trees is proposed in this paper. This method
has the following merits: (1) transmission line model is used for all branches of clock trees; (2) buffer insertion is
considered in clock tree distribution; (3) analytical formulas are given for fast clock tree simulation and synthesis;
and (4) all damping responses can be approximated using two-moment matching technique with inductance
effects considered. Some experimental results show that our proposed method is much more accurate than the
Elmore delay model, especially for under damped responses.

A Fast Clock Tree Simulation Method

A clock tree with buffer insertion is shown in Fig.1. The linear model of buffer is used in our simulation of
clock trees, which is shown in Fig.2. Rb is the output resistance of buffers, cb is the input capacitance of buffers.
Buffer insertions isolate the lines of upper level from the lower level of clock trees. Thus, a clock tree is divided
into several parts and each part has the same structure as shown in Fig.3.

Figure 1: Clock tree with buffer insertion. Figure 2: Linear Model of Buffer.
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Figure 3: A clock tree part

Two lines of a clock tree part are notated as T1 and T2, and transmission line model is used for accurate
simulation of clock trees. The ABCD parameters for T1 and T2 are notated as A1B2C1D2 and A1B2C1D2,
respectively. The voltages for two sides of T1 are notated as V1 and V3, and the currents for two sides of T1

are notated as I1 and I3. The voltages for two sides of T2 are notated as V1 and V4, and the two currents for
two sides of T2 are notated as I2 and I4. According to ABCD matrix, we have

(
V1(s)
I1(s)

)
=

(
A1 B1

C1 D1

)(
V3(s)
I3(s)

)
(1)

(
V1(s)
I2(s)

)
=

(
A2 B2

C2 D2

)(
V4(s)
I4(s)

)
(2)

The load capacitance of T1 and T2 are notated as CL1 and CL2, respectively. Then we have

I3(s) = sCL1V3(s) and I4(s) = sCL2V4(s) (3)

For leaf lines, the load capacitance is just the load of clock trees cl, and for other lines the load capacitance
is buffer input capacitance cb. Vs is the source voltage, which is a step response according to the characteristic
of buffers. Then we have

Vs(s)− V1(s) = Rb(I1(s) + I2(s)) (4)

The transfer function H1(s) and H2(s) can be derived from (1)-(4), which are

H1(s) =
V3(s)

Vs(s)

=
A2 +B2CL2s

(A1 +B1sCL1)(A2 +B2sCL2) +Rb [(C1 +D1sCL1)(A2 +B2sCL2) + (C2 +D2sCL2)(A1 +B1sCL1)]
(5)

H2(s) =
V4(s)

Vs(s)

=
A1 +B1CL1s

(A1 +B1sCL1)(A2 +B2sCL2) +Rb[(C2 +D2sCL2)(A1 +B1sCL2) + (C1 +D1sCL1)(A2 +B2sCL2)]

(6)

If all ABCD parameters of the transmission line model are used in the above transfer functions, they are
accurate but complicated, and it is uneasy to get time domain responses. Thus, moment matching technique,
as a model reduction method, is used for fast simulation of clock trees. The ABCD parameters of transmission
lines and their two moment matching are

A = cosh(θh) ≈ a0 + a1s+ a2s
2 ≈ 1 +

1

2!
h2rcs+ (

1

2!
h2lc+

1

4!
h4r2c2)s2

B = Z0 sinh(θh) ≈ b0 + b1s+ b2s
2 ≈ rh+ (lh+

1

3!
r2ch3)s+ (

2

3!
rlch3 +

1

5!
r3c2h5)s2

C = 1
Z0

sinh(θh) ≈ c0 + c1s+ c2s
2 ≈ chs+

1

3!
h3rc2s2

D = cosh(θh) ≈ a0 + a1s+ a2s
2 ≈ 1 +

1

2!
h2rcs+ (

1

2!
h2lc+

1

4!
h4r2c2)s2

(7)
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where θ =
√

(r + sl)sc, h is the length of the line, Z0 =
√

(r + sl)/(sc), r, l and c are the resistance, inductance
and capacitance per unit length, respectively. Two-moment matching for ABCD parameters of transmission
line T1 and T2 are given by





A1 = a10 + a11s+ a12s
2

B1 = b10 + b11s+ b12s
2

C1 = c10 + c11s+ c12s
2

D1 = d10 + d11s+ d12s
2

and





A2 = a20 + a21s+ a22s
2

B2 = b20 + b21s+ b22s
2

C2 = c20 + c21s+ c22s
2

D2 = d20 + d21s+ d22s
2

(8)

Figure 4: An arbitrary clock tree

Table 1: Comparison of delay values

Node SPICE Our
(Error%)

Elmore
(Error%)

N1 2.1ns 2.4ns (14.8%) 1.1ns (47.6%)
N2 2.1ns 2.4ns (14.8%) 1.1ns (47.6%)
N3 1.8ns 2.0ns (11.1%) 0.9ns (50.0%)
N4 1.4ns 1.8ns (22.2%) 0.8ns (42.9%)
N5 0.8ns 1.0ns (25.0%) 0.6ns (25.0%)
N6 1.1ns 1.2ns (9.09%) 0.6ns (45.5%)

Using two-moment matching technique, the exact transfer functions will be approximated as the following
simple function:

H(s) ≈ n1s+ n0

m2s2 +m1s+m0
(9)

with

n0 = a20 = 1
n1 = a21 + b20CL2

m0 = a10a20 + a20c10Rb + a10c20Rb = 1
m1 = a11a20 + a10a21 + a20b10CL1 + a10b20CL2 + a21c10Rb + a20c11Rb + a11c20Rb

+a10c21Rb + b10c20CL1Rb + b20c10CL2Rb + a20d10CL1Rb + a10d20CL2Rb
m2 = a12a20 + a11a21 + a10a22 + a21b10CL1 + a20b11CL1 + a11b20CL2 + a10b21CL2

+b10b20CL1CL2 + a22c10Rb + a21c11Rb + a20c12Rb + a12c20Rb + a11c21Rb + a10c22Rb
+b11c20CL1Rb + b10c21CL1Rb + b21c10CL2Rb + b20c11CL2Rb + a21d10CL1Rb
+b20d10CL1CL2Rb + a20d11CL1Rb + a11d20CL2Rb + b10d20CL1CL2Rb + a10d21CL2Rb

(10)

According to (10), inductance effect is considered both in main path and in sub trees. Besides, resistance-
shielding effect for subtree–capacitance is also considered. According to the value of ∆ = m2

1 − 4m2, different
damping responses are
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V3(t) =





1 + k1e
s1t + k2e

s2t ∆ > 0

1− e− 2
m1

t +
4n1 − 2m1

m2
1

te−
2

m1
t ∆ = 0

1− e−αt(cosβt+
m1 − 2n1√
−∆

sinβt) ∆ < 0

(11)

where s1,2 =
−m1 ±

√
∆

2m2
, k1 =

n1s1 + 1

s1
√

∆
, k2 = −n1s2 + 1

s2
√

∆
, α =

m1

2m2
, β =

√
−∆

2m2
.

The process to get V4(t) is the same as the process to get V3(t).

Experimental Results

To validate our method to simulate the clock trees, some experimental results are given to verify our method,
HSPICE and Elmore delay. An arbitrary clock tree is used for an experiment, which is shown in Fig.4, with
a group of deep submicron technology parameters Rb = 6320, cl = cb = 4f , r = 0.148Ω/µm, c = 0.18fF/µm,
l = nH/µm. Each line length of the clock tree is given in Fig.4. The delay values of our method are compared
with those of HSPICE and Elmore delay for the clock tree given in Table 1. The delay errors of our model and
those of Elmore delay model are also given in Table 1.

Conclusion

A fast and accurate simulation method is proposed for high-speed clock trees. Buffer insertions are considered
in clock tree distributions. To satisfy high accuracy requirement, transmission line model is used for all branches
of clock trees. Based on two-moment matching technique, analytical formulas for time domain responses are
derived, which can approximate all damping responses. Experimental results show that our method is much
more accurate than Elmore model, especially for underdamped responses. Therefore, our method can be used
for accurate simulation and high-level synthesis of clock trees.
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Discrimination of Metallic and Colored Surface States
by Optical Pattern Projection Method

T. Inari and N. Aoki
Kinki university, Japan

Abstract

In the optical pattern projection method called by the authors for surface roughness measurement, the
roughness is detected from the qualities of the output image, such as contrast, formed by an imaging system
including a target surface. We will report the relation between the roughness and contrasts for metallic surfaces
and the colored plastics in the range of Ra of about 0.1 µm and below, using a video camera. For the colored
plastic surfaces, the authors explain that the sensitivity for gloss depends on the contrast of the formed image
under additional illumination by other light sources.

1. Introduction

The authors proposed and examined some optical methods for surface roughness measurement using reflec-
tion of laser light [1], and the other uses image formation and processing [2,3,4]. In this paper, we will treat the
optical pattern projection method called by the authors for surface roughness measurement and trial applica-
tion of this method to discriminate the human sensitivity for gloss of surfaces. In this method, the roughness
is detected from the parameters corresponding to quality of the output image, such as contrast, formed by an
imaging system including the target surface. In the imaging system used for this method, the light beams are
passed through the input image such as a knife edge, and are projected by the lens on the observing plane. The
target surface to be measured is placed in the way of the optical path of the imaging system.

In the previous works, the authors found the relation between the contrasts of the images and the arithmetic
mean Ra of the surfaces could be expressed by an experimental equation in the range of Ra of about 0.1 µm
and below [2]. The use of a video camera [3] is desirable for practical application of this method. However, the
dynamic range of the video camera is limited, and the dark output gives the deviation of the contrast data from
the theoretical relation between the roughness and contrast [4].

We will report the relation measured by use of a video camera between the roughness Ra and contrasts for
metallic surfaces in the range of Ra of about 0.1 µm and below. And then, we explain the relations between
roughness and contrasts, in the case of colored plastic surfaces, are almost the same as the cases of metallic
surfaces, and are independent on the human gloss sensitivity. We will report, however, the gloss sensitivity
depends on the contrast of the formed image under the illumination from an additional light source.

2. Measurement of Surface States and Gloss Sensitivity

2.1 Outline of the pattern projection method
Quality of the images formed by an imaging system including a target surface depend on the surface states

of the target. Surface states, therefore, can be detected using this relation. We call this method the pattern
projection method. The basic configuration of the method is shown in Fig.1. The light beams from the light
source are illuminated the input pattern from behind of it, and are focused on the observing plane through the
reflection off the target surface. The optical transfer function of the imaging system is dominated by the surface
roughness of the target, then the quality of the output image relates with the surface states such as roughness.
Therefore the roughness can be measured by detection of a parameter, such as the contrast, representing the
quality of the image [2].
2.2 Characteristics of the method

In the previous works [2] the authors found that the correlation between the contrast C and the Ra is
expressed by the equation,

C = exp(−g), (1)

where g = (4πσ/λ)2, λ is wavelength of the light used and σ is the standard deviation of the amplitude of
the surface profile of the target, and σ can be replaced by Ra. In this work, the authors used the mechanical
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scanning of a photo-diode to detect the light intensity distribution (brightness) of the pattern on the observing
plane. The calculation of C is done in the case of λ = 1 in equation (1).

Figure 1: Basic configuration of the pattern projection method

In the experiment, the contrast was obtained using the equation as follows,

C = (Imax − Imin)(Imax + Imin) (2)

Imax and Imin are the maximum and minimum values of the brightness data respectively along one scanning
line being across the edge line of the knife edge image. The positions of the maximum and the minimum are at
constant distances from the edge line.

When a video camera is used to detect the intensity distribution of the image, the reduction or deviation of
the contrast from the calculated results is appears. The authors proved this deviation was originated from the
dark output of the video camera, and proposed the method of compensation for gray level of an image [4].

The compensation is done as follows. The range of the gray level of the image is enlarged into the full scale
of the camera using the following equation,

br =
MAX −MIN

max−min (f −min) +MIN (3)

where max and min are the maximum and minimum of the original brightness data, MAX and MIN are the
maximum and minimum of the brightness data enlarged. f is brightness data of the original image.

2.3 Application of the method to gloss sensitivity
Gloss is usually defined simply by a ratio of diffused component to the specular component of scattered light

from a surface. This definition has little relation with human sensitivity for gloss. Human sensitivity correlates
with appearance of an image formed on a surface. The pattern projection method, therefore, is expected to be
applied to the measurement of gloss.

3. Experiments

3.1 Experimental method
The experimental system using a video camera is shown in Fig.2. The video camera detects the output

image formed on the observing plane. Image data are processed, and the contrast is derived. A knife edge is
used as the input pattern. The samples used are stainless steel plates about 50× 50 mm in size. The range of
Ra are from 0.016 to 0.090 µm. Colored plastic plates with the surface roughness Ra being from 0.036 to 0.042
µm are prepared. The colors of them are white, black, red, yellow, and transparent.

The contrasts are calculated from the brightness data along a scanning line of the video camera using equa-
tion (2). The final contrast data of a sample are deduced by average of the contrast data from 150 scanning
lines. The contrast data are deduced from the images after gray level compensation by equation (3) from the
original images. The contrasts from the original images without compensation are also shown in the figure.
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Figure 2: Configuration of the experimental system

Figure 3: Relations between contrasts and roughness Ra for metallic and colored plastic surfaces, calculated
results from the experimental equation are shown together. The results before and after the gray level compen-
sation are shown

3.2 Experimental results
The contrast data from the metallic and the plastic surfaces, before and after the gray level compensation,

are shown in Fig.3. The curve of calculated results from the equation (1) is shown together. The deviations of
the contrast data from the calculated curve appear and the effect of the gray level compensation is clear. The
correlation between the contrast and Ra in case of the plastic surfaces is the same with the case of the metallic
surfaces.

4. Discussions

In the case of the plastic surfaces, the contrast data depend also only on the surface roughness Ra, though
human sensitivities for gloss are different between the colored plastic surfaces. The contrast data described
above is originated only from specular scattering on the upper layer of the surfaces.

Then, we propose a new pattern projection method using the illumination with an additional light source.
The additional illumination gives the diffused reflection from the lower layer of the surface. The imaging system
used in this new method is different from that shown in Fig.2. The image of the input image is detected directly
with the video camera through reflection on the target surface. The direction of the additional illumination is
inclined from the specular direction.

The detected images obtained by the method are shown in Fig.4. The used samples are white and black
plastic plates. The images obtained with and without the additional light source are shown in the figure. The
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Figure 4: Appearances of the images from the plastic plates of black ((a) and (b)), and white ((c) and (d)).
The cases with additional lights are shown in (b) and (d)

Figure 5: Brightness distributions along the scanning lines of the plastic plates of black and white surfaces,
under with and without additional light sources.

differences of the appearances between the images of the white and the black plates are clear.
The brightness distributions along one scanning lines of the images in Fig.4 are shown in Fig.5. We find

that the change of the contrast of the image of the white surface caused by the additional illumination is larger
than that of the black case. This result corresponds to our sensitivity that a black surface is superiorly glossy
than a white surface.

5. Conclusion

We proved the roughness Ra of about 0.1 µm and below can be measured by the pattern projection method,
and the gray level compensation is useful in this method. This method gives the same results for the colored
plastic surfaces with metallic surfaces, if Ra of them are same with each other.

The new method using additional light sources is proved to be useful in order to represent the human gloss
sensitivity for white and black colored plastic surfaces. Therefore, farther development based on this result for
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gloss sensitivity measurement is expected in future.
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A Statistical Kirchhoff Model for EM Scattering from
Gaussian Rough Surface
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Abstract

In this paper we propose a statistical Kirchhoff model (SKM) for shadow-corrected EM scattering from a
rough surface. It treats the local coordinates and Fresnel reflection coefficients statistically over the orientation
distribution of surface unit norm as characterized by the joint probability distribution function of its two direc-
tional slopes. In calculating the incoherent scattered power, for a Gaussian rough surface, the joint probability
distribution function of surface unit norms at two different surface points is shown to follow a joint Gaussian
distribution with zero mean and covariance matrix of special form. Decomposition of such covariance matrix
into uncorrelated term and fully correlated terms of different types not only assists a better understanding of
the interaction between any pair of points on the surface, but also enables the simplification of calculation of the
expectation of the product of Kirchhoff term at one point and the conjugate Kirchhoff term at another point.
The validity of SKM is demonstrated through the good agreements between model predictions and method
of moment (MoM) simulations for statistically known surfaces. More importantly, all the simulated cases are
outside the validity regions of small perturbation model (SPM) and conventional Kirchhoff model (KM), which
means that SKM can bridge the gap between SPM and KM.

I. Introduction

The complexity and challenge inherent in modeling of EM scattering from rough surface has led to a tenet
of models, which range from traditional ones such as the small perturbation method (SPM) and the Kirchhoff
model (KM) to the recently developed integral equation model (IEM) and its various variations[1-5]. Each model
has its fair share of strengths and weaknesses. For the SPM model, it is required that surface height variance
be much smaller than incident wavelength and surface slopes also comparably small. The KM is applicable
for a rough surface whose mean surface curvature is large; its two asymptotic approximations, the Physical
Optics (PO) and Geometrical Optics (GO) models, are valid for small surface slope and very high frequency,
respectively.

Yet there is a vast gap between the validity regions of SPM and KM. To fill the gap, IEM and its variations
make use of the so called complementary fields and seem to work well for certain cases.

In this paper we propose a statistical Kirchhoff model (SKM) for shadow-corrected EM scattering from a
rough surface. It treats the local coordinates and Fresnel reflection coefficients statistically over the orientation
distribution of surface unit norm as characterized by the joint probability distribution function of its two direc-
tional slopes. In calculating the incoherent scattered power, for a Gaussian rough surface, the joint probability
distribution function of surface unit norms at two different surface points is rigorously derived. Decomposi-
tion of the covariance matrix into uncorrelated term and fully correlated terms of different types enables the
simplification of calculation of the correlated power term. The validity of SKM is demonstrated through the
good agreements between model predictions and method of moment (MoM) simulations for statistically known
surfaces.

This paper is organized as follows. In Section II, the shadow-corrected tangential Kirchhoff fields are for-
mulated. The scattered fields at far zone are also given. The scattering coefficient is computed in Section III,
where statistical treatment based on assumptions of the surface norm distribution and height distribution is
carried out in detail. Comparisons between SKM theoretic predictions and MoM simulations for some known
statistical surfaces are given in section IV. Section V concludes this paper.

II. Shadow-corrected Surface Tangential Fields

Consider a harmonic plane wave incident in free space upon a random rough surface as suggested in Fig.
1. The time-factor e−iωt is suppressed.The incident electric and magnetic fields are given by Ei = p̂E0e

ik·r
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and Hi = 1
ηk × Ei , where p̂ is the unit polarization vector, E0 is the amplitude of the electric field, k = k̂ik,

k is the wave number in free space and is given by k = ω
√
η0ǫ0, k̂i is the unit propagation vector given by

k̂i = x̂ sin θi cosφi + ŷ sin θi sinφi + ẑ cosφi, and η is the intrinsic impedance in free space.
For an arbitrary point r on the rough surface, where r = x̂x+ ŷy+ ẑz, its surface norm is n̂ =

−x̂Zx−ŷZy+ẑ√
1+Z2

x+Z2
y

,

where Zx and Zy are surface slopes along x-axis and y-axis respectively. When expressed in terms of the
spherical coordinates (θn, φn), n̂ is given by n̂ = x̂ sin θn cosφn + ŷ sin θn sinφn + ẑ cosφn

The local coordinate system (k̂i, t̂, d̂) for Fresnel reflection coefficients is defined as t̂ = k̂i×n̂
|k̂i×n̂|

and d̂ = k̂i× t̂.
The Fresnel reflection coefficients R‖ and R⊥ are calculated using the local incidence angle.

At far zone, the scattered Kirchhoff electric field Es,k of polarization q̂ is given by

Es,k
qp =

ikE0

4πR
eikR

∫
fqp(r⊥, n̂)e−i(ks−ki)·rdxdy (1)

where fqp(r⊥, n̂) is given by:

fqp(r⊥, n̂) ={q̂ × ks · n̂× [(1 +R⊥)(p̂ · t̂)t̂+ (1 −R‖)(p̂ · d̂)d̂]
+ q̂ · n̂× [(1−R⊥)(p̂ · t̂)d̂− (1 +R‖)(p̂ · d̂)t̂]}Ik(r⊥)/ cos θn

(2)

and Ik(r⊥) is the shadow function with r⊥ = x̂x + ŷy. In the simple case where Ik(r⊥) depends only on the

intersection angle between k̂i and n̂, fqp(r⊥, n̂) can be written as fqp(n̂).

Figure 1: Scattering of plane wave incident in free
space upon a random rough surface

Figure 2: ρxx and ρxy as functions of ∆x = x − x′
for a given ∆y = y − y′

III. The Scattering Coefficients

To calculate the scattering coefficient, we need to determine the incoherent power first. The Kirchhoff
incoherent power is given by:

P kqp =< EkqpE
k∗
qp > − < Ekqp >< Ek∗qp >

=
k2E2

0

(4πR)2
{<
∫∫

fqp(n̂)f∗
qp(n̂

′)exp[−i(ks − ki) · (r− r′)]dx′dy′dxdy >

− | <
∫
fqp(n̂)exp[−i(ks − ki) · r]dxdy > |2}

(3)

To carry out the involved expectations, for a Gaussian surface, the following needed properties are readily
established: (i) the surface slopes Zx and Zy are uncorrelated with height z; (ii) the joint statistics of Zx and

Zy is specified by the joint probability distribution function of vector µ = [Zx Zy Z
′

x Z
′

y]
t, which follows a

joint Gaussian distribution with zero mean and covariance matrix C given by:

C = σ2
s




1 0 ρxx ρxy
0 1 ρxy ρyy
ρxx ρxy 1 0
ρxy ρyy 0 1


 (4)
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where
σ2
s =

2σ2

L2
(5)

ρxx(r⊥, r
′
⊥) = {1− 2(x− x′)2

L2
}exp{− (x− x′)2 + (y − y′)2

L2
} (6)

ρxy(r⊥, r
′
⊥) = {−2(x− x′)(y − y′)

L2
}exp{− (x− x′)2 + (y − y′)2

L2
} (7)

ρyy(r⊥, r
′
⊥) = {1− 2(y − y′)2

L2
}exp{− (x− x′)2 + (y − y′)2

L2
} (8)

Fig. 2 shows plots of ρxx and ρxy as functions of ∆x = x − x′ for a given ∆y = y − y′. It is seen that as
∆x > 3L, ρxx and ρxy approach zero.

In view of the above, P kqp can be calculated as follows,

P kqp =
k2E2

0A0

(4πR)2
exp(−k2

dzσ
2){

∫∫∫∫∫∫∫
fqp(n̂)f∗

qp(n̂
′)g(n̂, n̂′)exp[−i(kdxζ + kdyς)]dZxdZydZ

′
xdZ

′
ydζdς

− | < fqp(n̂) > |2
∫∫

exp[−i(kdxζ + kdyς)]dζdς}

(9)

where A0 is the illuminated area, kdχ = ksχ − kχ, χ = x, y, z, ζ = x − x′, ς = y − y′, and g(n̂, n̂′) is the joint
pdf given by g(n̂, n̂′) = 1

(2π)2
√

|C|
exp(− 1

2µ
tC−1µ).

It is clear that calculation of the first term of P kqp involves a 6-fold integration, a procedure rigorous yet time
consuming. The complexity stems from correlation between n̂ and n̂′, which from Fig. 2 can be regarded as
concentrated in a disk of radius R = 3L formally defined as D0 = {(ζ, ς) :

√
ζ2 + ς2 ≤ 3L}. To simplify such

calculation, decomposition of the covariance matrix is considered. First it is normalized with respect to the
slope variance σ2

s , and the resultant matrix C̃ = C/σ2
s is decomposed into four matrices representing different

correlation relations between the surface norms n̂(Zx, Zy) and n̂(Z ′
x, Z

′
y) as follows:

C̃ = a




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


+ b




1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1


+ c




1 0 1 0
0 1 0 −1
1 0 1 0
0 −1 0 1


+ d




1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1


 (10)

where b =
ρxx+ρyy

2 , c =
ρxx−ρyy

2 , d = ρxy, and a = 1− b − c− d.
Among the decomposed four matrices, the first matrix represents uncorrelated surface norm n̂(Zx, Zy) and

n̂′(Z ′
x, Z

′
y), and the other three represent fully correlated n̂(Zx, Zy) and n̂′(Z ′

x, Z
′
y) in different senses, as indicated

by the corresponding correlation coefficient of 1 or -1. For instance, the last matrix denotes fully correlated
cross-directional pairs (Zx, Z

′
y) and (Z ′

x, Zy).
This decomposition makes it clear that the surface norm n̂′(Z ′

x, Z
′
y) is related to n̂(Zx, Zy) through a weighted

combination of four mechanisms: uncorrelated, two co-directionally correlated and one cross-directionally cor-
related. The relative weight of each mechanism depends on the relative position of r′ to r: when r′ approaches
r, a → 0, c → 0, d → 0, b → 1, which means the correlation coefficient between n̂(Zx, Zy) and n̂′(Z ′

x, Z
′
y) ap-

proaches 1; when r′ is far away from r, b → 0, c → 0, d→ 0, a → 1, which means n̂(Zx, Zy) and n̂′(Z ′
x, Z

′
y) are

uncorrelated, just as intuition would indicate.
Such interpretation suggests a way to calculate the expectation of fqp(n̂)f∗

qp(n̂
′) which is essential in deter-

mining the incoherent scattered power. The new method is formulated as follows:

< fqp(θn, φn)f∗
qp(θ

′
n, φ

′
n) >

= (1− |b| − |c| − |d|)| < fqp(θn, φn) > |2 +

{
b < fqp(θn, φn)f∗

qp(θn, φn) > (if b ≥ 0)
|b| < fqp(θn, φn)f∗

qp(θn, π + φn) > (if b < 0)

+

{
c < fqp(θn, φn)f

∗
qp(θn,

π
2 − φn) > (if c ≥ 0)

|c| < fqp(θn, φn)f∗
qp(θn,

3π
2 − φn) > (if c < 0)

+

{
d < fqp(θn, φn)f∗

qp(θn,−φn) > (if d ≥ 0)
|d| < fqp(θn, φn)f∗

qp(θn, π − φn) > (if d < 0)
(11)
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The scattering coefficient is defined as:

σ0
qp =

4πR2Pqp
E2

0A0 cos θi
(12)

The backscattering scattering coefficient of SKM is given by

σ0
qp = σ0

qp1 + σ0
qp2 + σ0

qp3 (13)

where

σ0
qp1 =

k2

4π cos θi
exp[−(ksz − kz)2σ2]{

∫∫

D0

〈fqp(θn, φn)f∗
qp(θ

′
n, φ

′
n)〉exp[(ksz − kz)2σ2exp(− ρ

2

L2
)]

∗ exp[−i(ksx − kx)ρ cosφ− i(ksy − ky)ρ sinφ]ρdρdφ

−
∫∫

D0

|〈fqp(θn, φn)〉|2exp[−i(ksx − kx)ρ cosφ− i(ksy − ky)ρ sinφ]ρdρdφ

(14)

σ0
qp2 =

k2

2 cos θi
exp[−(ksz − kz)2σ2]|〈fqp(θn, φn)〉|2

∫ R

0

ρJ0(kdρρ){exp[(ksz − kz)2σ2exp(− ρ
2

L2
)]− 1}dρ (15)

where J0(·) is the 0-th order Bessel function, kdρ =
√

(ksx − kx)2 + (ksy − ky)2 and

σ0
qp3 =

k2

2 cos θi
exp[−(ksz − kz)2σ2]|〈fqp(θn, φn)〉|2

∞∑

n=1

σ(2n)|(ksz − kz)n|2
W (n)(ksx − kx, ksy − ky)

n!
(16)

where W (n)(α, β) is the roughness spectrum of the n-th power of the surface correlation function given by

W (n)(α, β) =
1

2π

∫∫
ρn(x, y)e−i(αx+βy)dxdy (17)

IV. Numerical Simulations

To validate the SKM, we compare its simulation results with that of method of moment (MoM) for rough
surfaces with Gaussian height and Gaussian power spectrum. Various surface roughness parameters are used
with kl ranging from 3 to 5 and kσ from 0.4 to 0.8, all outside the traditional validity ranges of KM and SPM,
as shown in Fig. 3. The complex dielectric constant ǫr is fixed to be 3.0 + 0.1i.

Figure 3: Validity regions of backscattering models

Fig. 4 and 5 represent the typical angular behaviors of backscattering coefficients predicted by the SKM
model.
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In the figures, SKM shows superior performance to that of KM as benchmarked against MoM. For VV
polarization, backscattering coefficients predicted by KM suffer from the Brewster angle effect when incident
angle approaches 600 while SKM is completely free from such adversary effect. For HH polarization, the
KM predicts backscattering coefficients uniformly overestimated over all the incidence angle range, while SKM
provides predictions reasonably close to that of MoM.

It should be noted that at small incident angles, especially near zero degree, SKM and KM backscattering
coefficients all exceed MoM by around 3 dB. Such discrepancy is currently under investigation.

Figure 4: Comparisons among MoM, KM and SKM
simulations at 5GHz.

Figure 5: Comparisons among MoM, KM and SKM
simulations at 7GHz.

V. Conclusion

A statistical Kirchhoff model (SKM) is developed for shadow-corrected EM scattering from rough surface.
In the model we treat the local coordinates and Fresnel reflection coefficients statistically over the orientation
distribution of surface unit norm n̂. Furthermore, in calculating the incoherent scattered power, for a Gaussian
rough surface, we investigate the joint probability distribution function of surface unit norms at two different
surface points. Decomposition of the covariance matrix is carried out. The validity of SKM is demonstrated
through the good agreements between model predictions and method of moment (MoM) simulations for sta-
tistically known surfaces. More importantly, all the simulated cases are outside the validity regions of small
perturbation model (SPM) and conventional Kirchhoff model (KM), which means that SKM can bridge the
gap between SPM and KM. Extensions to non-Gaussian surface statistics, application of more realistic shadow
functions and reduction of discrepancy at small incident angles are currently under investigation.
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Polarimetric Scattering from a Layer of
Spatially-Oriented Metamaterial Small Spheroids

Hongxia Ye and Ya-Qiu Jin
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Abstract

The complex scattering amplitude functions of a small metamaterial spheroid are derived under Rayleigh ap-
proximation. | fvv | and | fhh | of dielectric spheroid are symmetric along incident direction, while metamaterial
spheroid along spheroid’s axis. The Mueller matrix for polarimetric scattering of a layer of random metamaterial
small spheroids is constructed. Compared with dispersive FR-4 spheroids, σhh and σvv of metamaterial vary
remarkably with frequency due to constitutive dispersion of ε(ω) and µ(ω), and take a peak at its resonance
frequency.

The σhh and σvv and polarizability degreems, are simulated for a layer of nonuniformly oriented metamaterial
spheroids under the illumination of an elliptically polarized plane wave. The scattering of metamaterial particles
exhibits asymmetric directivity.

Introduction

In 1968, Vesalago[1] proposed the medium with both negative ε and µ which is now named metamaterial,
and studied electromagnetic wave propagation with abnormal phenomena, e.g. opposite directivity of phase
velocity and Poynting vector, reversal of Doppler shift, and anomalous refraction at the boundary. In 1999[2],
Pendry et al. suggested that the split ring resonators (SRRs) exhibited µ < 0 when frequency is close to the
resonance frequency. In 2000, Smith[3] et al. constructed a metamaterial with the periodical array of SRRs and
thin wires, and experimentally demonstrated the negative refraction phenomena. From then on, metamaterial
has attracted great attention in many fields, such as electromagnetics, materials science, electronics etc.

However most researches are about the electrical parameter or propagation characteristics of metamaterial,
and no discussion about polarimetric scattering of metamaterial particles. Jin presented a Mueller matrix
solution for numerical simulation of polarimetric scattering from a layer of randomly-oriented, non-spherical
particles[4], with which the co-polarized and cross-polarized scattering coefficients can be numerically calculated.

This paper derives the complex scattering amplitude functions of metamaterial small spheroid under Rayleigh
approximation, which is used to construct the Mueller matrix. The scattering from a layer of random metama-
terial small spheroids over an underlying medium is simulated. The scattering characteristics of metamaterial
small spheroids layer are compared with dielectric spheroids.

Polarizability Matrix and Mueller Matrix

The constitutive relations are written as
{
D̄ = ¯̄ε · Ē + ¯̄ξ · H̄ = ε0Ē + P̄e
B̄ = ¯̄ζ · Ē + ¯̄µ · H̄ = µ0H̄ + P̄m

(1)

here Ē and H̄ are fields in particles, P̄e and P̄m are polarization vectors.
Under Rayleigh approximation, the fields inside a small spheroid can be expressed as[5]

Ē = Ēi −
¯̄L

ε0
· P̄e, H̄ = H̄i −

¯̄L

µ0
· P̄m (2)

where Ēi, H̄i are the incident fields, ¯̄L is depolarization dyadic[4]. From Eqs.(1) and (2), it yields

⌊ ¯̄I + (¯̄εr − ¯̄I) · ¯̄L− ¯̄ξr · ¯̄L · ( ¯̄I + ¯̄µr · ¯̄L− ¯̄L)−1 · ¯̄ςr · ¯̄L⌋ · P̄e
= ε0[¯̄εr − ¯̄I − ¯̄ξr · ¯̄L · ( ¯̄I + ¯̄µr · ¯̄L− ¯̄L)−1 · ¯̄ςr] · Ēi
+
√
ε0µ0

¯̄ξr · [ ¯̄I − ¯̄L · ( ¯̄I + ¯̄µr · ¯̄L− ¯̄L)−1 · (¯̄µr − ¯̄I)] · H̄i

(3)
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⌊ ¯̄I + (¯̄µr − ¯̄I) · ¯̄L− ¯̄ςr · ¯̄L · ( ¯̄I + ¯̄εr · ¯̄L− ¯̄L)−1 · ¯̄ξr · ¯̄L⌋ · P̄m
= µ0[ ¯̄µr − ¯̄I − ¯̄ςr · ¯̄L · ( ¯̄I + ¯̄εr · ¯̄L− ¯̄L)−1 · ¯̄ξr ] · H̄i

+
√
ε0µ0 ¯̄ςr · [ ¯̄I − ¯̄L · ( ¯̄I + ¯̄εr · ¯̄L− ¯̄L)−1 · (¯̄εr − ¯̄I)] · Ēi

(4)

where ¯̄εr = ¯̄ε/ε0, ¯̄µr = ¯̄µ/µ0,
¯̄ξr = ¯̄ξ/

√
ε0µ0, ¯̄ςr = ¯̄ς/

√
ε0µ0.

Supposing the uniform distribution of P̄e and P̄m inside the spheroid, the electric and magnetic dipole
moments p̄ and m̄ are expressed as follows

p̄ = V P̄e = ¯̄αee · Ēi + ¯̄αem · H̄i, m̄ = V P̄m = ¯̄αme · Ēi + ¯̄αmm · H̄i (5)

here ¯̄αee, ¯̄αem, ¯̄αme, ¯̄αmm are polarizability matrices, V = (4π/3)abc is spheroid’s volume.

Assuming ¯̄εr and ¯̄µr as diagonal, ¯̄ξr and ¯̄ςr neglected, the polarizability matrices become diagonal, and the
diagonal elements are as follows and αemn = αmen = 0.

αeen = ε0
εrn − 1

1 + (εrn − 1)gn

4π

3
abc, αmmn = µ0

µrn − 1

1 + (µrn − 1)gn

4π

3
abc (6)

The scattering field from a particle with incident field Ēi is written as follows

Ēs(r̄) =

[
Evs
Ehs

]
=
eik0r

r

[
fvv fvh
fhv fhh

] [
Evi
Ehi

]
=
eik0r

r
¯̄f · Ēi (7)

¯̄f is the complex scattering amplitude function matrix. Under Rayleigh approximation, the scattering field can
be expressed as[5]

Ēs(r̄) =
eik0r

4πr
[ω2µ0(

¯̄I − k̂sk̂s) · p̄− ωk0k̂s × m̄] (8)

where k̂s is scattering direction. For oblate (a = b >> c) or prolate (a = b << c) spheroid, the scattering
amplitude functions are as follows





fvv = 3
2k0

[te1(v̂s · v̂i) + (te0 − te1)(v̂s · ẑb)(ẑb · v̂i) + tm1(ĥs · ĥi) + (tm0 − tm1)(ĥs · ẑb)(ẑb · ĥi)]
fvh = 3

2k0
[te1(v̂s · ĥi) + (te0 − te1)(v̂s · ẑb)(ẑb · ĥi)− tm1(ĥs · v̂i)− (tm0 − tm1)(ĥs · ẑb)(ẑb · v̂i)]

fhv = 3
2k0

[te1(ĥs · v̂i) + (te0 − te1)(ĥs · ẑb)(ẑb · v̂i)− tm1(v̂s · ĥi)− (tm0 − tm1)(v̂s · ẑb)(ẑb · ĥi)]
fhh = 3

2k0
[te1(ĥs · ĥi) + (te0 − te1)(ĥs · ẑb)(ẑb · ĥi) + tm1(v̂s · v̂i) + (tm0 − tm1)(v̂s · ẑb)(ẑb · v̂i)]

(9)





te0 =
2k3

0a
2c

9

εr3 − 1

1 + (εr3 − 1)g3
, te1 =

2k3
0a

2c

9

εr1 − 1

1 + (εr1 − 1)g1

tm0 =
2k3

0a
2c

9

µr3 − 1

1 + (µr3 − 1)g3
, tm1 =

2k3
0a

2c

9

µr1 − 1

1 + (µr1 − 1)g1

(10)

Figure 1: Scattering amplitude functions of metamaterial and dielectric spheroids.
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Figure 2: Variation of σhh and σvv vs. frequency.

With scattering amplitude functions in (9), Mueller matrix ¯̄M can be constructed. Then the co-polarized
and cross-polarized scattering coefficients can be computed[4].

Numerical Results

The scattering amplitude functions of both metamaterial and dielectric spheroids are computed at θi = 30◦,
f = 7GHz. Their constructive parameters are

{
εxx = εyy = −1.4− j4.8
µxx = µyy = −1.8− j2.5 (metamaterial)

{
εxx = εyy = 1.45
µxx = µyy = 1.0

(dielectric)

Fig. 1 compares their |fvv| and |fhh| on the incident plane (i.e. ϕs−ϕi = 0, π). In this case, fvh and fhv are
both zero. It can be seen that |fvv| and |fhh| of dielectric spheroid are symmetric along incident direction. As a
comparison, |fvv| and |fhh| of metamaterial spheroid are symmetric along spheroid’s axis ẑ, and stronger around
θs = 0◦. The reason is that conventional dielectric generates only polarization and the polarization direction is
along the direction of Ēi. But metamaterial spheroid generates both polarization and magnetization, and their
directions are respectively opposite the directions of Ēi and H̄i.

Figure 3: σc, σx and ms vs (χ, ψ) of lossless metamaterial spheroids

The dispersive characteristics of metamaterial[6] are compared with FR-4[7] dielectric with ε∞ = 4.181,
εs = 4.307, f0 = fp = 17GHz, ∆f = 150GHz in Fig. 2. When εr and µr are both negative, σhh and σvv of
metamaterial spheroids increase quickly, and take peaks around f = 7GHz. But σhh and σvv of FR-4 change
slightly with frequency.

Fig. 3 and Fig. 4 show σc, σx and ms vs. polarization angles (χ, ψ) of metamaterial spheroids, with
respectively (εr = −1.4, µr = −1.8) and (εr = −1.4 − j4.8, µr = −1.8 − j1.25). Orientation of spheroids are
assumed as γ ∈ [0◦, 90◦] and β ∈ [0◦, 180◦]. Compared with conventional dielectric spheroids, σc, σx and ms

of metamaterial spheroids exhibit significantly asymmetry modes. The maximum of σc and σx shift to elliptic
polarization (χ 6= 0), and ms of righthand circular polarized wave (χ = −45◦) is the highest. These variations
are related to non-uniform γ and constitutive parameters of metamaterial.
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Figure 4: σc, σx and ms vs (χ, ψ) of lossy metamaterial spheroids

Conclusion

This paper derives the polarizability matrices and scattering amplitude functions of metamaterial spheroid.
Based upon Mueller matrix, the bistatic scattering coefficients from a layer of random metamaterial spheroids
are obtained. Co-polarized and crosspolarized scattering coefficients, polarizability degree are numerically sim-
ulated. Variation of scattering coefficients vs. frequency are given and compared with dispersive FR-4 dielectric
spheroids. σhh and σvv of metamaterial spheroids increase quickly, and take peaks at its resonance frequency.
Asymmetric scattering patterns of metamaterial spheroids are demonstrated.
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Abstract

In this paper, the negative permittivity effect of the thin wire array in Left-handed material is clearly
described by the transmission line theory. Firstly, the transmission line system equivalent to the thin wire array
is presented, according to the periodic modulation action of the thin wire array on the incident electromagnetic
wave and the equivalence relation of free space and transmission line. Secondly, the effective permittivity model
of the asymmetric wire array is derived based on the transmission line theory, and the validity of the model is
proven by numerical simulations.

Introduction

left-handed material is also called negative refractive index material, which represents a dielectric medium
that exhibits negative refractive index phenomenon and has simultaneously negative permittivity and negative
permeability [1-4]. In 1996, Pendry et al derived the effective permittivity model of the symmetric thin wire
array and stated that the negative permittivity effect can be exhibited by the array [5]. In 1999, the negative
permeability effect of the periodic SRR’s (Split Rings Resonators) array was also presented by Pendry et al. [6].
These results are considered classic works, because it resolved key problems for fabrication of the left-handed
material. In 2000 Smith firstly fabricated left-handed material by reasonably arranging the thin wires and
SRR’s [7].Worth noting is that the Pendry’s effect permittivity model was derived through making use of the
plasmon theory and leading the concept of the effective density and effective mass of electrons, so it is difficult
to understand the model from the angle of macrophysics. In addition, the Pendry’s model is only limited to the
symmetric thin wire array.

In view of this consideration, the effective permittivity model of the asymmetric array is derived in this paper
based on the transmission line theory and is verified by numerical simulations. The description of theoretical
derivation exhibits clear physical concepts and provides a new approach to understand the negative permittivity
effect of the thin wire array from the macrophysics.

Effective Permittivity Model of Thin Wire Array from Plasmon Theory

In 1961, Rotman stated that the thin wire array shown in Fig. 1, can be used to simulate the plasma,
because their effective permittivity is expressed in the same form [8]

εeff = 1− ω2
p

ω2
(1)

Here, ωp is the plasma frequency, ω is the frequency of the incident electromagnetic wave. From this point, in
1996, Pendry stated that there is negative permittivity effect in the thin wire array while ω is less than ωp, and
derived the relation between the plasma frequency ωp and the array parameters through leading the effective
density neff and effective mass of electrons meff in form [5]

ω2
p =

neff e
2

ε0meff
=

2πc20
a2 ln(a/r)

(2)
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Fig. 1 Thin wire array in vacuum Figure 1: Thin wire array in vacuum

neff = nπr2/a2 (3)

meff =
µ0e

2πr2n

2π
ln(a/r) (4)

Here, a is the wire spacing, c0is the velocity of light in vacuum, r is the wire radius. This is just the Pendry’s
effective permittivity model, it plays an important role in the research on left-handed material.

Modeling of the Effective Permittivity from Transmission Line Theory

As shown in Fig. 2, the thin wire array can be described by an inductor array. Here L′ is the wire self-

Figure 2: The inductor array equivalent to the thin wire array

inductor per unit length in Z direction, and ∆x and ∆yare the wire spacing in X and Y direction, respectively.
In Pendry’s model [3] it is assumed that ∆x = ∆y = a. However, here we propose ∆x 6= ∆y to obtain more
general results. In this case, the average inductance of the array in XY plane is described by the inductance
area density

Ls = L′∆x∆y = µ0
ln(∆x/r) ln(∆y/r)

π[ln(∆x/r) + ln(∆y/r)]
∆x∆y (5)

Note that this parameter is very important, because it relates the macro effect of the thin wire array to its

size parameters. On the other hand, for a plane electromagnetic wave in the vacuum, its electric field
⇀

E and

magnetic field
⇀

H can be expressed by
~E = ~αzE0e

−jβy (6)
~H = ~αxH0e

−jβy (7)

here,
⇀
αz and

⇀
αx are the unit vectors, β is the propagation constant in the vacuum, E0 and H0 are the amplitude

of the
⇀

E and
⇀

H , respectively. Obviously, it has two characters: firstly, the electromagnetic field distribution in
the plane perpendicular to the direction of propagation is uniform; secondly, as shown in Fig. 3(a), the internal
field distribution is not changed if a parallel-plate waveguide infinite in the XY plane is placed perpendicularly
to the electric field direction. In this case, the plane electromagnetic wave can be represented by the internal

electromagnetic wave, and the internal field can be described by the voltage
⇀

U between the two plates and the
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(a) (b)

Figure 3: The inductor array equivalent to the thin wire array

surface current density
⇀

j on the internal faces of the parallel-plate waveguide, respectively, as shown in Fig.
3(b). In Fig. 3(b), the field in the region ABCD is proposed as the representative because of the uniformity of

the plane wave. The
⇀

I is the total current in the region ABCD, it is given by

⇀

I = w
⇀

j = w
⇀
αz ×

⇀

H =
⇀
αywH0e

−jβy (8)

here, w is the length of the line segment AD. And the voltage
⇀

U is given by

⇀

U = h
⇀

E =
⇀
αzhE0e

−jβy (9)

here, h is the distance between the two plates. So there is a transmission line system, it is equivalent to the free
space. Based on the transmission line theory and equations (8), (9), the characteristic impedance is given by

Z =

⇀

U
⇀

I
=
h

w

E0

H0
=
h

w

√
µ0

ε0
=

√
L0

C0
(10)

here, C0 and L0 are the distributed capacitance and inductance per unit length of the equivalent transmission
line, respectively; ε0 and µ0 are vacuum permittivity and permeability, respectively. In addition, the propagation
constant β can be expressed by

β = ω
√
ε0µ0 = ω

√
L0C0 (11)

From equations (10) and (11), the equivalence between the transmission line and the free space is derived

L0 =
hµ0

w
and C0 =

wε0
h

(12)

According to the above results the equivalent circuit of the thin wire array is sketched, as shown in Fig. 4,
and the circuit parameters are related to the parameters of the array shown in equation (5) and the vacuum
permeability /permittivity shown in (12). In this case, the shunt admittance per unit length is expressed as

Z =
1

G
=

1

iω
wε0
h

+
w

iωhLs

= iω
−1

ω2
w

h
(ε0 −

1

ω2Ls
)

(13)

Figure 4: Equivalent circuit of the thin wire array
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Furthermore, the equivalent shunt capacitance per unit length is given by

Leq =
−1

ω2
w

h
(ε0 −

1

ω2Ls
)

(14)

So according to the left-handed transmission line theory of Caloz et al [9] and equation (12), the effective
permittivity of the thin wire array is expressed by

εeff = − 1

ω2Leq
w
h

= 1− 1

ω2Lsε0
= 1− ω2

p

ω2
(15)

here, ωp is the resonant frequency of the dispersion relation

ω2
p = 1/(Lsε0) = 1/(∆x∆yL′ε0) (16)

When
∆x = ∆y = a, ω2

p = 1/(a2L′ε0) (17)

Obviously, this is just the plasmon model [3]. In other words, Pendry’s model is a specific case of the derived
formula (6). From above derivation, it can be seen that the effective permittivity model of the thin wire array
derived based on the transmission line theory can be applied not only to a symmetric wire array, but also to an
asymmetric array. So the expression of the formula is more general than plasmon model.

Numerical Simulation and Discussion

Figure 5: Wire array vertically standing between opposing metal plates

To demonstrate the effective permittivity effect of the asymmetric wire array, we simulate, using CST MW
Studio simulation tool, the array, which vertically stands between opposing metal plates, as shown in Fig. 5.
In simulations, the perfect electric boundary conditions in Z direction is used to simulate the opposing metal
plates, and the perfect magnetic boundary conditions in X direction is used to simulate the infinite wire array in
X direction. In this case, we can set two ports in Y direction and calculate the S-parameters of the two ports to
simulate the transmission of the wave through the infinite wire array in XZ plane. So the plasma frequency can
be determined by the magnitude and phase of the S21, because on the one hand the wave can’t propagate in the
wire while the wave frequency is under the plasma frequency, and on the other hand there will be discontinuity
in the phase of the S21 while the wave frequency equals the plasma frequency.

Fig. 6 shows the |S21| tendency for different array parameters and the location of the corresponding resonant
frequency. In addition, Tab. 1 shows the comparison between the simulated resonant frequencies and calculated
one by equation (6) for different ∆x during∆y = 3 mm. It can be seen that the maximum error less than 5%,
easily within the error introduced by our approximations and numerical procedure.

Table 1: The comparison of simulated resonant frequencies vs calculation by equation (17) for different ∆x
during ∆y = 3 mm

∆x(mm) 2 3 4 5
Simulation Results (GHz) 17.49 14.10 12.10 10.75
Calculation results (GHz) 16.9 14.5 11.8 10.3

Relative Error 2.96% 2.76% 2.56% 4.46%
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Figure 6: The calculation results of —S21— for different array parameters

Conclusion

In this paper, an effective permittivity model for an asymmetric thin wire array is proposed by using
the equivalent circuit method. Simulation results are in a very good agreement with the numerical simulation
results obtained by the commercial software package CST. The present analysis shows clearly and explicitly the
principle of the negative permittivity effect of the thin wire array from the macrophysics.
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Iterative Approach to Scattering from the Targets above
a Rough Surface
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Abstract

The difference field RCS from a target above a rough surface is derived. The electric field integral equations
(EFIE) of the difference induced currents Jsd on the surface and J0 on target are developed. Because of the
strongest scattering in the specular direction, a small interface taken along the converse specular direction is
attributed to computation of the surface scattering upon the target. A fast mutual-coupling iterative method
is developed to solve the two EFIEs. The interface length for effective computation is discussed. Using the
Monte Carlo method, scattering from a target, such as a cylinder and a square column, above the P-M rough
surface is numerically simulated. Scattering from a cylinder above the rough surface in the specular direction
is enhanced significantly. The Bi-RCS of a square column above the rough surface shows two peaks in forward
and backward directions. As a model of rough sea surface, when the surface wind speed increases, the scattering
peaks become lower, and more defused scattering shows the angular scattering pattern.

Introduction

Scattering from the targets above a rough surface has attracted more interests in recent years. In the
combined target-surface problem, the difference field cross section was introduced by Johnson [1] to remove
the dependence on incident taper wave width. Scattering for the combined target-surface problem and surface-
only problem are respectively calculated, and their difference shows scattering attributed by the target and
interaction between the target and rough surface.

In this paper, we derive the EFIEs of the difference induced current on rough surface and current on the
target. A mutual-coupling iterative approach is developed to solve the EFIEs. The interface length for the
iterative calculation is discussed. As examples, scattering from a cylinder and a square column above a rough
surface are simulated. It can be seen that scattering from the cylinder above a rough surface is significantly
enhanced in the specular direction due to interactions of the target and the underlying surface. Variation of
the difference induced currents on the interface also demonstrates such interactions. Scattering from a square
column has two peaks in the backward and forward directions due to its specific geometry. As a model of a
target located above the wind-driven sea surface, numerical simulations show the angular pattern of bistatic
scattering versus oceanic status. When the surface wind speed increases, scattering peaks become weaker and
more angular defused scattering are dominated.

Theory and Method

In a model of the target above rough surface, both the total and differential cross section are previously
related to the surface length illuminated by incident wave. In order to remote the dependence on illuminated
surface length, the difference of the scattering field, Es1, attributed by both the target and surface and the
scattering field by a rough surface only, Es0, is calculated as Esd, which is used to compute the difference
field cross section σd [1], which demonstrates how much the scattering attributed by the target and interaction
between the target and underlying rough surface. It does not depend upon the illuminated rough surface length.

As shown in Fig.1, a two-dimensional (2D) target (perfect electric conductor, PEC) is located above a 2D
PEC rough surface. As the incident tapered wave is incident on the target and rough surface, the induced
current on the target is defined as J0, and the induced current on the surface is Js1. The EFIEs are written as
[2]

0 = ET (r̄)− jkη
∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′ − jkη

∫

S

Js1(r̄
′) ·G(r̄, r̄′)dr̄′(r̄ ∈ c) (1)
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0 = ET (r̄)− jkη
∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′ − jkη

∫

S

Js1(r̄
′) ·G(r̄, r̄′)dr̄′(r̄ ∈ S) (2)

Figure 1: A model of an target above rough surface

If there is no target, the induced current on the surface is Js0, and its EFIE becomes

0 = ET (r̄)− jkη
∫

S

Js0(r̄
′) ·G(r̄, r̄′)dr̄′(r̄ ∈ S) (3)

Subtracting Es0 from Es1 to obtain the difference field Esd as

Esd(r̄) = −jkη
∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′ − jkη

∫

S

[Js1(r̄
′)− Js0(r̄′)] ·G(r̄, r̄′)dr̄′

= −jkη
∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′ − jkη

∫

S

Jsd(r̄
′) ·G(r̄, r̄′)dr̄′

(4)

Here Jsd is the current increment caused by target. Using (3, 4), Eqs.(1, 2) can be rewritten as

Figure 2: Es0(r̄) at h = 10λ plane (b is the magnification of a)
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Figure 3: difference field RCS σd of cylinder

jkη

∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′ = E0(r̄)− jkη

∫

S

Jsd(r̄
′) ·G(r̄, r̄′)dr̄′(r̄ ∈ c) (5)

jkη

∫

S

Jsd(r̄
′) ·G(r̄, r̄′)dr̄′ = −jkη

∫

c

Jo(r̄
′) ·G(r̄, r̄′)dr̄′(r̄ ∈ S) (6)

E0(r̄) = ET (r̄)− jkη
∫

S

Js0(r̄
′) ·G(r̄, r̄′)dr̄′ (7)

A mutual-coupling iterative method is developed to solve (5, 6). In each iteration, update the excitations at
the RHS of (5, 6) with J0 and Jsd computed at the last step firstly. Then, solve the two equations separately,
to derive new currents. Iteration finishes when the currents J0 and Jsd converge.

To initiate iteration, the field E0(r̄) on the target should be firstly obtained. In most cases the scattering
from the rough surface is always stronger in the specular direction [10], so a small interface taken along the
converse specular direction as indicated by 2g of Fig. 1, is attributed to calculation of Es0(r̄). In our case, the
tapered wave parameter g is taken as

g = 4r/ cos θi (8)

In (5, 6), the difference current Jsd on the rough surface represents the interaction between the target and
rough surface. The integration limit of Jsd is truncated by the surface length

Figure 4: Difference field RCS σd of cubic column
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L ≥ 2(
r

cos θm
+ h tan θm) (9)

where θm is the maximum scattering angle for computation. The value of g and L should satisfy wave equation
and correlation length conditions[3].

Numerical Results

For a P-M rough surface with wind speed U = 5m/s, two tapered waves with parameter g = 4r/ cos θi =
23.1λ and 102.4λ, are respectively used to calculate Es0 as shown in Fig. 2. It can be seen that Es0(r̄) are as
wide as the incident wave, centered in specular direction, and superpose in (−r/ cos θi, r/ cos θi).

Scattering from a cylinder above a P-M rough surface with U = 5.0m/s and comparison with the case of
plane surface and free space are presented in Fig. 3. It can be seen that σd of the target above surface shows a
scattering peak at the specular direction θs = 30◦. When the surface wind speed increases, this peak is darken
and more angularly defused scattering becomes dominant.

Fig. 4 shows scattering from a cubic column above rough surface. Due to its specific geometry, the specular
reflection of the cubic surface causes σd two peaks in forward and backward directions.

Conclusion

In this paper, the EFIEs of the difference induced current on underlying rough surface and current on target
are derived. A mutual-coupling iterative approach is developed to solve two EFIEs and the difference RCS.
Based on the strongest scattering contribution of rough surface in the specular direction, a small interface of the
rough surface is taken to compute the scattering on the target. A fast and effective iteration is developed to take
account of the interaction of the target and underlying surface. Using Monte Carlo method to realize the rough
sea surface, scattering from the target such as a cylinder and a cubic column above rough surface is numerically
simulated, and bistatic scattering dependences upon the target and oceanic status are demonstrated.
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Abstract

We use a numerical solution of radiation transfer equations to calculate the diffuse reflectance of a pigmented
film composed by a transparent pigment embedded in a latex resin. We introduce in the calculation experimen-
tally determined values for the optical absorption of the resin as well as for the particle size distribution of the
pigment, and analyze the sensitivity of the diffuse reflectance to the different parameters of the model.

Introduction

The optical appearance of pigmented coatings can be partly described and measured through its diffuse
reflectance, that is, the fraction of light reflected in all different directions. The spectral dependence of the
diffuse reflectance can be measured in a spectrophotometer with an integrating sphere that collects all the light
reflected from the sample, with either a diffuse or collimated incidence. The lack of a full understanding of how
this diffuse reflectance depends on the geometrical and optical parameters that describe the system has been
one of the main obstacles for a rational and optimized formulation of paints, as far as optical properties are
concerned.

From the electromagnetic point of view the source of this lack of understanding comes from the difficulties
that arise for finding an adequate treatment for the multiple scattering of light within the pigmented film.
Although the problem of multiple scattering in colloidal and granular systems has a long history, and many
different approaches have been devised and models with different degrees of sophistication have been tested [1,
2], the interaction of light in paint films has very particular features. For example, high-quality white paints
require of non-absorbing pigments with a large scattering power and high volume concentrations embedded in
a transparent matrix.

Our main objective here is to analyze if a radiation-transfer approach for the multiple scattering of light can
provide a useful and quantitative tool for the prediction and understanding of the above-mentioned dependence.
There have been also many attempts to carry out this same analysis, and one of the problems that has been
always faced is the lack of reliable information about the precise value of several parameters of the model. In
this sense a discrepancy between the theoretical predictions and the reflectance measurements does not yield a
clear hint about the sources of disagreement. For this reason and in order to characterize the pigmented films as
precise as possible we choose here a very simple system that consists of only T iO2 rutile crystallites (pigment)
embedded in a transparent latex resin (matrix)**. We will call this system simplex.

In a previous study on simplex [4], a consistency test was proposed in order to trace back, as well as possible,
the sources of disagreement between theory and experiment, even when the value of some of the parameters of
the model were either inaccessible or poorly known. In this study [4], simplex films with a thickness of around
100 microns were prepared over a black substrate. The diffuse reflectance of each was measured as a function
of the incident wavelength in the optical range (400–700 microns) and these spectra were then inverted by
fitting the spectral dependence of the model parameters, using the simple two-flux radiation-transfer approach
devised by an improved version of Kubelka-Munk (KM) [5]. Some of these parameters should, for example,
be independent of the thickness of the film and others should depend linearly on the volume filling fraction of
the pigment. The inversion procedure was then repeated using reflectance spectra measured on samples with
different thicknesses and different pigment filling fractions. Therefore, a lack of consistency in the spectral
dependence of the parameters fitted in this way could be taken as an indication that the KM approach itself
might not be adequate. The KM approach considers the existence of only two fluxes, one going down the film
and another going back up. The scattering and absorption properties of the colloidal particles are described in
terms of two phenomenological parameters, usually denoted as S and K, respectively. In Ref. [4] the pigment
was taken as a collection of identical non-absorbing spheres randomly located and the main results of the analysis
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were the following: (i) the resin cannot be regarded as completely transparent (nonabsorbing) because a small
absorption coefficient was definitely required to fit the experimental data, (ii) the KM approach is not adequate
either in optically thin films with nonabsorbing pigments or in the spectral region where the absorption of the
pigment is significant.

In this work we heal some of the problems and shortcomings that were present in Ref. [2] by (i) using the
full numerical solution of the radiation-transfer equations, known as the discrete ordinate method (DOM) or the
N-flux method, and (ii) by incorporating actual measurements of the particle size distribution of the pigment
and the absorption of the resin. We also perform a careful analysis of the sensitivity of the diffuse reflectance on
different relevant parameters of the model with some surprising results, concerning the effects of agglomerates
and the optical absorption of the resin.

Model

By direct observation of the T iO2 crystallites using electron microscopy and taking into account their
random orientation within the film, we conclude that it is possible to regard them as a collection of spheres
with a definite size distribution. The size distribution was obtained directly from an assortment of electron
micrographs, taking care in distinguishing the size of the individual crystallites in case of agglomerates. The
size distribution obtained in this way was fitted to a log normal distribution of radius a, that is,

D(a, a0, σ) = (1/
√

2πa log σ) exp

[
−
(
log (a/a0) /

√
2 log σ

)2
]

(1)

with a0 = 0.11 µm and σ = 1.34.
The coating can be then modeled as a collection of T iO2 spheres randomly located (with a uniform and

isotropic probability density) within an otherwise homogeneous matrix with plane parallel interfaces. We will
consider that the film is located on top of a black (totally absorbing) substrate and is illuminated from air
across the other interface. The spectral dependence of the complex index of refraction of T iO2 is taken from
the literature [6], the real part lies between about 3.2 at the blue side and about 2.6 at the red side of the
optical spectrum, the imaginary part is essentially zero up to about 400 nm were the uv absorption peak
starts to rise. The spectral dependence of the complex index of refraction of the resin was measured using an
attenuated-total-reflection technique in a prism configuration. The real part lies between about 1.53 at the blue
side and about 1.48 at the red side of the spectrum. We show in Fig. 1a the imaginary part kM of the index
of refraction when measured with s- and p- polarization. Here, note the consistency of the measurements with
two different polarizations and that the magnitude of kM lies between 5 × 10−6 and 2 × 10−5. It is important
to point out that, although the magnitude of kM is quite small, the overall effect in the decrease of the diffuse
reflectance is considerable (a few percent) and can be explained by recalling that multiple scattering enlarges
the actual “path” of the scattered (diffuse) beam, enhancing in this way the absorption due to the matrix.
Explicit calculations show that, in this case, the decrease in reflectance due to the matrix absorption can be as
large as 8% (!), definitely a considerable amount.

The treatment of the multiple scattering of light within the film is performed through the numerical solution
of the radiation-transfer equations, and we analyze the case when the system is illuminated with diffuse light,
that is, light coming with equal probability from all possible directions. Taking the z -axis perpendicular to the
interfaces of the film, and owing to the symmetry properties of the system the direction of a light beam is given
by its azimuthal angle only.
Thus one can take as elements of volume thin sheets of width dz and describe the scattering and absorption
process in these sheets by first constructing channels as the directions between two cones with adjacent azimuthal
angles, and labeling them by i = 1, ...n. Thus at each element of volume the flux in channel i is increased by
the scattering process that takes flux from channel j to channel i, and it is decreased by absorption within the
element of volume and the process that scatters flux away from channel i. Therefore, the equations for the
balance of flux Fi within channel i look like

dFi
dz

=

n∑

j=1

SijFj , i = 1, ...n. (2)

Here, for i 6= j the coefficients Sij describe the scattering from channel j into channel i, and can be calculated
from the angular distribution of scattered light. If one assumes independent scattering these coefficients can be
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(a) (b)

Figure 1: (a) Spectral dependence of the imaginary part of the index of the resin for p- and s- polarizations.
(b) Spectral dependence of the diffuse reflectance of a simplex film. Here the dots represents the experimental
measurements, the continuous and dashed lines represent our calculation for a mono- and poly-dispersed systems,
respectively. The values of the parameters are given in the text.

calculated using Mie theory [7]. Thus, these coefficients are given in terms of the relative index of refraction
between the pigment and the resin, the wavelength of the incident light and the radius of the spheres. For
i = j, the coefficient Sii describe the total scattering from channel i to all other channels, plus the absorption
within channel i. The absorption from the pigment is proportional to the absorption cross section, that can be
also calculated from Mie theory [7]. The absorption of the matrix (resin) can be accounted for by adding into
the coefficient Sii a term that accounts for the absorption of a continuous material (matrix) that occupies the
volume left out by the spheres, that is, a term proportional to 2(1 − f) 4πkM/λ, where f is the volume filling
fraction of the spheres and kM is the imaginary part of the resin refractive index.

The general solution of Eq. (2) can be written as

Fi =
n∑

j=1

AijCj exp[λjz] i = 1, 2, ... (3)

where λj are the eigenvalues of matrix Sij and Aij is a matrix formed by the eigenvectors of Sij , while the Cj ’s
are constants to be determined through the boundary conditions at the interfaces.

The boundary condition at the illuminated interface (z = 0) can be written as

n∑

j=1

Cj(Aij − riAn+1−i,j) = Di (4)

where Di is the flux entering into the film in channel i at z = 0, and n+1− i is the channel corresponding to the
specularly reflected beam with respect to channel i, and ri is the internal reflectance, that is, the reflectance from
the interior of the film at the film-air interface. The internal reflectance ri can be calculated using Fresnel’s
relations for the reflection amplitudes and then averaging over all the angles of incidence. Therefore, ri is
a function of the index of refraction of the matrix. At the other boundary there is a black substrate, thus
Fi(z = h) = 0, where h is the thickness of the film. As the integrating sphere of the spectrophotometer (Minolta

CM-3700d) sends the entire incident flux F0 back into the sample,
n∑
i=1

Di = F0.

The diffuse reflectance R is finally calculated by adding up, at z = 0, the flux Fi traveling along all channels
that send light back into air. Putting all this together one can see that R(a0, σ, f, h, λ, ñS , ñM ) is a function of 9
parameters, where ñS and ñM are the complex indices of refraction of the spheres and the matrix, respectively.
In Fig.1b we show the experimental spectral dependence of the diffuse reflectance of a simplex film of thickness
h = 93 µm and f = 0.20, together with the results of calculations for two different cases: one for a monodispersed
pigment with a = 0.11 µm and the other with a pigment with lognormal size distribution with the parameters
reported above, that is, a0 = 0.11 µm and σ = 1.34. One can see that the effect of the size distribution is to
smooth out the profile of the curve. On the other hand, the calculation for the case of the polydispersed system
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describes the experimental values “quite reasonably”, especially when one takes into account that there are no
adjustable parameters in the calculation. The decrease of the reflectance at the blue side of the spectrum is
definitely due to the absorption of the pigment. The lack of agreement for the precise wavelength at which the
pigment starts to absorb should come from the difference between the reported imaginary part of the index of
refraction of T iO2 and the one of the actual crystallites, that are commercially produced with a thin coating
that prevents uv degradation. We also presume that the difference of about 2% at the red side of the spectrum
should come from a small absorption of the actual pigment. Therefore, it would be extremely interesting (though
challenging) to design and perform optical absorption measurements directly on the crystallites.

Finally, we performed similar calculations of the diffuse reflectance by keeping f fixed but appropriately
increasing the value of σ and a0 in the lognormal size-distribution of the pigment, with the idea of simulating
an agglomeration effect. Surprisingly enough we found a negligible change in the reflectance for a wide range
of “reasonable” values of a0 and σ. This means that for such a high value of the pigment filling fraction, the
presence of agglomerates is actually neither relevant nor important, at least compared to the changes in the
diffuse reflectance resulting from changes in kM as small as 10−6. In order to have a direct evidence of this
we prepared simplex samples with different amounts of dispersant in order to provoke pigment agglomeration
(confirmed by scanning electron microscopy), and we found that the diffuse reflectance did not suffer any
appreciable change, in agreement with the results of our calculations.

Conclusion

A multi-flux radiation transfer model was used to predict the most sensitive parameters in the diffuse re-
flectance of pigmented white coatings. The absorption of the matrix was shown to be the most critical factor.
In contrast, the effects of pigment aggregation are shown to be secondary in these systems. The modelling had
the benefit of including precise resin absorption measurements as well as the size distribution of the pigment
particles.

**The T iO2 used is a commercial grade pigment for paint from Kerr McGee. The latex used is a vinyl-versatic
emulsion manufactured by the mexican paint company Comex.
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Abstract

The scattering diagram of a couple of spherical particles is compared to the interference pattern of circular
Young slits. This comparison is used to analyze the coupling of light by a couple of particles in the single but
also in the multiple scattering cases. This makes possible to explain physically the interaction between light and
such a couple of particles, that is for example to distinguish interference pattern, diffaction effects and multiple
scattering phenomena. The scattering diagram is rigorously computed with the use of the T-matrix algorithm.
Particles are perfectly conducting spheres and their radius are smaller than the wavelength. The scattering
diagram and the backscattering cross section are analyzed as functions of the distance between particles.

Introduction

The comprehension of elementary physical phenomena that occur when light is coupled by two particles has a
great interest when light scattering is used to find the statistical description of media containing a large amount
of particles [1]. It is particularly true when the particles have the same order of size than the wavelength and
for new applications where the studied media can be made out of very dense non-spherical particles (powders
for instance). In these cases particles are close together. The methods based on the Mie theory [2] and which
consider that each particle only scatters the incident light, can no more be used. Each particle also scatters the
light scattered by the others. In these materials multiple and dependent scattering occur. New algorithms were
developed to study multiple scattering [3][4], but also to take into account of the shape of particles and of the
statistical behavior of the medium [5]. Unfortunately, because of the high complexity of interactions between
particles, it is often difficult with these algorithms to identify the elementary physical phenomena.

By comparing the scattering diagram of a couple of spherical particles and the interference pattern of circular
Young slits, we want to point out the elementary physical phenomena that are observed. All our calculations
have been computed with a T-matrix algorithm. Principles, advantages and limitations of this algorithm will be
described in the first section. In section 2, the scattering response is described in term of scattering diagram and
normalized backscattering cross section (NBSCS). Interferences are observed and the diffrence between single
and multiple scattering is discussed. The last section sum- marizes the main physical phenomena that have
been observed in this transition between single and multiple scattering and the analogy with circular Young
slits.

1-Light Scattering: the T-matrix Algorithm

To take into account of electromagnetic interactions between particles, we have to solve Maxwell equations.
We have chosen to use the T-matrix algorithm, because calculations are rapidly and ana- lytically done in the
general 3D polarized case. The T-matrix algorithm is a modal method to solve the Helmoltz equation (1) and
has been introduced by Waterman [6]. The electromagnetic fields are expanded (2) on the orthogonal basis of

spherical vectorial functions
−→
ψ l(
−→r ), which are the eigenmodes of Helmoltz equation in spherical coordinates.

The electromagnetic field outside the scatterers is considered as the sum of the incident
−→
Ei and the scattered−→

Es field. The T-matrix is the matrix that describes the linear relation between the expansion coeffients ai and
as of the incident field and the scattered field: as = Tai. We note k = 2π

λ the wave number, n the refractive
index for the wavelength λ and L is the order of expansion of electromagnetic fields on the basis of spherical
vectorial functions.

△−→E + k2n2−→E = 0 (1)

−→
E (−→r ) =

L∑

l=0

al
−→
ψl(
−→r ) (2)
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Several methods can be used to compute this matrix. For one sphere centered on the spherical coordinate frame,
the boundary conditions can be easily applied [2][7], the T-matrix is diagonal. For several spheres, we have
used the Extended Boundary Condition Method (EBCM) [8]. This method is based on the translation addition
theorem and the Poincaré-Huyghens principle that is expressed for perfectly conducting sphere formula (3).
This principle gives two equations. The first equation expresses the total electric fild outside scatterers as the
sum of the incident field and the tangential component of the magnetic field integrated around the surface of all

scatterers. This second integrated term, where the Green function appears (G(k|−→r − −→r′ |) = exp(ik|−→r −
−→
r′ |)

4πk|−→r −
−→
r′ |

), is

the scattered field. The second equation gives arelation between the incident field and the tangential component
of the magnetic field integrated around the surface of all scatterers. By removing the tangential component of
the magnetic field with the two equations, we find the relation between the incident and the scattered field.

{ −→r outside S
−→
E (−→r )−→r inside S 0

=
−→
Ei +

−→∇ ∧ (
−→∇ ∧

∫∫
S
i
−→
N ∧ −→H+(

−→
r′ ) ∧G(k|−→r −−→r′ |)dS′) (3)

where
−→
N is the normal to the surface.

To compute the T-matrix, the basis of functions must be truncated. The order of truncation L must be
chosen to have a good convergence of the algorithm. This convergence must be verified after each simulation.
Usually L ≃ kρ with ρ radius of the smallest virtual sphere that would contain the scatters [9]. Because of the
inversions of matrix that can be badly conditioned, the global size of the aggregate of spherical particles that
can be simulated is limited to several ten wavelengths.

2-Results

The geometrical description and the coordinates are represented in figure 1(a). The incident wave is supposed
to be a monochromatic plane wave of wavelength λ and with a wave vector orthogonal to the common axis of
the two particles (θi = 90◦). Its polarization is linear (Ei = Ey). The particles are identical spherical particles
with a radius R such as kR = 2 and are perfectly conducting (σ =∞), α is the angle of observation.

Figure 1: (a) Geometrical description of the couple of particles. (b) Equivalent circular Young slits

Several physical parameters are calculated:

• The backscattering cross section (BSCS) is defined as limr−→∞4πr2|−→Es|2/|
−→
Ei|2 with

−→
Es the scat- tered

field in the back direction (α = 180◦) and with −→r the position vector. This cross-section is normalized
(NBSCS) by dividing by the geometrical section of one sphere πR2.

• By analogy the forward scattering cross section has the same definition but with
−→
ES the scattered field in

the forward direction (α = 0◦). It can also be normalized.

• The scattering diagram f(α) = limr−→∞(kr)2|−→Es|2/|
−→
Ei|2 with

−→
Es in the forward −90◦ < α < 90◦ and

back 90◦ < α < 270◦ direction.

In order to study the transition between single and multiple scattering, the NBSCS of the couple of spherical
particles is computed as a function of the distance between their centers (figure 2). We can see that when the
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Figure 2: Normalized backscattering cross section of two spheres with kR = 2, σ =∞, θi = 900 and Ei = Ey .

distance between the two particles is small, the NBSCS oscillates with a period kd = 2π. That is, a distance
lambda separates two distances d for which there is a resonance. It can also be noticed that when kd becomes
larger the NBSCS reaches a constant value that is four time the NBSCS of one sphere (NBSCS of one sphere
equal 1). This curve is conform with reference [8]. What we want to show, is that the asymptotical value of the
NBSCS corresponds to a constructive interference of the two particles considered as two circular Young slits
and that this analogy can be extended to the scattering diagram when there is single scattering but also when
multiple scattering occurs.

The Young slits configuration that we consider for comparison, is two circular holes in a opaque screen. The
holes have the same radius R of the spheres and are separated by a distance d as illustrated in fig.1(b). The
screen is supposed to be orthogonally illuminated by an incident plan wave and light is diffracted to the far
field. The interference pattern in the far field is given by formula (4), in this formula the first term corresponds
to the diffraction by one hole and the second to the interference between the two holes.

I(α) = 4I0

(
J1(kRsinα)

kRsinα

)2

cos2(
kdsinα

2
) (4)

For circular Young slits, formula (4) shows that in the back direction (α = 180◦), no dephasing between the two
holes has to be considered. The scattered field measures four times the amplitude of the incident field because
of constructive interference. This value do not depend of kd. This case corresponds to the curve NBSCS (figure

Figure 3: Comparison between circular Young slits and single scattering. kR = 2, σ = ∞, θi = 90◦, kd=45,
Ei = Ey.



212 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

2) when kd > 45. In this case the two particles can be considered as independent coherent sources. There is
single scattering.

In order to extend this analogy to the other angles of observation, the scattering diagram is simulated in
this case (kd = 45) and is compared in figure 3 with the interference pattern of circular Young slits in forward
and back directions. The same period of interference and a similar diffraction curve are observed. The intensity
maximum is 4π times the scattering cross section of one sphere.

Figure 4: Comparison between circular Young slits and forward scattering. kR = 2, σ =∞, θi = 90◦, Ei = Ey.

The same comparison have been made in a case where multiple scattering can not be neglected (kd < 45).
The result is presented in figure 4. The period of interference and the diffraction curve are also similar, but the
intensity maximum is no more dependent of the light scattering by one sphere. Thus, when multiple scattering
occurs, the comparison with circular Young slits can still be used but with a intensity maximum that depend
of kd, (Imax is pi times the scattering cross section of the two spheres).

Conclusion

We have used the normalized backscattering cross section to distinguish single and multiple scattering. We
have shown that when there is only single scattering, the scattering diagram of a couple of perfectly conducting
spherical particles can be compared with the interference pattern of two circular holes in a screen. In this case
the radius of the holes are the same than the one of the spheres and the distance between the center of the holes
is the same than the one between the center of the spheres. When the spheres are closer, multiple scattering
occurs and the comparison can also be used but with a intensity maximum that depend of the distance between
the two holes.

REFERENCES

1. Renard, J. B., J. C. Worms, T. Lemaire and al., “Light Scattering by Dust Particules in Microgravity:
Polarization and Brightness Imaging with the New Version of the PROGRA2 Instrument,” Applied Optics,
Vol. 41, No. 4, 2002.

2. Gustave, Mie, “Beiträge zur Optik Trüber Medien, Speziell Kolloidaler Metallösungen,” Calculation of the
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Abstract

A parameterization for the scattering of longwave radiation by ice clouds have been developed based on
spectral property calculations with shapes and sizes of ice crystal. For this parameterization, the size distribution
data by Fu [3] and Michell and Arnott [5] are used. And the considered shapes of ice crystal are plate, solid
column, hollow column, bullet-rosette, droxtal, aggregate, and spheroid [7].

The properties of longwave scattering by ice crystal are presented as a function of the extinction coefficient,
single-scattering albedo, and asymmetry factor. The heating rate and flux by radiative parameterization model
[1] are calculated for wide range of ice crystal size, shape, and optical thickness, the their calculation results are
compared with the results by using a six-stream discrete ordinate scattering algorithm [6].

1. Introduction

About 20% or more of the whole earth is covered with cirrus clouds [4], which include a great deal amount of
ice crystals. Chou et al [2] developed a simple parameterization for scattering of LW radiation by only hexagonal
plate clouds. It is difficult to exactly estimate the radiation effects by cirrus, since various sizes and habits have
not been taken into consideration in the most processes of radiation parameterization included by the existing
general circulation model.

In this study, the flux and cooling rate according to the shapes and sizes of ice crystals were calculated with
the parameterization model and these results were compared with the results using 6-stream discrete ordinate
algorithm [6]. Also, the results calculated by radiative transfer model adopted ice cloud scattering algorithm
compared with the results of Chou et al [2].

2. Data and Methods

Let us consider the plane parallel atmosphere, the upward and downward flux [1] at level p can be computed
from following equation (1) and (2).

F ↑(p) = πBST (p, pS) +

∫ p

ps

πB(p′)

[
∂

∂p′
T (p, p′)

]
dp′ (1)

F ↓(p) =

∫ p

0

πB(p′)

[
∂

∂p′
T (p, p′)

]
dp′ (2)

Here, Bs is the Planck function at the surface, B(p′) is Planck function at level p′ and the transmittance between

p and p′ is T (p, p′) = 2
∫ 1

0
Tµ(p, p

′)µdµ.
In the atmosphere, optical thickness is calculated with the dτa by absorption and the (1−f)dτs by scattering.

Therefore, dτ̃ , the optical thickness of ice clouds is approximately

dτ̃ = [dτa + (1 − f)dτs] = (1 − ωf)dτ. (3)

       

Figure 1: Idealized shapes of the ice crystal habits. From left to right: plate, solid-column, hollow-column,
bullet-rosette, spheroid, aggregate, and droxtal.
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When the scattering is neglected, f = 1, and the optical thickness is

dτ̃ = (1− ω)dτ (4)

The scattering of ice crystals is characterized by extinction coefficient, single scattering albedo and asymmetrical
factor. The 7 habits of ice crystals are supposed as in Figure 1. Longwave scattering database of ice crystal
computed according to supposed ice crystal habits and sizes by Yang et al. [7].

The size distribution data of ice crystals were used by Fu [3] and Michell and Arnott [5]. The data on the
size distribution of ice crystals have been observed using airplanes. Thirty of them are used: 28 by Fu [3] and 2
by Michell and Arnott [5]. 21 have been observed in the middle latitude, 9 in the tropical area. They show the
amount of ice crystals observed according to size.

 
Figure 2: Effective size of sample clouds
with ice crystal habits.

Figure 2 shows the effective sizes calculated according to each size
distribution and ice crystal shape.

The scattering properties with the size distribution data were pa-
rameterized as a function of the following effective ice crystal sizes.

β(re) = cβ,1 +
cβ,2

(De)cβ,3
(5)

ω(re) = cω,1 +
cω,2

(De)cω,3
(6)

g(re) = cg,1 +
cg,2

(De)cg,3
(7)

3. Results

The flux and cooling rates were calculated with the optical thickness and the effective size of ice crystals,
applying the 6-stream discrete ordinate algorithm, to estimate the effects of ice crystals in the longwave spectral.
In this calculation, the ice cloud was assumed to be in the layer 200- 260 hPa with visible optical thickness
0.79-25. The profiles of temperature, humidity, and ozone typical of a middle latitude summer are used. In
following figures, results by Old method are calculated by scattering for ice crystal habit assumed only plate
using Chou et al. [2].

Figure 4 shows the flux differences between the 6-stream discrete ordinate algorithm and parameterization
method. When scattering are neglected, the underestimation of the surface flux and overestimation of TOA flux
occurs. When optical thickness is small(2−5), upward and downward radiations show drastic changes in optical
thickness and downward and upward flux error are almost 0.1 and 2W/m2 with effective size, respectively.

Figure 5 shows the calculation of cooling rate in the model used by New and Old methods and cooling rate
difference between the 6-stream discrete ordinate scattering algorithm and included and neglected scattering
with optical thickness of 1, 5 and 25, respectively. The cooling rate over and within clouds is about 2 K/Day

 Figure 3: Upward flux at the TOA and downward flux at the surface are calculated by 6-stream discrete ordinate
scattering algorithm. Lower panels are difference between New and Old method for scattering parameterization
of ice cloud.
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as an error for neglected scattering and included scattering of ice cloud. The relative errors are 9.1% and 3.0%
when optical thickness are thin(τvis=1) and thick(τvis=25), respectively.

 Figure 4: Flux errors at the surface and TOA for ice clouds. Left panels are downward flux at the surface and
right panels are upward flux at the TOA. And upper panels are for the case that scattering is neglected, and
lower panels are for the case that absorption and scattering are included.

  

  

  
Figure 5: Cooling rate and cooling rate error in cloud layer. Left panels are cooling rate calculated by New and
Old method with optical thickness are 1,5 and 25. Right panels are cooling rate errors calculated by neglected
scattering and neglected scattering using New method.
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Conclusion

Taking the scattering effect of clouds into consideration, this study develops the infrared radiation parame-
terization model that can calculate the scattering effect of ice clouds capable of being used in GCM or numerical
model. But, for cloud optical thickness, cloud particle habits and particle size, cloud scattering effect of LW
radiation can not negligible.

In the model to which the 6-stream discrete ordinate algorithm of radiation is attributed, great error appears
in small optical thickness and small effective size, when neglected scattering than included scattering of cloud.
When optical thickness is small(2-5), upward and downward radiations show drastic changes in optical thickness
and downward and upward flux error are almost 0.1 and 2 W/m2 with effective size, respectively. Cooling rate
also shows great change in small optical thickness. The relative errors in cooling rate are approximately 9.1%
and 3.0%, when the optical thickness is 1 and 25, respectively. In infrared radiation, absorption is dominating
when optical thickness is thick; it may increase uncertainty to calculate flux in consideration of only absorption,
since scattering is dominating when optical thickness is thin.
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Abstract

In this paper, we present a Multi-class Support Vector Machines (M-SVM) application to remote-sensing
SAR image classification. M-SVMs are an n-ary extension of Support Vector Machines (SVM), introduced by
Vapnik within the framework of the Statistical Learning Theory. In this article we use the M-SVMs in order
to classify a ERS-1 SAR multi-frequency survey of Torre de Hercules coast, Spain (December 13, 1992), pre-
processed by a gray-level scaling thanks to a selfimplemented Matlab function. Main objective of this work
is evaluate the classification performances of M-SVMs in comparison with most frequently employed Neural
Network and Fuzzy classifiers. The proposed algorithm returned interesting results with respect to Neural
Network and Fuzzy classifiers, having a reliability factor around to 94%.

Introduction

Nowadays, SAR radars allow to make remote surveys with better performances than optical or infrared
applications; moreover, SAR radars can be even employed in remote sensing application with prohibitive mete-
orological situations. On this context, it is inserted the problem of a good recognizing of punctual zones inner
a SAR image, according to the specific civil or military application in which remote sensing is applied. There-
fore, it is very important in land cover classification using remotely sensed data that a human visual analysis
is supported by an automatic methodology analysis of the same SAR imagery. One of the most significant
recent developments in this field has been the introduction of nonlinear procedures, such as Fuzzy Theory and
Neural Networks. In order to overcome the limitation of these techniques, a new classification system based
on Support Vector Machine (SVM) has recently been applied to the problem of remote sensing SAR image
classification [7], [8], [9]. Introduced within the framework of the Statistical Learning Theory [1], [2], SVMs aim
at reaching the minimum of the upper bound on the error probability of a classifier, by achieving a trade-off
between the performance on the training set and the Vapnik-Chervonenkis dimension, according to Structural
Risk Minimization (SRM) principle. It has been demonstrated SRM has better performances than Empirical
Risk Minimization (ERM) used by Neural Networks [3]. In this paper, we present an approach to SAR imagery
classification based on M-SVMs.

1. Application Test of M-SVM

M-SVM classifiers are created through a training phase, more or less like Neural Network training phase.
In our case, while input database is a P×Q matrix (where P is the number of parameters used and Q is the
number of patterns), output database is a row vector, that is the corresponding class labels for the training
patterns in input database. This means that it is possible to assign a number n ∈ N to each class as label,
while projecting input database according to specific research. In our work, we have considered four statistical
parameters: average, standard deviation, skewness and kurtosis of a set of pixels as rows of input database.
The output database, instead, was created with the codify shown in Table 1.

Table 1: Codify used to create output database

Class Sea Terrain Petroleum

Assigned label 1 2 3

1.1 Implementation of input database
Each one of used statistical parameters was calculated for some boxplots (considered as characteristic samples

of the classes) selected into the SAR image, as showed in Figures 1b, 1c and 1d (respectively for Sea, Petroleum
and Natural Terrain classes). Each box plot is a square, which side is n l = 2n, with 4 < n < 7. To build our
pattern database, the following algorithm was implemented:
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1) let us denote S as step coefficient, initially setted to 4;

2) inner each boxplot, we have considered all square sub-boxplots SxS and we have calculated their statistical
values;

3) the step coefficient was multiplied by a 2 factor, and this algorithm was repeated while S ≤ 1.

This procedure was used for all selected box plots (4965 selected patterns): Table 2 shows the ranges of
variation of statistical parameters.

Table 2: Range of variation of statistical parameters

Mean Standard Deviation Skewness Kurtosis

Sea [33.125÷ 205.94] [6.81÷ 49.68] [−2.64÷ 1.99] [1.26÷ 15.235]

Petroleum [0÷ 26.69] [0÷ 24.75] [0.20÷ 15.84] [1.35÷ 317.36]

Natural Terrain [31.125÷ 186.19] [3.3÷ 96.34] [−2.27÷ 1.94] [1÷ 8.315]

Figure 1: a) ERS-1 SAR image; b), c) and d) Boxplots used

1.2 M-SVM classifiers implementation
M-SVM are characterized by a decision function used during training phase and called kernel. In a few words,

kernel is used to find the hyperplanes of separation among the various classes. We analyzed the performances
of M-SVMs using two different kernels. Whatever is the kernel, during the implementation of a SVM classifier
we also need to set the weight of the cost function, that we represent as C; it is a user-selected parameter and
it defines the sensibility of machine to the errors: using a big C-value means to penalize strongly the errors.
More than C, we had to set a group of parameters according to the chosen kernel. We emphasize, as each
parameter can be a real positive value; however, it can be chosen in a range of variation according to the specific
application. This settingprocedure is necessary to obtain a confusion matrix that is as similar as possible with
a square unitary matrix, because the xij element of confusion matrix represents the probability that the single

Figure 2: Flow chart of settingprocedure
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pattern belonging to the ith class could be classified as belonging to the jth class. In order to explain the
settingprocedure (see the flow chart in Fig. 2), let us denote:

1. vk: value of parameter array at the kth step of our procedure (k=1,...,N);

2. Ck: the kth Confusion matrix obtained by using the vk array;

3. C: the optimal Confusion matrix;

4. ε: an opportune error-threshold (0 < ε < 0.3).

Figure 3: Classified images using: MSVM-POLY a) pixel-by-pixel, b) zone-byzone; MSVM-RBF c) pixel-by-
pixel, d) zone-by-zone

Norm used is the Frobenius norm.
The first M-SVM classifier (MSVM-POLY) has a polynomial kernel:

K(xi, xj) = (γ‖xi − xj‖+ µ)λ, γ > 0 (1)

in which we have considered the following values:λ = 7;C = 100; γ = 1;µ = 0. The test has returned the
following confusion matrix: 


0.9066 0.0934 0
0.1534 0.8466 0

0 0 1.0000


 (2)

We have checked that an increase of the cost function does not lead to better performances. To improve the
classifier we could increase λ value, but this would involve an increase of the computational complexity and the
times of calculation. The second M-SVM classifier (MSVM-RBF) is RBF-based:

k(xi, xj) = e−γ‖xi−xj‖2

, γ > 0 (3)

In this case, parameter values are: C = 4500, γ = 40. The testing phase has returned the following confusion
matrix: 


0.9038 0.0962 0
0.1403 0.8597 0

0 0 1.0000


 (4)

As it can be observed, MSVM-RBF has performances a little better than MSVMPOLY. For both, the identifi-
cation of Petroleum zone is pointed out as optimal, while the values in first and third row of confusion matrices
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show as classifiers have a small probability to confuse Sea class with NaturalT errain and vice versa.
1.3 A test of classification

Considering that M-SVM classifiers are based on the values of average, standard deviation, skewness and
kurtosis, each pixel was analysed inner a window of 5x5 pixels. In fact, to get an accurate estimate regarding
the analysed pixel, it is necessary to set window dimensions with care of avoiding the probability to have a
inhomogeneity inside of the same window. So, we developed two kinds of test: the first classifies the test image
shown in Figure 1a pixel by pixel, considering it in a context of a 5×5 window, where it is possible. In fact, for
the near-border pixel, of which we cannot acquire a 5×5 window around the considered pixel, we examinated
smaller windows. The second test was carried out considering 5x5 zones too, but classifying them in a step as
a single set.

The classifiers return new images as outputs, in which:

- a white-color pixel shows that the zone was classified as Sea;

- a black-color pixel shows that the zone was classified as Petroleum;

- a gray-color pixel shows that the zone was classified as Natural Terrain.

In Figures 3a, 3b, 3c, 3d, results of classifications are showed.

Table 3: Range of variation of statistical parameters

PNN FCM MLP-NN MSVM-POLY MSVM-RBF

(pixel-by-pixel) (pixel-by- pixel)

70% 75% 89% 92% 94%

Table 4: Range of variation of statistical parameters

PNN FCM MLP-NN MSVM-POLY MSVM-RBF

(pixel-by-pixel) (pixel-by- pixel)

2757.8s 165.83s 1545.1s 298.97s 270.27s

Conclusion

How a visual analysis suggests, we can estimate the mean value of M-SVM classifiers reliability is around
90%, with a peak value of 94% considering MSVM-RBF based pixel-by-pixel classification. Table 3 shows a
comparison among MSVM-RBF, MSVM-POLY, a MLP Neural Network (MLP-NN), a Probabilistic Neural
Network (PNN), a variant of Radial Basis Network, and a Fuzzy C-means classifier (FCM), all created and
trained on the SAR image showed on Fig. 1a.

We emphasize how MLP-NN performance depends on structure of test set. During test phase, each test
set consists of a 4×1 matrix that is passed to trained machine. With MLP-NN, we had to normalize these
test sets, but it was necessary to join each of them with the minmax matrix of training set in order to avoid
pre-normalization errors and a consequently wrong classification. That means a complication of classification
algorithm and a bigger classification time. Instead, M-SVM classifiers are not suscettible to these problems of
misconducting the test phase, reducing problems of computational complexity. Table 4 shows a comparison of
the classification elapsed times for each considered system.

As shown, MSVM classifiers work in a time period comparable to FCM, but with higher performances
than MLP-NN. Instead, Neural Networks are slower than MSVMs. The graphic representations showed in Fig.
3 confirm what initially showed by the confusion matrices, also considering that the percentages of reliability
pointed out in the various lines of them represent nominal values, and therefore susceptible of small modifications
in a real use of the classifiers. However, that is a good result, above all if you consider that the test image was not
cleaned by using, for example, a wavelet filter, and so it is still affected by speckle and fading noise. It confirms
the validity of a M-SVM classifier as a nonlinear pattern recognition tool, thanks to its “wellgeneralization”
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ability starting from a representative set of elements of each class, selected inside the whole “universe” domain
that is, in this case, the image in Fig. 1.
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Abstract

An analytical (hkℓ)− oriented k·p method is developed in this paper and applied to calculate the optical
transition strength of zinc-blende semiconductor quantum wells. The optical matrix elements and the hole
effective masses are presented in analytical forms. Calculations are performed for In0.53Ga0.47As/InP quantum
wells oriented in arbitrary growth directions. The in-plane polarization angle is adopted as a key parameter
in the calculations performed to explore the variation of the optical transition strength in the well plane. The
theoretical results indicate that the largest optical anisotropy of the optical matrix elements in the well plane
appears in the (110) surface.

Introduction

Recent advances in growth technologies now enable the growth of high-quality semiconductor heterostruc-
tures on substrates with orientations other than the conventional (001) direction [1-3]. Furthermore, the ad-
vances made in modern crystal growth technologies for various substrate orientations have motivated a partic-
ularly interesting, which is mainly due to the unique optical and electronic properties at the different growth-
directions. Importantly, one of its unique properties is the optical anisotropy in quantum-confined semiconductor
systems.

At the Brillouin-zone center (kx′ = ky′ = 0), a 4× 4 k·p Hamiltonian for holes in a (hkℓ)-oriented quantum
well (QW) [in the basis ordering |3/2, 3/2〉 , |3/2, 1/2〉 , |3/2,−1/2〉 , |3/2,−3/2〉] can be written as [4,5]

Hk•p(kx′ = ky′ = 0) = (Ep + 8Exx + 4Ezz)−
a2

4
k2
z′





4

3
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1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




+

[
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(1)

where

Ω = sin2 β(cos4 γ + sin4 γ + 1),

S = (cosα+ i sinα)[2 cosβ(1− Ω)− i sin2 β(
1

2
sin 4 γ)],

T = −(cosα+ i sinα)2 sinβ[2(cos4 γ + sin4 γ)− Ω + i cosβ(
1

2
sin 4γ)],

‘a’ is the lattice constant, a total of four interaction parameters exist, namely Ep, Exx, Exy, and Ezz , the angles
β( = tan−1

√
h2 + k2

/
ℓ ) and γ( = tan−1 k/h ) represent the polar and azimuthal angles, respectively, the
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angle α denotes the in-plane light-polarization direction, and kz′ is the wave vector along the growth direction.
According to the secular equation in Eq. (1), the eigenvalues and eigenvectors can be obtained to calculate the
hole effective masses and optical matrix elements squared.

Therefore, we can arrive with the following analytical formula of effective hole-masses (m′
±) along the growth

direction (z′-axis). Expressed in terms of interaction parameters, the effective masses, (m′
±) in units of free

electron mass (m◦), both for heavy hole (hh) (+) and light hole (lh) (−) in vicinity of the zone center can
be written as

1

m′
±

=
a2

2~2

{
4

3
(2Exx + Ezz)±

1√
3
(Exx − Ezz − 2Exy)∆ sinβ

}
(2)

where

∆ =
√

G2 + SS∗ + TT ∗ ,

G =
(Exx − Ezz − 2Exy) sin2 β(2 − Ω)− 2

3 (Exx − Ezz)
(Exx − Ezz − 2Exy)

1√
3

sinβ
.

Through out this paper, it should be noted that the upper sign (+) refers to hh, the lower sign (−) to lh.

Figure 1: The squared optical matrix elements (in units of P2
cv) of the c−hh transition in In0.53Ga0.47 As QWs

for the (a) x′−, (b) y′−, and (c) z′− polarization light.

For simplicity, a QW within infinite-barrier-height approximation is now adopted. Hence, the interband
momentum matrix elements squared at the zone center for x′− , y′−, and z′− polarizations can be calculated
as [6]

|Mx′ |2= (
1

N2
)

{
b2

3
+ (

d√
3
− f)2 +

c2

3
+
e2

3

}
× P2

cv, (3a)

|My′ |2= (
1

N2
)

{
b2

3
+ (

d√
3

+ f)2 +
c2

3
+
e2

3

}
× P2

cv, (3b)

and

|Mz′ |2=
4

3
(

1

N2
)(b2 + c2 + d2 + e2)× P 2

cv, (3c)

where

N2 = 2f2 + 2b2 + 2c2 + 2d2 + 2e2,

b = 2 cosα cosβ(1 − Ω) +
1

2
sinα sin2 β sin 4γ,
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c = 2 sinα cosβ(1 − Ω)− 1

2
cosα sin2 β sin 4γ,

d = (sin2 α− cos2 α) sinβ[2(cos4 γ + sin4 γ)− Ω] + cosα sinα cosβ sinβ sin 4γ,

e = −2 cosα sinα sinβ[2(cos4 γ + sin4 γ)− Ω] +
1

2
(sin2 α− cos2 α) cos β sinβ sin 4γ,

f = (G±∆),

and

∆ =
√

G2 + b2 + c2 + d2 + e2.

Figure 2: The squared optical matrix elements (in units of P2
cv) of the c− lh transition in In0.53Ga0.47 As QWs

for the (a) x′−, (b) y′−, and (c) z′− polarization light.

Figure 3: As a function of the substrate orientation in the first octant, the in-plane optical anisotropy maximum
of the (a) c− hh and (b) c− lh transitions for each (hkℓ) In0.53Ga0.47 As QW plane.

As a function of the substrate orientation, Fig.1 and Fig.2 show the calculated results (in units of P2
cv) of

the squared optical matrix elements (by setting α = 0◦) for the c− hh and c− lh transition, respectively, where
‘c’ denotes the conduction band.

Generally, the in-plane optical anisotropy ρ is defined as [6]

ρ =
| Mx′ |2 − | My′ |2

| Mx′ |2 + | My′ |2
, (4)

for the (hkℓ)QWs. Fig.3(a) and 3(b) exhibit the maximum ρ values of the c− hh and c− lh transition for each
(hkℓ)QW plane, respectively. In comparison with any growth QW plane, the ρ value reaches a peak value on
the (110) QW plane and its other equivalent planes for both the c−hh and c− lh transitions. Moreover, another
result of this calculation also shows that no in-plane anisotropy is induced for structures grown on (001) and
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(111) substrates. Since (001) and (111)-oriented QWs belong to D4h and D3d high-symmetry point groups,
respectively, their polarization properties are isotropic in the layer plane. Furthermore, other QW orientations
have only low two-fold symmetry (e.g.D2h for (110)), and hence their polarization properties are presented in
anisotropy.

Conclusion

The origin of optical anisotropy in quantum wells has been investigated, and it has been proven theoretically
that this phenomenon can be attributed to low-symmetry perturbations of the zinc-blende lattice. It has been
shown that the (110) quantum well plane exhibits the largest anisotropy of any substrate plane, while the
(001) and (111) quantum well planes are completely polarization-independent for the optical matrix elements.
Furthermore, the efficient methods presented in this study are beneficial to the design of optical devices fabricated
on any substrate orientation. Finally, the current investigation provides valuable guidelines for the design of
polarization stabilization devices, which require polarization control or selectivity.
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Abstract

Submitted report is oriented to the area of detection of signals emanated by Man in the ELF - Extremely
Low Frequencies range. Designed and applied antenna system suitable for signal reception in the ELF band
is presented here. Results of digital signal processing in the ELF band are presented in the report in the
graphic form together with the photographic material provided in the course or signal recording. Finally, there
is discussion of possibilities of the ELF band signal analysis for detection of men - for example under the snow
avalanche, in cave-in in underground mines, etc.

1. Introduction

Every living organism on our planet is surrounded with energy in form of the signal environment. This
energy is produced either by him as result of essence of his living and survival, or the energy occurs in form of
natural and artificial signals of the terrestrial origin and further of extraterrestrial origin, signals coming from
the near and deep space. If Man has the option, the gift to see far broader spectrum, so not to be limited by
visible part of the spectrum only, he would be surprised, for sure, how dense spectrum exists on our planet. That
magical word “energy”, which is cause of everything, the word quoted in any form and connected with every
living or dead form, is playing important part. There is no doubt that Man itself is emanating energy. However,
it is necessary to remember how weak this field is. Signals emitted by the brain constitute one component of
this energy. It concerns Extremely Low Frequencies - ELF.

2. Electromagnetic Field of Human Body

A cell is the basic, very small unit of the living substance. It measures about 10 microns, i.e. 10−5 m. But,
it is still enormous to compare with particles carrying electrical charge (electrons) - there is place for at least
10,000 for them on the cell length and about 30,000 for them on the cell circumference. To create electricity in
the cell, the cell needs capacity to process certain chemical materials, which the cell absorbs. The cell makes
free chemical energy by chemical decomposition of the material and is using it for protein building, for its own
work and for creating electricity in presence of oxygen. The electricity is the most important thing for some
cells, for nerve cells for example. Communication between nerve cells (neurones) depends on the parameter
called resting membrane potential - RMP. Cell interior is negative in respect to its surface and potential across
the plasmatic cell membrane is reaching values between -20 mV and -200 mV. The higher potential difference,
the higher voltage. RMP of the nerve cell is in range -40 mV to -90 mV, the sustained value is -70 mV. We
call such cells polarised. Aforesaid voltage values are really negligible; currents reach orders of magnitude of
microamperes. Nevertheless, those values are not insignificant.
2.1. Schumann Resonance - Connection of Man with the Nature

It concerns the state on boundary of beta and theta levels, at 7.83 Hz more precisely. Brain waves have no
constant frequency, but their frequency is changing. The whole control system is buried deeply in the brain,
in the thalamus. The thalamus is switching and integrating center of excitements coming from sensors, from
the spinal cord and the brain stem to the cerebral cortex. The system is called thalamic rhythmic generator
or “pacemaker”. Calcium ions are seeping slowly to particular thalami-cortical neurones, which are oscillating
1.528 sec and are triggering brain waves. Then, the brain waves propagate up to the cerebral cortex. If those
neurones are saturated with calcium ions, the thalamic oscillations stop. The brain waves are “idling” during
this “silent phase”, lasting from 5 to 25 seconds. The thalamic oscillations start again, when the calcium level
in cells drops to the value allowing the neurone to oscillate again. EEG has shown that waves do not expand
to the brain only, but through the whole nervous system (through the perineural system) and to every part
of the organism. So, the brain waves adjust sensitivity and activity of the whole nervous system. The time
domain, where the brain waves are not thalamus controlled is the most interesting part of the system. Then
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the brain field can be affected by electrical and magnetic rhythms from outside, natural or artificial. Magnetic
field of Earth (geomagnetic field) is reason for magnetic needle of a compass pointing to the North Pole. But,
if you look to the needle under the microscope, you see its minute movement due to geomagnetic microscopic
pulses, which are reason for the unique geophysical mechanism - Schumann resonance (SR). German atmospheric
physician W. O. Schumann brought in the idea that the space between the Earth surface and the ionosphere
behaves as the resonance cavity - energy for this cavity is supplied with thunderbolts. The Schumann theory was
accepted in sixties. So, thunderbolts generate electromagnetic standing waves propagating around the globe.
Those waves are reflected from the ionosphere back to the Earth surface and then back to the ionosphere. So,
value of the Schumann resonance depends on the distance of the ionosphere from the Earth surface, which is
subject to the Sun activity. This value is subject to the magnetic storms disturbing the ionosphere above all
and the Schumann resonance trails off, so it is created by terrestrial activities and modified or modulated by
extraterrestrial activities. The following correlation is interesting as well, resulting from that all - wave length.
We can find out by calculation, that λ= c/f = 2.997 924 580. 108/7.83 = 38.3 thousand km. This number is
not accidental and it is close to the value of the Earth circumference.

3. Measuring Chain, Measurement of Man Emission in ELF Band

A proper antenna is the basic building element for man emission measurement in ELF band (3 - 30 Hz).
Either a loop antenna used from ELF up to UHF bands from the very beginning of radio communication or large
inductive coil can be used for this measurement. Both antenna types have the advantage that their sizes are
relatively small comparing with the wavelength for which they are intended. The large copper quantity necessary
to build the winding is their common disadvantage. In contrast to an electric monopole, these antennae are
working with the magnetic field entirely and therefore it is advisable to use proper electrostatic shielding.

To compare expediency of antenna types for man emission measurement in ELF band, both above mentioned
antenna types were built. The loop antenna was built first, its picture is shown on Fig.1. The antenna is winded

 

Figure 1: Functional antenna construction

on a wooden frame in the shape of the regular octagon. Length of used 1.3 mm thick copper wire was almost
500 m. The antenna was shielded with an aluminous foil and grounded. The effective aperture size is 118.3 m2,
loop resistance is 5.98Ω, loop inductance is 31.2mH and the low cut-off frequency is 30.5 Hz.

The antenna of the inductive type was built as the second, its picture is on Fig.1, too. More than 40,000
turns were wound on the PVC tube with the outer diameter of 50 mm and length of 870 mm. Length of
used 0.33 mm thick copper conductor was approximately 7 km. The coil resistance is 1.46kΩ. and measured
inductance is 6.01H. Each of 15 layers is sandwiched with the thin insulation paper. The electrostatic shielding
was provided in the same way like for the loop antenna. The coil magnetic core (filling almost whole inner
space of PVC tube) was provided from annealed iron bands of different width. Impregnated insulation fabric
was inserted between bands.

Signal from the antenna is fed into a current/voltage converter composed with the operation amplifier with
ultra low basic noise level. Behind second stage with fixed voltage gain 45 dB, there is filtration cascade of the
8th order low-pass filter type with the corner frequency of 30 Hz. Used inverse Chebyshev approximation gives
worse phase ratio, indeed. But the implemented filter has attenuation of 60 dB on 50 Hz, which is line frequency
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used in the Czech Republic. Filter output signal goes to input of the digital DAT tape recorder. DAT tape
recorder has built-in 16-bit A/D converter and it works with the standard 44.1kHz sampling frequency. The
whole measurement chain was supplied from accumulators during recording. Man emission in ELF band was
measured both in the free-field chamber located in a building in the Brno City centre and in the free terrain
approximately 8 kilometers from the town agglomeration. More then 5 hours of signal recording were made
gradually under situation, when a man was moving in distance 0.5 - 2.5 m from individual antennae or the
man was tens of meters away from individual antennae. Then, the recording was stored in PC through SP-DIF
interface, converted to the data format suitable for MATLAB software environment and then it was digitally
processed.

4. Analyse and Interpretation of Signal in ELF Band

There is an example of the signal time path in ELF band without man presence in Fig.2. Top diagram

Figure 2: Time path of the recorded signal

corresponds to the loop antenna recording; the lower diagram corresponds to the inductive coil recording.
Although this record was made in the screened free-field chamber, it is obvious from the time path that very
strong industrial interference was present. The spectral analyse can give us more information. Well-known
Welch method proved to be suitable means of the spectral analyse in the end. Smoothed out spectra diagrams
corresponding to recordings from the loop antenna are shown in Fig.3, then corresponding diagram for the
inductive coil is shown in Fig.4. To facilitate comparison, only two smoothed out spectra diagrams are shown
in each figure, they correspond to human presence and absence in antenna proximity.

It is typical for recordings made with the loop antenna (Fig.3) that the man present is amplifying frequency
components markedly near SR. In addition to this resonance, presence of the man results in appearance of other
distinctive frequency peaks on frequencies in 1.3 - 4 Hz band in signal spectres, furthermore on frequency 21.2
Hz and 28.7 Hz. The peak on frequency 16.7 Hz is not mentioned because this frequency value belongs to the
15kV tractive line supply abounds in the European railway transport.

It is typical for recordings made with large inductive coil (Fig.4) that there is no visible amplification on SR
frequency (6.9 Hz) caused by presence of man. It is in contrast to recordings made with the loop antenna. But,
man presence is the most distinctive in 1.3 - 4 Hz band. The third most distinctive frequency peak has value
of 26.8 Hz, with splitting to the frequency of 28.7 Hz. It is necessary to mention here that the inductive coil
sensitivity for man presence was on its highest if oriented in east-west direction.

It can be stated generally that the inductive coil has shown better characteristics in the process of measure-
ment. Because its size is smaller then that of the loop antenna, it is not sensitive to wind gusts and it appears
to be more perspective for the future. The measurement proved that the man can be detected in the 1.3 - 30
Hz frequency band.
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Figure 3: Smoothed out spectra diagram, the loop
antenna is used (Blue diagram C no man is present,
red diagramC man is present)

Figure 4: Smoothed out spectra diagram, the induc-
tive coil is used (Blue diagram C no man is present,
red diagramC man is present)

Conclusion

This paper reports the measurement of the radiation from humans in ELF band using two types of antennas.
A briefly analysis of the measured spectra diagrams is made and consequently a conclusion is made that man
is emitting EM energy in the band of interest. This band was situated deliberately to the frequency interval
of 0.5 - 30 Hz. In the following works, it is necessary to optimize antenna aperture size from the point of
view of reasonable dimensions and to carry on set of measurements allowing detection of the human body
imprisoned under the snow avalanche, for example. However, design and construction of ELF band antenna
with the distinct directional characteristic is the necessary assumption, in order that other people in vicinity
do not influence measuring results. Design of antenna system form is subject of research of this problem as
well. Question arises, too, if it is advantageous to design the dedicated loop or inductive antenna with the free
resonance frequency on 1 - 7 Hz approximately. Considering supposed applications, only magnetic component
of the emission was recorded and analysed yet. Nevertheless, works on measurement and recording of electrical
human body emission component are in stage of already designed dedicated measurement devices.

Results of future research of this certainly interesting problem will be presented.
The submitted report should be understood as inspiration. Authors are open to any motivating suggestions

and opinions from expert community.
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Abstract

The evaluation of loss of information in system of random magnetic and electric field was presented in
the paper. The set of field parameters in a specified points of the space is obtained from electromagnetic
field measurement. The subsets of parameter values may be treated as the subsets of outcomes of random
variables which define field parameter in a specified point (for some assumptions). It is aimed at determining
the information distance between the parameters of an equivalent model being useful for current identification
purposes of the electrical equipment based on a file of empirical data. The calculation of loss of information was
introduced as an example as well as the set of simplifying assumptions in the system model. The application of
presented analysis was also mentioned.

1. Introduction

The problem of finding the parameters of electromagnetic field and its interaction on the environment bearing
this field is well known. A classical formulation, including analysis and synthesis, enables assessing distribution
of the field using a deterministic approach. There are only few scientific works based on statistic approach that
are supported, first of all, on determining stationary field distribution (e.g. [1, 2, 3]).

An important problem related to interaction of the electromagnetic field on the environment is the change
in properties of the environment with the course of time. The following situations are here possible:

(a) The environment is homogeneous with respect to electromagnetic properties found in the observation of
any duration;

(b) The environment is homogeneous in the above mentioned sense in the beginning of the observation,
becoming gradually more inhomogeneous with the course of time;

(c) Inhomogeneous character of the environment is stationary or non-stationary.
Analysis of field distribution under the above mentioned cases allows, for example, to assess the properties

of the couplings with the fields of mechanical forces or temperatures. Determination of probabilistic reliability
parameters of electromechanical systems [4] might serve as one of the examples.

Determination of changes in the field properties under the a) situation is relatively easy, as the field parame-
ters in all the points vary “synchronically”, e.g. without regard to environment degradation rate (it is assumed
that its parameters worsen in steps or according to a continuous pattern). As an example the statistical calcula-
tion of duration of exchange of high-voltage insulator may be mentioned. The b) case is related to defining both
the threshold values of generalized factors defined in the process (as in the a) case) and determination of the
environment ranges subject to particular risk, e.g. the heavy-current busways [4]. The third situation c) leads,
first of all, to the increase in calculation size. In case of stationary environment inhomogeneity the researcher’s
duty consists in defining, in the beginning, the most threatened sub-areas and, afterwards, analyzing only their
properties. Analysis of the case of non-stationary inhomogeneity, in which the sub-areas of critical values of the
parameters change their locations with the course of time, is one of the most difficult procedures. Consideration
of the ground flow fields in the proximity of recently built traction lines may serve as an example of not fully
solved problems pertaining to this type of the tasks.

The paper proposes a method of assessment the quality of electromagnetic field interaction in a linear
inhomogeneous and non-stationary environment.

2. Model of the Problem

It is assumed that a linear environment is described by means of the parameters of known probability
distributions. The parameters form a random field f(p,t) [5]. Hence, the f(p,t) field determines a random
value of the environment parameter, e.g. magnetic permeability µ as a function of randomly superimposed
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coordinates p and time t. Parameters of the random environment field are estimated based on the measurement
in the time T, thus obtaining a random field fl(p,t). It is assumed, for purposes of the present work, that random
superposition of the p coordinates with constant distribution of the environment parameter may be replaced for
a constant coordinate system with random distribution of the environment parameter, e.g. µ(p) = µ(x, y, z).
Moreover, the observation period T may be divided into sub-periods of t0 duration, for which:

• f1(p, t) = f1(p) – the measurements are carried out in accordance with Balakrishnan theorem, on sampling
stationary stochastic signals of a bounded signal band;

• field effects are stationary in wider sense [5, 6], i.e.:

– E{f1(p) } = mf1 = const – the expected value is common, finite, and constant in the interval (t,
t+ t0),

– D2(f1(p)) = σ2 = const - the variance is common, finite, and constant in the interval (t, t+ t0),

• both above mentioned parameters fully define Gaussian character of the environment changes.

 

f(x, y, z, t) 

x, y, z 

B(x, y, z, t) 

Figure 1: Environment sector of random parameters with random distribution of electromagnetic field in the
interval (t, t+ t0).

In the case discussed here the field, in the interval (t,t+ t0), is distinguished by quasi-stationary features in
the space and time sense.

It is assumed that the parameters of electromagnetic field sources do not vary, and their location with respect
to any point of the environment remains unchanged. Hence, location of the electromagnetic field vector (e.g. the
magnetic induction vector B) depends only on spatial and time random change in the environment properties
(Fig. 1.).

3. Estimation of Random Field Parameters

The correlation function of a 1-dimensional random field for the above mentioned assumptions in time
interval (t, t+ t0) should satisfy the condition [5]:

R (τ) =

√
2

2
Γ

(
1

2

) ∫

R1
+

(λτ )−0,5 J−0,5 (λτ ) dG (λ), R1
+ = [0,∞) (1)

where: Γ - gamma Euler function; J - 1st-order Bessel function; G – a nondecreasing bounded function, G(0)=0.
An average value of the random field f1(p) in the set D amounts then to [5]:

M (D) =
1

|D|

∫

D

f1 (p1) dp (2)

where: |D| - a measure of the D⊂ R1
+ set.

Taking into account the assumptions (among others division of the observation time into sub-periods of t0
duration) the disjoint sets may be created from the bounded set D. In result the following sum is an estimator
of the expression (2):
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Mm (D) =
1

|D| [f1(p1) |∆1|+ ...+ f1(pm) |∆m|] (3)

where: |∆i| - measure of the set ∆i, i = 1, ..., m.
Hence, in the time interval (t, t + kt0) the following form of estimator of the expression (2) may be used:

M (D) = c (M1 + ...+Mk) (4)

where: k - the number of measurement periods; c – a certain constant.
The above relationships enable formulating the most effective estimators of the random environment field.

Moreover, the relationship with the parameters of electromagnetic field distribution allows deriving the ex-
pression of the coefficient of the environment quality. The relationships enable to determine periodically some
selected parameters of the electromagnetic field in considered random environment and to assess its changes by
means of a quality factor based on the estimators of random processes in the time moments differing by kt0. It
should be noticed that such an approach allows to estimate average values of the random field in any bounded
sub-set ∆i.

4. The Example of Determination of the Information Distance

as a Quality Coefficient of Electrical Equipment

Irrespective of the reasons of discrepancy between the measurements [6] a need of comparing the random
patterns arises. In the most general case full measurement of the discrepancy (distance) enables comparing
appropriate functions of the density of probability. There are many ways for formulating such relationships [6,
7].

In case of random variables of continuous type the Shannon information measure J [6, 7] (for the loss of
information) amounts to:

J(P,M) =

+∞∫

−∞

+∞∫

−∞

fPM (p,m) log
fPM (p,m)

fP (p) fM (m)
dp dm (5)

where: the random vector (P ,M) takes the values p,m.
It can be proved that the information volume J(P ,M) equals to a so-called Kullback-Leibler information

distance [7]:

d (FP1, FP2) =

+∞∫

−∞

fP1(p) log
fP1(p)

fP1 (p) fP2 (p)
dp (6)

between fP (p)fM (m) and the density of a joint distribution fPM (p,m) of 2-D version of the formula (5).
In longer time the random changes of electrical equipment parameters will be subject to normal distribution

(according to the Lyapunov theorem [6]), with varying distribution moments. Therefore, considering the first
measurement as a reference point, the quality of the model used may be permanently supervised. Hence, a
certain functional Q(I(tx), I(tx + ∆t)), related to probabilistic parameters of electrical equipment currents in
various times of the operation will then play a role of a quality factor.

Should the Q functional value exceed a limit value, thorough investigation or exchange of the electrical
equipment may be proposed long enough before its expected break-down. Hence, in general, the functional Q
should satisfy the criterion of delivering maximal information (in the Shannon’s sense) during the exploitation.
This allows to write-down [7]:

Q (I (tx) , I (tx + ∆t)) = J (I (tx) , I (tx + ∆t))

=

∫∫
f (i (tx) , i (tx + ∆t)) log

fi (tx) |i (tx + ∆t)

fI (i (tx))
→ max

(7)

According to the above analysis of the electrical equipment it may be assumed that the joint distribution of
probability density of the stochastic processes estimating the electrical equipment currents in various moments
is a Gaussian distribution. The functional Q will then be:
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Q (I (tx) , I (tx + ∆t)) = J (I (tx) , I (tx + ∆t))

= −0, 5 ln
[
1− ρ2 (I (tx) , I (tx + ∆t))

] (8)

where:ρ (I (tx) , I (tx + ∆t)) - correlation coefficient (normalized) defined by the relationship:

ρ (I (tx) , I (tx + ∆t)) =
cov (i (tx) , i (tx + ∆t))

σi(tx)σi(tx+∆t)
(9)

cov (i (tx) , i (tx + ∆t)) −covariance, and σi(tx), σi(tx+∆t) −standard deviation of module current in the time
points tx i tx + ∆t.

For example, in the case of the stochastic processes estimating the electrical equipment currents in various
moments shown in Fig. 2.

Figure 2: The magnetic induction distribution of current busways with the expected value 167A in 6 cm plane.

(a) - for the initial environment

(b) - for the environment with ferromagnetic disturbances (σµ = 0.014H/m)

The change of the functional Q (Fig.2) is Q/b) −Q/a) = 2, 1− 1, 98 = 0, 12.

Conclusion

A conception of the electrical equipment quality assessment during its exploitation is presented, based on
the idea of the information measure. It was found that worsening of the information value of the electrical
equipment electromagnetic field obtained in the process of measurement identification may play a role of a
functional of electrical equipment state estimation. Results of the analysis may also be useful for other devices
and probability distributions of estimated signals.
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Abstract

We present in this paper a coaxial applicator in which the radiating source is a circular slot realised by
exterior conductor interruption of a coaxial guide. The guide is immersed in a strong dissipated medium. A
dielectric material girdle without losses or an air layer is inserted among the radiating slot and the load. In this
paper, we study a single slot radiation and analyse the radiating field distributions in the load, the approaching
field influences and the role of dielectric girdle on the dissipated power distribution in the load.

I. Introduction

We consider interruption of a coaxial cable of exterior conductor which radiates in a dissipated medium like
in Fig. 1. We consider the existence of an electrical wall limiting the dissipated medium. The guide surface has
to be at certain distance of the slot in a way that will not bother its radiation. To protect the applicator, we
covered the coaxial guide with a dielectric girdle without losses and we will study its effects on the radiation of
the near fields to the slot [1-3].

Figure 1: a. Coaxial longitudinal cross-section. Figure 1: b. Coaxial transversal cross-section.

II. Calculation Method

The slot radiates in a medium with strong losses; the radiated field is strongly attenuated to be cancelled
with a few centimetres of the source, which enables us to limit the dissipated medium by an electric wall without
disturbing the wave propagation in the load. As shown in Fig. 1, the studied structure presents a symmetric
revolution. The exterior conductor thickness and the radiated slot width are very small compared to the wave
length, corresponding to the operating frequency 2.45 GHz, and the dielectric heterogeneity in a propagating
medium in a transverse plane impose a TM single mode propagation [1, 5]. The electromagnetic fields excited
in the different mediums are given by the next relations:

Eiz = [AiH
2
0 (kir) +BiJ0(kir)]e

−jβz

Eir =
jγ

u2
[AiH

2
0 (uir) +BiJ0(uir)]e

−jβz

Hi
θ =

jωε2
u2

[AiH
2
1 (uir) +BiJ1(uir)]e

−jβz

(1)

with

i = 1 if r0 < r < r1

i = 2 if r1 < r < r2

i = 3 if r2 < r < r3 ui = [K2 − γ2]
1
2
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J0, J1, H
2
0 and H2

1 are Bessel and Hankel functions.
Ai, Bi, ui and β are the amplitudes, radial and longitudinal propagation constants of the field which are

determined by the following boundary conditions at different interfaces. At r = r1 and r = r3, the tangential
component of the electric field is null:

E2
z [r = r1] = 0, E3

z [r = r3] = 0

At r = r2, there is continuity of the tangential components of the electric and magnetic fields: E2
z [r = r2] =

E3
z [r = r2] and H2

θ [r = r2] = H3
θ [r = r2]. Combination of the various equations, led to the following system:

u2[H
2
0 (u2r2) +B′

2J0(u2r2)]

ε2[H2
1 (u2r2) +B′

2J1(u2r2)]
=
u3[H

2
0 (u3r2) +B′

3J0(u3r2)]

ε3[H2
1 (u3r2) +B′

3J1(u3r2)]
and u2

3 − u2
2 = K2

3 −K2
2 (2)

The resolution of this system of equations gives us, the constants γ, u1, u2 and u3.

III. Results of the Calculation of the Fields Radiated by the Slit

1. Influence Dielectric Girdle
In Fig. 2, the variations are illustrated according to z of the module of the electric field, when the slot

radiates in a dissipative medium (εr = 77− j12) has through a dielectric layer which we vary the thicknesses:

Figure 2: Longitudinal variation of the module of the total electric field, in the load (εr = 77− j12), for various
thicknesses of the dielectric Teflon sheath (εr = 2.1), the position of the electric wall is to 20 cm of the slot.

These results show the action of the dielectric layer. It is to be noticed that the fields are guided by this layer
which creates a dispersion of the power radiated on both sides of the ends of the slot and increases the surface
irradiated by the slot. This comes from the wave guide effect of the dielectric girdle.

2. Analyze Effect of the Sheath

To analyze the effect of the dielectric girdle, we traced the profiles of the two components Ez and Er in the
dielectric girdle and the dissipative medium, in the transverse direction.

Figure 3: a. Ez variation inside a Teflon girdle of
thickness r3-r2=2mm and in a dissipated medium of
εr = 77-j10.8

Figure 3: b. Er variation inside a Teflon girdle of
thickness r3-r2=2mm and in a dissipated medium of
εr = 77-j10.8
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In Fig. 3, we notice that the crossing of discontinuity has dielectric girdle and the dissipative medium, the
radial component Er is attenuated very strongly in the ratio of Re(εr3/εr2) = (77/2.1).

Figure 4: a. Distribution of the power dissipated εr
= 77-j10.8, with girdle thickness =1 mm

Figure 4: b. Distribution of the power dissipated εr
= 77-j10.8, with girdle thickness = 8.6 mm

To really show the role of the girdle, we drew the distribution of the power dissipated by the coaxial applicator
in the load to two deferent girdle thicknesses Fig. 4(a - b). These results presented the action of the dielectric
layer. It is to be noticed that the fields are guided by this layer that creates a dispersion of the power radiated
on both sides of the ends of the slot.

IV. Theoretical Results Compared to Experimental One

Figure 5: a. Electric field penetration Ez inside a
dissipated medium of εr = 77− j10.8, without girdle

Figure 5: b. Electric field penetration Ez inside a
dissipated medium of εr = 77− j10.8, with thickness
girdle r3 - r2 =2 mm.

We traced the profile of penetration and the amplitude of the two components of the electric field Ez and Er
for various thicknesses of the dielectric girdle. One has the experimental results compared with the theoretical
results.

The representation of the experimental results of the two components, radial Er and longitudinal Ez validates

Figure 6: a. Profile of the components longitudinal
Ez and radialEr of the electric field in the dissipative
medium εr = 77− j10.8 for an antenna with girdle

Figure 6: b. Profile of the components longitudinal
Ez and radialEr of the electric field in the dissipative
medium εr = 77−j10.8 for an antenna without girdle
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the theoretical results. One finds that the transverse component Er is very weak in front of the longitudinal
component Ez thus energy is carried by only component Ez .

V. Slot Insertion Impedance Measurements

To evaluate the power radiated by the slot, one took measurements of the impedance of insertion of the slot
in cases, antenna without girdle and antenna with girdle [1,4]. Measurements of the impedance of insertion are
taken in two stages:

• The guide closed by a mobile short-circuit, with which we took measurement for two positions different
from the short-circuit

• The guide is closed by a matched load

Figure 7: Equivalent diagram of the line. γ1: The constant of propagation in the studied coaxial line. γ2: The
constant of propagation in the mobile short-circuit. l1, l2, and (l31, l32): The lengths of the various parts of the
studied system.

Z1 = JZctg(γ2l3), Z2 =
Z1 + JZctg(γ2l2)

Zc + JZctg(γ2l2)
, Z3 =

Zr + JZctg(γ1l1)

Zc + JZctg(γ1l1)
, Zr = Zx + Z2 (3)

While using relations (3), while being based on the theory of the lines of transmissions and finally while
using the reduced sizes, we arrive at the following equation:

Z01 + Jtg(γ1l1)

1 + JZ01tg(γ1l1)
− Z02 + Jtg(γ1l1)

1 + JZ01tg(γ1l1)
= j

tg(γ2l31)− tg(γ1l2)

1− tg(γ2l31)tg(γ1l2)
− j tg(γ2l32)− tg(γ1l2)

1− tg(γ2l32)tg(γ1l2)
(4)

It is to be noticed that the right term of the equation (4) is imaginary pure, which implies that the real part
of the left part is null. We obtained the value of tg(γ1l1). The replacement of the short-circuit by a matched
load Zc = 50Ω, gives: Z2 = Zc.

According to relation (3):Zx =
Z0 − JZctg(γ1l1)

1− Z0tg(γ1l1)
− 1

Measure of Insertion Impedance

To evaluate the slot radiated power we have done the slot insertion impedance measurements in two cases,
antenna without girdle and antenna with a girdle [1, 4]. The presence of dielectric layer enters the radiating
system and the load; it has an effect of adaptation.

Table 1: Slot insertion impedance measurements table at 2.45 GHz

Slot width (mm)→
Measured insertion 1.5 3.5 5 6 8 10
impedance ↓
Without girdle 0.19-j0.45 0.26-j0.41 0.4-j0.37 0.28-j0.4 0.21-j0.5
With girdle 0.55-j0.75 0.57-j0.74 0.59-j0.74 0.62-j0.76

It is noticed from these results that the impedance of the slot increases and the coefficient of reflexion
decreases for an antenna with girdle compared to an antenna without girdle, which means that the radiation of
the slot is improved with the girdle. Thus the presence of a dielectric layer enters the radiating system and the
load it has an effect of adaptation.
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Figure 8: Measuring results of reflection coefficient values deduced from the impedance measurement in the
previous table in the case of antenna with and without girdle.

VI. Conclusion

We conclude that the presence of the dielectric girdle to several advantages:

• Provoke an effect guides wave along the coaxial

• Improve transversely and longitudinally the uniformity of the power dissipated in the load.

• Acts on the radial component of the electric field while attenuating it very strongly in the load, what
decreases the power in near fields.

• Increases the depth of penetration of the field in the load.

• Has an adaptation effect.
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A Robust Preconditioner for GMRES Method Applied
to Finite Network Method

A. Farschtschi and T. Richter

University of Technology Chemnitz, Germany

Abstract

The aim of the autors is the calculation of induction and proximity effects of electric machines in an inter-
mediate frequency range up to 100 kHz by the Finite Network Method (FNM). FNM excludes non- magnetic
and non-conductive media (e.g. air) from the numerical calculation and fulfilles the asymptotic boundary con-
ditions for the free space automatically. We present a short derivation of FNM for non- magnetic materials from
Maxwells equations.

Furthermore, we present the applicability of the GMRES method in the whole frequency range. In the
low frequency limit f → 0 the impedance matrix reduces to its real part and can be used as preconditioner
for GMRES. If the preconditioner is diagonally dominant preconditioning can be performed by Gauss- Seidel
iterations.

As an example we calculated the skin and proximity effect in two parallel copper wires with 200 to 500
degrees of freedom. Our problem allows the iterative calculation of the preconditioner by the Gauss- Seidel
method. The preconditioner results in an acceleration of GMRES up to a factor 8 in addition with an early
restart of the preconditioned GMRES.

Despite the considerable portion of the imaginary part of the system matrix at higher frequencies the Gauss-
Seidel preconditioner is applicable in the whole frequency range.

Introduction

The calculation of inductance phenomena is of main interest for the simulation of electric machines. Most
numerical methods such as FDM and FEM use the magnetic vector potential formulation to solve the electro-
magnetic field problem. Unfortunately, FDM and FEM need the discretization of the whole area of interest.
This includes a large cover of free space with appropriate boundary conditions in infinity to simulate the far
field.

An alternative method ([1],[2]) is the formulation of the field problem by the Finite Network Method (FNM).
The FNM excludes non-magnetic and non-conductive media from the simulation. As the main advantage of
FNM this method leads to a linear system of equations which is small compared to the usual application of
FDM and FEM.

1. Theory of Finite Network Method (FNM)

We consider the system of Maxwells equation in the quasistatic case and in the absence of a free charge
density (ρ = 0). For simplicity, we apply the FNM only to non-magnetic materials. The magnetic field ~H can

be replaced by the magnetic flux density ~B = µ0
~H. We use the magnetic vector potential in Coulomb gauging:

~B = rot ~A, div ~A = 0 (1)

The magnetic vector potential is determined by its sources, the distribution of electric currents ~J [3]:

~A(~r) =
µ0

4π

∫

V ′

dV ′ ~J(~r′, t)

|~r − ~r′| (2)

Faraday-Lorentzs law of Maxwells equations rot ~E = rot[− ∂
∂t
~A] results in

~E(~r, t) = − ∂

∂t
~A(~r, t)− gradϕ(~r) (3)
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with ϕ(~r). The material law ~E = 1
γ(~r)

~J is applied to (3):

− gradϕ(~r) =
1

γ(~r)
· ~J +

µ0

4π

∫

V ′

dV ′ 1

|~r − ~r′|
∂

∂t
~J(~r′, t) (4)

In the Finite Network Method (FNM, see fig. 1) we establish closed loop integrals to equation (4). U
(q)
ξ is

the sum of all voltage sources of loop Cξ:

U
(q)
ξ =

∮

Cξ

d~r
1

γ(~r)
~J(~r, t) +

µ0

4π

∮

Cξ

d~r

∫

V ′

dV ′ 1

|~r − ~r′|
∂

∂t
~J(~r′, t) (5)

conduc ting areas

J r '
, t d r '

Cu q

~

closed loops

J r '
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inductive coupling

qi m

C

i m

Figure 1: Mesh generation of FNM.

In the discretisation scheme of FNM we solve the problem in the following manner: Conductive volumes are
discretised into small hexagonal elements carrying three constant components of the electric current (see fig. 1).
Every isolated conductive volume is described by independent meshes identical to the closed loops of equation
(5). The system of elementary current components has to be transformed into an equivalent system of mesh
currents i(m)

η using the graph of the network. An averaging of the cross section qξ of loop Cξ is added to the
closed loop integrals of (5). Equation (5) can be rewritten in the harmonic case:

µq
ξ

=
∑

η

Rξ,ηi
(m)
η + jω

∑

η

µ0

4π

∫

qξ

∫

qη

dqξdqη
qξqη

∮

Cξ

∮

Cη

d~lξd~lη
|~rξ − ~rη|

i(m)
η (6)

The resistive parts of of (6) are calculated as follows:

Rξ,η =





∮
Cη

dlη
γ(~rη)qη

, ξ = η, closed loop Cη

±
∫
Cξ∩Cη

dlη
γ(~rη)qη

, ξ 6= η, common branch of meshes Cξ and Cη

0, no common branch

(7)

The sign of the resistors Rξ,η in (7) in the case ξ 6= η depends on the orientation of the mesh currents i
(m)
ξ

and i(m)
η which is identical to the orientation of loops Cξ and Cη. In the second term of (6) you can define the

inductances Lξ,η between mesh currents i
(m)
ξ and i(m)

η :

Lξ,η =
µ0

4π

1

qξqη

∫

qξ

∫

qη

dqξdqη

∮

Cξ

∮

Cη

d~lξd~lη
|~rξ − ~rη|

(8)

The inductances (8) include an averaging over the cross section of the loops. Equation (6) results in an
linear equation system:

u
(q)
ξ =

∑

η

Rξ,η i
(m)
η + jω

∑

η

Lξ,η i
(m)
η (9)
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2. Algorithms for Linear Equation System Solvers

The GMRES method (Generalized Minimum Residual) [4] is an iterative equation solver. In our calculations
we made use of GMRES with right preconditioning (PGMRES) [5]. The PGMRES method solves a linear
equation system (10) with non-Hermitian n×n complex system matrix A and the preconditioner M . With the
starting residual (11) the Krylov subspace κm is constructed at iteration step m (see (12)):

AM−1z = b with x = M−1z (10)

r0 = b−Ax0 (11)

κm = span{r0, AM−1r0, . . . , (AM
−1)m−1r0},m < n (12)

During each step m the functional
R(z) = ‖b−AM−1z‖2

is minimized in κm. We used the classical Gram-Schmidt variant of Arnoldi algorithm to construct an or-
thonormal basis of κm and solve the extremal problem on QR factorization using Givens rotations. The unique

minimum z
(min)
m of R(z) at iteration step m provides the approximate solution of the preconditioned equation

system (10):
xm = x0 +M−1zminm (13)

In all cases we use the starting vector x0 = 0. Furthermore, the above algorithm provides th residual rm of
iteration step m automatically without an explicit calculation of (15):

rm = b−Axm (14)

The algorithm is stopped when the criteria

‖rm‖2 ≤ tol (15)

is fulfilled. Restarting with the last solution xm is applied when the stopping criteria is not fulfilled after a
defined number of iterations mmax. A modification of the PGMRES solver is the enforcement of the restarting
by a significant small value of mmax (early restarting).

Let us consider the system matrix M of (9) in the low frequency limit f → 0:

M = [Rξ,η] (16)

~

u q

l

ndisc

ndisc

d

ndisc

Figure 2: Sketch of the FNM problem.

M only contains the mesh resistors Rξ,η of the electric network and
is used as preconditioner for GMRES. The application of the current
mesh method to our example of parallel wires results in an diagonally
dominant and real M . The calculation of matrix-vector products y =
M−1z is performed by the solution

of the following equation system:

My = z (17)

Since M is diagonally dominant euqation (17) can be solved by
the Gauss-Seidel method. The Gauss- Seidel method will converge for
an arbitrary starting vector (see [6]). The iterative solution of (17) is
numerically inexpensive because of the sparse structure of M .

3. Results

We consider two parallel wires (see figure 2) with a quadratic cross section of 1.0mm×1.0mm, a length
l = 20m, a distance d = 3.0mm and an electric conductivity of γ = 5.7 ·107S/m (copper, non- magnetic
material). The cross section of the wires is discretised into n×n elements, while the the length is discretised into
2 elements. A voltage source with an effective value of u(q) = 1.0V is applied between the wires. The conductors
of the voltage source and the backward shortcut are treated as ideal conductors. The impedance of these two
connectors is neglected in our calculations. For proper calculations up to a frequency of f = 100 kHz we chose
a discretisation of the wire cross section comparable or significantly smaller than the skin depth [3].

In all PGMRES cases we used an early restart of mmax = 5. We resume the results of our investigations:
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Table 1: Comparison of computing time at f = 20 kHz. Stopping criteria: 5 · 104 (GMRES) and 102 (Gauss-
Seidel preconditioner). The last two columns show the maximum error of absolute value and phase of the
current density in the intersection of the wires with respect to the Gaussian solver. PGMRES was performed
with an early restart of 5.

Solution Time Max. Error of PGMRES

n DOF Gauss GMRES PGMRES |~j|[%] ∆ϕ[deg]

10 199 2.18 1.01 0.51 -0.05 +0.04

11 241 4.07 2.22 0.72 -0.21 +0.06

12 287 7.18 3.56 0.84 -0.26 +0.13

13 337 10.13 6.34 1.10 -0.16 -0.11

14 391 18.11 9.41 1.34 +0.26 -0.12

15 449 26.20 15.09 1.89 +0.26 +0.11

10
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(a) Convergence history of GMRES
(solid line) and PGMRES with differ-
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(b) Convergence history of PGMRES
with Gauss-Seidel stopping criteria
0.01 at different frequencies

Figure 3: Comparison of convergence history for GMRES and PGMRES (Gauss-Seidel preconditioner, early
GMRES restart mmax = 5 for a discretisation ndisc = 14)

1. In figure 3(a) it is well seen that both unpreconditioned GMRES and PGMRES are convergent. This
holds for for the whole frequency range (see table 1). For the unpreconditioned GMRES we chose a large
restart value of mmax = 60 which is only limited by the available memory of our computer.

2. The Gauss-Seidel stopping criteria is choosen similar to the stopping criteria of GMRES (15). A small
value tol for the Gauss-Seidel stopping decreases the number of GMRES iterations (see 3(a)) but increases
the number of Gauss-Seidel iterations. Overall a further decrease of a small Gauss- Seidel stopping criteria
results in an increase of computing time. In our example best results were achieved with a relatively large
stopping criteria of tol = 0.01.

3. The chosen GMRES preconditioner yields to a convergence acceleration by a factor 8 compared with the
unpreconditioned GMRES. Furthermore, from table 1 it can bee seen that the GMRES and PGMRES
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methods are significantly faster than a direct solver (Gaussian solver).

4. Although at higher frequencies the imaginary part of the impedance matrix will have a large influence
on the electric network the good convergence enhancement of the proposed preconditioner is kept in the
whole studied frequency range f ≤ 100 kHz (see fig.3(b)).

Conclusion

The authors simulated inductance problems by the Finite Network Theory (FNM) and presented the appli-
cability of the GMRES and the PGMRES method at a medium frequency range up to 100 kHz.

In the case of a two-dimensional electric network the system matrix of the FNM equation system delivers a
Gauss-Seidel preconditioner for GMRES. This preconditioner was derived in the low frequency limit f → 0.

Best enhancements of computing time were achieved with an early restart of the preconditioned GMRES
method and a relatively large stopping criteria of the Gauss-Seidel solver.

Furthermore, these efforts in computing time were achieved without an acceleration of the matrix- vector
products. In our calculation we use the whole dense impedance matrix for matrix-vector products. The im-
plementation of the approximate calculation of these matrix-vector products by hierarchical techniques such as
Fast Multipole Method (FMM) [8, 9] should result in an additional acceleration of computing time.
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Diamagnetic Levitating Rotor

Joe Nhut Ho and Wei-Chih Wang
University of Washington, USA

Abstract

This paper analyzes some basic design aspects for a three phase diamagnetic levitating rotor. A proposed
design uses a triangular configuration of magnets for a levitating rotor. A formula for finding a the approximate
levitation point of the rotor is given. The proposed system uses three phase alternating current and a nine coil
configuration to drive the levitating rotor. For this configuration, moment plots for different radial positions
and tilt angles of the coils are given for a specific coil geometry. In addition, a way to find the effectiveness
of finitely thick diamagnetic plates by using the method of images is also presented with normalized plots for
some common, cylindrical NdFeB magnet geometries.

Introduction

Diamagnetic levitation has been a curiosity for decades [1-2]. All materials are diamagnetic though the
phenomenon is weak and is often eclipsed by other magnetic affects like paramagnetism and ferromagnetism.
Diamagnetism, like all magnetic effects, comes mainly from quantum mechanical interactions of electrons in
atoms with externally applied magnetic fields (see [3-5] for more detailed information about this). For informa-
tion about stability and stable levitating regions for diamagnetically stabilized magnets, see [1-2].

Though a few applications for diamagnetism have been proposed, but because the effect is very weak [1-2]
there are few useful engineering applications. With NdFeB magnets, diamagnetic levitation can be applied to
engineering applications at small scales. This paper explores using diamagnetism for creating a millimeter scale
levitating rotor that could be scaled to microscales for MEMS applications and focuses on some design issues
of a levitating rotor.

Structure & Design

Figure 1 shows the basic layout for a diamagnetic rotor using a triangular configuration for the levitating
magnets. The magnets are bonded to light weight but rigid structure that constrains the levitating magnets in
an equilateral triangular configuration. The rotor is levitated by using a lifter magnet placed about the rotor
and stabilized by using two plates of pyrolitic graphite placed directly above and below the rotor.

Estimating the levitation position below the lifter magnet can be done by using a force balance where the
weight of the levitating magnets is balanced by the magnetic attraction from the lifter magnet: mg−

∫
Idl×B =

0 whereB is the field density from lifter magnet, the I is the current along a circular current loop (thin cylindrical
magnets can be approximated this way with I = Mt , M is magnetization and t is the magnet’s thickness).
Only the radial component of B contributes to vertical forces on the levitating magnets and an approximation

for Br is −1

2
r
∂Bz
∂z

, where Bz is the z component along the z axis [4, pg. 62]. Treating the lifting magnet as

a cylindrical ribbon current (solenoid) and applying the Biot Savart law gives the following expression for Bz
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1.6 mm 0.7 mm
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Diamagnetic
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Figure 1: a) The dimensions of the levitating rotor, b) how configuration for suspending the rotor.
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Figure 2: The coil layout used for the numerical calculations for the moment graphs presented in this paper.
The variable parameters are the coil’s radial distance r, height h, and their tilt angle.

along the z axis:

Bz(z) =
µ0M

4

[
(2z +H)

(R2 + (z +H/2)2)1/2
− (2z −H)

(R2 + (z −H/2)2)1/2

]
k (1)

where the parameters are explained in figure 1. After differentiating, applying the cross product, integrating
one gets an expression for the forces on the levitating magnets for the vertical direction:

mg − π

2
µ0MLMR2

LR
2t

[
1

(R2 + (z +H/2)2)3/2
− 1

(R2 + (z −H/2)2)3/2

]
= 0 (2)

where RL and ML are the radius and magnetization of the levitating magnet. The value of z that satisfies the
above expression gives a rough approximation of the levitation point below the suspending magnet’s center (z
is found by root finding or graphing).

Two sets of electromagnetic coils placed symmetrically around the rotor at positions at equal distances above
and below the rotor’s horizontal plane drive the rotor. Each set has nine coils for a revolving magnetic field
generated by a three phase current (see figure 2). For each pair of upper and lower coils, the currents need to
be 180◦ out of phase of each other. This causes the z-direction forces exerted by the upper and lower coils on
the rotor magnets to cancel so there is no net moment trying to tip the rotor.

Figure 3 shows the maximum moments generated for horizontal coils placed at various heights h above
the levitation plane. These plot was calculated by computing the forces on a single magnet in the rotor and
multiplying by the number of magnets (in this case six) and by moment arm of 10 mm (Note because of the
three plane symmetry around the central axis, the forces on each magnet are identical, though 120◦ out of phase
with each other).

Another important design parameter examined is the effect of thickness and spacing of the diamagnetic
plates for levitating the magnets by applying the method of images from [4] with a new trick as shown in figure
7 and explained in the caption. The resulting reduction of diamagnetic repulsion from finite thick layers is given
in the graphs of figure 8.

Analysis

A computer program was constructed to numerically calculate the forces and moments generated for the
proposed design. The Biot Savart Law for calculating magnetic field density and forces was integrating numer-
ically by using Gaussian quadrature. The amplitude of the coils surface current was assumed to be 1000 A/m
(which is not difficult to achieve even with air coils) with a square cross section. The coil’s dimensions for the
graphs were 30 mm long, and 7 mm square (see figure 2). The rotor magnets were assumed to be six cylindrical
solenoids with the same height and radius as the magnets themselves (1.6 mm and 3 mm, respectively) and
a surface current of 978 kA/m (magnetization). This number was calculated by using properties from NdFeB
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magnet property tables [6] (found magnetization from residual flux density B and dividing by µ0). Permanent
magnets are near saturation so µ is nearly equal to µ0 [7].

Moment as function of
eletrical phase angle
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Figure 3: Moments for various coil heights h for a coil
tilt angle of 0◦ as a function of the electrical angle

Maximum Moments

5.0×10–6

0.0

1.0×10–5

1.5×10–5

2.0×10–5

2.5×10–5

3.0×10–5

20 30 40 50 60

Radial distance of coils (mm)

M
om

en
t 

(N
 m

)

10 mm
12 mm
15 mm
20 mm
30 mm

Figure 4: Maximum moments (at φe = 90◦) as a
function of r and h. Note that the optimal distance
increases slightly as h increases.
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The rotor and coil geometry are shown in figure 3. The size of the rotor, position of the rotor magnets, and
the dimensions of the coils were kept constant but the radial distance r, height h, and angle of the coils was
varied to see how these parameters affect the generated moments on the rotor. All numerical computations are
for a “locked rotor test”. This avoided needing to model the dynamics of the rotor.

For the exploring how the thickness of the diamagnetic plates affects the stabilizing forces on levitating mag-
nets, a variation of the above program computed the normalized forces for four different magnet radius/height
ratios. In order to make these results applicable to a greater number of problems, the magnet’s radius R,
plate thickness T , and spacing between the magnet’s center and the diamagnetic plate z were normalized by
the magnet’s thickness H . All the resulting forces were normalized by dividing the force from a semi infinite
diamagnetic surface starting at the same location as the top surface of the diamagnetic plate.
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Figure 7: The method of images can be applied to find the affect of a finite thickness of material. This is done
by finding the effect of semi infinite thick layers at the locations of the top and bottom surfaces of the finite
layer, then subtract the effect from the semi infinite layer at the bottom position from the affect of the semi
infinite layer at the top position.

Results

An experimental set up based on figure 1 (without coils) used a suspending NdFeB magnet with a radius
of 19 mm and 38 mm tall and a single small NdFeB magnet (with radius 3 mm, thickness 1.6 mm) to test the
accuracy of equation 2. The equation predicts the levitation point to be at 13.6 cm but the actual levitation
point is around 13.4 cm. The equations prediction is 1.5% too large. The error could the that the assumption
for µ should be higher than µ0, the NdFeB tables give conservative magnetization values, or because of the loop
approximation.

The numerical results give good insights for coil placement and the resulting moments. From figure 3, the
moments are strongest when the coils are closest. This result is not surprising since coils in electric motors are
placed close as practical to their rotors because the magnitude the field is strongest near the coils. The inverse
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Figure 8: The normalized force for four magnets with different radius/height ratios. All length scales such as
magnet’s radius R, distance between the magnet’s center and the top surface of the diamagnetic materials z,
and the thickness of the diamagnetic plate T , are normalized by the thickness of the of the magnets H . The
selected ratios for the graphs are common ratios for small NdFeB magnets. See figure 7 for a diagram showing
the variables
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power law dependence on coil height h is also obvious as well. Looking at figure 4 show the best location for
horizontal coils is where one end of the coils is just beyond the position of the levitating magnets (subtract half
the coil’s length, 15 mm, from r). This is where the cross product of the field from the coils and the surface
currents of the levitating magnets are strongest, and gives the greatest push or pull on the magnets. As the
height h of the coils increases, the point where the radial flux is strongest moves out slightly. Tilting the coils
brings one end of the coils closer to the magnets thus increasing the generated moments. The interesting result
is that the maximum points of the curves in figures 5 and 6 are not at the same locations due to the field
distribution from the coils.

Experiments with laminated iron bars with the same dimensions as the coils of the numerical calculations
show that coils can’t be too close the levitating magnets otherwise the levitating magnets induce magnetization
in the iron bars and become attracted to the bars, destabilizing the levitating rotor. This shows that if the
coils use iron cores instead of air coils (to reduce i2R loses) they need to be placed far enough away to prevent
destabilization.

Figure 8, shows that for most cases diamagnetic plates with a thickness of five times the axial length of a
cylindrical magnet H will act as a semi infinite surface of diamagnetic material at 0.90 or better. However, as
the ratio R/H increases, thicker plates are needed to maintain the same effectiveness as a semi infinite surface.
Furthermore, as the normalized distance between the magnets and the plates increases, the magnets notice
relatively more “missing” material (the two image magnets move relatively closer together) and finite plates
lose their ability to act like semi infinite surfaces. For the levitation point experiment, the diamagnetic plates
were 3 mm thick. With H = 1.6 mm for the levitating magnets, R/H = 1.875. The spacing between the
magnets and plates is around 3 mm, thus z/H = 1.875. Using the graphs gives an effectiveness around 0.88.
Therefore, using thicker plates would not generate much more levitation (stabilizing, not lifting) force.

Conclusion

Equation 2 gives a fairly close estimate for the levitation point of the magnets and hence the rotor itself.
The graphs in figures 3 to 6 give valuable insight for coil placement and positioning. Unfortunately, the due
to the length restrictions of this paper, the effects from varying coil length and size could not be explored
here. Exploring these parameters would further help optimize the design. Destabilization caused by induced
magnetization must be examined further as well.
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Abstract

This paper presents an accurate model of a monostatic stepped-frequency continuous-wave (SFCW) ground-
penetrating radar (GPR). The model takes into account the multiple reflections occuring between the soil,
target and antenna, which is a transverse electromagnetic (TEM) ultra-wide band (UWB) horn. The antenna
radiation pattern is accounted for by a Huyghens cosinusoidal distribution of electric and magnetic current
located on the aperture. The model is validated by experiments, involving dielectric targets embedded in a
sandbox. These experiments validate altogether the radar modeling, as well as the MoM and the dyadic Green’s
functions (DGFs) used in the numerical algorithms.

Introduction

Ground-penetrating radar (GPR) is an increasingly used near-surface remote sensing tool for detecting
buried targets [1]. However, the accurate modeling of a GPR is a complex task. Indeed, the soil contributes for
a significant part to the total radar signal, modifies the radar signal from the target and the antenna radiation
pattern w.r.t. free space, and finally induces multiple reflections between itself and the antenna [2], which in
turn can change significantly antenna radiation currents and henceforth the measured radar signal.

The precise numerical modeling of complete radar systems can be done by using finite difference time-
domain (FDTD) algorithms [3, 2]. However, this approach demands a significant amount of computing power.
Another approach relies on Method of Moments (MoM) algorithms [4], which limit the computation volume
to the scatterer and antenna, with the soil taken into account by using appropriate half-space dyadic Green’s
functions (DGFs) [5]. This latter approach can also quickly lead to computationally untractable problems even
if the antenna aperture is only a few square wavelengths in dimension. Moreover, it is difficult to correctly set
up a precise numerical model of a complex antenna, as fine details in the geometry, as well as manufacturing
imperfections, have a significant impact on the measured quantities [6].

In [7], which extends previous work aiming at modeling the GPR signal of the soil alone [8], we have formally
demonstrated expressions of the GPR signal produced by inhomogeneities within the ground, which take into
account the antenna radiation pattern and the multiple reflections between the antenna and the soil and target.
The target scattering is studied with help of the MoM, and the antenna is described by equivalent currents
whose spatial distribution is assumed to be known. The model is augmented by using operational parameters
that account for the antenna currents amplitudes both in free space and due to scattering of the fields coming
back from the soil and buried target. It presents the advantages of reducing the complexity of antenna effects
to a few parameters, which are determinable through a simple calibration procedure as in [8], while retaining an
excellent precision in signal prediction, and allowing for a physical insight of the scattering processes at hand.

Here we present the application of [7] for one antenna equivalent currents distribution: a Huyghens cosinu-
soidal distribution of electric and magnetic currents located on the aperture of the antenna [9]. This distribution
yields a compact model usable for all angles of interest, as well as for close or big targets.

Radar System Choice and Description

The measurements have been done by means of a stepped-frequency continuous-wave (SFCW) radar, emu-
lated by a vector-network analyzer (VNA), as it possesses several advantages over time-domain technology [8].
Indeed, its very large bandwidth (1 − 3 GHz in this study) allows for attaining a good spatial resolution and
depth of penetration. It has a higher radiated mean power per frequency and a more efficient noise rejection
resulting in a better SNR than for time-domain GPRs.



252 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

A transverse electromagnetic (TEM) ultra-wide band (UWB) horn antenna has been used because of its
high directivity. The system is configured in monostatic mode, which allows for a smaller sensitivity to the
horizontal variability of the soil EM parameters. Therefore the measured signal to be modeled is the complex
refection coefficient Γ, also referred to as S11.

Ground-penetrating Radar Modeling

The aperture of the horn is parallel to the soil, with axis x and y directed following the H-plane and E-plane
respectively, and the main beam axis is directed towards the soil, following the vertical-z. The antenna emission
currents in free space are supposed to be distributed following (j1,m1), located on the antenna aperture Sant
and are of amplitude Ht. If we assume that, on the aperture of the antenna, the impinging wave has always
the same shape, the scattering currents-assumed to have the same distribution as (j1,m1)-will be proportional
to any linear operation applied to the fields of this wave. Hence the monostatic GPR equation developed in [7]
can be particularized as follows:

Γ = Γ(fs) + Γ(soil) + Γ(t)

= Hi +HtR
(soil)
11

Ht

1−R(soil)
11 Hf

+
Ht

1−R(soil)
11 Hf

R
(t)
11

Ht(
1−R(soil)

11 Hf

)(
1−R(t)

11Hf

) (1)

Abbreviations “fs”, “ml” and “t” stand for “free space”, “multilayered medium” and “target” respectively.

R
(contrast)
11 is the “reaction” of the constrast, i.e. the theoretical Γ of an ideal antenna (no internal and external

refections) having a current distribution (j1,m1) radiating in the presence of the contrast. Operational parameter
Hi is generated by the multiple reflections occuring within the antenna. Operational parameter Hf is the
amplitude of the antenna scattering currents if the incident wave has a unit amplitude. We have the explicit
expressions:

R
(soil)
ll = −1

2

∫

Sant

(
e
(fs)
soil,1 · j1 − h

(fs)
soil,1 ·m1

)
dS (2)

R
(t)
ll = −1

2

∫

St

(
e
(ml)
1 · jt,1 − h(ml)

1 ·mt,1

)
dS (3)

with

e
(fs)
soil,1 =

∫

Sant

(
G(soil)

EJ · j1 + G(soil)

EM ·m1

)
dS (4)

G(soil)

PQ = G(ml)

PQ − G
(fs)

PQ (5)

where GPQ is the DGF that links P-type field to Q-type current.
Operational parameters Hi, Ht and Hf can be determined as described in [8], by making measurements

above a PEC plane (considered infinite) at several heigths, since for this configuration it is easy to compute
Γ(soil) = Γ(PEC), and Γ(t) = 0. Equations (1) and (2) show that Ht and Hf will depend upon the choice of the
current distribution.

The equivalence principle allows one to replace the contrast by equivalent currents (jt,1,mt,1), proportional to

the excitation fields (e
(ml)
1 ,h

(ml)
1 ) emitted by (j1,m1), and which radiate in the outside and inside medium for the

external and internal equivalent problem respectively [10]. According to this principle, in the external (internal)
equivalent problem, the contrast can be replaced by the currents (jt,1,mt,1) radiating in the whole space filled by

the external multilayered (internal) medium. Hence the field e
(ml)
t,1 can be computed from the currents (jt,1,mt,1)

by using the DGFs pertaining to multilayered media in the mixed-potential source-field relationship [11]:

e
(ml)
t,1 = −jω

∫

St

K(ml)

AJ (r, r′) · jt,1(r′) dS′ − j

ω
∇
∫

St

K
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φ (r, r′)∇′ · jt,1(r′) dS′

+

∫
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G(ml)

EM (r, r′) ·mt,1(r
′) dS′ (6)

where K(ml)

AJ is the DGF for the vector potential A, K
(ml)
φ is the Green’s function for the scalar potential φ,

and G(ml)

EM is the DGF which yields the electric field due to magnetic current [11]. Similar expressions can be
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obtained by duality for h
(ml)
t,1 [11]. Combining (6) and their dual forms for h

(ml)
t,1 to the set of integral equations

obtained from the internal problem and enforcing the boundary conditions for the fields at the surface of the
contrast yield a system of integral equations. According to the boundary conditions used, several formulations
are obtained, such as the combined field integral equation (CFIE) or the Poggio-Miller-Chang-Harrington-Wu-
Tsai (PMCHWT) formulation. The MoM is used for solving the integral equation formulation and eventually
provides a unique solution for the equivalent currents (jt,1,mt,1).

Huygens Cosinusoidal Current Distribution

Such current distributions are developed for horn antennas in chapter 12 of [9], where it is supposed that
contributions from induced currents on other parts of the antenna surface are negligible. The equivalent currents
distribution is limited to the aperture of the antenna, and their amplitude distribution is the same as the
fundamental TE10 mode for a rectangular waveguide having the same dimensions as the aperture; a quadratic
phase term accounts for the flaring of the horn transition. This distribution predicts fairly well the main-beam of
the far-radiation pattern and the gain of the antenna, and the precision increases with frequency. The currents
are given by:

(j1,m1) = E0 cos
(π
a
x
)
e−jk

x2

ρ2
+

y2

ρ1
2

(
− 1

η0
ŷa, x̂a

)
(7)

where E0 is a constant, x, y is the position in the aperture plane with ŷa, x̂a being the corresponding coordinate
system, η0 is the impedance of plane waves in free space, and a, ρ1, ρ2 are geometrical parameters of the antenna.
When using this distribution, no simplification of (2) and (3) can be made.

Experimental Validation for Dielectric Target Buried in Multilayered Medium

The experimental setup consists in a dielectric target- and air-filled cylindrical tupperware with a diameter
of 11 cm and a height of 5 cm-buried 2.7 cm deep at nadir of the horn antenna in a multilayered medium
composed of three layers: air, dry sand of 14.5 cm thickness, and a metal plane for controlling the boundary
conditions. The antenna is located at 26.8 cm above the sand surface, and the frequency band is 0.8-3 GHz.
The complex relative permittivity is obtained from a radar measurement and by using the method of Lambot et
al. for the soil EM parameters extraction, and was found to be εsand = 2.55 in the considered frequency band.

Fig.1 (a) compares the measured γ(soil), with

γ(soil) ∆
=

R
(soil)
11

1−HfR
(soil)
11

=
Γ(soil)

H2
t

, (8)

and the measured and computed Hf -filtered γ(soil), that is, R
(soil)
11 . First, the measured Γ(soil) is obtained by

subtracting the computed Γ(t) from the total measured signal. The measured γ(soil) is then obtained with help
of (8). The filtering of the multiple reflections in the measured signal is clearly visible, especially above 2 GHz.

This results in measured and computed R
(soil)
11 that agree fairly well. Fig.1(b) presents the same data as (a)

but in the time domain.
Fig.1(c) compares the measured γ(t), with

γ(t) ∆
=

R
(t)
11

1−HfR
(t)
11

= Γ(t) (1−HfR
(soil)
11 )2

H2
t

, (9)

and the measured and computed R
(t)
11 . The measured Γ(t) is obtained by subtracting the computed Γ(t) from the

total measured signal, and γ(t) is obtained by (9). The filtering of the multiple reflections is visible at 2.3 GHz.

The agreement between the measured and computed R
(t)
11 is remarkable, and shows that the target signature

can be cleanly extracted if one can simulate the soil radar response with sufficient precision.

Summary and Perspectives

A simple yet accurate model of a monostatic SFCW GPR in presence of buried inhomogeneities has been
presented. The antenna is fully described by its current distributions and by operational parameters that
describe the complex radiation processes occuring in the presence of the soil and target. These parameters
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Figure 1: (a) Frequency domain and (b) time domain dependence of measured γ(soil)(−), measured R
(soil)
11 (−−)

and computed R
(soil)
11 (− ·−) of sand layer. (c) Frequency domain and (d) time domain dependence of measured

γ(t)(−), measured R
(t)
11 (−−) and computed R

(t)
11 (− · −) of tupperware.

can be estimated by a simple calibration procedure, obviating the difficulty of setting up a precise numerical
model of the antenna. The model, derived for arbitrary antenna equivalent current distributions, has been
applied using a cosinusoidal distribution. It yields very good quantitative agreement between measured and
simulated radar signals, thereby validating the complete radar equation as well as the numerical algorithms used
in the computations. The results also showed that accounting for the multiple reflections occuring between the
antenna, the soil and the target greatly enhances the quality of the modeling.

Future works include the extension of the model to bistatic systems, a study of the radar sensitivity as well
as analyzing in greater detail signatures of various targets.
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Abstract

Numerical modeling on transient electromagnetic responses of a 3-D electric dipole source on 2-D earth
model is an important basic work in computation geophysics. In electromagnetic method of the geophysical
exploration, when the dipole-dipole array is used, and response on the polarizable earth surface is studied in time
domain, it is called time spectral resistivity method (TSR). In this paper, 2.5-dimensional numerical algorithm
for TSR is established, whose characters are as following: (1) A 2-D finite element method is adopted in which
two diagonal lines are increased in each rectangular net to form triangular networks. Unknown variable at
central node of the rectangular net is eliminated by the Gauss elimination. So complex 2-D geoelectric section
can be modeled more exactly but computation quantity is much less than that in rectangular network. (2) A
new algorithm of computing secondary field directly is founded, which only needs computing two components
of electric and magnetic primary field. Not only the computation accuracy is high, but also the computation
time is not increasing much. (3) The new G-S inverse Laplace transform method based on the delay theorem
of Laplace transform is used for the rapid calculation of the transient electromagnetic response with dense
samples. (4) The algorithm can be used for computing the transient electromagnetic response on the conductive
and polarizable earth.

1. Introduction

Numerical modeling on transient electromagnetic responses of a 3-D electric dipole source on 2-D earth model,
which is called 2.5-D numerical modeling, is a not yet resolved properly knotty problem in the computation
geophysics. Since 80s last century, considerable advances have been made in the 2.5-D numerical modeling of
transient electromagnetic field [1] [2]. On the concrete algorithms, there may be two kinds of way to solve the
problem. One is to implement calculations for the total field and another is for the secondary field [3]. It is the
key to improve computation speed and accuracy. In this paper, 2.5-dimensional numerical algorithm for time
spectral resistivity (TSR) method is established. TSR method is a new branch of the electrical prospecting
method. It uses the same array as the spectral induced polarization (SIP) method or complex resistivity (CR)
method in frequency domain, to observe the transient step-off responses of the electric field component in
time domain, and studies the characteristic of the electric field when the electromagnetic (EM) and induced
polarization (IP) effects exist simultaneously. This paper deals with its 2-D forward modeling algorithm. Basic
procedures are: (1) carry out the Laplace transform and the Fourier transform to the partial differential equations
of E and H vectors in the 3-D spatial field, converting the problem into 2-D partial differential equations for
scalar E and H ; (2) turn 2-D boundary-value problems into 2-D problem of calculus of variations, and use finite
element technique to seek for numerical solution; and (3) take the inverse Fourier transform and the inverse
Laplace transform to obtain transient responses of the electric field.

2. Solution of the Partial Differential Equations of Electromagnetic Field

In a homogeneous and isotropic 3-D media, the electromagnetic fields of the electric dipole source satisfy
Maxwell equations:

∇×−→H = ε
∂
−→
E

∂ t
+ σ
−→
E +

−→
J (1)

∇×−→E = −µ∂
−→
H

∂t
(2)and the fields at the boundary Γ satisfy:

−→n × (
−→
E (1) −−→E (2)) |Γ = 0 (3)
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−→n × (
−→
H (1) −−→H (2)) |Γ = 0 (4)

where σ , ε and µ are electrical conductivity, permittivity and magnetic permeability, respectively; −→n is the

normal vector to the boundary Γ ;
−→
E and

−→
H are the electric and magnetic vectors, where the superscript (1) and

(2) represent two kinds of media;
−→
J is electric density vector of the source, which is described in the Cartesian

coordinate system: −→
J =

−→
P eu(t)δ(x)δ(y)δ(z) (5)

where δ(x) , δ(y) and δ(z) is the Dirac function , by which the source is expressed;
−→
P e is the electric dipole

moment; and u(t) is the field source in the time-domain, defined as

u(t) =

{
1, (t < 0)
0, (t ≥ 0)

(6)

The definite solution problem of the equations (1)∼(4) is a four-dimension vector problem, three-dimension
spatial (x, y, z) and one-dimension time (t), and the computation quantity of its numerical solution is vast. Thus,
decreasing its number of dimension is necessary. Equations (1)∼(4) are first implemented Laplace transform with
respect to time (t), which turns the definite solution into three-dimension problem when the Laplace variable
(s) is given. Then, making Fourier transform in the invariant conductivity (ε, σ and µ) direction (y-direction is
defined as conductivity invariant with z vertically downwards), change the equations into two-dimension definite
solution problem when given the spatial wave-number (m). After Fourier transform, the corresponding electric
filed and magnetic field are denoted using their small letters, and the subscript x, y and z denote the three
directions’ components. Making use of vector operation rules, let

u = i ey, v = hy (7)

and
k2 = µs(εs+ σ), a1 = εs+σ

m2+k2 , a2 = m
m2+k2

a3 = −µs
m2+k2 , a4 = εs+ σ, a5 = −µs0 (8)

The following partial differential equations of variable u and v may be educed, which is only related to the
y-direction’s electric filed and magnetic field in the (s,m) domain.

∂
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where ex, ey, ez, hx, hy, hz and jx, jy, jz denote the corresponding direction components of the electric filed,
magnetic field and electric density of the source in the Cartesian coordinate system; i is imaginary number unit.
The corresponding boundary condition of the u and v satisfy

a
(1)
1

∂u(1)

∂n
− a(2)

1

∂u(2)

∂n
= (a

(1)
2 − a

(2)
2 )

∂v

∂τ
(11)

a
(1)
3

∂v(1)

∂n
− a(2)

3

∂v(2)

∂n
= −(a

(1)
2 − a

(2)
2 )

∂u

∂τ
(12)

where n and τ are respectively the normal and tangent direction to the boundary Γ, and the superscript (1) and
(2) represent both sides’ parameters of the boundary. Therefore, the former calculation problem comes down
to seeking the numerical solution of y-component of the electric field and magnetic field in the (s,m) domain.
After u and v are worked out, the other electric field and magnetic field components in the (s,m) domain may
be computed in virtue of the following expressions:

ex = a2
∂u

∂x
+ a3

∂v

∂z
+ a3jx (13)

ez = a2
∂u

∂z
− a3

∂v

∂x
+ a3jz (14)

hx = −i(a1
∂u

∂z
− a2

∂v

∂x
+ a2jz) (15)

hz = i(a1
∂u

∂x
+ a2

∂v

∂z
+ a2jx) (16)
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Given the values of the s and m, the definite solution of the equations (9)∼(12) is a two-dimension scalar
problem, which is a large simplification of the equations (1)∼(4). The concrete procedures is summed up as
follow: (1) Given two sets of optimized values of {si, i = 1, 2, . . . , ks} and {mj , j = 1, 2, . . . , km}, figure out
the numerical solutions of u and v, and then ex, ez, hx and hz with respect to all combination of si and mj

in the (s,m) domain. (2) Implement the inverse Laplace transform to ex, ez, hx and hz of the (s,m) domain
to obtain the transient electromagnetic responses of the corresponding components in the wavenumber (m)
domain. (3) Make the inverse Fourier transform with respect to the electromagnetic components of various
times in the wavenumber domain to work out the transient electromagnetic responses of the three-dimension
spatial domain.

3. Finite Element Algorithm of Electromagnetic Components in (m, s) Domain

The finite element algorithm is used in the numerical solution of the equations (9)∼(12). Based on the
boundary condition expression of (11) and (12), the out-boundary G of the finite-element mesh satisfy the third
fixed boundary-value condition

(ηuu+ a1
∂u

∂n
)|G = a2

∂v

∂τ
|G (17)

(ηvv + a3
∂v

∂n
)|G = −a2

∂u

∂τ
|G (18)

where the coefficients ηu and ηv may be approximately acquired from the primary field on the homogeneous
half space:

ηu = (−a1
∂u

∂n
+ a2

∂v

∂τ
)/u (19)

ηv = −(a3
∂v

∂n
+ a2

∂u

∂τ
)/v (20)

It is proved that the equivalent functional extreme expression of the partial differential equations (9), (10)
and its boundary-value condition (17), (18) is

J(u, v) =
∫∫
Ω

{
a1u

2
x+a1u

2
z + a3v

2
x + a3v

2
z − 2a2vxuz + 2a2uxvz + a4u

2 + a5v
2

+2a2uzjz + 2a2uxjx − 2a3vxjz + 2a3vzjx + 2iujy} dxdz
+
∫
G

{a1 η
uu2 + a3η

vv2 − 2a2ujn − 2a3 vjτ} dl = min
(21)

where ux =
∂u

∂x
, vx =

∂v

∂x
, uz =

∂u

∂z
, vz =

∂v

∂z
; Ω denotes the region of the finite element mesh and G is

its out-boundary. When the electric dipole source is at the x-direction, on the main section vertical to the 2-D
geo-electrical structure, the electric density components satisfy jy = jz = jn = jτ = 0. Thus, the functional
extreme expression above is simplified as:

J(u, v) =
∫∫
Ω

{
a1u

2
x+a1u

2
z + a3v

2
x + a3v

2
z − 2a2vxuz + 2a2uxvz + a4u

2 + a5v
2

+2a2uxjx + 2a3vzjx} dxdz +
∫
G

{a1 η
uu2 + a3η

v v2
}
dl = min

(22)

The functional extreme-value expression is converted to the P -step linear equation system of discretization,
P = 2×M ×N , in which M and N are respectively the numbers of nodes in x and z directions.

[A]{X } = {S} (23)

where [A] represents the coefficients of the P × P stiffness matrix; {X } is the P -step column vector of the
unknown value, the electromagnetic component u and v at the vertices of the triangular mesh in the solution
region; and the right-hand side {S} denotes the P -step column vector of the source. Considering the central
node of rectangular mesh is only related to the quadrangular nodes, use the Gauss elimination method to convert
the equation system, so that the unknowns u and v at the central node of the rectangle grid are not included
in the linear equation system (23), the step-number of which is reduced about a half. Therefore, the whole
computation quantity is decreased one eighth.

Stiffness matrix [A] is sparse, symmetric and positive definite. We use the modified Cholesky decomposition
method to solve the linear equation system (23), which is efficient and stable.
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4. The Secondary Field Algorithm

To solve the linear equation system (23) is to obtain the total field (x )(u, v) in the (m, s) domain, which is
a sum of the primary field (x 1) and the secondary field (x 2). Imitating expression (23), the following equation
is satisfied for the primary model with the same source as in (23)

[A1]{X 1} = {S 1} (24)

where [A1] is stiffness matrix corresponding to (23) in the condition of the homogeneous earth; {X 1} is the
column vector of the primary field; and the right-hand side {S1} is the same column vector as (23).

Combination of (23) and (24) yields

[A]({X } − {X 1}) = ([A1]− [A]){X 1}
[A] {X 2} = {S2} (25)

where
{S2} = ([A1]− [A]){X 1} (26)

{X 1} is column vector of the primary field and {X 2} = {X } − {X 1} is column vector of the secondary.

The expression (25) is the linear equation system to compute the secondary field. Its right-hand side {S2}
is obtained by (26). After the secondary field x 2(u2, v2) in the (m, s) domain is computed by (25), the other
secondary field components may be obtained by expressions (27) and (28) below.

e2x = a2
∂u2

∂x + a3
∂v2
∂z + a3∆σ · e1x + ia2∆µ · s · h1z

e2z = a2
∂u2

∂z − a3
∂v2
∂x + a3∆σ · e1z + ia2∆µ · s · h1x

(27)

h2x = −i(a1
∂u2

∂z − a2
∂v2
∂x + a2∆σ · e1z − ia1∆µ · s · h1x)

h2z = i(a1
∂u2

∂x + a2
∂v2
∂z + a2∆σ · e1x + ia1∆µ · s · h1z)

(28)

where the superscript 1 and 2 represent respectively the primary field and the secondary field; the conductivity
difference ∆σ = σ − σ1; and the permeability difference ∆µ = µ− µ1.

In the numerical computation of the 2-dimensional algorithm for TSR method, we adopt the algorithm of
which the secondary field is directly computed according to the expressions described above. Compared with
the algorithm of computing directly the total field, the secondary-field algorithm may achieve higher accuracy.
But then, the primary field within non-uniformity body must be computed, which brings on much computation
cost. Owing to only two electromagnetic components (u1 and v1) being computed, the total computation time
is still saved largely, in comparison with the total-field algorithm, in which six electromagnetic components are
computed.

5. Computation of the Transient Electromagnetic Response

After the electromagnetic components in the (s,m) domain are figured out for two sets of optimized values of
{si, i = 1, 2, . . . , ks} and {mj , j = 1, 2, . . . , km}, the transient electromagnetic responses of the three-dimension
spatial domain may be obtained by implementing the inverse Laplace transform and the inverse Fourier transform
respectively.

The numerical calculation method of inverse Laplace transform is diversiform. We adopt a kind of improved
Gaver-Stehfest algorithm with 12 coefficients to implement the inverse Laplace transform, in which it makes
use of the delay theorem of the Laplace transformation to calculate the interpolation at the intervals of the
multiplying time [4].

The calculating accuracy and costing time are directly connected with choice of wavenumbers, which is
decided by the characteristics of the field in wavenumber domain. We continue to use the same choice method
[5] to implement the inverse Fourier transform and gain the transient response of the secondary electric field
E2x(x, y, 0, t) at the specified spatial place.

The primary electric field E1x on the main section is easy to figure out, whereupon the total electric field
Ex may be gained

Ecx(x, t) = E1x(x, t) + E2x(x, t) (29)

where the coordinate of y and z(0, 0) is omitted. Ecx(x, t) is the total field response when the step-current is up,
namely, electric field of charge. The electric field of discharge is given by the expression (30) when the practical
square-current is off.

Ex(x, T, t) = Ecx(x, T + t)− Ecx(x, t) (30)

where T is the duration of pulse. When T →∞, the ideal down-step response may be gained.



260 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

6. Calculation of the Induced Polarization Effect

The discussion above is in the condition of the non-polarizable medium. TSR method studies the charac-
teristic of the electric field when the EM and IP effects exist simultaneously. Considering of the IP effect, the
resistivities of various media (ρj = 1/σj , j = 1, 2, . . . , n) are expressed according to the Cole-Cole model [6] in
the s domain:

ρj(s) = ρj

[
1 +

mj

1−mj
· 1

1 + (sτj)cj

]
(31)

where mj , τj and cj are respectively chargeability, time constant and frequency dependence coefficient of the
medium j.

7. Computation Results and Conclusions

In order to check up the algorithm’s validity, we apply it to compute the three-layer models (H-type section
and K-type section) and compare with the analytical solution on the layered earth, Relative errors are less than
3%. In addition, we implement computation for a 2-D vertical plate without polarization or with polarization,
and comparison with the integral-equation solution. All results show the algorithm in this paper is valid.

Main characteristics of the algorithm established in this paper are as following:

(1) Rearrange the EM field equations from six to two to yield coupled equations with parameter variable
wavenumber and simplify the components from six to two along-strike fields in the Fourier transform
domain, in which only two components of electric and magnetic primary field are needed computing when
the secondary field algorithm is directly used.

(2) A 2-D finite element method is adopted in which two diagonal lines are increased in each rectangular net
to form the triangular networks. The unknown variable at the central node of the rectangular net has
been eliminated by the Gauss elimination. So the complex 2-D geoelectric section can be modeling more
exactly but the computation quantity is much less than that in rectangular network.

(3) The new G-S inverse Laplace transform method based on the delay theorem of Laplace transform is used
for the rapid calculation of the transient electromagnetic response with dense samples.

(4) The algorithm can be used for computing the transient electromagnetic response on the conductive and po-
larizable earth, i.e. the electromagnetic and induced polarization modeling can be realized simultaneously
using the algorithm.
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Abstract

The characteristic of transient electrical field by an electrical dipole source on one-dimensional polarizable
earth surface is basic knowledge for geophysicists to use electromagnetic method to explore the earth. This paper
deals with involved mathematical model and numerical algorithm of the down-step transient response for the
horizontal component of the electric field produced by an electric current dipole, and a series of transient response
curves on some typical geoelectric section. After analyzing the computed results, some important information
are provided for establishing a new branch of method which observes and utilizes induced polarization and
electromagnetic effects simultaneously in time domain—time spectral resistivity.

1. Introduction

Spectral induced polarization (SIP) method, which adopts electric dipole as transmitting source ( n ·10−2 ∼
n · 102Hz) and studies axial electrical field responses(for short dipole-dipole array), has been used widely in
environmental and engineering geological investigation as well as various explorations of mineral resources, oil
& gas and so on since 70s of last century. As a kind of electromagnetic prospecting method in frequency domain,
its effect is commonly accepted or recognized. But the data acquisition takes much time in frequency-spectrum
measurement for different frequency one by one, which results in low efficiency and high expense in practical
production. In theory, frequency spectral is equivalent with time spectral, and they may be transformed each
other. Therefore, when the same array as the SIP method is used in work, and observes the transient step-off
responses of the electric field component in time domain, namely time spectral responses, a high producing
efficiency is achieved in work. This new method is named as time spectral resistivity method, for short TSR
[1]. Studying the characteristics of transient electrical field by an electrical dipole source over one–dimension
polarizable earth surface is one of its basic theories. This paper will study its one-dimension numerical algorithm,
and discuss the transient response characteristic on layered polarizable earth surface.

2. Algorithm

According to Kaufman et al. [2], on the n-layer conductive earth surface, the horizontal component of the
electric field Ex(ω) produced by the harmonic current dipole introduced into the ground is:

Ex (ω) = −PEρ1

2π

∫ ∞

0

λk2
1

λ+ u1/R1
J0 (λr) dλ− PEρ1

2π

∂

∂x

x

r

∫ ∞

0

(
u1

R∗
1

− k2
1

λ+ u1/R1

)
J1 (λr) dλ (1)

where the moment of dipole source is PE = I0 · AB · eiωτ ; I0 is current intensity of dipole source; propagation

constant of the j-layer (j = 1, 2, · · · , n) is kj =
√
iωµ0/ρj ; uj =

√
λ2 + k2

j ; λ is integral variable of the Hankel

transform; J0 and J1 is zero step and one step Bessel function; ω is angular frequency of harmonic field; µ0 is
magnetic permeability of non-magnetism uniform earth;

R∗
1 = cth

[
u1h1 + arcth

u1ρ1

u2ρ2
cth

(
u2h2 + · · ·+ arcth

un−1ρn−1

unρn

)]
(2)

R1 = cth

[
u1h1 + arcth

u1

u2
cth

(
u2h2 + · · ·+ arcth

un−1

un

)]
(3)

See Fig.1 about other parameters.
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If considering the IP effect in each layer, and using the Cole-Cole model [3] to express the complex resistivity
ρj (j = 1, 2, · · ·n), and replace layered resistivity in each formula above,

ρ (iω) =
ρ

1−m

{
1−m

[
1− 1

1 + (iωτ)c

]}
(4)

Figure 1: Configuration of an electrical
dipole source on a layered earth

where m, τ and c are chargeability, time constant and frequency de-
pendence factor respectively.

Computation for the transient response of electromagnetic field
is commonly that use the inverse Fourier transform (or the inverse
Laplace transform) to convert the response in frequency domain into
time domain. For the source of step-off waveform, the relation between
the transient process of electromagnetic field and harmonic field is:

Ex (t) =
Ex0

2
+

1

2π

∫ ∞

0

Ex (ω)
e−iwt

iω
dω (5)

where

Exo (ω) = −PEρ1

2π

x2

r2

∫ ∞

0

λ2

R∗
1

J0 (λr) dλ− PEρ1

2πr

x2 − y2

r2

∫ ∞

0

λ

R∗
1

J1 (λr) dλ (6)

which is the electric field component when the frequency trends to zero.
In computation, there exist the integrals of zero step and one step Bessel function J0 (λr) and J1 (λr) in

equation (1), that is Hankel transform. We adopt linear numerical filter [4] to evaluate them. The expression
(5) on the frequency-time transform can use many algorithms to implement, in order to obtain high computed
precision in the late time we adopt the cosine transform algorithm [5].

3. Characteristic of the Transient Electrical Field on Uniform Earth

The transient response curves Ex(t) on the condition of uniform earth is a declining function with time, and
has horizontal early-time asymptote and late-time gradient asymptote. According to the analytic expression of
the transient response of electrical field component by electric dipole source on uniform non-polarizable earth,
it is easy to educe the asymptotic value in the early time

Ex (t) |t→0 =
PEOρ

2πr3
(7)

and the asymptotic value in the later time

Ex (t) |t→∞ =
PEOρ

12π3/2

µ
3/2
0

ρ
1/2
n t3/2

. (8)

In formula, electric dipole moment PEO = I0·AB, ρ and µ0 are respectively resistivity and magnetic perme-
ability on uniform earth.

Noticeably, expression (8) reveals that the late asymptotic value not only have nothing to do with observation
angle ϕ, but also have nothing to do with the space r between the receiving and transmitting (short for R-T
space, hereinafter), and are in inverse proportion to square root of earth resistivity and 3/2 powers of time. The
transition time between the early time and the late time are very short. Actual computed data (Kaufman et al.
[2]) show that if regarding the relative departure between responses and the asymptote ≤ 5% as the standard,
when integrated parameters u = r/

√
2ρt/µ0 > 3 and < 0.35, it comes into the early time and the later time

respectively. These characteristics are very typical.
The transient response of electric field on polarizable earth becomes comparatively complicated. At this

situation, the transient response is involved in the angle ϕ of observed site. When ϕ is less than the angle
ϕ0 = arccos

√
1/3 ≈ 54.5◦, in which ϕ0 is the critical angle cross which the direction of the dipole field changes,

induced polarization (IP) and electromagnetic (EM) effects are the same direction and superpose each other
so as to change response relatively strong; Ex (t) in the whole transient process are all positive, moreover,
especially in the later time, which is to lift obviously and drop slowly relative to non-polarizable; only in the
very late time, it has obvious and faster decline.
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If ϕ > ϕ0, IP and EM effect are the opposite direction and counteract each other so as to make the early
response weakly, drop fast with time, and become negative. In the later time, the positive IP effect predominates;
absolute value are obvious greater than non-polarizable response; the response are similar to the late response
of ϕ < ϕ0, which is not obvious decay until it is very late.

The time spectral resistivity method adopts dipole-dipole array, belonging to ϕ=0 situation, therefore, only
the situation of ϕ=0 is discussed in the following.

Figure 2 display that IP spectral parameters have an influence on the transient response. Figure 2a is the
transient response curves of different m. It shows that the bigger m is, the stronger abnormity of the transient
response caused from IP effect relative to non-polarizable earth’s situation, butm hasn’t an influence on the basic
shape of the transient response curve. What merits special attention is that even if over the weakly polarizable
earth of m=0.04, transient response still have obvious IP abnormity (the ratio k(t) = Ex(t, m)/Ex(t, m=0)
exceeds n×102). In fact, it is just in the later time interval that the routine IP method in time domain observes
and utilizes “pure” IP abnormity, in which the influence of EM effect may be neglected. Figure 2b shows that
the transient curves of different τ , in which the curve of τ=0 is equivalent to the transient response of uniform
non-polarizable earth when resistivity equals to ρ/(1−m). It shows that when τ changes from small to big, the
shapes of the transient curve (especially in later period of time) basically keep unchangeable, only curves slide
right parallel along time axle; and the sliding interval is proportional to the variety of τ value on the whole. If
the horizontal axis adopts normalization coordinate t/τ , then the transient curves of different time constant τ
in later interval will make coincident. Figure 2c reveals that the transient curves of different c. Among them,
the curve of c=0 is equivalent to the transient response of uniform non-polarizable earth when resistivity equals
to (1-m)/2ρ/(1-m). It shows that when c value is bigger, the transient curves decay relatively early and tends
towards the null value comparatively fast.

 

 (a) 

 

 (b) 

 

 (c) 

Figure 2: Response curves of different IP parameters
(a) τ=0.4;c=0.5;1-m=0.4,2-m=0.2,3-m=0.15,4-m=0.06,5-m=0.04,6-m=0;

(b) m=0.4;c=0.5;1-τ=50,2τ=5,3-τ=1,4-τ=0.1,5-τ=0.01,6-τ=0;
(c) m=0.4;τ=0.4;1-c=0.6,2-c=0.5,3-c=0.25,4-c=0.125,5-c=0;

To make a summary, spectral parameters of IP have the same influence rules on the transient response curve
in TSR as the frequency spectral (especially, phase spectral) curves. Chargeability m has mainly an influence
on the amplitude of the spectral function curve, time constant τ mainly influencing on the horizontal position
of the curve, and frequency dependence factor c mainly influencing on the curve shape. These characteristics
or rules are contributed to us to judge the magnitude of spectral parameters from the time spectrum of actual
observation (transient curves) primarily.

4. Characteristic of the Transient Electrical Field over Layered Earth

Aforementioned algorithms are used to evaluate some typical geoelectric sections in order to study the rule of
transient response on layered earth, which include two and three layers pure conductive models and polarizable
models. Tab. 1 shows one group of model parameters of the geoelectric section, besides for the pure conductive
section, the polarizable situation being the second layer (m2 =0.5, τ2 =0.4 and c2 =0.5). Figure 3 display
relevant computed results. It is shown that the transient curves of H and Q type section are similar to the
curve of D type section in the shape, only have difference in numerical value and detail; the transient curves of
K and A type section also have largely identical but with minor differences compared with the curve of G type
section. In this way, when we discuss the basal character of transient response, in order to simplify the question
the geoelectric sections are divided into two kinds of type: “low type” represented by D type (include H and Q
type) and “high type” represented by G type (include A and K type).
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4.1 The Transient Response on Pure Conductive Section

The curves 4 and 2 are the transient response curves of non-polarizable effect (m = 0) on pure conductive
geoelectric section in figure 3, in which the former is small R-T space (r is close to h, or less), and the latter
is big R-T space (r ≫ h1). It shows that no matter on any type pure conductive (non- polarizable) geoelectric
section, also no matter observing angle ϕ, when the small R-T space is adopted, the transient response keep
positive on the whole transient process, and in early time it is close to the same asymptote as on the uniform
conductive earth with resistivity ρ1. In the late time, it is close to the same asymptote as on uniform conductive
earth with resistivity ρn. What deserves to be mentioned is the late asymptote has nothing to do with the R-T
space and angle ϕ.

Table 1: Parameters of geoelectric sections for the transient curves in figure 3

No. of figure a b c d e f

Geoeletric section D G H K Q A

Layered resistivity (Ωm)

ρ1 = 100 ρ1 = 100 ρ1 = 100 ρ1 = 100 ρ1 = 100 ρ1 = 100

ρ2 = 10 ρ2 = 1000 ρ2 = 10 ρ2 = 1000 ρ2 = 10 ρ2 = 1000

ρ3 = 1000 ρ3 = 100 ρ3 = 2 ρ3 = 3000

Layered depth (m) h1=90 h1=90
h1=90 h1=90 h1=90 h1=90

h2=270 h2=270 h2=270 h2=270

When the big R-T space is adopted, the shapes of the transient curve become very complicated, and change
with geoelectric condition and the bearing ϕ. We adopt the axial configuration (ϕ=0), the values of the transient
response are positive on the “high type” section on the whole transient process; but the transient curves in the
early time are negative on the “low type” section.

Figure 3: Response curves of different geoelectric section
1- r=100m(m2=0.5); 2- r=1000m(m2=0); 3- r=1000m(m2=0.5); 4-r=100m(m2=0)

4.2 The Transient Response on Polarizable Geoelectric Section

The curves 1 and 3 in figure 3 are the transient responses when the second layer is polarizable. Among
them, the former is the results observed by the small R-T space (r is close to h, or less), the latter is the
results observed by the big R-T space (r ≫ h1). If the small R-T space adopted, no matter on any geoelectric
section, also no matter adopted any configuration (equatorial or axial), the shapes of transient curves are all the
same, even the value are close. Its common characteristic are that their early asymptote are close to the early
asymptote of transient response that expressed by formula (9) and resistivity equal ρ1 on uniform polarizable
ground, afterwards, decay very fast, and the value change from positive to negative; finally, decay to zero
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slowly. This is the same as the basic shape of transient response, which are measured on uniform polarizable
earth by equatorial (ϕ=90◦) configurations. But then, the intensity of the IP negative response in the later
time is much lower than the latter, which is because the polarizable layer is in a certain depth. Even so, the
intensity (absolute) of IP response at present (the later time) is still much higher than the transient response
of non-polarizable layer.

When the big R-T space adopted, the shape of the transient curve (curve 3) on polarizable geoelectric section
is complicated, which are the similar to that on pure conductive section, namely, they changes with the type of
geoelectric section and configuration. Transient curves of the second polarizable and non-polarizable sections
have the similar early asymptote, that is, the early asymptote is negative on the “low type” section (axial
configuration, ϕ=0), but the early asymptote is positive on the “high type” section. IP effect is primary in the
later time, the character of the transient response are the same as on uniform polarizable ground, namely, the
late response are all positive on all kinds of geoelectric section (axial configuration). Due to polarizable layer
being in a certain deep, the intensity of the late response are also much lower than that on uniform polarizable
earth; moreover, the response intensity of the big R-T space is much lower than that of the small R-T space.

5. Conclusion

This paper studies the characteristic of the transient response for dipole-dipole array, on the horizontal
layered polarizable earth surface. Some important information are provided for establishing a new branch of
electrical method which observe and utilize induced polarization and electromagnetic effects simultaneously in
time domain–time spectral resistivity.

(1) In order to observe and utilize induced polarization and electromagnetic effects simultaneously in time
domain economically, adopting the small R-T space may gain simple transient response relatively, which is
convenient to interpret or explain the data, moreover its signal observed and abnormal intensity are all relatively
big.

(2) When the big R-T space is adopted, the transient response are complex and the explanation of data are
complicated too, but its difference is obvious on different geoelectric section; furthermore it is possible to use
observed results by different angle ϕ to provide complementary information. So, TSR method can’t deny for
the observation of big R-T space, in which abundant information can be provided easily. Of course, the cost of
big R-T space and diverse ϕ observation are relative big too.

(3) Electromagnetic effect is primary in the early time, but decays with time fast; IP effect is primary in
the later time, it is several orders of magnitude bigger than EM response, but its absolute is very weakly. The
difference of EM and IP response in time distribution period has offered possibility to extract these two kinds
of effects separately.
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Inversion Study of Spectral Induced Polarization Based
on Improved Genetic Algorithm

Zhonglin Cao, Yanjun Chang, and Yanzhong Luo
China University of Geosciences, China

Abstract

As a kind of electromagnetic exploration method in frequency domain, spectral induced polarization (SIP)
technique is a branch of electromagnetic exploration methods in geophysics exploration, which is widely used
in environmental and engineering geophysical prospecting, as well as mineral exploration, oil & gas and coal
exploration. In the theory of SIP data interpretation, inversion of three spectral induced polarization parameters
(m, τ and c) in Cole-Cole model is a basic job. Due to their respective special character in the function expression,
the inversion of m, τ and c from frequency spectral response data based on linear inversion theory is usually
instable and even sometimes not convergent when data have a little errors. In this paper, we adopt a kind of
improved genetic algorithm to implement inversion. Inversion on one Cole-Cole model shows that the algorithm
converges fast, has very good stability and high precision, and even can permits the observed data random error
up to 15%. Inversion on two Cole-Cole models, which simulates the fact that the effects of electromagnetic and
induced polarization exist simultaneously, show the algorithm is still fast convergence and high precision, and
permits a few observed data error (say, 5% random error). Only when random errors add up to 10%, the results
of inversion begin to become obvious error.

1. Introduction

Spectral induced polarization (SIP) technique is a branch of the electrical prospecting method in geophysics
exploration. It uses electric dipole-dipole array to observe harmonic responses of the electric field component
in frequency domain, and according to responses to implement inversion of three spectral induced polarization
parameters which are used to recognize the underground physical configuration, the aim of which is to serve
to environmental and engineering geologic investigation as well as various explorations of mineral resources, oil
& gas and so on. In the theory of SIP data interpretation, Cole-Cole model is a basic expression, which has
three parameters (m, τ and c) to reflect the frequency spectrum characteristic [1]. Chargeability (0 ≤ m ≤ 1)
has mainly an influence on the amplitude of the spectral function curve, time constant (τ) mainly influencing
on the horizontal position of the curve, and frequency dependence (0≤ c ≤1) mainly influencing on the curve
shape. A goal of SIP inversion is to find all model parameters, when operated upon by forward computation,
which produce synthetic data that gives an acceptable agreement with observed data. The existing methods
for the estimation of these parameters are based on linear iterative inversion, which are based on standard
Marquardt ‘ridge regression’ algorithm [1, 2, 3]. Unfortunately, most inverse problems in geophysics are non-
linear and poorly constrained. Conventional procedures of SIP inversion have many shortcomings such as only
roughly defining the initial model with poor inversion reliability, strong inversion subjectivity and unsatisfactory
inversion results. Here, Due to their respective special character in the function expression, the inversion of
m, τ and c from frequency spectral response data based on linear inversion theory is usually instable and even
sometimes not convergent when data have a little errors which exist generally.

In this paper, we introduce a kind of global search and nonlinear optimized method— improved genetic
algorithm (IGA) to implement inversion of SIP parameters. Inversions on one Cole-Cole model according to the
new algorithm show that the algorithm converges fast, has very good stability and high precision, and even can
permits the observed data random error up to 15%. Computations on two Cole-Cole models, which simulate
the fact that the effects of electromagnetic and induced polarization exist simultaneously, show the algorithm is
still fast convergence and high precision, and permits a few observed data error (say, 5% random error). Only
when random errors are added up to 10%, the results of inversion begin to change worse. Obvious characteristic
of IGA are that it does not depends on the initial model, and only needs giving a proper scope for each inversed
parameter.
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2. Improved Genetic Algorithm

The structure of the Improved genetic algorithm (IGA) is the same as that of genetic algorithm, both of
which have three genetic operators: select, crossover and mutate. They are different in that: genetic algorithm
stresses chromosome operation and IGA emphasizes the behavior change of the species, While IGA doesn’t need
to be directly represented in the chromosome as trees and the process only includes the exchange between given
code structure and genetic operators adapted for real problems. The key to applying IGA to SIP inversion is the
adaptation of genetic algorithm to IGA fitting to SIP inversion problem. Therefore, we optimize the objective
function and population of genetic algorithm to dynamic fitness value function and varying population.

In genetic algorithm, fitness value function should be positive and should be compared with each other, on
the basis of which selection probability can be calculated. SIP inversion solution is a minimum value problem,
so the pth population’s fitness value function is:

fp(x) =

{
Cmax − gp(x)
0

when gp(x) < Cmax

others
(1)

gp(x) =

√√√√
k∑

i=1

(F rev − F the)2 (2)

Where p=1, 2, . . . , P , with P the population size; Cmax is the given constant. Equation (2) is the calculating
objective function formula, where F inv is the inversion value, F the is the true value, and K is the frequency
number. In the course of inversion, individual objective function varies greatly and varies with the population
evolution. Formula (1) shows that Cmax’s value is the most important to fitness value function and directly
influences the inversion result[4]. If Cmax is constant, if it is too large and the fp(x) ≈ Cmax, which means the
selection is nearly random and it is very difficult to converge to objective value; if it is too small and fp(x) ≈ 0,
many individuals’ fitness value function equals zero, which means the eliminating rate is high and the selection
pressure is large to lead to “prematurity” with ease.

In order to solve this problem, we adjust objective function to the fitness value function, that is to say, Cmax
is dynamic variable:

Cmax = A
1

K

K∑

p=1

(gp(x)) (3)

where A is the weight coefficient, and the remains in the right of the expression are mean value of objective
function, which can be either proportional function or exponential function. We use inverse proportional function

A = a/(c+ t) (4)

where t is the evolution generation (variation); a and c are constants. A varies between 2 and 5. Thus, in
the evolution prophase (t is small), A is large and selection pressure is small, which promises the diversity of
population; in the evolution anaphase (t is large), A is small and selection pressure is large, which be propitious
to the convergence of population. So adjusting the objective function to dynamic fitness value function effectively
overcomes the “prematurity” phenomena and assures the search speed [4].

Population size is an important factor that all genetic algorithms must consider and especially important
in many applications. Too small population size will probably result in genetic algorithm converging to local
extreme value; otherwise, too big population size possibly wastes computer resource and leads to extra cost.
Evidently the two key points in the process of genetic algorithm evolution, that is, diversity of the population
and pressure of selection, are affected by population size. Whereas in classical genetic algorithm, however,
population size is not altered, this is bound to affect the efficiency and velocity of converging. Therefore,
we apply IGA to SIP inversion to make the population size optimized to dynamic variation. Whether the
population size will change or not depends on the competition for survive of their upper and lower generation.
The difference lies in that in method of varying population size, the size varies with the evolution generations,
whose lifetime is equal to that of the chromosome that survives. We band the lifetime of chromosome with the
selection in genetic algorithm together, because it is determined by individual fitness value, and it affects the
population size in every phase of evolution. Compared with the previous selection mechanism, this means is
evidently more natural.
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3. Numerical Modeling and Results

Table 1: Inversion results of real component spectral

Inversion
Method

No.
(errors)

Real parameter Search range
(initial value)

Inversion value

m τ c m τ c m̄ τ̄ c̄
Marquardt
(Ref. [5])

Re-1 0.9 10 0.6 0.1 1 0.3 0.9 10 0.6

Re-2 0.9 20 0.6 0.1 1 0.3 0.9 1.01 0.30
IGA Re-1 0.9 10 0.6 0∼1 0∼1000 0∼1 0.9 10.0 0.60

Re-2 0.9 20 0.6 0∼1 0∼1000 0∼1 0.9 20.0 0.60
Added
random
errors

5% 0.9 10 0.6 0∼1 0∼1000 0∼1 0.9 9.2 0.60

10% 0∼1 0∼1000 0∼1 0.9 8.4 0.60
15% 0∼1 0∼1000 0∼1 0.9 7.7 0.60

Table 2: Inversion results of image component spectral

Inversion
Method

No.
(errors)

Real parameter Search range (initial
value)

Inversion value

m τ c m τ c m̄ τ̄ c̄
IGA Im-1 0.5 10 0.4 0∼1 0∼1000 0∼1 0.5 10.0 0.40

Im-2 0.01 1 0.98 0∼1 0∼1000 0∼1 0.01 1.0 0.98
Added
random
errors

5% 0.9 10 0.6 0∼1 0∼1000 0∼1 0.91 9.6 0.61

10% 0∼1 0∼1000 0∼1 0.93 9.3 0.61
15% 0∼1 0∼1000 0∼1 0.94 9.0 0.62

Table 3: Inversion results of amplitude spectral

Inversion
Method

No.
(errors )

Real parameter Search range (initial
value)

Inversion value

m τ c m τ c m̄ τ̄ c̄
IGA A-1 0.9 10 0.6 0∼1 0∼1000 0∼1 0.9 10.0 0.60

A-2 0.1 20 0.3 0∼1 0∼1000 0∼1 0.1 20.0 0.30
Added
random
errors

5% 0.9 10 0.6 0∼1 0∼1000 0∼1 0.90 9.1 0.60

10% 0∼1 0∼1000 0∼1 0.90 8.2 0.61
15% 0∼1 0∼1000 0∼1 0.90 7.5 0.61

According to Luo and Zhang (1998), Cole-Cole model is given by

ρ(iω) = ρ(0)

{
1−m

[
1− 1

1 + (iωτ)c

]}
(5)

where ρ(iω) denotes the earth complex resistivity, ρ(0) is the one when frequency is zero; m is chargeability, τ
is time constant, and c is frequency dependence factor.
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Table 4: Inversion results of phase spectral

Inversion
Method

No.
(errors )

Real parameter Search range (initial
value)

Inversion value

m τ c m τ c m̄ τ̄ c̄
Marquardt
(Ref. [5])

Φ− 1 0.9 1000 0.6 0.1 0.1 0.1 0.9 999.9 0.6

Φ− 2 0.1 0.1 0.1 0.9 1000 0.6 0.1 0.35 0.09
IGA Φ− 1 0.9 1000 0.6 0∼1 0∼1000 0∼1 0.9 1000.00.6

Φ− 2 0.1 0.1 0.1 0∼1 0∼1000 0∼1 0.1 0.1 0.1
Added
random
errors

5% 0.9 10 0.6 0∼1 0∼1000 0∼1 0.91 10.3 0.61

10% 0∼1 0∼1000 0∼1 0.91 10.5 0.61
15% 0∼1 0∼1000 0∼1 0.92 10.8 0.62

Real part : Re(ω) = Reρ(iω) = ρ(0)

[
1−m+

mR

R2 + I2

]
(6)

Image part : Im(ω) = Imρ(iω) = −ρ(0)
mI

R2 + I2
(7)

Amplitude : A(ω) = ρ(0)

[
(1 −m+

mR

R2 + I2
)2 + (

mI

R2 + I2
)2
] 1

2

(8)

Phase : Φ(ω) = tg−1 −mI
(1−m)(R2 + I2) +mR

(9)

where

ω = 2πf ; R = (ωτ)c cos
cπ

2
+ 1; I = (ωτ)c sin

cπ

2
(10)

Based on the IGA mentioned above, we implement inversion of SIP parameters on one Cole-Cole model via
four group of frequency spectral components, real part, image part, amplitude and phase (respectively, seen in
table 1, table 2, table 3 and table 4).

Table 5: Inversion results of phase spectral

Model parameters Real parameter Search range Inversion value
m1 0.5 0∼1 0.500000
τ1 10 0∼100 9.999943
c1 0.4 0∼1 0.400000
m2 0.01 0∼1 0.010000
τ2 1 0∼100 1.000002
c2 0.98 0∼1 0.980009

Tables above show that IGA inversion does not depend on the initial model, and only needs giving a proper
range for each inversed parameter, and has very good stability and high precision, and even can permit the
observed data random error up to 15%; whereas Marquette inversion (seen in table 1 and table 4) depends
severely upon initial value and fall easily into local minimum. Inversion on phase frequency spectral is the best
among the four groups of components, which has strongest ability of suppressing random errors.

Inversion of SIP data often uses two Cole-Cole models, seen in the expression (5), which simulate the fact
that the effects of electromagnetic and induced polarization exist simultaneously.
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Table 6: Inversion results of added different random errors

Model Real Added Added Added
parameters parameter 5% random 10% random 15% random

errors errors errors
m1 0.5 0.504544 0.509470 0.491120
τ1 10 9.065702 8.459892 6.814308
c1 0.4 0.410901 0.420132 0.446767
m2 0.01 0.007809 0.006355 0.045082
τ2 1 0.945852 0.888168 1.501831
c2 0.98 0.999987 0.999976 0.066696

ρ(iω) = ρ(0)

{
1−m1

[
1− 1

1 + (iωτ1)
c1

]
−m2

[
1− 1

1 + (iωτ2)
c2

]}
(11)

where m1, τ1 and c1 reflect induced polarization effect, whereas m2, τ2 and c2 describe electromagnetic effects.
Inversion results using IGA on phase frequency spectral is shown in table 5 and the inversion results of added
different random errors are shown in Table 6.

Two tables show the IGA algorithm are still fast convergence and high precision, and permit a few observed
data error (say, 5% random error). However, when random errors add up to 10%, the inversion error is relatively
large, and especially errors add up to 15% the results of inversion become even worse. Compared with inversion
effect of one Cole-Cole model, two Cole-Cole models have six parameters needed to be solved, the solution space
increases and equivalence phenomenon become to arise. Especially when errors rise, the equivalence phenomena
become complicated as well as severe, which cause that inversion error increases relatively large when the random
errors are added up largely.

4. Conclusion

Improved genetic algorithm has two obvious characteristics: adjusting objective function to dynamic fitness
value function and varying population size. In contrast to linear inversion method and general genetic algorithm,
IGA enhances the ability of solving complicated problems, effectively overcomes the “prematurity” phenomena
and improves the stability of solutions. The IGA is a directed search method, which does not need an initial
model and gives global search solution. Inversion on one Cole-Cole model show that the algorithm converges
fast, and has very good stability and high precision, and even can permits the observed data random error up
to 15%. Computations on two Cole-Cole models, which simulate the fact that the effects of electromagnetic
and induced polarization exist simultaneously, show the algorithm is still fast convergence and high precision,
and permits a few observed data error (say, 5% random error). Only when random errors add up to 10%, the
results of inversion begin to change worse.
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Eigenvalue Analysis of Curved Open Waveguides Using
a Finite Difference Frequency Domain Method
Employing Orthogonal Curvilinear Coordinates

C. S. Lavranos and G. A. Kyriacou
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Abstract

Eigenvalue analysis of open curved geometries is performed by using a two dimensional (2-D) Finite Difference
Frequency Domain (FDFD) eigenvalue method employing orthogonal curvilinear coordinates, in conjunction
with a perfectly matched layer (PML) tensor. This method can be used to compute the dispersion characteristics
of open curved structures such as open microstrip lines printed on curved substrates. Numerical results for the
eigenvalues of several geometries are presented, and compared against already published results, so as to validate
the accuracy of the method.

Introduction

The numerical solution of the eigenvalue problems for open waveguide structures constitutes one of the most
challenging problems of computational electromagnetism. Due to the difficulty of the problem only a few articles
have been published toward this aim, e.g. [1-3]. In these works the Finite Difference Frequency Domain (FDFD)
method in conjunction with the Perfect Matching Layer (PML), [4-5], technique was employed to confine the
solution domain to a finite area. Even though the PML technique still suffers from spurious modes, is currently
the most powerful technique for the establishment of “transparent” absorbing boundary conditions. Moreover,
the anisotropic material PML formulation by Sacks et al., [5], offers the advantage that it does not need any
modification of Maxwellian equations and can be implemented as a diagonal permittivity and permeability
tensor.

However, to the authorsknowledge, none of the published techniques can handle curved open geometries.
The technique presented herein is based on a 2-D Finite Difference Frequency Domain eigenvalue method
formulated in orthogonal curvilinear coordinates. Preliminary results for closed curved geometries are published
in our previous work, [6]. The 2-D FDFD analysis is formulated as an eigenvalue problem for the complex
propagation constants and it is restricted to structures uniform along the third direction (u3-axis), along which
field propagation is considered. The major advantage of this method is that the waveguiding structure can be
curved in all directions. Also, a challenging problem refers to correctly handling the PML tensor along with the
FDFD numerical method, so as to reduce or eliminate spurious modes and to obtain accurate numerical results
for a given open curved geometry.

Formulation of the FDFD Eigenvalue for Curved Waveguides

The proposed 2D-FDFD scheme aims at the formulation of an eigenvalue problem for the propagation
constant of two-dimensional structures in orthogonal curvilinear coordinates (u1, u2, u3). The wave is assumed
to propagate along the u3 -direction, while the cross section (u1, u2) of the waveguide structure can be of
arbitrary geometry (Fig.1) loaded with inhomogeneous and in general anisotropic materials described by tensor

permittivity ¯̄ε(u1, u2) and permeability ¯̄µ(u1, u2), where ¯̄ε is the permittivity tensor ¯̄ε =

[
ε̄tt ε̄tl
ε̄lt εll

]
and ¯̄µ the

permeability tensor ¯̄µ =

[
µ̄tt µ̄tl
µ̄lt µll

]
with ¯̄εtt =

[
ε11 ε12
ε21 ε22

]
and ¯̄εtl =

[
ε13
ε23

]
.

Starting from the Maxwell’s curl equations for the electric and magnetic field:

∇̄ × H̄ = jω ¯̄εĒ + J̄ (1)

∇̄ × Ē = −jω ¯̄µH̄ (2)
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Figure 1: An arbitrary curved waveguiding structure
in Orthogonal Curvilinear Coordinates

 

Figure 2: A Curvilinear Cell

our first step is to express the curl of the electric field (similarly for the magnetic field) in general
orthogonal curvilinear coordinates as [7]:

∇̄ × Ē =




α̂1

h2h3

α̂2

h1h3

α̂3

h1h2
∂

∂u1

∂

∂u2

∂

∂u3
h1E1 h2E2 h3E3


 (3)

where h1, h2, h3 are the scale (or metric) factors and â1, â2, â3 the unit vectors.
Considering wave propagation toward the positive u3 -direction as ∝ e−jβu3 , then ∂/∂u3 −→ −jβ, provided

that the metric factor h3 is independent of u3, according to Lewin, [8]. This propagation assumption restricts
the curve of the guide axis to shapes in which ∂h3/∂u3 = 0, or curves of constant curvature.

Moreover, in order to simplify the problem and distinguish the transverse and longitudinal parts, the field
quantities Ē, H̄ and the nabla operator ∇̄ can be discriminated into longitudinal and transverse quantities as:

Ē = Ēt + â3E3, H̄ = H̄t + â3H3 and ∇̄ = ∇̄tc − (jβ/h3)â3 (4)

where

∇̄tc = â1(
1

h1
) · ∂

∂u1
+ â2(

1

h2
) · ∂

∂u2
(5)

It is important to notice, that in order for the nabla operator to be discriminated according to Eq.(4) we
have to impose certain restrictions on the metric coefficients h1 and h2. Again, according to Lewin [8], these
must be also independent of u3, namely ∂h1/∂h3 = 0, ∂h2/∂h3 = 0.

Considering now that the curl operator ∇̄ × (·) can be written

∇̄ × Ē = ∇̄tc × Ē − (jβ/h3)â3 × Ē (6)

after some algebraic operations we conclude to:

∇̄ × Ē = −jω ¯̄uH̄ →( −(jβ) · ( 1
h3

) · â3 × (·) −â3 × (( 1
h3

) · ∇̄tc(·))
−∇̄tc · â3 × (·) 0

)(
Ēt
h3E3

)
= −jω

(
¯̄µtt µ̄tl
µ̄lt µll

)(
H̄t

H3

)
(7)

Likewise, starting from (2), we have

∇̄ × H̄ = jω ¯̄εĒ →( −(jβ) · ( 1
h3

) · â3 × (·) −â3 × (( 1
h3

) · ∇̄tc × (·))
−∇̄tc · â3 × (·) 0

)(
H̄t

h3H3

)
= jω

(
¯̄εtt ε̄tl
ε̄lt εll

)(
Ēt
E3

)
(8)

The form of Maxwell equations (7) and (8) is appropriate for discretization with the aid of a curvilinear grid.
In this manner these will be applied to the whole solution domain. The resulting system of equations represents
the eigenvalue formulation provided that the boundary conditions are incorporated into this system by proper
modification of the matrices involved.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 273

An Eigenvalue-based method aims at the transformation of problems such as (7) and (8) to nondeterministic
eigenproblem of the form:

[A][u] = β[u] (9)

Matrix [A] consists of sub-matrices, which represent the discrete form of the basic operators, [9], such as
gradient and divergence. Matrix [u] is the eigenvector and β the sought eigenvalue. Each operator is formulated
in a matrix form and modifies the problem into a simple matrixmultiplying problem. The form of these operators
depends on the approach used for the discretization of the fields. In our case the solution domain is discretized
to form an orthogonal curvilinear mesh according to the basic principles of Yee’s mesh, [10], and every operator
is formed with respect to that mesh, as in Fig.2, where a curvilinear cell is shown. Its corresponding Discretized
Curvilinear Gradient Operator is shown in equation 10.

Gcct =




−(∆1h1∆u1)
−1 (∆1h1∆u1)

−1 0 0
0 0 −(∆2h1∆u1)

−1 (∆2h1∆u1)
−1

−(∆1h2∆u2)
−1 0 (∆2h2∆u2)

−1 0
0 −(∆2h2∆u2)

−1 0 (∆2h2∆u2)
−1


 (10)

The eigenvalue problem defined by (7) and (8) can be transformed now to its discretized form as:

( −(jβ) · ( 1
h3

) · Ae −Ae · ( 1
h3

) ·Gcet
−Dcmt · Ae 0

)(
Ēt
h3E3

)
= −jω

(
Mtt Mtl

Mlt Mll

)(
H̄t

H3

)
(11)

( −(jβ) · ( 1
h3

) ·Am −Am · ( 1
h3

) ·Gcmt
−Dcet · Am 0

)(
H̄t

h3H3

)
= jω

(
Ett Etl
Elt Ell

)(
Ēt
E3

)
(12)

Subscript e and m denotes operators acting on electric and magnetic field components respectively. These are
different since they are discretized on different grids (shifted by half cell), [9-10]. Subscript c indicates that all the
operators have been discretized to form a curvilinear problem, while subscript t denotes a transverse operator
and l denotes a longitudinal operator. For instance, Gcet and Gcmt are the transverse curvilinear Gradient
operators corresponding to the electric field (as shown in Fig.2) and magnetic field respectively. Moreover, Dcet

and Dcmt are the transverse curvilinear Divergence operators corresponding to the electric and magnetic field
respectively. Matrices Ae and Am represent the curl operators â3× (Ēt) and â3× (H̄t) respectively. Finally sub-
matrices E and M are the discretized permittivity and permeability tensors as shown in Fig.1. The eigenproblem
[A][u] = β[u] can be extracted now through (11) and (12) and due to the sparcity of matrices involved, it can
be solved using the Arnoldi Algorithm, [11].

Implementation of the Anisotropic PML

As the FDFD code has the capability to handle anisotropic lossy media a PML is easy to implement
straightforward with the introduction of the corresponding well known permittivity and permeability tensor, of
the form, [2]:

PML:

[ε] = ε0



η 0 0
0 η−1 0
0 0 η


 [µ] = µ0



η 0 0
0 η−1 0
0 0 η


 (13)

where η = 1− jζ and ζ = (σu/ωε0). These tensors are valid for a PML acting in the y-direction as is

shown in Fig.5. The electric conductivity in the PML is assigned, [1], as

σu = σm(
y

d
)n where σm =

(n+ 1)ε0c

2d
lnRth (14)

where d is the PML thickness, σm is the maximum electrical conductivity at the outer side of the PML and Rth
the theoretical Reflection coefficient.
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Numerical Results

Numerical tests are carried out to verify the proposed method. In the first example a shielded coupled
microstrip line with finite thickness, shown in Fig3(a), is analyzed. The numerical results obtained for even and
odd quasi-TEM modes are compared against the corresponding results in [1]. Very good agreement is reached
as shown in Fig4(a). The next step is the study of a curved parallel coupled microstrip line shown in figure 3(b),
with the same cross section as in Fig3(a) example. For the simulation of the curved structure it is assumed that
û1 = x̂, û2 = ŷ, û3 = ŝ and h1 = 1, h2 = 1, h3 = 1 + y/R, [12], where R is the curvature radius. As it is noticed
from Fig.4(b) the eigenvalues for even or for odd modes were increased at about 15%, when the curvature radius
R was 0.5m, with respect to the straight lines.

 

Figure 3: a) Cross Section of shielded parallel coupled microstrip lines with finite strip thickness. b) Geometry
of parallel coupled microstrip lines printed on a curved substrate.
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The open microstrip line shown in Fig.5 is studied in our 3rd example and
the PML tensor impact on accuracy is examined. It has been found in [1],
that the theoretical Reflection coefficient Rth and power n used in Eq.(14)
must to be correctly chosen in order to achieve small PML reflections.

For this problem the Rth is chosen to be 10−9 and n=2.7, according to
[1]. The PML thickness d is 10 cells of 0.15mm each. As shown in Fig.5
the PML tensor given in Eq.(14) is employed only in the y-direction, while
a large dimension in the x-direction without a PML gave accurate results.
In general, the implementation of PML in all directions is expected to be
necessary. Table I presents a comparison of our results against those given
in [1]. The small imaginary part of the eigenvalues is an error introduced by
the losses involved in the PML tensors. In turn, the same open microstrip
line is studied considering a curved substrate. An increase of the propaga-
tion constant of about 2.5-5% is observed again. This is a smaller increase
compared to the shielded case of Fig.4(b), because the structure is open in the y-direction.
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Present Method

Reference PML PML PML

F(GHz) Data(εεff ) PML [1] Straight R=1m R=0.5m

10 2.616 2.6157- 2.63- 2.70- 2.77-

i0.0080 i0.0070 i0.0079 i0.0085

20 2.7653 2.7649- 2.74- 2.775- 2.81-

i0.00010 i0.00012 i0.00018 i0.00023

30 2.8624 2.8626- 2.80- 2.835- 2.875-

i0.00006 i0.00010 i0.00012 i0.00016

Table 1: Results for a straight and curved open microstrip line for two curvature radius

Conclusion

In this paper, an eigenvalue analysis of curved geometries both open and closed is established using a 2-
D FDFD method. This was formulated in orthogonal curvilinear coordinates in conjunction with a perfectly
matched layer (PML) tensor. Numerical results have been presented to demonstrate the validity of the method
for both closed-shielded and open-radiating geometries either straight or curved. It was also observed that
when the direction of propagation is curved the eigenvalues are increased for both closed and open waveguiding
structures.
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Abstract

This study concentrates on the development of two separate Smart Antenna Systems for the 2.45GHz ISM
band. Both systems incorporate the RF-beamforming method. Each system has the ability to point the beam
in a three dimensional space, both in azimuth and in elevation direction. The Switched Beam System adopts
a passive network-based beamforming approach, using 2-D Butler matrix topologies. The Adaptive System
utilizes the vector modulator method, but only in the azimuth direction, increasing beam-steering accuracy,
whereas introducing complexity and cost. The system design is presented for both cases, along with some
module design and testing examples. A comparison of the two systems will be also discussed.

Introduction

SDMA (Space Division Multiple Access) is a new technique that aims to improve the capacity and quality
of wireless systems. It is based on the use of steerable antennas, incorporating electronically controllable
Beamforming Networks (BFNs). New standards for Switched Beam and Point-to-Multipoint Smart Antenna
Systems are under development by ETSI (European Telecommunications Standards Institute), [1]. Beamforming
networks can be developed either at RF or IF level. The use of IF-BFNs results in a Smart Antenna System
fully exploiting the advantages of an Adaptive Antenna. Also, their implementation and control are easier.
However, IF-BFNs suffer from increased complexity, since they are incorporated into a multichannel topology
requiring the development of the system from scratch. On the other hand, RF-BFNs offer decreased complexity,
but harder control requirements. Similarly, RF-Beamforming Networks exploit only some of the Smart Antenna
Systems capabilities. Their critical advantage is the easy integration with the existing architectures in Base
Stations (retro-fit), since only the replacement of the RF front-end is needed. Since the RF-Beamforming
method has been adopted, the critical point is the use of either passive or active beamformers. Once again,
active beamformers offer more capabilities and particularly higher beam pointing accuracy than the passive
BFNs. But, the active BFNs introduce non-linearities, difficulties in achieving the desired dynamic range and
their most serious drawback is their non-reciprocal nature. Namely, separate active RF-BFNs are required for
the transmitter and receiver RF-stages. In contrary, passive RF-BFNs can be reciprocal and linear, retaining
the system dynamic range.

The Switched Beam System

The proposed Switched Beam System uses the Butler matrix network for the beamforming procedure,
[2,3,4,5]. The system’s basic demand is the pointing of the beam both in azimuth and in the elevation direction.
For this reason, two alternative system topologies are considered. The first proposed system consists of an 8x8

Figure 1: Block diagrams of the proposed Switched Beam Smart Antenna Systems.
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printed Butler matrix producing 8 orthogonal beams in the azimuth direction, covering a 120◦ sector. At each
output port of the 8×8 network, a 4×4 Butler matrix is connected, producing consequently 4 orthogonal beams
covering an elevation angular sector. The cascaded operation of the two networks produces 32 discrete beams
in space. The proper input port of each matrix is chosen using digitally controlled MMIC switches (SP8T and
SP4T). The block diagram of the system is presented in Figure 1(a). The disadvantage of this first topology
is the wide beamwidth in the elevation direction (∼ 30◦). This is due to the small number of vertical antenna
elements (only four). The second system topology considers 8 antenna elements in the elevation direction, fed
by an 8× 8 matrix, which offers the desired beamwidth (∼ 15◦). In this case, only 4 beams from the 8 available
will be practically used, reducing the scanning sector to about 60◦. This result is in agreement with the desired
specifications. The block diagram for this case is presented in Figure 1(b). An alternative approach under
consideration is to use 8 antenna elements in the vertical direction which will be fed in pairs (same phase) by a
4×4 Butler matrix. It must be emphasized that there is no need for circulators since the whole antenna system
is reciprocal. Moreover, this smart antenna is passive (without amplifiers), thus, preserves the system dynamic
range and it does not cause any gain stability or other spectrum problems [1].

Figure 2: Block diagram of the DOA subsystem. Figure 3: Simulated results for the DOA voltage sig-
nals.

Furthermore, the required Direction Of Arrival (DOA) information of the received signal is provided by a
separate subsystem to a microcontroller unit, which also controls the MMIC switches. The block diagram of
the subsystem is shown in Figure 2. Figure 3 presents the simulated results for the DOA error voltage signals.
The DOA is extracted from these two voltage curves.

(a) (b) (c)

Figure 4: Simulated results for the azimuth and elevation orthogonal beams produced by the systems of Fig.1
(a) 8 beams produced in the azimuth direction for both cases, (b) 4 beams produced in the elevation direction
by the system of Fig.1(a), (c) the reduced angular sector used by the system of Fig.1(b)

In Figure 4(a), the 8 orthogonal beams produced in the azimuth direction for both systems of Figure 1
are presented. Figure 4(b) shows the 4 orthogonal beams produced in the elevation direction by the system of
Figure 1(a). The elevation angular sector which will be practically used in Figure 1(b) case is shown in Figure
4(c).

The system presented in Figure 1(b) is the appropriate, as it is seen from Figure 4, since it combines increased
accuracy in both directions, accomplishing the desired specifications in the elevation angular sector.

The next step is the design of the Butler matrix beamformers. Both 4× 4 and 8× 8 Butler matrix networks
were designed. The block diagrams of the 4× 4 and 8× 8 Butler matrices are shown in Figure 5.

Both networks were developed in microstrip form, printed on a 20mil Rogers-4003 dielectric substrate with
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Figure 5: Block diagrams of the 4 × 4 and 8 × 8 Butler matrix networks. (a) 4 × 4 Butler matrix, (b) 8 × 8
Butler matrix.

Figure 6: Microstrip layouts of the 4× 4 Butler matrix network.

εr=3.38 and tanδ = 0.0021. Figure 6 presents three different layout configurations of the 4× 4 Butler matrix
network that were designed.

Table 1: Phase differences at antenna ports when the 2R port of Figure 6(b) network is activated.

Phase Difference (deg) Ideal Simulated Measured % error

Ant2-Ant1 -135 -134.9 -139.9 3.6

Ant3-Ant2 -135 -134.9 -131.3 2.7

Ant4-Ant3 -135 -135 -138.9 2.9

Figure 7: Measured S-parameter magnitudes for the 2R
beam case of the network in Fig.6(b)

The most preferable layout is that of Figure 6(b),
since it keeps all input and output ports on the same
side, using crossovers (or cross couplers), [6]. The
distance between output-antenna ports is kept equal
to λ0/2. The layout of Figure 6(c) was designed as an
alternative for a circular array.

The proper function of the beamformer results
in the proper beam-steering performance of the sys-
tem. Figure 7 presents the measured results for the S-
parameter magnitudes of the network in Figure 6(b),
when the 2R port is activated, generating the cor-
responding beam. The theoretical value for the am-
plitude distribution is -6dB. Moreover, Table-1 shows
the ideal, simulated and measured values of phase dif-
ferences between antenna ports.

For the 8 × 8 matrix, only simulated results will be presented. The microstrip layout of the network is
shown in Figure 8, whereas Figure 9 presents the simulated S-parameter magnitudes for the case of the 3L port
activation in Figure 8. The corresponding theoretical value for the amplitude distribution is -9dB. Some losses
are observed, but they are due to the relatively large size of the network.
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Table 2: Phase differences at antenna ports when the 3L port of Figure 8(h) network is activated.

Phase Dif (deg) Ant2-
Ant1

Ant3-
Ant2

Ant4-
Ant3

Ant5-
Ant4

Ant6-
Ant5

Ant7-
Ant6

Ant8-
Ant7

Ideal 112.5 112.5 112.5 112.5 112.5 112.5 112.5

Simulated 111.7 114.8 110.9 111.5 113.7 112.5 111.8

% error 0.7 2.0 1.4 0.9 1.0 0.0 0.6

Figure 8: Microstrip layout of the 8×8 Butler matrix. Figure 9: Simulated S-parameter magnitudes for the
3L port case of Fig.8 network.

Consequently, Table-2 shows the ideal and simulated phase differences between antenna ports, when the 3L
port is activated.

The Adaptive RF-BFN System

Figure 10: Block diagram of the proposed Adaptive in az-
imuth RF-BFN Smart Antenna System.

The proposed system combines the idea of an
Adaptive in azimuth and a Switched Beam System
in the elevation direction. In order to achieve all
the advantages introduced by an Adaptive System,
but also to keep the cost at an affordable level, the
architecture shown in Figure 10 is chosen.

In the azimuth direction, vector modulators
are used for the beam-steering. The pointing
of the beam in the elevation direction is accom-
plished through the use of Butler matrices, as in
the Switched Beam System. The I-Q control of
vector modulators allows the reduction of the side-
lobe level, while being able to accurately point the
antenna beam in any direction. Moreover, the in-
troduction of radiation pattern nulls toward the
direction of any undesirable interferer is also possi-
ble (null steering). In order to improve the sidelobe
level, the relative magnitude distribution of the an-
tenna elements in the azimuth direction presented
in Table-3 is introduced. This is a triangular aper-
ture distribution.

Table 3: Triangular aperture distribution in the azimuth direction.

Element 1 2 3 4 5 6 7 8

Rel.Mag.Distribution 0.5 0.5 0.707 1 1 0.707 0.5 0.25

The simulated results for the azimuth direction beamforming using the above distribution are presented in
Figure 11(a). A comparison with Figure 4(a) shows considerable improvement to the sidelobe level. A sidelobe
level below -20dB for most of the beams is achieved. Moreover, the scan of the beam in the azimuth direction is
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achieved, through the change of the phase difference between the horizontal elements of the array. The simulated
results for a part of the azimuth sector are presented in Figure 11(b).

Figure 11: Simulated results for the azimuth direction beamforming. (a) Sidelobe level reduction using the
magnitude distribution of Table-3. (b) Scan of the beam for a part of the azimuth sector.

Conclusion

A Switched Beam and an Adaptive Smart Antenna System based on RF-BFNs have been studied. Their
beamforming performance was presented. Module testing showed sufficient results. The Switched Beam System
combines satisfactory beam-steering capability with simplicity, while it retains low cost, but its main advantage
is its reciprocal and passive nature which preserves the system dynamic range. The Adaptive System offers
improved performance, but harder functionality and control, in addition with increased cost. Concluding, the
Switched Beam Systems constitute a good solution for the next generation SDMA schemes.
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Modulation of mm-waves by an Acoustically Controlled
Monocrystalline Hexagonal Ferrite Resonator
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Abstract

Modulation of mm waves with RF signals can be accomplished using stable non-linear resonance effects in
monocrystalline hexagonal ferrite resonators (HFR), characterized by high crystallographic anisotropy. Acoustic
oscillations excited in a piezoelectric slab having a good contact with the HFR can be used to control the HFR
ferromagnetic resonance frequency. The design ideas of a modulator based on an HFR- piezoelectric slab
structure are considered. Some experimental and calculation results are presented.

Introduction

Stable non-linear resonance effects (SNLRE) at the interaction of microwave and RF signals with a ferrite
resonator (FR) can be used for designing microwave modulators. These effects take place in the vicinity of
ferromagnetic resonance (FMR) at levels of microwave power smaller than the threshold of spin-wave instabil-
ity. Due to SNLRE, there are nonlinear relations between transverse and longitudinal components of the FR
magnetization vector [1,2].

Monocrystalline iron garnet (YIG or Ca-Bi-V) FR are typically used for different tunable frequency-selective
applications at microwave frequencies, but for the mm waveband, the bias magnetic systems needed for garnet
FR operation are cumbersome. At the same time, high-Q monocrystalline uniaxial hexagonal ferrites of M-type
with fields of crystallographic anisotropy of about 9-20 kOe seem well suited for applications at frequencies of
30-70GHz [1]. However, their resonance line width, presently 20-200MHz, is wider than that of ferrogarnets
(units of MHz).

The resonance frequency of an HFR can be varied periodically either using field control, or angular control.
At field control, the local RF modulating field is added to the bias field. A spiral microcoil surrounding the FR
is typically used for this RF modulation. However, because of the comparatively wide resonance line of an HFR,
the field control might be not effective: the required amplitude of the modulation signal might be so big that it
would cause the damage of the microcoil. An alternative way is angular control. If it is possible to provide the
periodical deviation of the HFR anisotropy ~HA axis orientation (or equilibrium magnetic moment ~M0) relative

to the bias magnetic field ~H0, the resonance frequency of the HFR will be modulated.

A spectrum of the modulation coefficient Q(Ω) analyzed using the quasistatic approach [1,3] depends on
many factors:

• a signal power P (f0); modulation parameters (specifically considering that amplitude and frequency of a
modulation signal determine an HFR resonance frequency deviation and speed of its variation);

• the bias magnetic field H0 and the detuning of the HFR resonance frequency from the signal carrier res
| ω − ωres |;

• the transmission line geometry and the position of the HFR in it;

• the geometry of the FR through the form demagnetization factors and the volume Vf of the FR;

• the FR physical parameters (the saturation magnetization Ms; crystallographic anisotropy constantsK1,2,
or field HA; the initial orientation of an easy axis relatively to the bias field H0; the width of the HFR
resonance line ∆H).

As is shown in Fig. 2 of [1], almost 100% modulation depth can be achieved for the optimal angle of
orientation (calculated from the static conditions [3]) and optimal parameters of the modulating signal.

Below, it is shown experimentally that an angular acoustic control and the corresponding modulation of
mm-wave signals is possible using the HFR-piezoelectric slab (PES) structure.
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Figure 1: Experimental setup and a waveguide with an HFR and piezoceramic slab inside.

Experimental Study

Experiments were conducted in the 8-mm waveband using an HFR, placed in a section of a standard metal
rectangular waveguide of 7.2× 3.4 mm cross-section, with the only main TE10 mode propagating (Fig. 1).

The HFR was a spheroid 0.585× 0.557 mm, HA=11.3 kOe, and the FMR line width was 31.1 Oe. A
rectangular 2-mm thick BaTiO3 PES with metallization on the two 25mm2 surfaces was placed in an aperture
in the wide wall of the waveguide. The metallization of the slab closed the aperture in the waveguide. In the
metallized surface of the PES looking into the waveguide, there was a small window with a diameter close to
that of the HFR. The HFR was glued directly on the piezoceramic or on the mica layer 0.05mm thick. Acoustic
resonances for this PES were observed at 0.26 and 1.46MHz, as well as at a number of higher frequencies.
However, maximum peak was at 1.46MHz. the corresponding width of the acoustic resonance line was about 80
kHz. The insertion loss in the waveguide with the HFR-PES structure in the 8-mm waveband was less than 1 dB,
and the voltage standing-wave ratio was KSWR < 1.2. The HFR-PES structure absorbed 5dB when tuning in
the frequency range 35-41GHz. Experiments have shown the possibility of modulating the mm-waveband signal
using HFR and a piezoelectric slab (Fig. 2). The maximum modulation was observed at the steepest slope of
the PES acoustic resonance curve. The second harmonic was consistently noticeable with the frequency-selective
receiver with 0.3kHz bandwidth and 0.01µV sensitivity.

The modulation is explained by both dilatation and shear modes of the PES affecting the angle of the HFR
orientation. At the voltage applied to the metallized surfaces of the PES, the amplitude ∆x of mechanical
oscillations (due to the dilatation) is proportional to the deviation of the angle of orientation of equilibrium
magnetization moment.

The PES made of BaTiO3 has εr =2000 at f = 1.5MHz with the piezoelectric coefficient d33 = 150 ·
10−12m/V . At the voltage amplitude applied to the crystal V=10V, the amplitude of mechanical oscillations
is ∆x = 1.5nm. This is consistent with the deviation of the angle θM on the order of ∆θM = 10−3 radians, and
variations in the magnetic moment 4π∆M are of the order of units of Gauss. To increase ∆θM at least 10-30
times, the material with the greater piezoelectric coefficient is needed, e.g., PZT. If possible, higher voltage
should be applied to the crystal, and the better acoustic contact should be provided.

The calculated amplitudes of the first and second harmonics are somewhat greater than those obtained in
the experiment (Fig. 3 versus Fig. 2). The discrepancy might come from neglecting the effect of the mica layer
between the PES and the HFR; overestimating the acoustic contact in the HFR-PES system; neglecting loss in
the waveguide; and a lack of accuracy in adjusting the HFR initial angle of orientation. Also, the frequency in
experiment was 37.32GHz, while at the computations it was 37.9GHz.

Another structure for modulating mm-wave signals is shown in Fig. 4. A pure quartz glass capsule serving
as a conductor of acoustic waves was glued to the PES. The HFR was placed inside the capsule. There were
two options. First, the HFR was oriented in the external magnetic field and fixed firmly. And second, the
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Figure 2: The experimental first and the second harmonics of modulation

HFR could freely orient itself inside the capsule. The capsule was placed in the middle of the wide wall of the
rectangular waveguide, where the loss was minimum (about 1dB), and KSWR < 1.2. The HFR was placed at a
point of linear polarization of the magnetic field of the TE10 waveguide mode. Measurements were conducted
at the frequency of 37.9GHz.
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Figure 3: The calculated first and second harmonics of modulation
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Figure 4: Structure HFR-PES with a quartz capsule in the waveguide.

The quartz capsule is a concentrator of electromagnetic energy, and it shifts the electromagnetic field polar-
ization because of its high dielectric constant εr = 10. This leads to an increase of the coupling HFR-waveguide,
and the absorption at the FMR increases. Non-reciprocal absorption is observed, though the HFR is placed
in the center of the wide waveguide wall, where the mm-wave magnetic field is linearly polarized. The free
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HFR absorbs energy at the FMR more effectively, about 0.5dB greater than the HFR fixed with glue, since
presence of glue decreases its Q-factor. The resonance frequency and absorption of the fixed HFR depend on
the orientation much greater when the HFR is placed into the capsule.

The calculated optimum angles of the HFR orientation for obtaining the maximum modulation effect are
close to 450 (at the corresponding bias field for FMR), as Fig. 5(a) shows, and the experimental value is
also close to 450 for the similar HFR. Measurements were conducted using a frequency-selective receiver. The
amplitude of the first modulation harmonic versus detuning from the resonance magnetic field at 37.9GHz is
shown in Fig. 5(b). The HFR is in contact with the PES either through the quartz capsule, or without. At the
HFR 150 angle of orientation, the amplitude of the harmonic is approximately two times smaller than that for
450.
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Figure 5: The first harmonic of modulation frequency at different angles of orientation of ferrite θH : (a)
calculated; (b) experimental

The modulation is more effective when there is a quartz capsule. The coupling of the HFR with the waveguide
is more critical to the small shift of the HFR position caused by the acoustic oscillations, when the capsule is
present. Modulation by a free HFR placed into a capsule is not observed, because the acoustic frequency is
much smaller than the HFR relaxation frequency. The equilibrium magnetization has enough time to return to
the direction along the bias field. Some slight modulation can be observed due to the HFR position shift at the
impact of acoustic oscillations. Placing viscous media (petroleum or lube) in the capsule increases the acoustic
loss and decreases modulation, and liquids like water or alcohol inside the capsule increase electromagnetic loss.

Conclusion

The modulation of the mm waves using an angular acoustic control of the FMR frequency of a hexagonal
ferrite resonator is demonstrated experimentally. For the modulator design, optimum coupling between the
HFR and PES, as well as between the HFR and the waveguide is needed. This can be achieved by firmly fixing
the HFR in a quartz glass capsule without admitting any moisture, liquid, or viscous media inside the capsule.
The HFR’s easy crystallographic axis should be oriented at such an angle with respect to the bias field that at
the given deviation of the angle, the modulation is the most effective.
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Abstract

The work is dedicated to the theoretic analysis of wire media, i.e. lattices of perfectly conducting wires
comprised of two or three doubly periodic arrays of parallel wires which are orthogonal to one another. An
analytical method based on local field approach is used together with special variant of the method of moments.
The typical dispersion diagrams and isofrequency contours are obtained and related phenomena are discussed.

Introduction

In the recent years the periodic metallic lattices have found many applications both in optical and microwave
ranges (see, for example, in [1] and [2]). However, some fundamental problems have not been resolved yet, even
for typical metallic electromagnetic crystals. One of them is the problem of low-frequency spatial dispersion
in wire media (WM). The low-frequency spatial dispersion of a simple wire medium (a doubly periodic regular
array of parallel wires) has been studied only recently in [3]. In the paper [5] this theory is generalized for double
and triple wire media. The study of spatial dispersion effects in the above mentioned variants of WM has been

Figure 1: Unit cells of double wire medium (a) and triple wire medium (b).

started in work [4]. However, this study (based on the numerical approach) is far from being complete. Our
theory significantly complements the results [4]. It is analytical one, and in order to validate it, a comparison
to the results from [4] is carried out.

The unit cells of lattices under study are shown in Figure 1. They are comprised of two (2d or double wire
medium) or three (3d or triple wire medium) doubly periodic regular arrays of parallel infinite wires which are
orthogonal to one another. The wires are assumed to be perfectly conducting. The host medium is a uniform
lossless dielectric with permittivity ǫ0 and permeability µ0. The radii of wires directed along x, y and z-axes
are rx, ry and rz , and the periods of the lattice along x, y and z-axes are a, b and c, respectively. The lattices
are spatially shifted with respect to each other by half period .

Simple Wire Media

Before consideration of 2d and 3d wire media it is useful to remind about dispersion properties of simple
wire medium consisting of single grid of parallel wires. It was studied in details in our precedent papers [3,7].
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The dispersion equation for simple wire medium oriented along z-axis has the next form:
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where q = (qx, qy, qz)
T is wave vector of the eigenmode, k is wavenumber of the host medium, and k

(n)
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−j
√(

qy + 2πn
b

)2
+ q2z − k2. The equation (1) is s a real-valued dispersion equation and it has three types of

solutions:

1. Ordinary waves, in case when I = 0 in (1). They have no electric field component along wires (Ez = 0)
and propagate without interaction with the lattice.

2. Extraordinary waves, in case when the expression in square brackets in (1) equals to zero. They correspond
to the nonzero currents I 6= 0 and have the nonzero longitudinal component of electric field Ez 6= 0. Their
dispersion properties are described in details in [7].

3. Transmission-Line Modes (TLM), in case when (k2 − q2z) = 0 in (1). Those waves propagate along the
wires, they are TEM waves (Ez = 0), but I 6= 0. Their dispersion equation q2z = k2 has no restriction for
components qx, qy, and the phase shift of the currents in the adjacent wires can be arbitrary [3].

Under the quasi-static limit ka ≪ 2π and |q|a ≪ 2π, the dispersion equation for extraordinary waves
transforms to

q2 = q2x + q2y + q2z = k2 − k2
0 (2)
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where s =
√
ab and r = a/b.

Parameter k0 corresponds to the effective plasma frequency of the lattice ω0 = k0/
√
ǫ0µ0. For square lattices

a = b one has F (1) = 0.5275. Comparing (2) with the well-known dispersion equation of uniaxial dielectrics we
obtain an effective relative permittivity ǫ of 1d WM in the following form:

ǫ = εz0 z0 + x0x0 + y0y0, ε(k, qz) = 1− k2
0

k2 − q2z
(4)

The dependence of dielectric permittivity on qz given by (4) does not disappear until frequency becomes zero.
This fact means that wire media has low-frequency spatial dispersion. There is no low-frequency spatial disper-
sion for the extraordinary waves in the only case when the wave propagates across the wires (qz = 0). At low
frequencies the propagation of those waves can be described in terms of plasma-like permittivity ε = 1− k2

0/k
2

(see also [8]). Relative to those waves the wire medium behaves as a cold non-magnetized plasma (a continuous
dielectric medium). In other propagation directions the wire medium behaves differently. In [3] we discuss
the importance of the low-frequency spatial dispersion in 1d wire media. Below we theoretically show this
phenomenon in 2d and 3d WM.

Two and Three Dimensional Wire Media

An analytical theory based on local field approximation and describing dispersion properties of 2d and 3d
wire media was proposed in [5]. It will be directly used in the present work. Also, a special variant of the
method of moments developed in [6] was used for simulations of dispersion diagrams and isofrequency contours,
and gave perfect coincidence with results provided by the local field approach.
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The dispersion equation for 2d wire medium is as follows [5]:
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The dispersion equation for 3d wire medium is presented in [5] and has much more cumbersome form than
(5). However, in the special case when qx = 0 it splits into two separate terms: the first one is the dispersion
equation for the 1d WM of x-wires and the second one is the expression (5). The first case corresponds to the
extraordinary waves propagating normally to the x-wires without interaction with y− and z−wires. There is no
spatial dispersion for those waves. The second case corresponds to the in-plane propagation in 2d WM, which
will be studied below. In the present paper we do not consider the general case of the wave propagation in 3d
WM.

At low frequencies 2d and 3d WM can be described by effective permittivity dyadics of the form [5]:

ǫdouble = x0x0 + εyyy0y0 + εzzz0z0, ǫtriple = εxxx0x0 + εyyy0y0 + εzzz0z0

εxx = 1− k2
0(rx, b, c)

k2 − q2x
, εyy = 1− k2

0(ry , a, c)

k2 − q2y
, εzz = 1− k2

0(rz , a, b)

k2 − q2z
.

(6)

The effects of the low-frequency spatial dispersion are described by terms qx,y,z in the denominators of the
components of ǫ (see also in [3]).

The preliminary analysis of (5) reveals some special solutions. There are two solutions which correspond to
TLM: the first is qy = k, qz = 0, qx is arbitrary; the second one is qz = k, qy = 0, qx is arbitrary. They are
TEM waves as well as TLM in simple WM [3]. The component qx is a free parameter for TLM and plays a
role of a phase shift between the currents in the adjacent grids of wires [3]. At the first sight, it seems strange
that the electric field with non-zero z−component can propagate along y across the z−directed wires below the
“plasma” frequency which is the cut-off frequency for such waves in 1d WM. However, it is possible. When the
TLM propagates along the y−wires, all grids of z−wires are excited, however the superposition of their fields
exactly vanish in the planes x = am+ a/2, where the grids of y−wires are located.

When qx = π/a or qyqz = 0 the right side of (5) equals to zero and the equation splits into two separate
equations similar to 1 and describing the extraordinary waves in two simple WM. For qy = 0 (or qz = 0) the
absence of the interaction between two simple WM is trivial since the propagation holds in the plane (x − z)
(or (x − y)) and the electric field is polarized orthogonally to y−directed wires (or to z−wires). However, the
interaction between two 1d WM is also absent when qx = π/a. At low frequencies ka < 1 the equation qx = π/a
corresponds to the excitation of TLM in both y- and z-arrays with polarization directions alternating along x.
The existence of this kind of TLM (which does not transport energy at all) is specific for 2d WM.

Dispersion Diagrams and Isofrequency Contours of Double Wire Medium

The dispersion diagram of a double WM for the in-plane propagation (qx = 0) of the extraordinary waves
obtained by numerical solution of 5 is shown in Figure 2. The chosen parameters of the wire lattice are
a = b = c, ry = rz . The filling ratio is f = 2πr2y/a

2 = 0.002. We use notations Γ = (0, 0, 0)T , Z = (0, 0, π/c)T ,
and L = (0, π/b, π/c) for the central point, the z−bound point and the corner point of the fundamental Brillouin
zone, respectively.

One can notice the significant difference between Figure 2 and the dispersion diagram of a simple wire
medium. In the Figure 2 one can see within the interval L − Γ two extraordinary modes which do not vanish
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Figure 2: Dispersion diagram of a double wire media with filling ratio f = 2πr20/a
2 = 0.002. Thin lines - modes

of the host medium (singular points of equation (5)), thick lines - modes of the 2d WM.

at low frequencies k < k0 and are not TLM. In simple WM the waves with nonzero longitudinal (with respect
to the wires) component of the electric field cannot propagate at low frequencies since the phase shifts between
the adjacent wires are small and the re-radiation of parallel wires suppresses the wave. In 2d WM it becomes
possible due to the electromagnetic interaction of the two orthogonal wire arrays. This is the result of the
cross-polarized interaction of wire arrays.

Figure 3: Isofrequency contours for double wire media, a) ka/(2π) = 0.1, b) ka/(2π) = 0.3. Two cases qx = 0
and qx = π/(2a) are presented.

The horizontal lines ka/(2π) = 0.1 and ka/(2π) = 0.3 in Figure 2 correspond to isofrequency contours
presented in Figure 3.a and 3.b, respectively. The isofrequency contour located around the L point is very
unusual (close to the hyperbolic one). In Figure 3.a one can see that the contours of isofrequencies are rather
close to four asymptotes qy,z = ±k. In spite of the rather low frequency as compared to ø0, the isofrequency
contour located around the Γ point (q = 0) basically differs from the isofrequency of an isotropic dielectric
(a circle). Only in a special case of the in-plane propagation the isofrequency centered at the Γ point has
practically circular shape and the phase velocity of this mode coincides with that of the host medium. When
qx 6= 0 the shape of this isofrequency becomes super-quadric and modes with hyperbolic isofrequency tend to
the same asymptotes qy,z = ±k. When qx = π/a the isofrequencies coincide with the asymptotes exactly. This
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case corresponds to TLM discussed above (which do not transport energy). The plot in Figure 3.a indicates the
possibility of the two refracted waves (both extraordinary waves) for the rather large sheer of incidence angles.
Moreover, 2d WM with proper orientation of wires with respect to the interface can possess the low-frequency
negative refraction.

At the frequencies close to the plasma frequency ω0 and higher two other modes appear with isofrequencies
centered at Γ. They are shaped as two crossing ellipses. The modes with isofrequency curves close to qy,z = ±k
are still present. The isofrequency contours for such a case (corresponding to ka/2π = 0.3, qx = 0 and
qx = π/(2a)) are shown in Figure 3.b. When qx increases at fixed frequency, the hyperbolic isofrequency
contours in the plane (qy − qz) approach the asymptotes in the same way as it happens for lower frequencies.
The elliptic contours located around Γ (see Figure 3.b) shrink to this point when qx grows and disappear when
qx becomes greater than k0.

Conclusion

In the present paper we have studied dispersion properties of double and triple wire media. We have theoret-
ically revealed the followsing effects of low-frequency spatial dispersion for 2d WM. Propagation of z−polarized
TLM along y−wires is not suppressed by the presence of z−wires (the same is correct for the y−polarized TLM
propagating along z). There are TLM which can exist in both y− and z−arrays simultaneously. These modes
do not transport energy, since the directions of the currents in wires are alternating along the x−axis. There
are two propagating modes at low frequencies ω < ω0 which are not TLM and not ordinary waves. One mode
has non-zero electric field component in the plane (y − z) whereas both y− and z−components of the permit-
tivity tensor are negative. For the other one the isofrequency contour is nearly hyperbolic. Near the plasma
frequency the two other waves appear with crossing isofrequency contours. The materials under consideration
could find various applications due to the properties discussed in this paper. We would like to note especially
such applications as creation of low frequency super-prism and design of materials with negative refraction.
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Abstract

This paper proposed a novel broadband Planar Inverted-F Antenna(PIFA) for IMT-2000/WLAN/DMB
terminal. Two branch lines for meander line were utilized in order to improve the characteristics of PIFA which
usually has a narrow band. The shorting strip between the ground plane and meander-type radiation elements
were used in order to minimize the size of the antenna. The −10dB return loss bandwidth of a realized antenna
was 38.2%(1.84 − 2.71GHz), which contains the broadband bandwidth with triple band. And the simulated
and measured values of the 1g and 10g averaged peak SAR on human head caused by the triple band PIFA
mounted on folder-type handsets were analyzed and discussed. As a result, the measured 1g and 10g averaged
peak SARs of PIFA were similar with the simulated values and were lower than the 1.6W/kg and 2W/kg of the
1g and 10g averaged peak SAR limits.

1. Introduction

In recent years, the rapid growth in mobile communication system has lead to a great demand in devel-
oping small size antenna with multi-band functions. Also, future wireless communication systems such as
Cellular, PCS(Personal Communication Services), IMT-2000(International Mobile Telecommunications-2000),
WLAN(Wireless LAN), PDA and satellite DMB(Digital Multimedia Broadcasting) will likely forecast feature,
the mobile phone antenna will be designed the multi-band applying to the present mobile communication sys-
tem[1].

The interest of the internal antenna has been increased in the mobile handset antenna applications. Antenna
must be small enough to be built in the practical mobile handsets and have a good performance with respect to
the bandwidth and gain. Most of internal antenna proposed up to now consist of PIFA type, the chip antenna
of the meander type, and the planar monopole antenna[1].

The gain and radiation pattern of the PIFA is similar to those of the λ/4 monopole antenna. And the
bandwidth of PIFA is narrow. However, the reduction of radiated field toward the direction of the human head,
low cost and low-profile are very attractive merits of PIFA. The low-profile characteristic of PIFA is suitable as
the internal antenna for the mobile phone.

Figure 1: Structure of the proposed PIFA.
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2. Antenna Design and Results

The proposed internal triple-band antenna of the novel PIFA type for IMT-2000/WLAN/DMB application
is shown in Fig. 1[2, 3]. The dimension of the proposed antenna is 10× 26× 0.3mm3. The proposed antenna is
mounted on the FR4 substrate (εr = 4.62) with thickness of 1mm and dimensions of 55× 26mm2, as shown in
Fig. 1. The optimum height of the proposed antenna is only 3.5mm less than that of most of PIFA. And the
vertical segment length, G has tuned at 0.7mm, and the width of feeding wire has 1.8mm.

A 50Ω microstrip line is used to feed the internal antenna, and is printed on the same substrate. By adjusting
the width, W, of the microstrip line, we can achieve a good 50Ω matching between input impedance of antenna
and microstrip feed line.

The proposed antenna with two branch lines for the meander structure was utilized in order to improve the
characteristics of PIFA which usually has a narrow band as shown in Fig. 1. The shorting strip between the
ground plane and meander-type radiation elements was used in order to minimize the size of antenna. Overall
size of antenna and the substrate are small enough to be built in practical mobile handsets.

        

 (a) 2 GHz E-plane(yz-plane)                                (b) 2 GHz H-plane(xz-plane)  

       

 (c) 2.45 GHz E-plane(yz-plane)                        (d) 2.45 GHz H-plane(xz-plane)      

       
(e) 2.65 GHz E-plane(yz-plane)                            (f) 2.65 GHz H-plane(xz-plane) 

Figure 3: The radiation patterns of the fabricated antenna.

By using the two branches for the meander structure, rectangular patch is separated into two radiating
elements, left radiating element for IMT-2000/WLAN bands and right radiating element for satellite DMB
band. As shown in Fig. 1, the size of right radiating element is broadband characteristic due to the large
current distribution. The resonant frequencies can be controlled by adjusting the lengths of the meander line,
slot, height and width of the shorting strip. The broadband characteristic of most of PIFA can be achieved by
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ensuring enough length and width of the patch, which are regulated to the resonant wavelength at the operating
frequency.

Fig. 2 shows the simulated and measured return loss results of the proposed antenna. The broadband
return loss with the IMT-200/WLAN/DMB bands are obtained. There is good agreement with the measured
and simulated results. The simulation was carried out using CST/MWS to design the antenna model and
optimize the suitable parameters at the operating frequencies. The −10dB return loss bandwidth of a realized
antenna was 38.2%(1.84 to 2.71GHz) , which is enough to cover IMT-2000 (1.920 − 2.170GHz) and WLAN
(2.4− 2.483GHz) and DMB (2.605− 2.655GHz) bands.

Fig. 3 is shown the measured radiation patterns at 2, 2.45 and 2.65GHz, respectively. The maximum
antenna gain, 3.62dBi is measured at 2GHz.

It shows the omni-directional characteristic similar to the general PIFA and is suitable for the mobile
communication handset because of noting the difference between the cross-pol and co-pol radiation patterns.
And PIFA with the meander structure, the difference between the co-pol and cross-pol is small because the
electric field stands to all direction of the x and y-axis. So the radiation patterns of the proposed antenna is
suitable for the internal antenna.

The maximum antenna gain, 3.62dBi is measured at 2GHz. Also, at 2.45GHz and 2.65GHz, the measured
gains have 2.11dBi and 2.36dBi, respectively.

  

Figure 4: (a) The simulated value of the SAR (b) The measured value of the SAR of the proposed PIFA
according to the separation distance between the human head and the phone .

3. SAR Computation and Measurement

The SAR, used in the assessment of mobile phones, is a measure of the amount of EM(ElectroMagnetic)
energy absorbed by biological tissue. The SAR is obtained by measuring the electric field in the simulated
human tissues in close proximity to the device and is calculated by the formula 3-1[4].

SAR =
σ

2ρ
|E|2 [W/kg] (3-1)

E : rms value of the electric field strength in the tissue [V/m];
σ : conductivity of body tissue [S/m];
ρ : density of body tissues [kg/m3]
The human head data consists of the types of tissues using Tissue Dielectric Properties program provided

by FCC. Table 1 shows the electrical properties of the brain.

Table 1: The material parameters for the SAM phantom.

SAM Material Frequency [GHz] Relative Permittivity [εr] Conductivity [S/m] Density [kg/m3]
SAM Liquid

1.9
40.0 1.40 1,000

SAM shell 3.5 0 1,000

The SEMCAD based on FDTD (Finite-Difference Time Domain) was used in order to simulate the SAR.
And the simulated and measured results of 1 g and 10 g averaged peak SAR on human head caused by the
triple band PIFA mounted on folder-type handsets were analyzed and discussed.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 293

A sine wave of 1.9 GHz is considered as the wave source. The 1 g or 10 g peak averaged SAR are obtained
through normalizing the input power of the wave at 1 W(conduction power at the feeding point). The position
of the handset mounting PIFA is suggested that is tilted by 30˚. The face of antenna is in the opposite direction
from the human head.

As a result, the 1 g and 10 g peak averaged SAR values caused by the propoed antenna with two branch
lines for the meander structure was 1.09, 0.61 [W/kg] and measured antenna was 1.17, 0.62 [W/kg] as shown in
Fig. 4(a), (b). The measured 1 g and 10 g peak averaged SAR values of the proposed PIFA were similar with
the simulated values and were lower than the 1.6 W/kg and 2 W/kg of the 1 g and 10 g averaged peak SAR
limits.

Conclusion

In this study, it was demonstrated that a novel PIFA with two branch lines for the meander structure
can serve as a broadband internal antenna for IMT-2000/WLAN/DMB mobile handsets applications. In the
proposed antenna can be obtained the reduction of antenna length and broadband characteristic by using the
two branches meander line. A good agreement between the measurement and simulation of the proposed PIFA
mounted on the folder-type mobile phone has obtained. The SAR distribution and other antenna characteristics
are so variable as the change of the parameters for the simulation. And we obtained the broadband property
and the SAR reduction by this proposed PIFA, respectively.
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Internal Monopole Antenna Design for Multi-band
Operation and SAR Analysis

C. S. Shin, D. G. Choi, and N. Kim
Chungbuk Na’l University, Korea

J. I. Choi
Electronics and Telecommunications Research Institute, Korea

Abstract

In this paper, meander-line planar monopole antenna mounted on PCS/IMT-2000/WLAN handset for SAR
reduction is designed. Frequency characteristics and SAR value optimized with various design parameters are
analyzed and designed. Designed internal monopole antenna mounted on the handset is simulated. The 1 g
and 10 g peak average SARs of the internal monopole antenna are 0.656 and 0.387 W/kg respectively. And
the internal monopole antenna and external monopole antenna attached on the handset are tested. As a result,
the 1 g and 10 g peak average SARs of the internal monopole antenna are 0.686 and 0.356 W/kg. And results
the external monopole antenna are 1.33 and 0.812 W/kg, respectively. So the internal monopole antenna has a
about 50 % reduced SAR value in comparison with external monopole antenna.

Introduction

With the rapid growth of mobile communication technique, wireless communication devices are more minia-
turized and had multiband functions. And the antennas employed in mobile phones must have their dimensions
reduced accordingly. The internal antennas have several advantages over conventional monopole-like antenna
for mobile phones. They are less prone to damage, compact in total size and aesthetic from the appearance
point of view. Hence, small and low profile structures such as the planar antenna that can be mounted on
the portable equipment are becoming very attractive for the mobile communications. But, they must consider
about EMC/EMI and SAR problem. In particular, if the handset antenna radiates the energy in the direction
of the head then it will, as a consequence, increase the SAR. In this paper, we designed a novel compact internal
planar antenna for multi-band operation covering the PCS, IMT-2000 and WLAN(2450 GHz) bands.

Antenna Structure and Experimental Results

 

Figure 1: Geometry and return loss of proposed antenna. (a) Geometry and dimensions of the proposed low-
profile planar monopole antenna for PCS/ IMT-2000/WLANs operation. (b) Comparison of the simulated and
measured return loss on the optimized antenna.

Fig.1(a) shows the proposed antenna structure of 60mm × 23.5mm. We used FR4 substrate with the
thickness 1.6mm and relative permittivity 4.62. The main radiating part of the substrate is used of meander
line with 10 mm × 23.5 mm size. A 50Ω microstrip line is used to feed the monopole planar antenna, and is
printed on the same substrate. On the other side of the substrate, there is a ground plane below the microstrip
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feed line. Fig.1(b) shows the simulated and measured return loss results of the optimized antenna. The measured
bandwidths are 1.75∼2.25 GHz and 2.3∼2.6GHz.

By adjusting some parameters like antenna size, substrate thickness and relative permittivity, meander line
in this antenna structure, the operating impedance bandwidth for the PCS, IMT-2000, WLAN bands can be
obtained. Length variation of the meander line was used main parameter. Fig. 2 shows variation of the return
loss according to a function of N. N is defined number of bent slit. We optimized with increasing the number
of N. At this time, meander line thickness is reduced according to increase in number N because antenna size
is fixed. We obtained good result when the number of N is 4. In this study, operating resonant frequency and
bandwidth can be easily obtained by adjusting the meandering number.
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 Figure 2: Return loss according to a function of N.

 
(a) 1.9 GHz E-plane(yz plane)

 

(b) 1.9 GHz H-plane

Figure 3: Radiation patterns of the fabricated antenna.

Fig.3 is shown the radiation pattern at 1.9 GHz. In general, it has the omni-directional characteristic like a
mobile phone antenna and the maximum gain, 2.5 dBi is suitable for the mobile phone antenna.
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(a) SAR distribution profile         (b) SAR value variation by depth of human head 

Figure 4: Test result(Mounted internal monopole antenna on mobile phone).

SAR Computation and Test

The SAR, used in the assessment of mobile phones, is a measure of the amount of EM energy absorbed
by biological tissue. The SAR is obtained by measuring the electric field in simulated human tissues in close
proximity to the device and is calculated by the formula. In this section measured and simulated SAR value
of the proposed internal planar antenna is presented. The SAR of the internal antenna is modeled using the
commercial simulation tool SEMCAD based on FDTD. The advantage of using FDTD method is that it is
simple to implement for the complicated, inhomogeneous structures of mobile phone antenna and the human
head. The human head data consists of type of tissue using Tissue Dielectric Properties program provided by
FCC. Table 1 shows the electrical properties of the brain. The SAR value is influenced by input power, using
position of mobile phone, radiated power, distance between antenna and phantom.

Table 1: Electrical characteristics of human head phantom organization.

Tissue type 902 MHz 1,747 MHz Density [kg/m3]
εr S/m εr S/m

SAM liquid 41.5 0.97 40.0 1.40 1,000
SAM shell 3.5 0 3.5 0 1,000

For the simulation test, we designed considering some important elements as the phone case, key pad and
battery. A sine wave of 1.9 GHz is considered as the wave source. The 1 g peak averaged SAR is obtained
through normalizing the input power of the wave at 1 W. Also monopole antenna is designed to compare with
SAR of the proposed antenna. Table 2 shows the result according to the kink of the antenna typeaccording to
the antenna type and position. As a result, the lowest SAR value was detected at mounted internal antenna on
the down case of folder type phone.

Table 2: The Simulation results.

Antenna type SAR Guideline
Antenna position

Up case Down case

Internal
1.6 W/kg (1 g ave.) 1.125 0.656
2.0 W/kg (10 g ave.) 0.653 0.387

External
1.6 W/kg (1 g ave.) 1.206
2.0 W/kg (10 g ave.) 0.755

We tested the proposed antenna which was mounted in folder type phone. The test site condition was similar
to the simulation one. Fig. ?? shows result of the SAR distribution profile and SAR value variation by depth
of human head at mounted internal planar antenna. Fig. 5 is in case of the external monopole antenna. In the
internal antenna case, maximum 1 g average SAR value is 0.686 W/kg. On the other side, in case of external
antenna SAR is 1.33 W/kg. The SAR caused by the proposed internal antenna is about 50% lower than the
external monopole antenna.
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(a) SAR distribution profile            (b) SAR value variation by depth of human head 

Figure 5: Test result(Mounted external monopole antenna on mobile phone).

Conclusion

In this paper, a compact internal planar monopole antenna for PCS, IMT-2000 and WLAN bands has
been proposed. This antenna was simulated and measured for SAR reduction. A good agreement between
measurement and simulation has been obtained. The simulation is based on the FDTD method. We has also
been studied correlation between the internal antenna and EMC problem.
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Optimized Design Method of Microstrip
Parallel-Coupled Bandpass Filters with Compensation

for Center Frequency Deviation

H. L. Gan, D. X. Yang, and D. W. Lou
Zhejiang University, China

Abstract

An optimized design method is presented to compensate for the open-end effect in parallel-coupled microstrip
bandpass filters. The analysis of the relationship between center frequency deviation and microstrip open-end
effect is given. Based on the theoretical analysis, a design example of 10GHz bandpass filter is presented, which
has proved the validity of this method.

Introduction

With the rapid development of modern wireless communication technology, microstrip filters with high
quality and low cost have been widely used in microwave circuits. Consisting of a cascade of coupled stage, the
configuration of parallel-coupled microstrip bandpass filters is an attractive form. The traditional design method
[1] begins with lowpass prototype, includes frequency transformation and calculation for electrical parameters of
each coupled stage, and ends with the solution of physical microstrip dimensions. There are, however, two open
ends in each coupled stage. The edge field effects of these open ends are modeled as parasitic capacitances, which
result in resonant frequency deviation. In practice, it is common to introduce an equivalent end extra line with
length ∆l, which is cut off at each open end so as to bring the center frequency back to the desired value [1-3].
The value of ∆l is often estimated by experience or approximately calculated from empirical formulations [1, 2],
which could result in complex calculation and unavoidable error. In addition, the values of ∆l under even and
odd modes are different, and the formulations to solve them respectively are quite lengthy [4]. Consequently, it
is common practice to depend on EM simulators to determine the exact dimensions of the microstrip structures.

In this paper, it is shown in section II that the real center frequency (f ′
i) of the filter can be significantly

lower than its expected center frequency (fi). Multiple-port network analysis is carried out in section III to
obtain the relationship between equivalent capacitances at open ends and the resonant frequency of coupled
stages. The characteristics of f ′

i − fi curve are also discussed in this section. In section IV, a new multi-step
design method that no longer requires the value of ∆l is described, and a design example of a 10GHz bandpass
filter is given to show its validity.

Resonant Frequency of Coupled Stages

The basic structure of coupled-line stages in parallel-coupled microstrip bandpass filters is shown in Fig. 1.
It has an electrical length of θ, and even and odd mode characteristic impedances Z0e

and Z0o
, respectively.

When several stages are cascaded to form a multi-stage bandpass filter, the two ports of each stage should be
matched to adjacent ports of its previous and next stages.

Figure 1: Basic structure of a coupled-line stage.
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There are, however, two open ends in the coupled-line stage shown in Fig. 1. The edge field effects of open-
end microstrip lines are commonly modeled as equivalent capacitances Cf , which can be further substituted by
extra microstrip lines with length of △l, as shown in Fig. 2. Empirical formulations [2] point out that the value
of Cf depends only on the width of microstrip line and the height of substrate, and does not vary as frequency
or electrical length changes.

Figure 2: Equivalent circuit for an open-end microstrip line, (a) open-end microstrip line, (b) equivalent capac-
itance, and (c) equivalent extra length of microstrip line.

Assume that ideal coupled-line stage (no open ends) with length of l0 resonates at f0, while after open-end
equivalent capacitances are taken into consideration, the length of the stage increases to l0 +△l at f0, and it
would resonate at f ′

0 rather than f0. When resonating, θ = π/2, and f ′
0 can be solved as

f ′
0 = [1− 2 arctan(CfZ0f

′
0)

π
]f0. (1)

It is shown in (1) that, f ′
0 < f0, and if f ′

0 is plotted with f0 as the variable, the slope of the curve would
decrease as f0 increases. This fact indicates that the f ′

0 − f0 curve performs as a convex function.
The analysis above is based on the assumption that open-ended coupled-line stages with a length of l0 are

equivalent to ideal (without open ends) coupled-line stages with a length of l0 +△l. However, the two extra
lines with length of △l are only equivalent lines, and they are positioned at opposite ports, which means that
they are not really coupled to each other, and should not be included in the total length of coupled-line stage.
In that case, multiple-port network analysis is required to accurately examine the deviation between f0 and f ′

0

caused by open-end equivalent capacitances.

Equivalent Network Parameters Analysis

In order to derive its network parameters, the coupled-line stage is considered as a four-port network, as
shown in Fig. 3, where Zc is the impedance of Cf , and it is connected at both ports 2 and 4. According to [1],
the impedance matrix of the coupled-line stage can be written as

[
Z1 Z2

Z3 Z4

]
= − j

2

[
(Z0e

+ Z0o
) cot θ (Z0e

− Z0o
) cot θ

(Z0e
− Z0o

) csc θ (Z0e
+ Z0o

) csc θ

]
. (2)

In addition, at ports 2 and 4, V0 = ZcI0, V4 = ZcI4. The current and voltage equations at ports 1 and 3 can
be derived as

[
V1

V3

]
=

[
Z ′

11 Z ′
13

Z ′
31 Z ′

33

]
·
[
I1
I3

]
(3)

where,

Z ′
11 = Z ′

33 = Z1 +
(Z2

2 + Z2
4)(Z1 + ZC)− 2Z2Z3Z4

Z2
3 − (ZC − Z1)2

(4)

Z ′
13 = Z ′

31 = Z3 +
2Z2Z4(Z1 − ZC)− Z3(Z

2
2 + Z2

4 )

Z2
3 − (ZC − Z1)2

(5)

These are the 2-port impedance matrix elements of the coupled-line stage with open-end effect. At several
GHz, ZC ≫ Zi(i = 1, 2, 3, 4), the input impedance of the coupled-line stages with open-end effect can be again
derived as
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Zin =
√

[Z1 + Z3 + YC(Z2 + Z4)2] · [Z1 − Z3 + YC(Z2 − Z4)2] (6)

where YC = 1/ZC = jωCf . When θ = π/2, (2) and (6) give

Zin(π/2) =

√
1

4
(Z0e

− Z0o
)2 − 1

16
ω2C2

f (Z0e
+ Z0o

)4 (7)

It is shown in (7) that if Cf does not exist, the input impedance is Zin = (Z0e
−Z0o

)/2, which is exactly the
port transmission lines characteristic impedance Z0, and the coupled-line stage resonates exactly at θ = π/2.
However, the second term in the square root sign exhibits the effect of Cf . The electrical length at the real
resonant frequency f ′

0 could be assumed to be θ′, and Zin(θ
′) = Z0. Since |Zin(θ′)−Zin(π/2)| increases because

Zin(π/2) decreases as frequency goes up, it can be easily shown that |θ′ − π/2| also increases as frequency
increases. On the other hand,

f ′
0 =

θ′νp
2πl0

=
2θ′

π
f0, (8)

where ν0 is the phase velocity. Equation (8) shows that the slope of f ′
0 − f0 curve decreases when frequency

increases, which proves the convex function property of this relationship. And this conclusion is in well agreement
with that drawn in section II.

Figure 3: Network analysis model of a coupled-line
stage.

Figure 4: The simulated f ′
0 − f0 curve, compared

with a line of unity slope.

New Design Method and Example

Microstrip parallel-coupled bandpass filters are designed with traditional procedures without correction of
physical dimensions, to obtain relative bandwidth of 0.03, and center frequencies at every 1GHz between 5GHz
and 10GHz. The simulated results f ′

0 are plotted in Fig. 4, along with the expected center frequency f0. The
simulator is EMSight [6]. The f ′

0 − f0 curve shown in Fig. 4 proves that f ′
0 is always lower than f0, and

numerical details also show its convex function property, which agrees with the theoretical analysis.
If f ′

0 is set to equal the desired center frequency, and f0 is solved from (1), an optimized design frequency
f0 = f1 can be derived. Directly designing the filter with center frequency at f1 can ensure the real center
frequency locates exactly at that expected, and no effort is needed for corrections of physical dimensions.
However, this approach still requires the value of Cf in the solution for f1. With the help of modern EM
simulators, this procedure can be further simplified. A multi-step design procedure is introduced next.

Fig. 5 shows the method. The essence of this method is to raise the target center frequency in traditional
design procedures, so that the real center frequency will be a bit lower than that, and locate exactly at where
desired. In (5), the vertical axis denotes real center frequency f ′

0, the horizontal axis denotes designed center
frequency f0, and bold line represents the f ′

0 − f0 curve. Take the design procedures of a bandpass filter with
center frequency at 10GHz for example. The goal is to obtain the design value fi(C), which will be used as
the design goal in traditional procedures and the consequent filter has its center frequency at f ′

i(C)=10GHz.
In Fig. 5, the intersection point of f ′

0 − f0 curve and f ′=10GHz horizontal line indicates the point of C. The
detailed steps are as follows:

1) Design the filter at 10GHz with traditional procedures.
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2) Use EM simulator to determine its real (simulated) center frequency f ′
0(A), which is shown as point A on

the bold line in Fig. 5.

3) Connect the origin point and point A, and extrapolate this line to intersect with horizontal line f ′ = 10GHz.
The abscissa value of this intersection point is f1(B), and this is the second design frequency. Design the
filter at this frequency in traditional procedures again, and EM simulator is used again to obtain the
second real (simulated) center frequency f ′

1(B). f1(B) and f ′
1(B) determine point B. As f ′

0 − f0 curve
shows convex function property, point B is bound to be between point A and C.

4) If f ′
1(B) is still away from 10GHz, then points A and B can be connected and extrapolated to intersect

with f ′ = 10GHz horizontal line, with the abscissa value of intersection point as a new frequency for
designing. Then EM simulator decides real (simulated) center frequency again. Repeating this procedure,
new points D, E, and so on can be determined, and they are bound to locate between their previous one
and C, and getting closer and closer to the goal point C, due to the convex function property.

The design equations are summarized in (9) and (10), where f denotes center frequencies to design at with
traditional procedures, while the apostrophe indicates its corresponding simulated value. The subscript 0 is for
point A, 1 for B, and i for any subsequent point.

f1 = f2
0 /f

′
0 (9)

fi+1 = fi +
(f0 − f ′

i)(fi − fi−1)

(f ′
i − f ′

i−1)
(10)

This method was used to design a parallel-coupled bandpass filter with relative bandpass of 0.03, center
frequency at 10GHz, and ripple of 0.01dB. The lowpass prototype has N=5, and substrate parameters are
εr=9.8, H=1.2mm. Traditional design procedures are taken without any correction to microstrip physical
dimensions, and EMSight [6] gives the simulated result of center frequency at 8.85GHz, as shown in Fig. 6.
According to (9), the next frequency to design is 11.30GHz. Traditional procedures are taken again, resulting
in a simulated center frequency at 10.0GHz, which is fairly satisfying, as shown in Fig. 6.

Figure 5: Multi-step design method based on f ′
0−f0

curve.
Figure 6: Simulated results using multi-step design
method.

Conclusion

This paper begins with the resonant condition of microstrip coupled-line stages. The relationship between
f ′
0 and f0, equation (1), is then established. Network analysis is then carried out to prove the convex function

property of f ′
0−f0 curve. Based on these theoretical discussions, a multi-step design method is presented, which

could circumvent the difficulties encountered in the design of microstrip parallel-coupled bandpass filters when
determining open-end parameters Cf and △l, and compensate for the center frequency deviation with the help
of EM simulators. Its validity is proved by a design example of a filter at 10GHz with relative bandwidth of
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0.03. This new method presents a new practical way to design microstrip parallel-coupled bandpass filters with
higher efficiency and accuracy.
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The GPR Technology on the Seismic Damageability
Assessment of Reinforced Concrete Building

G. Angiulli, V. Barrile, and M. Cacciola
University “Mediterranea” of Reggio Calabria, Italy

Abstract

Use of Georadar methodologies and techniques has a big relevance in scientific environment, due to its
potential in various fields of application. The aim of this paper is to show operational methodologies as obtained
result of developing an application of radar techniques for:
− Civil Engineering applications, with special regard to determining the internal morphology, the lack of

homogeneity, defectiveness, and the location of the steel reinforcements within concrete;
− Preventive characterization of soils and contextual mapping of subsoil, with a particular reference to

structural safety.
The test area is in southern part of Reggio Calabria, Italy. The system (RIS/S system) is composed of an

acquisition apparatus and an computation system , seems to give good planimetric and 3D results in terms of
objetct localization and positioning.

Introduction

Ground Penetrating Radar (GPR, also called Georadar), is an apparatus used on subsoil to survey structures
and manufactured articles. Applied to the introspection of ground [11, 12, 13], GPR is, in general, a technique
that can reveal in a non-destructive and non-invasive way the presence and position of buried objects using
the phenomenon of the reflection of electromagnetic waves. The technology is based on the same principle as
conventional radar systems, but with a few meaningful differences. The GPR [3, 12] generally works on distances
of few meters (resolution declared by manufacturer company is in the order of dozens of centimeters) and not
on many kilometers (resolution on the order of the dozens or hundreds of meters) as in conventional radars.
Because in Civil Engineering applications the involved test distances of a structure are short [1] and we want
to obtain good-resolution data, the GPR antenna cannot have a too high frequency.

Recently GPR technology is used for periodic inspection and maintenance of the reinforced concrete and
masonry structures and it is an important means for the inspection of civil structures [2, 3, 4].

In following sections, we show operative methodologies and results obtained by a practical application of
these methods: service mapping with a preventive maintenance of analyzed soils, and surveying of embedded
structural elements.

1. The Georadar Technology in Civil Engineering

Localization of reinforcing bars in concrete is one of the most widespread applications of GPR in Civil
Engineering. As known, the functioning law of the georadar techniques bases itself on sending of short duration
electromagnetic waves and on recording the arrival time and the strength of possible reflected signals due to
the interface between materials with different dielectric constants. This technology has appeared particularly
efficient in the surveys of non-electroconductive materials and in the revelation of the presence of metallic
objects inside the same materials. Survey times are relatively short; this allows the survey of high dimension
structures. The result of a GPR relief is a radargram. The propagation velocity of radar wave inside the
material, dimensions that represent the movement line of antenna. The time interval (wave propagation time)
can be transformed to a space dimension (depth). These surveys are conducted on existing structures in which
it is difficult sometimes to obtain any structural information. The radar technique allows to establish number,
position and, by means of the integration with other instruments (i.e. pachometer), diameter of all steel bars
in the surveyed element. It also allows the location of possible cavities both in reinforced concrete structures
and in masonry structures without the slightest inconvenience. The electromagnetic impulse technique offers
the advantage of a portable equipment and the capability to detect rapidly large areas from one surface in a
completely nondestructive and non-invasive way. Furthermore no special safety precautions are required during
its employment. One of the main difficulties with the use of GPR is that the results are very difficult to interpret
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and a skilled technician must be required to produce a reliable end result [5, 9]. Signal frequencies are typically
between 500 MHz and 2.5 GHz for practical applications. Generally, for structures inspections, antennas with
central frequencies above 1 GHz are used[3].

Concerning mapping of subsurface and subsoil characterization, the surveying process consists of the follow-
ing steps: cartographic relief, if requested(if it is not requested, verification and possibile correction of available
cartography); setting of a reference system; geological relief and possible manhole-covers’ location; integration
of cartography with known elements (manhole covers, etc.); execution of longitudinal and transversal scannings
in order to research services; execution of longitudinal scannings for soil characterizations, if requested; verifica-
tion of penetration depth reached. While precision in identification of subsurface is well known literature, more
attention must be given to identification techniques of soil characteristics. Both conductivity and permittivity
have, in fact, a real and an imaginary component, both depending on frequency. Moreover, imaginary compo-
nents take up greater relevance when greater water contents is. In scientific surveying, from a real impulse we
can identify crossed objects, and we can obtain their electrical characteristics. Modelling processes (which could
require extremely detailed input parameters) often use soils with so much favourable dielectric characteristics
that the applicable problems are very small. So, in geophysics interpretation during the modelling phase, we
create a signal which characteristics are defined according to the structure/model of surveying. Then, the algo-
rithm runs in a inverse way in order to extract a model from dielectric characteristics of a real structure. Using
routines, mean values of relieved parameters (used for characterization) are often indicatives and not definitives,
since they often require other surveys for a definitive characterization.

2. The Equipment and the Data Elaboration

The inner surveying radars on the market notably differ in their composition and characteristics, but they
are almost always composed from two apparatuses: Acquisition Apparatus (AA) and Elaboration Apparatus
(EA).

The AA is generally constituted by: Antenna Unit (include one or more antennas, each of them integrates
a transmitter, a transmitting and receiving dipole and a receiver; a metric wheel to measure of position and
the control of data acquisition; a remote control for the remote pilotage of the radar functions; a mechanics to
move the Unit); Control Unit; Supplying Unit.

The EA is generally constituted by: Elaboration Data Unit (PC or Work Station with elaboration, visualiza-
tion, data storage functions); C.A.D. Elaboration Unit (PC with CAD software to realize the cartography of the
site and to generate final products); Printing Unit. The IDS RIS/S system is used in both the acquisition phase
(it allows for different configurations and acquisition methods) and in the elaboration and restitution phase.
The instruments used (IDS RIS/S system) provide specialized hardware solutions for structural investigations,
subsoil analysis and soil characterizations, which require a very high level of resolution. The results were ac-
quired and analyzed using the RIS system acquisition and elaboration unit, each one by specific antennas and
software for data acquisition and elaboration, according to the kind of analysis (structural, subservices, soil char-
acterization)desired. Moreover, specific functions of data elaboration (i.e. filtering operations) are implemented
in Matlab. After the data acquisition, GPR analysis follows the classical elaboration phases: geometrization,
visualization (A-Scan C B-Scan C C-Scan), pre-elaboration of raw data (DC filter - normalization - substraction
of mean), gain techniques, velocity analysis (NMO), stack, migration, filtering operation in order to clean each
signal section from low and high frequencies, and a final interpretation of retrieved results.

3. GPR Application to Location of Subsurface and Soil Characterization

After starting the radar scanning activity, we collect as much useful informations as possibile, so it is possible
to draft a “technical cartography” (Fig. 1). The radar analysis of soil characteristics was led through a dedicated
multipole array, which is able to acquire both co-pole as cross-pole sections. Specifically we used:

− configurations of medium frequency (MF) array (400÷600 MHz) in order to acquire characteristics of soil
inner the range of 0÷1.5 meters;

− mixed configurations for MF (400÷600 MHz) and low frequency (LF) (100÷300 MHz), in order to acquire
characteristics of soil inner the range of 1.5÷3 meters.

Moreover, we did a longitudinal scanning along the dig-band axis, with opportune core borings in order to
verify results of radar survey. In order to recognize the target type (punctual, linear or distributed objects),
more parallel scannings are used. So arrays of antennas are used. They acquire, with only one scanning, more
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sections. Usually, with only one scanning, up to 8 radar sections are acquired: 6 monostatics and 2 neighboring
bistatics. Then, acquired data are filtered, and we can establish type, dimensions and depth of pipings inner
the considered area. Moreover, we can find distances among pipings, giving a classification of soil. All these
results was represented by a CAD tool, obtaining a detailed description of our work (Fig. 3). According to
Italian CSELT Table [14], surveys allow to characterize the soil as “mixed” (prevalently S1 and partially S2).

Figure 1: Section of technical cartography

Figure 2: a) Detailed planimetry; b) Longitudinal section of planimetry

4. GPR Application to Structural Analysis

Concerning the GPR application in Structural Engineering, the radar technology is employed to characterize
the position of principal (longitudinal steel bar) and secondary (stirrups) steel reinforcement bars enclosed in
beams and columns of “ancient” reinforced concrete structures. The objective of the investigations was to assess
the seismic vulnerability of the building. Therefore, a GPR analysis has been performed with the purpose to
investigate on the consistency of structural elements and for a mechanical characterization of the basic materials
employed (steel and concrete). The developed analysis (monostatic acquisition) consists of using a single high
frequency antenna for high resolution investigations (1600 MHz); the antenna goes at a crawl on the surface
of surveyed structural element. In particular, the real scanning phase, (in which longitudinal and transversal
scannings are implemented), follows that the execution of dimensional relief of the parts object of surveying
(fixing an opportune reference system. The analysis ends with data elaboration according to classic model
showed on Section 4. With the use of the technique described above, it has been possible to obtain detailed
informations about positioning and number longitudinal steel bars and stirrups enclosed in structural elements
of the considered building. It was also possible to obtain concrete covers and step of stirrups. Concrete could be
regarded as isotropic medium in reinforced concrete structure, but the rebars would be regarded as abnormal
objects. Radar wave would be sharply reflected at the interface between rebar and concrete because there is a
strong abnormality between the two mediums. In particular, technology used allowed us to characterize number
and position of longitudinal steel bars enclose in structural elements; to obtain number and position of possible
voids; to derive stirrup steps; to verify the accuracy of geometric dimensions of structural elements; to verify a
possible presence of faults due to a bad execution of concrete casting.

In order to complete radar surveys, other information, concerning the whole characterization of surveyed
structural elements (i.e. diameter of metallic bars), are obtained by a co-working between Pachometers obser-
vations and the same radar surveys. Concrete Pachometers are based on the eddy current principles. It is able
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to calculate automatically and immediately the diameter of reinforcement bars by two different and advanced
features: “Cover Measurement” - the sensors in the covermeter probe measure the concrete cover and estimate
rebar diameter; “Orthogonal Sizing” - the covermeter accurately measures the diameter of a single reinforcement
bar. At some positions, the concrete was removed to verify the radar results: the scanning resolution in the
distance between centers of two distinguishable rebars was within 80 mm, the accuracy of in-plane location was
within 10 mm, the measurement accuracy of cover depth was within 10 mm, while the measurement accuracy
of rebar diameter carried out by combined radar technology and concrete pachometer observations was within
±1.0 mm.

4.1. The columns of first floor

The results of the conducted investigations on pilars of the first floor are showed on Table 1 and on Fig. 3.
In particular Table 1 shows the geometric property of columns, their length, the number and the diameter
of stirrups, the number and the diameter of longitudinal steel bars and the concrete covers. As we can see,
the columns contain: 4 or 6 longitudinal steel bars with concrete cover of 40mm ± 10mm; stirrups uniformly
distributed in the length and spaced from 0.20 to 0.40 m.

4.2. The beams of first floor

Fig. 7 contains the results of investigations conducted on the beams of first floor. The beams, 0.30 deep and
0.40 mm high, include 4 longitudinal steel bars ø16 with concrete cover of 30mm ± 8.75mm, a moulded steel
bars ø16, and about 15 stirrup ø8.

Table 1: Results of column scannings

Number
Column

Geometrical
dimensions
[m]

Length
[m]

Stirrups
[#]

Diameter
Stirrups
[mm]

Longitudinal
steel bars
[#]

Diameter
longitudinal
steel bars
[mm]

Cover
depth
[mm]

1,2,5,7
19,20,21

0.60×0.30 3.20 11 8 6 16 40

3,4,6 0.50×0.30 3.20 10 8 4 16 40

10,11,14,
15,16,17

0.50×0.30 3.20 10 8 4 16 40

13,22 0.60×0.30 3.20 11 8 4 16 40

8,9,12 0.60×0.30 3.20 11 8 4 16 40

Figure 3: Georadar elaboration and final analysis relatively to Columns 19 and 20, and to beams 8-9 of first
floor

6. Thermal Pinnacle

Another specific case is a thermal pinnacle found in the sea surface thermal pattern which is obtained after
processing the satellite signals directly received. This thermal pinnacle shows that the peak of the apparent sea
surface temperature is higher than ten degree with a side robe. This thermal pinnacle is also understood by a
focusing of the beams out of the sea surface at the sensor on the satellite. The author has introduced several
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cases similar to what he has found in the sea surface thermal pattern. This thermal pattern has boldly a conical,
so that it is hard to take the apparent high temperature at the pinnacle as an electronic processing error.

Conclusion

The analysis confirm that GPR can be successfully used for mapping subsurface and soil characterization,
as for structural surveys, with the big advantage of a fast execution. In this study the methodology used
has consented to understand many aspects of the structural elements investigated: homogeneity, defectiveness,
presence and number of longitudinal are transversal steel bars. This information is very important on the global
interpretation of experimental tests and on the evaluation of seismic vulnerability degree of the structures.
This technology is very advanced non-destructive, and provide structural information with elevated resolution
and seems to be able to provide good planimetric and three-dimensional restitution with regard to location and
placement. In order to optimize positioning precision, raw-data filtering techniques used in this application, seem
to have particularly good performance. Good results were obtained also in subsurface identification. Further
analysis could led to identification of soil characteristics. In fact, GPR methodology is quick but not friendly:
inappropriate use can provide much warped results. So, it is necessary to evaluate a priori the applicability
fields of this method and to remember this the georadar methodology is a complex (indirect) geophysical method
that requires an accurate analysis and modelling, above all when behaviors of materials are far from dielectric
behavior.
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Abstract

The high congestion at the airports, due both to the increase of air traffic demand and the lack of significant
intervention on the infrastructures, and the need to guarantee a high safety level in the airport areas ask for
more intensive studies concerning the problem of the ground circulation in an airport area. Particularly, high
traffic airport areas must be continuously monitored in order to know at each time the position of all the
moving objects, land vehicles and aircrafts, on the ground (aprons, taxiways, runways). Recent solutions used
to resolve the problem of object positioning move towards the use of GPS apparatus. In this work, a system that
integrates GPS and Geographical Information System is proposed for monitoring the airport areas, following
the new requirements of Intelligent Transport System (ITS) applications and with an innovative communication
network among GISs.

Introduction

The ground movement control system plays an important role for the estimation of the airport capacity; in
fact, it establishes the time and/or space minimum separations that has to be guaranteed between two aircrafts
during the landing/take off operations. In order to guarantee safety conditions to the ground vehicle movements
(not only aircrafts, but also land vehicles as bus for passenger transfers, luggage and refuelling vehicles, and so
on) suitable separations has to be ensured among them as during the flight. The risk linked to interferences
among aircrafts and/or vehicles during ground movements is still high with respect to the suitable standards
for the system.

The safety problem of the ground operations has been also studied by a simulation approach [5], in order
to verify the incidence of the airport configuration on the ground movement operations. At present, the so-
called Surface Movement Ground Control Systems (SMGCSs) can be used to control the ground circulation in
order to guarantee suitable safety standards and manage in an optimal way the ground movement. Actually,
the SMGCSs are mainly based on radar systems and/or underground detectors. Limits of radar systems are
linked to the wave propagation system and to the reflections generated by adverse meteorological conditions,
that reduce their efficacy; as regards the detector systems, they can detect the movement of the vehicles (both
aircrafts ad land vehicles) only at specific points, because they are located in prefixed points on the ground.
Moreover, in spite of technological progresses, the actual system can neither locate and identify the moving
vehicles with the needed accuracy nor convert the signals acquired by detectors in analogical data to be used
in an automatic computing system. It is due by using of only one kind of technology, and it is confirmed by
continuous occurring of accidents due to insufficiency of the technological systems and wrong communications
between pilots and tower operators. For this reason different systems have been studied in order to integrate
the radar control with other apparatus, also by using completely different technologies to guarantee both the
ground movement safety and the airport capacity increase. In this paper, an integrated approach GPS-GIS
will be described; its goal is to provide a surveillance and guidance system for the airport ground movement;
the GPS component is used to establish the aircrafts position in real time while the GIS component is used to
manage and depict the geographical information of the aircrafts position.

1. Requirements of a Ground Air Traffic Control System

An Advanced SMGCS (A-SMGCS), as defined by ICAO [3], must answers to these requirements: surveillance
function; routing function; guidance function; control function. The surveillance procedures must be directed
to the identification and location of aircrafts and land vehicles within the airport area. Because they are based
in most cases on the criterion “see and be seen”, they should be unsafe when the external conditions do not
permit a good visibility (e.g., in presence of fog) or the traffic density is quite high. The routing function must
be directed to plan and assign a path to each moving aircraft and land vehicles in the airport area in order to
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assure a safe, quick and efficient movement from its current position (origin) to its final position (destination).
At this time, the routing is provided via radio communications to pilots (or to drivers for the land vehicles);
paths are established by the tower operators, on the basis of the visual observations from the tower and the
knowledge of the airport landside. An advanced function of routing must consider the opportunity to change
the path at each time, plan all the paths for aircrafts and land vehicles for each traffic condition, interact with
the tower to minimize all possible conflicts at the intersections, answer quickly to path requests of all users. The
guidance function must be directed to provide pilots (and drivers) with suitable, unequivocal and continuous
information about the path to be followed and the speed to be maintained to continue safely; at this time, the
control function is realized by means of visual aids. Finally, the control function must guarantee from each
possible collision and runway incursion, and assure safe, quick and efficient movements in the airport surface
area. At this time, the control function is under the responsibility of both pilots and controllers, following
the rule “see and avoid”. An advanced control function must be able to support the ground movements in
any traffic condition and the required movements for up to one hour; it must be able to find conflicts and to
provide fast solutions to avoid them; it must be able to verify that the required safety distances are kept and
advise if they reduce by a minimum value. Similarly, it must advise in case of runway or other restricted area
incursions by means of suitable alarm systems; it must coordinate driver and pilot actions; spacing aircrafts to
ensure minimum delay and maximum utilization of the airport capacity; finally, it must separate movements
from obstacles, secure areas and restricted areas.

2. Global Positioning System (GPS)

The NavSTAR GPS (Navigation Satellite Timing And Ranging Global Positioning System) system was
originally borne in USA for military purposes; it allows the three-dimensional positioning of objects (also
moving) to be identified by means of information coming from a geostationary satellite system by using distance-
measuring spatial intersections (ground receiver - orbit satellite). Mainly two kinds of GPS measures can be
used [2]: the pseudo-range and phase measures. The first ones are used above all for navigation assistance, while
the second ones are used in all applications for which a greater accuracy is required, as the land deformation
control. The relative (RTK) positioning are particularly useful to continuously control in real time the moving
means of transport; in this case, the measure (Cartesian coordinates of the baseline vector between the known
master station and the rover station referred to the vehicle to be positioned) must be initialized and the satellite
visibility must be guaranteed during all the time of the positioning measure. In detail, RTK measure requires
two receivers, which simultaneously register observations; it is possibile that rover receiver calculates its position
in motion. The RTK technique uses double-frequency GPS surveys (L1/L2) and it si tolerated the signal loss
from the satellite. Focusing our attention on receivers, one is placed in a known place, and the other is placed
on a moving object/platform. If the survey is led in real time, a link to transfer data and a microprocessor are
requested. Communication link is used to transfer raw data form the reference station to rover one. RTK relief
are precise inner the 10 centimeters when rover-master distance is not greater than 20 kilometers. However,
since GPS system can be affected by observation errors (i. e. variation of position of antenna phase center),
the acquisition system must be equipped with a firmware for the on-the-fly (OTF) initialization with a moving
rover in case of temporary loss of the signal and suitable links among the acquisition stations (master and rover)
to obtain in real time the correct transmission of the data, following given protocols.

3. A GPS-GIS Approach for the Air Traffic Ground Control Problem

In this section an integrated GPS-GIS system is proposed for monitoring the airport areas, following the new
requirements of Intelligent Transport System (ITS) applications. ITS applications use telematics technologies
and data processing methods to obtain an “intelligent” management of the transport system in terms of efficiency,
safety and environmental aspects. GISs are an essential support to plan, manage and depict all useful information
related to the examined system, and particularly many applications have been made (and some other can be
thought) also in the transport field [1]. The system here proposed involves both the GPS and GIS systems
in order to obtain an efficient, safe and quick management of the vehicle movements at an airport area (both
aircrafts and land vehicles). In facts, thanks to GPS systems, the actual trace of the aircraft (or land vehicles)
can be followed (by means of transmission and updating of the navigation data in real time), while the GIS
system allows the geographic information and the position to be managed and visualised (by means of the
implementation of suitable software functions to resolve the problems of perception and management of the
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information and to update in real time the acquired data). Particularly, the proposed system (Fig. 1) considers:

• location and position of aircrafts and other moving vehicles in aprons by GPS and transfer of data referred
to its position (other data measured by different sensors can also be considered);

• management and data processing operating in a GIS system;

• re-transmission of information to the aircrafts/vehicles by a communication system based on IEEE 802.11b
protocol.

 

Figure 1: The GPS system to detect the moving vehicles on the ground

3.1 Components of Our System

The main components of the system are:

• a Master Station (MS) of known coordinates, which can communicate to each rover by means of a 440
MHz radiomodem and can or cannot coincide with the control centre;

• a RTK-OTF device, located on each moving vehicle (rover); it has to detect real time position and must
be able to communicate with the MS in real time; it is equipped with a display, connected to a network of data
transmission, where on a cartographic support is showed the path to be followed;

• a control centre equipped with a data reception system, a GIS system for visualising and processing the
data and with a data transmission system that returns the information to the aircraft (Fig. 1).

• a communication system based on IEEE 802.11b protocol, used to transfer GIS informations from MS to
rovers and vice versa.

Then, our system is based on a client-server configuration, with moving clients (aircrafts and vehicles) and
a control centre as server able to measure in real time the client position, showing the position to the server,
re-transmit the view to the client.

3.2 The GPS Module

Each GPS device, autonomous and supplied by suitable batteries, is characterized by a system able to receive
and apply a real-time correction in terms of code range and/or phase, initialize the measure (OTF firmware
to initialize quickly or during the movement), compute the object position in real time, memorize and store
the coordinates and transmit the memorized data to the control centre according to international protocol
(NMEA). Concerning the OTF firmware in order to solve the phase ambiguity resolution on-the-fly, RTK-OTF
technology allows remote receiver initializes and solves integer ambiguity on baseline calculus without a period
of static initialization. With RTK-OTF, if cycle-slips occur, the initialization can happen in motion. Integers
can be solved by rover in 3-10 seconds: all depends by distance from reference station. RTK-OTF uses L2
frequency, transmitted through GPS satellites in ambiguity resolution. After integers are solved, only L1 and
C/A frequencies are used to compute position.

3.3 The Control Center and the GIS Module

The control centre, whose aim is the real-time view of the movements of the vehicles/aircrafts on ground, is
characterized by a GIS modulus realized to manage the monitored information; it works on a cartographic map
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that reproduces the airport ground area and is equipped in order to acquire, re-process, return and re-transmit
positioning information on a digital base.

GIS of control tower’s station, other than monitoring operations, includes other advanced functions to
manage the traffic on airport runway; these allow to do:

• “pre-routing” operations: the control system aids the personnel to path definition which will be followed by
vehicles, in order to optimize the runway occupation, minimizing usage times and at the same time guaranteeing a
high safety degree; moreover, into the “pre-routing” operations, GIS considers geographical position of airport,
time period to plan, meteorological forecast, in order to predict availability and reliability of GPS measures
(number of satellites, DOP, etc.), so that to trace for each target paths adequate to fixed security range;

• real time operations of path modification: in an automatic or semi-automatic way, GIS can modify paths
fixed on “pre-routing”, and can signal these corrections to pilots/drivers of various vehicles, so that they converge
in a “maximum safety position” if there is a fault of any part of GPS-GIS system, i. e. the sudden non-availability
of GPS measures;

• the storage, with date and time, of each path (or its correction) linked to whatever vehicle; so that, it
is available a real GIS “space-time”, which is able to make an off-line analysis of historic trends in order to
better sharpen the parameters which will be used during ”pre-routing” phase; in other words, system for path
identification learns from events occured in past e managed by the same GIS. Moreover, crossing over the vehicle
movements “in a visual way”, it would be simple to find possible responsibilities in case of accident.

3.4 The Data Transmission

Since that we described above, it is clear that it has to exist a GIS Slave over each aeroportual vehicle more
than a GIS on control station (GIS Master); the aim is to view, on a graphic console (Fig. 2), the path of
the same vehicle and the positions of possible neighbouring vehicles. The GIS Slave does not make any path
elaboration, but it draws paths executing GIS Master’s instructions (see section 3.3).

 

Figure 2: Graphic visualization on ArcView software

Communication architecture between the GISs must be linked to a hardware/software structure, which has
to be reliable, unfailing, and above all available in whatever point on runway is the mobile vehicle. IEEE 802.11b
is the best and cheapest communication protocol for these requirements. Generally, it is used to build WLAN
linking computers located on a maximum distance of 100 meters each other; but it could be cover adequate
distances for our application using opportune power levels, special transmission channels, and high-gain directive
antennas. On detail, communication among various GIS Slaves and the GIS Master can count on a system (Fig.
3) composed by:

1. omnidirectional wireless antennas 802.11b, placet on each mobile target;

2. directional wireless antennas 802.11b, located on opportune points of runway, in order to cover the area
of interest, even in a redundant way;

3. coaxial cables which link the directional antennas to GIS Master;

4. some hardware gateways, to which are directly linked the directive antennas and which manage the
communication between link Wireless and coaxial cable.



312 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Naturally this system allows GPSs located on each vehicles to transmit the NMEA codes to GIS Master,
which uses them with other informations in order to calculate and transmit paths to GIS Slave. Therefore,
according to our standards, no vehicles can directly access to GPS data in order to know its position. This
kind of control centralization allows to manage optimally even the more critical situations: in fact, only the
GIS Master, being able to cross various kind of data, can notice an even if improbable anomaly in coordinates
returned by a GPS, and order to corresponding GIS Slave the visualization of deviation towards an alternative
“maximum safety position”.

 

Figure 3: Schema of data transmission

Conclusion

The system described before has been tested on a small private aeroplane, during the taking-off operations.
Even if it is still under test, because more moving vehicles, higher taking-off speeds and different solutions to
communicate data between the different apparatus are now testing, however the results are very encouraging.

Some problems could verify during the landing operations, given the possible GPS signal latency due to the
high involved speeds and then the impossibility to visualize the aircraft in real time. In any case, more tests
and more work need in this field due to the importance of the topic involving the human safety.
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Abstract

Because of the need of many engineering applications, the researches of rough surface scattering has attracted
many researchers’ attentions for a long time. In this paper, the method of time domain integral equation (TDIE)
is used to analyze the characteristics of transient scattering from two-dimensional dielectric random rough
surface. The TDIE is computed numerically by using moment method with marching-on-in-time algorithm.
Transient scattering from 2-D dielectric random rough surface when illuminated by different polarized pulse
tapered wave are computed, and the numerical results are compared with scattering from dielectric plate of the
same size.

Introduction

Until relatively recently most researches of rough surface scattering has taken place in the frequency domain
(FD) [1]. Since the beginning of computational electromagnetics (CEM), there has been a steady growth in time
domain (TD) modeling. Besides physical interpretability, for certain problems, fewer arithmetic operations are
required when performed in the TD [2]. Lawrence Carin analyzed the scattering from objects buried below a
rough surface using the time domain differential equation method. With the advance of the ultra wide bandwidth
(UWB) technology, the research of the characteristics of scattering from rough surface is a project with great
value of application. But there are so few papers about this topic, especially for large-scale surface scattering.
In this paper, the method of time domain integral equation (TDIE) is used to analyze the characteristics of
transient scattering from two-dimensional random rough surface. The TDIE is computed numerically by using
moment method with marching-on-in-time algorithm. In this work, an efficient, accurate and stable numerical
solution is developed for the TDIE. The two-dimensional rough surface was approximated by a set of triangular
patches. We use the triangular patch modeling and The RWG vector basis functions. The solution is based on
the Galerkin’s testing in space and marching-on-in time method. It has no matrix storage thereby eliminating
the expensive inversion step. Furthermore, the method employs a special averaging procedure to control the
late-time oscillations .The diffractions of artificial edges are eliminated by introducing pulse tapered wave as
the incident wave. Specifically, a TDIE model for Transient scattering from 2-D dielectric rough surface is
developed.

his paper is organized as follows: Section 1 describes the time domain integral equation formulation and the
numerical solution procedures are presented. Section 2 describes numerical results. Finally, our conclusions are
presented.

 
Figure 1: Transient scattering from 2-D dielectric rough surface
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Section 1

The scatterer has material parameters of µe and εe, and exterior to the body is a homogeneous medium
with parameters µe and εe. Exterior to the body, the total fields are designated by Ee and He, whereas interior
to the object the fields are given by Ed and Hd. Employing the equivalence principle, the rough surface may
be replaced with two sets of electric (Je, Jd) and magnetic (Me, Md) currents. By enforcing the continuity of
the tangential electric and magnetic fields at the dielectric interface, we derive the following integral equations:
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′, t−R/cv)
∂t

1

R
ds′ = − 1

4πεv

∫

S

∇′
s · J(r′, t−R/cv)

R
ds′ (5)

ψmv (r, t) =
∂φmv (r, t)

∂t
=

1

4πµv

∫

S

∂qms (r′, t−R/cv)
∂t

1

R
ds′ = − 1

4πµv

∫

S

∇′
s ·M(r′, t−R/cv)

R
ds′ (6)

φev(r, t) =
1

4πεv

∫

S

qes(r
′, t−R/cv)
R

ds′, (7)

φmv (r, t) =
1

4πµv

∫

S

qms (r′, t−R/cv)
R

ds′, (8)

The formulation described so far is popularly known as PMCHW formulation. v = e or v = d. R = |r− r′|,
the distance from the field point, r, to the source point, r′, and cv is the velocity of the wave propagation in
medium v. qes and qms is the electric and magnetic surface charge density, respectively. This formulation is
computed numerically by using moment method with marching-on-in-time algorithm.

First, we approximate the arbitrary body by a set of planar triangular patches and choose the RWG basis
functions fm.

Then, we divide the time axis into equal intervals of ∆t.The time basis function Tj(t) is

Tj(t) =

{
cos2(

π

2

t− tj
∆t

) |t− tj | ≤ ∆t

0 otherwise
(tj = j∆t) (9)

We now approximate the electric and magnetic currents as

J(r, t) =

+∞∑

j=−∞

N∑

n=1

In,jfn(r)Tj(t) (10)

M(r, t) =

+∞∑

j=−∞

N∑

n=1

Mn,jfn(r)Tj(t) (11)

We test Eq.(1) and Eq.(2) with the same fm and approximate the time derivatives of the potential functions
by finite differences to obtain

< fm, L
E
v (J,M) + LEd (J,M) >=< fm,

∂Einc(ti)

∂t
> (12)

< fm, L
H
v (J,M) + LHd (J,M) >=< fm,

∂Hinc(ti)

∂t
> (13)
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where,

LEv (J,M) =
Av(r, ti+1)− 2Av(r, ti) + Av(r, ti−1)

∆t2
+∇ψeV (r, ti) +

1

εv
∇×

[
Fv(r, ti+1)− Fv(r, ti)

∆t

]
(14)

LHv (J,M) =
Fv(r, ti+1)− 2Fv(r, ti) + Fv(r, ti−1)

∆t2
+∇ψmV (r, ti)−

1

µv
∇×

[
Av(r, ti+1)−Av(r, ti)

∆t

]
(15)

After the Galerkin’s testing procedure, we follow a few mathematical steps [3]. Furthermore, choosing
∆t ≤ Rmin/max(ce, cd) and taking all known quantities to the right, we may solve the equations explicitly to
compute the only unknown Im,i+1, Mm,i+1 by marching-on-in-time algorithm without the matrix storage:

αeIm,i+1 =< fm,
∂Ei

∂t
− L–Ee (J,M)− L–Ed (J,M) > (16)

αmMm,i+1 =< fm,
∂Hi

∂t
− L–He (J,M)− L–Hd (J,M) > (17)

To overcome the late-time oscillations, we use an averaging scheme [4]. The electric and magnetic current is
averaged respectively as

Ĩm,i =
1

4
(Ĩm,i−1 + 2Im,i + Im,i+1) (18)

M̃m,i =
1

4
(M̃m,i−1 + 2Mm,i +Mm,i+1) (19)

Section 2
Fig.1 shows a rough surface(1.5m×1.5m, εr = 2.0 immersed in air) with rms height 0.2m and the correlation

length in the x and y direction both 0.2m. An observation plane(0.75m×0.75m) is set above the rough surface,
at a height of h=0.1m.

In this section, we discuss transient scattering from 2-D dielectric rough surface when illuminated by different
polarized pulse tapered wave. The diffractions of artificial edges are eliminated by introducing pulse tapered
wave as the incident wave[5].

E(x, y, z, t) = 2Re
{ ∞∫

0

dωX(ω)e−iωtEi(x, y, z, ω)
}

(20)

Where, X(ω) =
τ3
mω

2

8π2
√

2
exp

(
−ω

2τ2
m

8π

)
(τm = 0.6LM) (21)

Ei(x, y, z, ω) =

∫ ∞

−∞

∫ ∞

−∞
(Evv + Ehh)ei(kxx+kyy−kzz) dkxdky (22)

Fig.2 shows the 3-dimensional pulse tapered wave.

 

Figure 2: 3-D pulse tapered wave

 

Figure 3: spatial distributions of the peak (Horizon-
tally polarized, dielectric plate)
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Figure 4: spatial distributions of the peak (Horizon-
tally polarized, rough surface)

 

Figure 5: spatial distributions of the peak (Vertically
polarized, rough surface)

 
Figure 6: scattered fields as a function of time (One
observation point, horizontally polarized)

 
Figure 7: scattered fields as a function of time (One
observation point, horizontally polarized)

Fig.3 illustrates transient scattering from a dielectric plate(1.5m×1.5m, εr = 2.0 immersed in air) when
illuminated by horizontally polarized pulse tapered wave and shows the spatial distributions of the peak of the
scattered fields on the observation plane. From Fig.3, we can see the scattered field agrees well with the tapered
wave in the shape.

Fig.4 and Fig.5 illustrate transient scattering from the rough surface in Fig.1, when illuminated by horizon-
tally or vertically polarized pulse tapered wave respectively and show the spatial distributions of the peak of
the scattered fields on the observation plane. Because of the multi-scattering of the rough surface, the spatial
distributions have changed.

Fig.6 and Fig.7 show the scattered fields as a function of time at two different points on the observation
plane, when illuminated by horizontally polarized pulse tapered wave

Fig.8 and Fig.9 show the scattered fields as a function of time at two different points on the observation
plane, when illuminated by vertically polarized pulse tapered wave.

The results show that in some points the scattered fields agree well with the incident wave in shape, while

 
Figure 8: scattered fields as a function of time (One
observation point, vertically polarized)

 
Figure 9: scattered fields as a function of time (One
observation point, vertically polarized)
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in some other points wave distortions exist.

Conclusion

In this paper, we study the characteristics of transient scattering from 2-D dielectric random rough surface.
Specifically, a TDIE model is developed: Transient scattering from 2-D dielectric random rough surface when
illuminated by different polarized pulse tapered wave are computed, then the numerical results are compared
with scattering from dielectric plate of the same size, and the characteristics of scattering from 2-D dielectric
rough surface are analyzed. The results show that in some observation points the scattered fields agree well
with the incident wave in shape, but in some other points waveform changes and wave distortions exist.

To analyze the characteristics of transient scattering from large-scale rough surface, it is urgent to study
new method and solve the TDIE efficiently and quickly. One way is to employ Parallel Algorithm; another more
efficient way is to develop fast algorithm for the TDIE solution.
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Interface Heterobond Effects in (hkl) InAs/GaSb
Superlattices Solved by Bond Orbital Model

Chun-Nan Chen, Kao-Feng Yarn, Wei-Chih Chien
Sheng-Hsiung Chang, and Meei-Ling Hung

Far-East College, Taiwan

Abstract

For the (hkl)-oriented InAs/GaSb superlattices: the in-plane spin splitting and the Dresselhaus-like spin
splitting are found in the presented paper. Moreover, it is due to the microscopic symmetry reduction, which
originates from the existence of heterobonds (In-Sb and Ga-As) inside the interfacial unit-cells.

Introduction

It is realized that a considerable difference [1] exists in the interfaces between the no-common-atom (NCA) su-
perlattices, such as (InGa)As/InP and InAs/GaSb, and the common-atom (CA) superlattices, such as (A1Ga)As/GaAs.
The NCA superlattices (well=C1−A1, barrier =C2−A2) do not share common atoms, because both the cations
(C1, C2) and anions (A1, A2) in the host materials are different. For the NCA superlattices, the heterobonds
(C1−A2 and C2−A1) existing at successive interfaces result in interface perturbation and symmetry reduction.

Due to the unit-cell-scale basis, the oversymmetric bond orbital model (BOM) [2] could not be used to solve
the lower symmetric heterostructure system at the interfaces. According to the concept of HBF [1], a modified
bond orbital model (MBOM) [3] is then proposed to solve the microscopic interface effects. Those s- and p-like
bond orbitals (unit-cell-scale basis) of Chang are expanded in terms of the tetrahedral (anti)bonding orbitals
of Harrison [4,5]. By the interaction between the microscopic basis function and the potential operator in the
Schrödinger equation at the proposed model, the microscopic consequences will be extracted from this framing.

Through consideration of the three degenerate band (Γc6 and Γv8) approximations, the Hamiltonian for each
monolayer can be expressed in terms of the 6× 6 MBOM matrix formalism. Away from the heterojunction,
all the off-diagonal matrix elements of the potential matrix V6×6 are zero, and this diagonal matrix has the
same scalar potential V as usual of the BOM. Therefore, the V6×6 potential matrix can be separated into the
scalar potential V of host materials by adding an additional potential matrix ∆V6×6, i.e., V6×6 = V+∆V6×6. In
the low symmetry NCA heterostructures, the key difference between the MBOM and the BOM is the non-zero
∆V6×6 matrixes at the interfaces.

In-plane Spin Splitting

In this (10,10) InAs/GaSb superlattice grown along the [001] direction, one can find Ga-As and In-Sb heter-
obonds with alternately successive existences at the interfaces. According to the MBOM, one needs to put the ad-

ditional potential matrix [with the ordering of the spin-orbit coupled bond orbital basis: ω1/2, ω−1/2, u
3/2
3/2, u

3/2
1/2,

u
3/2
−1/2, u

3/2
−3/2] to the original BOM matrix at the interfaces as

∆V6×6 =




1
2∆U 0 0 0 0 0

0 1
2∆U 0 0 0 0

0 0 1
2∆V 0 i

2
√

3
∆V 0

0 0 0 1
2∆V 0 i

2
√

3
∆V

0 0 −i
2
√

3
∆V 0 1

2∆V 0

0 0 0 −i
2
√

3
∆V 0 1

2∆V




(1)

where ∆U and ∆V denote the difference of potential energy of conduction and valence bands between the
heterobond species and the host material at each interfacial monolayer, respectively. In the MBOM model, ∆U
and ∆V are expressed as the fitting parameters. ∆U= –0.36eV and ∆V= –0.56eV are used for the InSb/InAs
junction; ∆U= –0.16eV and ∆V= 0.56eV for the GaAs/GaSb junction.

In contrast to Fig.1(a) solved by the BOM, the MBOM band structure of InAs/GaSb superlattice is then
calculated and shown in Fig.1(b). The sizable differences of the band structures can be seen between the BOM
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Figure 1: Subband structures of a (10,10) InAs/GaSb [001]-grown superlattice, (a) calculated with BOM method,
(b) calculated with MBOM method. Note that the zero energy of band structure is at valence band top of GaSb.
Where d is the thickness of superlattice period.

Figure 2: Subband structures of a (10,10) InAs/GaSb [111]-grown superlattice, (a) calculated with BOM method,
(b) calculated with MBOM method.

and MBOM. The spin splitting at non-zero in-plane wave vector in the MBOM calculation cannot be found in
the BOM result. The crossing of HH and LH subbands along the wave vector of growth direction [00ζ] (ζ=0-1)
can be seen in the BOM, but not in the MBOM. These problems originate from the perturbation of interface
heterobond, i.e. the so-called NCA effect. Owing to not considering the interface heterobonds, the BOM makes
a different band structure of the InAs/GaSb superlattices with respect to that of the MBOM.

For the (10,10) InAs/GaSb superlattice grown along the [111] direction, it has the same order of atomic
planes as the (001) superlattice. Similarly, one needs to put the additional potential matrix to the original
BOM matrix at the interfaces as

∆V6×6 =




1
4∆U 0 0 0 0 0

0 1
4∆U 0 0 0 0

0 0 0 0 0 0
0 0 0 1

2∆V 0 0
0 0 0 0 1

2∆V 0
0 0 0 0 0 0




(2)

The band structures of [111] grown direction solved by the BOM and MBOM are shown in Fig.2(a) and 2(b).
The crossing of LH1 and HH3 subbands still exists in the central panel [00ζ] in Fig.2(b) as same as Fig.2(a).
The spin splitting at non-zero in-plane wave vector is from the asymmetric interface potential.

Due to not considering atomic-scale phenomena, the BOM cannot distinguish a C2v symmetric NCA su-
perlattice such as InAs/GaSb from a D2d symmetric CA superlattice such as AlAs-GaAs at the (001)-oriented
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Figure 3: A (10,10) (110)-oriented InAs/GaSb superlattice. (a) Subband structure calculated with the BOM
method. (b) Subband structure calculated with the MBOM method.

Figure 4: The InAs/GaSb superlattice band structures along the growth direction are calculated with the
MBOM method. (a) A (10,10) (001)-oriented InAs/GaSb superlattice. (b) A (10,10) (111)-oriented InAs/GaSb
superlattice. (c) A (15,15) (113)-oriented InAs/GaS superlattice. (d) A (20,20) (115)-oriented InAs/GaSb
superlattice.

heterostructures. The (111) CA superlattices have the D3d symmetry. When considering the inversion asym-
metry effect at the interfaces, the (111) NCA superlattices have a symmetry reduction from D3d to C3v. The
difference between the CA and NCA superlattices stems from the inequivalence of the interfaces between the
well and barrier host materials.

Dresselhaus-like Spin Splitting

For the (u,u) InAs/GaSb superlattices grown along the [110] direction, each interface has an equal number
of heterobonds (In-Sb and Ga-As). Therefore, the additional potential matrix ∆V6×6 in the spin-orbit coupling
bond orbital basis at the interfaces is given as

∆V6×6 =




1
4∆U 0 0 0 0 0

0 1
4∆U 0 0 0 0

0 0 1
8∆V ± 1

2
√

6
∆V −1

8
√

3
∆V 0

0 0 ± 1
2
√

6
∆V 3

8∆V 0 −1
8
√

3
∆V

0 0 −1
8
√

3
∆V 0 3

8∆V ∓ 1
2
√

6
∆V

0 0 0 −1
8
√

3
∆V ∓ 1

2
√

6
∆V 1

8∆V




, (3)

Note that the upper sign of the additional matrices is used for the Mth and Nth interfacial monolayers with
N=M+u, and the lower sign is used for the (M+1)th and (N+1)th monolayers.

For the (10,10) InAs/GaSb superlattice grown on the (110) substrate, the band structure in the growth
direction calculated by the BOM and MBOM is illustrated in Fig.3(a) and 3(b), respectively. Moreover, the
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spin splitting along the growth direction is shown in the MBOM band structure.
The degeneracy bands of the zinc-blende bulk are lifted [6] except for the wave vectors along the < 001 >

and < 111 > directions, and this is the so-called Dresselhaus effect. Along the growth direction of the NCA
superlattices, the microscopic symmetry reduction at the interfacial unit-cells is found due to the existence of
heterobonds. This microscopic potential perturbation leads to the bulk-like or Dresselhaus-like spin-splitting
which is an intracell phenomenon. Therefore, the results of the Dresselhaus-like effect are shown in Fig.4(a) to
4(d) for various growth directions of InAs/GaSb superlattices.

Conclusion

The possibility of tailoring the electronic and optical properties of semiconductor devices can be obtained
through symmetry breaking. In addition to the growth direction, the structure asymmetry, and the strain effect,
the interface heterobonds may offer another degree of freedom for varying the symmetry. It may open a new
frontier for future application.
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The Dynamic Performance Analysis Model of
EMS-MAGLEV System Utilizing Coupled

Field-Circuit-Movement Finite Element Method

Yingying Yao, Youtong Fang, and Guanzhong Hu
Zhejiang University, China

Abstract

Many electro-mechanical motional systems include parts that can move relative to the others. EMS-Maglev
system is one of the examples, which combines the devices for propulsion, levitation and on-board electric
power transfer in a single electromagnetic structure. The analysis of its mechanical dynamic characteristics is
very important for the design of the configuration and the control system. Because of the complexity of the
time-varying magnetic configuration, analytical method can hardly obtain the dynamic performance. Therefore,
analysis of the electromagnetic field is necessary. Moreover, with ordinarily transient finite element method, it
is also difficult to consider the external power supply of linear synchronous motors and the working status of
linear generator.

In this paper, a modified transient finite element algorithm for the performance analysis of magnetically
levitated vehicles of electromagnetic type is presented. The algorithm incorporates external power system and
vehicles movement equations into FE model of transient magnetic field computation directly. Sliding interface
between stationary and moving region is used during the transient analysis. The periodic boundaries are
implemented in an easy way to reduce the computation scale. Unfortunately, this directly coupled FE analysis
is very time-consuming.

To overcome this problem, a fast solving technique for the mechanical dynamic characteristic of electro-
mechanical motional systems is also proposed in this paper. Based on a sequence of finite element analysis,
and a set of equivalent electrical circuit parameters extracted, the method incorporates electrical equation and
vehicles movement equation into state equations. It is proved that this method can be used for both electro-
motional static and dynamic cases. Through test of a transformer and an EMS-MAGLEV system, it reveals that
the method gives reasonable results at very low computational costs comparing with transient finite element
analysis.

1. Introduction

In electromagnetically levitated transport systems (EMS-Maglev), such as the German Transrapid, the
propulsion is supplied by a long-stator linear synchronous (LSM) motor whose stator (armature) is fixed all
along the guideway and the moving poles with the excitation (levitation magnets) are on the vehicle. The direct
current exciting windings create main field and levitation forces. The LSM armature windings are energized by
three-phase alternating voltage over a power supply section. And linear generator supplies the on-board electric
power. Fig.1 gives the EMS-Maglev transport system in overall view and the configuration of LSM longitudinal
section respectively. Obviously the excitation current has to assure the system of an accurate levitation force
and a high power factor. To find the current and optimize the system, analysis of the mechanical dynamic
characteristic is necessary. Due to the complexity of the time-varying magnetic configuration, a fully analytical

Figure 1: EMS-MAGLEV system.
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approach enables to obtain only the mean value of the motor propulsion force, whereas the determination of the
instantaneous value requires the recurrent utilization of a numerical code. Numerical analysis method such as
finite element method employs time-stepping method to analyze the dynamic characteristics. Since the system
matrix must be solved at each incremental time, this time-stepping method proves to be time-consuming.

To solve these problems, this paper presents a fasting solving method to analyze the dynamic characteristics,
which can be used for both electro-mechanical static and electro-mechanical motional systems. In the method,
the equivalent circuit parameters at each incremental time are extracted by using a sequence of finite element
analysis. Then, the electro-mechanical coupled state equations are solved by Runge-Kutta method. To show
validity of the proposed method, the dynamic performance of a transformer and an EMS Maglev system were
tested. The results are compared with the time-stepping method using FEM.

2. Direct Coupled Field-Circuit-Motion Finite Element Analysis

The dynamic performanaces of a movable electrical device incorporated with power system are determined
by external transient or periodic exiciting sources and the movement of the vehicle with constant excitation
current. In this paper, it is assumed that a conducting part moving in only one direction with constant velocity
u, and the conductor has an invariant cross section at right angles to the direction of motion. The governing
equations of the eddy current problems considering movement of a conductivity material, external excitation
and load, are writen as follows:

∇× ν∇×A = −σ∂A
∂t

+ Js +
ikNk
Sk
− σµ×∇×A (1)

Vk = ikRk +
dψk
dt

(2)

M
d2x

dt2
+ d

dx

dt
+Kx = F (3)

where A is the magnetic vector potential; µ the velocity of a moving conductor. ik, Rk, ψk and Vk are the
unknown current, total resistance in a power supply loop, the flux linkage linking the winding and the terminal
voltage of k-th exciting coil respectively. σ is the electrical conductivity, Js the current density excited in a
filamentary conductors, ν the magnetic resistivity. x indicates the relative position of the moving part, t the
time, M the mass, D the damping coefficient, K the spring constant. F represents the mechanically applied
force Fm, the gravitational force Fg, and the electromagnetic force Fe, respectively. After applying standard
Galerkin procedure to (1) and (2) except the last term on right hand of (1), a matrix equation is produced as:

[
K − C12

0 R

] [
A
i

]
+

[
M 0
D21 L

] [
dA
dt
di
dt

]
=

[
F
V

]
(4)

 
Figure 2: The flow chart of direct coupled method

 
Figure 3: The flow chart of the fast solving technique
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where, K =

∫

s

ν(
∂[N ]T

∂x

∂[N ]

∂x
+
∂[N ]T

∂x

∂[N ]

∂x
)ds, M =

∫

s

σ[N ]T [N ]ds, C12 =
∫
s
N
S [N ]T [N ]ds, Magnetic flux

linkage on the coil is ψ =
N

S

Ne∑

i=1

Si

∫

i

A · dl. Where Si stands for the cross section area of the element i, Ne

for the number of elements in the whole winding region, and li for the path fraction in element i. In 2D case,
D21 = kLefC12, Lef is equivalent length in z direction. k is determined according to the phase circuits of
exciting coils. The characteristic computing process of an electro-mechanical motional system, in which the
governing equations are (1)∼(3), is shown in Fig. 2. From the computing flow chart, it is clear that during the
dynamic characteristic evaluation, the electromagnetic field computation is recurrent many times.

3. Fast Solving Technique Based on Electro-Mechanical Equations

Coupled Finite Element Analysis

In order to reduce the computation of the electro-mechanical motional system, a fast solving technique is
proposed. To simplify the model, constant permeability of the ferromagnetic material is assumed. The loss in
the iron core is neglected. For multi-windings, the flux linkage in (2) is then expressed in matrix form as follows:

[ψ] = [L(x, [i])][i] = [L][i] (5)

where [L] denotes the inductance matrix, which is consist of self inductance and mutual inductance. The
parameters of [L] are only dependent on the geometry of the system during movement. They are calculated
according to magnetic energy. The electromagnetic force is obtained by the derivative of electromagnetic energy
with respect to the position variable:

Fe(x, [i]) =
∂Wm(x, [i])

∂x
=

1

2
[i]T

∂[L]

∂x
[i] (6)

The state variables are chosen as the currents in each coil, relative position x and moving velocity µ. Equations
(2) and (3) are converted into a set of state equations as follows:

d[i]

dt
= [L]−1[µ]− [R][i]− ∂[L]

∂x
[i]ν (7)

dν

dt
=
F −Dν −Kx

M
(8)

dx

dt
= ν (9)

Above state equations (7)∼(9) are solved by using the Runge-Kutta method. During a time period, the induc-
tance matrix [L] is calculated by FE method corresponding to the different position of the vehicle. When the
Runge-Kutta method is applied to solve the state equations, the inductance and its derivatives are interpolated
by Bspline method. The propulsion force Fx versus the vehicle position is calculated according to (6). The flow
chart of this technique is shown in Fig. 3.

 
Figure 4: Levitation force versus the position Figure 5: Flux at different time in electrical angle.
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4. Numerical Results of Test Examples

Example 1: Transformer performance under short circuit experiment. Two-winding 240MVA, 550/
√

3 :
20kV single-phase transformer, the turns of the primary and secondary windings are 508 and 32 respectively.
To simulate the short circuit experiment of the transformer, the voltage sources applied to the primary and
secondary terminal are 45.63222

√
2sin(100πt)kV and 0 respectively. The r.s.m. value of steady state currents

in both windings calculated by directly coupled field-circuit method are 764.18A and 12127A respectively. The

matrix [L] extracted through FE analysis is [L] =

[
0.57605 9.1418
9.1418 145.27

]
The r.s.m. value of steady currents in

both windings calculated by Rung-Kutta method are 763.68A and 12126A respectively. The results reveal that
the proposed fast solving technique is effective.

Example 2: The dynamic force characteristics of an EMS-MAGLEV system The suspending magnet of the
test system is excited by 25×270[AT] direct current. The linear synchronous motors are energized by 3000V
alternating voltage over 1200m in length. When the levitation magnet moves, electromagnetic forces, field
distributions, and inductance are shown in Fig. 4∼Fig. 6. By comparing the propulsion force calculated by
two methods, as shown in Fig. 7, it reveals that the fast solving technique can obtain reasonable mechanical
dynamic characteristic with reduced computation.

Figure 6: The Inductance versus the moving position

 
Figure 7: The propulsion force calculated by two methods

5. Conclusion

Two procedures for the simulation of electro-mechanical dynamic characteristics are describes. From the
test examples, the fast solving technique, valid in conditions of linear magnetic circuit, gives reasonable results
and requires a much reduced number of FE analyses.
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Figure of Merit and Limiting Characteristics of Tunable
Ferroelectric Microwave Devices

I. Vendik, V. Pleskachev, and O. Vendik
St. Petersburg Electrotechnical University, Russia

Abstract

Microwave application of ferroelectrics is very promising for electrically tunable microwave devices based on
the electric field dependence of the dielectric permittivity. Tunable filters and controllable phase shifters are
successfully designed as integrated circuits based on multilayer structures containing thin epitaxial ferroelectric
(FE) film. As a rule lumped ferroelectric capacitors are used as the tunable components. Quality of the capacitor
can be evaluated using Commutation Quality Factor (CQF). There is a unique connection between the Figure
of Merit of a tunable microwave device and the CQF of the FE capacitors used. The Figure of Merit gives the
upper limit of the quality of a tunable device based on the FE components.

Introduction

Tunable devices are widely used in modern telecommunication systems. Phase shifters, tunable resonators
and filters are of the most importance among them. Practical realization of the devices depends mostly on a
tunable component used for the device control. Tunable ferroelectric (FE) capacitors are considered as the most
suitable choice, when high speed of tuning, simple manufacturing process and low cost are of higher priority
[1]. For the tunable capacitor, it is convenient to use the Commutation Quality Factor (CQF) as the main
characteristic. There are some different definitions of the CQF, which are based on two main parameters:
tunability of the capacitor and the loss factor of the FE material [2]. We suggested the CQF, which is invariant
to the parameters of any lossless two-port network connected with the tunable capacitor [3]. This form of the
CQF allows estimation of a tunable device quality [4], [5]. The tunable device is described by a set of the most
important parameters: pass band width, tuning frequency range, insertion loss for the tunable resonator and
filter; phase shift and insertion loss for the phase shifter. The Figure of Merit (FM) as a unified parameter
can be used for a comparison of different tunable devices. The FM of a tunable device depends on the CQF
of the tunable components and on the quality factor of non-tunable device components. The most significant
advantage of the CQF definition used in this work is the possibility to evaluate the upper limit of the FM for a
tunable device.

Commutation Quality Factor of a Ferroelectric Capacitor

Equivalent diagram of a ferroelectric capacitor consists of a capacitance and a resistance connected in series.
Both the capacitance and the resistance depend on biasing voltage applied to electrodes of the capacitor. A
correct model was derived for a description of the dielectric permittivity and loss tangent of a ferroelectric film as
a function of a biasing electric field [6], [7]. The capacitor as a tunable component is presented by the two-state
equivalent diagram (Fig. 1) with Z1 = R1 + iX1 corresponding to zero biasing voltage and Z2 = R2 + iX2

obtained under the control voltage Vb.

The generalized definition of the CQF for a tunable component [4], [5] is determined by real and imaginary
parts of the impedance of the two-state equivalent model:

K =
(X2 −X1)

2

R1 · R2
+
R2

R1
+
R1

R2
(1)

In the case of FE capacitor, the imaginary part of the component impedance is much higher than the real
part. This leads to more simple form of the CQF for the tunable FE capacitor [3], [4]:

K =
(n− 1)

2

n · tan δ1 · tan δ2
(2)
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Figure 1: Equivalent diagram of a tunable ferroelectric capacitor in two states.

where n = C1/C2 is the tunability and tan δ = R · ωC is the loss tangent of the capacitor. The CQF decreases
when the operating frequency goes up due to loss tangent increasing while the dielectric permittivity of the
ferroelectric film does not depend significantly on frequency up to 100 GHz.

Figure of Merit of a Tunable Resonator

As it was noted in Introduction, the FM of a tunable microwave device is a measure of the device quality
and is determined by the most important device parameters. For a tunable resonator, these parameters are
i) tuning frequency band determined as a difference between the lowermost resonant frequency ω01 and the
uppermost resonant frequency ω02, ii) the band width of the resonant characteristic ∆ω1,2, and iii) the quality
factor Q0 =

√
Q01Q02. The FM of the tunable resonator is

F =
ω02 − ω01√
∆ω1 ·∆ω2

= (γ − 1) ·Q0 (3)

where γ = ω02/ω01 is the tunability of the resonator. If the quality factor of inductance is much less than the
same parameter of the FE capacitor in a series or a parallel tank, the quality factor of the tank is determined
by the loss factor of the FE material. In this case Eq. (3) can be written as [8]:

F =
1

2

√
K (4)

where K is the CQF of the ferroelectric capacitor. The maximum available FM of a tunable resonator depends
on the CQF of the capacitor only.

The FM of a resonator based on transmission line sections depends strongly on a coupling coefficient of the
capacitor and is lower than (4). A simple realization of microstrip tunable resonators presented in [9] is shown in
Fig. 2. The coupling coefficient of the capacitor depends on the electrical length Θ0 and Θg of transmission line
sections. There is a maximum of FM of the tunable resonator for the FE capacitor with given CQF provided
by optimal values of Θ0 and Θg.

Figure 2: Tunable microstrip resonators with ferroelectric capacitor: short-circuited (a) and open-circuited (b).
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Figure of Merit of a Tunable Filter

The most important parameters of a tunable filter are the same as for a tunable resonator except the quality
factor that is less important than in-band insertion loss of the filter in both states L1,2 (in dB). Thus the FM
of a tunable filter has the following form [8], [9]:

F =
ω02 − ω01√
∆ω1 ·∆ω2

· 1√
L1 · L2

[
dB−1

]
(5)

where ω01,02 are the central frequencies of the filter and ∆ω1,2 is the filter pass band width at both states. After
some transformations [8] one could rewrite (6) in the following form:

F =

(√
γ − 1√

γ

)
·
√
Q01 ·Q02

4.34 ·N
[
dB−1

]
(6)

where γ = ω02/ω01 is the tunability of the filter, Q01,02 is the quality factor of the filter resonators at both
states and N is the filter order. The maximum FM of a tunable filter is

F =

√
K

8.68 ·N
[
dB - 1

]
(7)

where K is the CQF of the tunable FE capacitor. Resonators presented in Fig. 2 were used to realize a tunable
filter based on ferroelectric capacitors [9]. It was shown in [10] that FM of tunable filter has a maximum
depending on the electrical length of the microstrip line sections (coupling coefficient of the FE capacitor).

The 3-pole tunable filter based on sandwich BSTO ferroelectric capacitor [11] with K = 1600 at 20 GHz and
K = 256 at 40 GHz demonstrated f02 − f01 = 7.8GHz, ∆f = 3.9GHz, and

√
L1L2 = 4.5dB at 39 GHz, which

gives in line with (5) Fexp = 0.15 dB−1. This value of FM is close to the theoretical limit Fmax = 0.17 dB−1

calculated by (7).

Figure of Merit of a Phase Shifter

Phase shifters may work in analog or digital mode of operation. The FM of the phase shifter depends on
the phase shift ∆ϕ and insertion loss L1,2 (in dB):

F =
∆ϕ√
L1 · L2

[
deg

dB

]
(8)

For a phase shifter with FE tunable capacitor and lossless non-tunable components, the FM depends on the
CQF of the FE capacitor only and equation (8) turns into [12]:

F = m(∆ϕ) ·
√
K

[
deg

dB

]
(9)

where m(∆ϕ) is a coefficient that depends on the phase shift (for example, m = 6.6 for ∆ϕ = 180◦).
The FM of phase shifters based on FE capacitors with K = 400 − 1000 are characterized by F = 60 −

100deg/dB [12,13].

Conclusion

A unified FM of tunable and controllable devices is suggested. The maximum available value of the FM is
limited by the CQF of a tunable component. Both the CQF and the FM can be considered as a working tool
for optimisation of technology and design of tunable microwave devices.
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Abstract

Since the observation of radiation in the Terahertz (THz) frequency range from photoconductive antennas
exited by femtosecond (fs) laser pulses, considerable efforts have been made to understand the mechanism
responsible for THz generation, and to develop applications in THz Time-Domain Spectroscopy (THz-TDS).
In this paper, the calculation of THz radiation from biased photoconductive antenna is reported, given some
amelioration of the calculation model and classical Drude-Lorentz theory. Some simulation results based on the
new calculation model are shown.

Introduction

Rapid photoconductors have been used in the last two decades to generate ultrashort electrical signals with
duration of several hundreds fs that have a spectrum situated in the THz region. Nowadays, this is the most
popular method to generate/detect THz fields.

When a fs laser pulse with an arbitrary intensity profile I(t) excites a biased semiconductor with photon
energy greater than its bandgap, electrons and holes are produced at the illumination point in conduction and
valence bands, respectively. The rapid changes of the photocarriers’ density and their acceleration due to the
applied DC bias Vb produce an electromagnetic field radiation into free-space with the help of an antenna. The
production of ultrashort currents with a FWHM lifetime of 1 ps or less strongly depends on the carrier’s lifetime
in the semiconductor. Low temperature grown GaAs (LT-GaAs), with the short carrier lifetime (τe = 0.1 ps,
τh = 0.4 ps), is the most popular material. Among many materials, it is very suitable for the theory of THz
Electromagnetic field radiation [1, 2].

The space-charge screening and radiation-field screening are two factors preventing photoconductor from
generating higher power THz radiation, which could affect all kinds of the photoconductive antenna more or
less. Based on the shape of antenna, their effects are different. Generally speaking, the space-charge screening
can be important to small dipole antennas, but, for large area antennas, radiation-field screening is the major
cause of saturation [3].

Theory of the THz Wave Radiation from Photoconductive Antenna

1.1 Small Dipole Aperture (Drude-Lorentz Theory)
In LT-GaAs, the trapping time of photo carriers is much shorter than the recombination time of electrons

and holes, the carrier lifetime in LT-GaAs can be approximated as the carrier trapping time. The relationship
of the free carriers and time is as follows [1]

dn/dt = −n/τt +G(t) (1)

where n is the density of the carriers, G(t) = n0 exp(t/∆t)2 is the generation rate of the carriers after the laser
pulse excitation, ∆t is the excitation time of the laser pulse, which is usually between 30 and 150 fs, n0 is the
initial density of the carriers, τt is the trapping time of the carriers which depends on the growth temperature of
the LT-GaAs and other factors. While in the biased field, the velocity rate of carriers can be written as follows

dve,h/dt = −ve,h/τrel + E · qe,h/me,h (2)

where ve,h is the average velocity of the carriersqe,h is the coulomb of the carriers τrel is the momentum releasing
time, which is about 30 fs in LT-GaAs. E is the local electric field, which can be described in this way

E = Eb − P/α · ǫr (3)
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where Eb is the biased electric fieldα is the geometric factor of the semiconductorwhich is equal to 3 in the case
of LT-GaAs [2], ǫr is the dielectric constantP is the polarization caused by the separation of the electron and
the hole. The relationship of the polarization and time is as follows

dP/dt = −P/τrec + J(t) (4)

where τrec is the time of the recombination time of electron and hole. J is the current density on the surface of
the semiconductor defined as follows

J(t) = envh − enve (5)

Based on the Maxwell Equations, the THz radiation field in the far fields can be expressed as [3]

Er(z, t) = −[A/(4πǫ0C
2z)] · dJ(t)/dt (6)

where A is the area of gap space. Based on EQ.1-6, we can get the far-field radiation expression

ETHz ∝ ∂J/∂t ∝ ev · ∂n/∂t+ en · ∂v/∂t (7)

1.2 Large Area Antenna
The small dipole aperture antenna provides a normal way for THz radiation. However, because of the effect

of space-charge screening, caused by the separation of the electron and hole (EQ.3), the polarized P will be
saturated, which will lead to the saturation of the radiation wave field. In order to solve this problem, the
antenna with large area is widely used recently. Taylor has found the relationship of biased electric field and
position [3]

∂E(x, t)/∂x = e · [p(x, t)− n(x, t)]/lǫ (8)

Based on this equation, when l, the size of the aperture between the two tips of the antenna, is larger than
the wavelength of the radiation wave, ∂E(x, t)/∂x can be regarded as zero, which means the density of the
electric field has no change in the whole area of the aperture. Meanwhile, because the aperture of the antenna
is larger than the wavelength of the radiation wave, the carriers can not reach the ends of the antenna tip after
an integrate THz wave sending out, so in the field around the antenna tip, the current density can be regarded
as zero, and E is equal to Eb. Consequently, based on EQ. 8, E is equal to Eb approximately, and in the whole
area of aperture as well. In Reference [3], Taylor explained that even in the antenna with a large area, the
polarization of the electron and hole (space-charge screening) has week effect on the THz radiation wave.

In photoconductive antenna with a large area aperture, the space-charge screening has little effect on the
THz wave radiation, but there is another factor limiting the radiation power, radiation-field screening. Taylor
has accurately compared those two effects according to experiments and calculation in [3].

Amelioration of the Calculation Model

In most previous papers, the calculation of the carriers’ density is usually according to EQ.1, which is based
on two hypotheses:

1) The fs laser pulse is totally absorbed in the epitaxial layer of LT-GaAs.

2) The amplitudes of fs laser pulse are identical at every position on the area of irradiation point at the
same time.

If the two hypotheses base on the case that the power of the incident light is low and the aperture area of
the antenna is small, they can be perfect. Nevertheless, if the energy of the incident laser is high or the aperture
area of the antenna is large, the error caused by these hypotheses will be insupportableness. Here, we introduce
another way to calculate carrier density.

LT-GaAs is the epitaxial layer growing on GaAs substrate. But GaAs substrate layer does not have short
carriers life time. On one side, we should make sure that the epitaxial layer is thick enough to absorb at least
95% incident laser; on the other side, the thickness of the epitaxial layer can not be increased with no-limitation.
So when the high-power laser illuminates on the LT-GaAs, the effect of the carrier with a long life time must
be considered. In the epitaxial layer:

∂n(x, t)/∂t = −[(1−R)/hv] · ∂Iopt(x, t)/∂x− n(x, t)/τr,epi (9)
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where τr,epi is the trapping time of the carriers in epitaxial layer,Iopt(x, t) is an intensity profile of laser pulse,
R is the intensity reflectivity of the surface; x is the distance from the semiconductor surface to the measure
point. The first term on the right side of the equation means the absorption of the incident laser, which is
corresponded to the generation rate of electrons and holes, and the second one means that the electrons are
captured or the electrons and the holes are recombined. If we suppose that the thickness of the extended layer
is l, the density of the electrons at certain time t, can be written as:

nepi =

∫ l

0

n(x, t)dx (10)

Thus, EQ.9 can be rewritten as

∂nepi(t)∂t = (1−R) · {Iopt(0, t)− Iopt(l, t)}/hv − nepi(t)/τr,epi (11)

In the same way, in the substrate layer, we can get the equations

nsub =

∫ ∞

l

n(x, t)dx (12)

∂nsub(t)/∂t = (1−R) · Iopt(l, t)/hv − nsub(t)/τr,sub (13)

Simulation and Discussion

Based on the ameliorated calculation model, we will do some simulation based on some varied factor, which is
concerned with the generation of the THz radiation, and analyze the effects of different factors to THz radiation.
3.1 Trapping Time of Carriers

Trapping time of carriers is one of the most important factors affecting the generation of THz wave. If the
trapping time of carriers is not short enough, it will not radiate out electromagnetic wave

Figure 1: THz radiation pulses with different trap-
ping time of 0.1, 0.2, 0.5, 1.0, and 2.0 ps, respectively.

Figure 2: Fourier transformed spectra of radiation
pulses with different trapping time.

in THz domain. In this simulation, the incident fs laser at the wavelength of 1550 nm and the pulse width of
150 fs is used, the bias electric field is 300 V, the space between the antenna tips is 5∗5 um, and the separation
between the emitter and the detector is 2 mm. The semiconductor material is LT-GaAs with me=0.067m0 and
mh=0.45m0 (me and mh are effective mass of electron and hole, respectively). The trapping time of carriers
are varying based on the growth temperature of LT-GaAs and some other factors. Here, different carriers’
trapping time of 0.1, 0.2, 0.5, 1.0, and 2.0 ps are simulated respectively, and shown in Fig.1. Figure 2 shows the
corresponding FFT spectra.

The two figures show that LT-GaAs antenna with longer trapping time can generate higher power THz
radiation.
3.2 The Effect of the Laser Pulse and Duration

The laser pulse is another primary factor in the generation of the THz wave. Different wavelength and pulse
width of pump laser will have different effects on THz radiation. Figure 3 shows the wave shapes of the THz
radiation, excited by the laser pulse with wavelength of 620 nm and 1550 nm. Figure 4 shows the FFT spectra
of the THz radiation wave, with the laser pulse width of 50 fs, 100 fs, and 150 fs. In these simulations,
trapping time of the carriers is 0.5 ps, and the other factors are the same as those in section 3.1.
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The longer pulse duration and the smaller wavelength of laser, the larger power each single laser pulse will
have, which will generate more powerful THz wave. Additionally, from Fig.4, it is noted that although the 150
fs laser pulse can generate the highest power THz wave, the 50 fs laser generates the highest radiation power
at higher frequency, such as that 5 THz in Fig.4.

Figure 3: Radiation pulse with the laser pulse wave-
length of 620 nm and 1550 nm.

Figure 4: The FFT spectrum of the THz radiation
with pulse width of 50, 100 and 150 fs, respectively.

3.3 The Effect of the Bias Electric Field and Dipole Aperture Size
In this simulation, a small dipole aperture is used, and the effect of space-charge screening is neglected.

Figure 5 shows the time-domain pulses of the THz radiation waves, with the bias electric field of 200 V, 300 V

Figure 5: The time-domain pulse of the THz radia-
tion wave, the bias electric field is 200 V, 300 V and
400 V, respectively.

Figure 6: The time-domain pulse of the THz radia-
tion wave, the separation is 4 um, 5 um and 7 um,
respectively.

and 400 V, respectively. Figure 6 shows the time-domain pulses of the THz radiation waves, with the separation
between antennae of 4µm, 5µm and 7µm, respectively. The trapping time of carriers is 0.5 ps, other conditions
are the same as those in section 3.1.

Based on the result of calculation, when the biased electric voltage are 200 V, 300 V and 400 V, the peak-
to-peak ratios are 6.0808,6.0857 and 6.0908, respectively; when the separation aperture between the antennae
are 4µm, 5µm and 7µm, the peak-to-peak ratios are 6.0926,6.0921 and 6.0907, respectively.

According to the result of the calculation above, the conclusion can be made that if the effect of screening
is neglected, the longer trapping time of the carriers, the lower energies of the incident laser pulse, the larger
biased electrical voltage, and the less separation between the antennae, THz radiation would be more likely a
single polar wave. In this case, it is determined by the lifetime of electron-hole pairs in LT-GaAs.

Conclusion

In this paper, an improvement for classical Drude-Lorentz theory model is discussed. The calculation results
depending on the improvement are more likely precise. The calculated results show that THz radiation is mostly
due to the fast change of carrier density, the laser pulse power and duration, and also the bias electric field and
dipole aperture size.

Acknowledgement

This work was supported by NSFC under Grant No. 60477033. D.X. Yang’s e-mail address is yangdx@zju.edu.cn
.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 335

REFERENCES

1. Piao, Zhisheng, Masahiko TaNI and Kiyomi SAKAI, “Carrier Dynamics and Terahertz Radiation In
Photoconductive Antennas”, Jpn. J. Appl. Phys., Vol. 39, 96-100, 2000.

2. Dragoman, D., M. Dragoman, “Terahertz Fields and Applications”, Progress in Quantum Electronics,
Vol. 28, 1 66, 2004.

3. Rodrigrez, G., A. J. Taylor, “Screening of the Bias Field in Terahertz Generation from Photoconductors”,
Optics Letters, Vol. 21, No. 14, July 15, 1996.

4. Peter, R. Smith, David H. Auston, “Subpicosecond Photoconducting Dipole Antennas”, IEEE JOURNAL
OF QUANTUM ELECTRONICS, Vol. 24, NO. 4, 1988.



336 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Progress in the Research of Ground Bounce Removal for
Landmine Detection with Ground Penetrating Radar

Renbiao Wu, Jiaxue Liu, Tang Li, Qian Gao, Hongyu Li, and Bei Zhang
Civil Aviation University of China, China

Abstract

Downward looking ground penetrating radar (GPR) has been considered a viable technology for landmine
detection. For such a GPR with the antennas positioned very close to the ground surface, the reflections from
the ground surface, i.e., the ground bounce, are very strong and can completely dominate the weak returns
from shallowly buried plastic mines. Hence, one of the key challenges of using GPRs for landmine detection is
to remove the ground bounce as completely as possible without altering the landmine return. In this paper,
we first review existing ground bounce removal algorithms. Then two newly devised adaptive ground bounce
removal algorithms, ASaS (Adaptive Shifted and Scaled algorithm) and RLP (Robust Linear Prediction) will
be presented. Both ASaS and RLP are based on a flexible data model applicable to rough ground surface and
an effective generalized likelihood ratio (GLR) based non-homogeneous detector is devised to further improve
their performance. Experimental results show that the proposed algorithms are more robust than conventional
ground bounce removal algorithms.

Introduction

Landmines are causing enormous problems in a large number of areas throughout the world today [1]. Based
on the estimation of International Red Cross, there are about ten billion mines buried in eighty countries. The
whole world will be persecuted by landmines and unexploded ordnance (UXO) left in the old battlefields over
a long time.

As an effective tool for plastic landmine detection, ultra wideband GPR has attracted the attention of many
researchers and institutes all over the world. For shallowly buried plastic landmines, the ground bounce is
usually much stronger than the weak return from landmines and their arrival time is very close with other,
which makes it very difficult to detect landmines with downward looking GPR. Ground bounce removal is vital
for the followed target detection [2][3], synthetic aperture radar (SAR) imaging [4][5], and target recognition
[6].

Spatial filtering and mean removal are often used to remove the ground bounce [5], which are effective under
the assumption that the ground bounce is homogeneous. However, the distribution of ground clutter depends
on the ground surface as well as the underground media property [7][8]. Discontinuous underground media
distribution and rough surface can lead to nonstationary ground clutter. Moreover, weather condition and the
vibration of the GPR platform may also change the clutter distribution. In [9][10], a least square (LS) based
approach is proposed to remove ground bounce coming from rough surface, however, its performance depends
heavily on the choice of the reference ground bounce and no method is given in [9][10]. In [11][12], a linear
prediction (LP) based approach is proposed, which outperforms the conventional mean removal and spatial
filtering but is not suitable for rough surface. A parametric clutter suppression method is proposed in [1], which
uses damped exponentials to model the variations of EM amplitudes and phases due to the non-homogeneous
property of the underground media. The amplitude and phase parameters are estimated via the TLS-Prony
algorithm [13]. Cyclic optimization technique is used to separate clutter and target signal. However, this method
requires precise knowledge about the target signal, which is not available in practice. A system identification
based clutter removal algorithm is given in [14][15], which uses ARMA model to describe clutter and abrupt
change detection technique to classify clutter and target signal. However, this method relies heavily on the
choice of the reference clutter data and the detection threshold. Except for the above methods, wavelet analysis
, PCA (Principal Component Analysis), and ICA (Independent Component Analysis) have also been proposed
for clutter suppression in [16][17], and [18], respectively. Wavelet decomposition and reconstruction will lose
some useful target signal component because the ground bounce is usually very strong and partially overlaps
with the target signal in the time-frequency plane. PCA and ICA mainly faced on how to determine the number
of principal components and independent components.
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In this paper, two newly devised robust adaptive ground bounce removal algorithms, i.e., ASaS (Adaptive
Shifted and Scaled algorithm) and RLP (Robust Linear Prediction), will be presented. An effective reference
data selection method will be given, which is applicable to any ground bounce removal algorithms.

Data Model

 

  
Local area Guard area 

Processing scan 

N2 N1

 

Sliding window 

Figure 1: Sliding window

Consider a stepped frequency GPR system moving along the along-
track direction as shown in Fig.1. Let xn(ωk) denote the data collected
at thenth scan for thekthstepped frequency, bn(ωk) denote ground
bounce in xn(ωk),xn = [xn(ω1) xn(ω2) · · · xn(ωK)]Tdenote data vec-
tor (for impulse GPR radar, this is the data vector expressed in the fre-
quency domain), bn = [bn(ω1) bn(ω2) · · · bn(ωK)]T represent ground
bounce vector. Considering the beamwidth of GPR antenna and the
size of target or target like object, we set up a sliding window, as
shown in Fig. 1, composed of a guard area of length N1 and local
area of length N2 in the along-track directionfrom which we search for
reference ground bounce. Guard area is used to prevent signal cancellation when the reference is selected very
close to the probing position.

The ASaS Algorithm

In [9], the ground bounce at the nth scan bn(ωk)is modeled as a shifted and scaled version of a fixed
reference ground bounce b0(ωk), i.e., bn(ωk) = anb0(ωk)e

jωkτnwhere an and τn denote the scale and time delay
respectively. The main idea of the ASaS (Adaptive Shifted and Scaled) algorithm is to select the best reference
in the local area. For each {xn−i(ωk)}N1+N2

i=N1+1 in the local area, we minimize the following least square criterion

î0 = arg min
N1+1≤i≤N1+N2

{
K∑

k=1

∣∣xn(ωk)− an,jxn−i(ωk)ejωkτn,i
∣∣2} (1)

The estimates of {an,i, τn,i}N1+N2

i=N1+1 are given by

τ̂n,i = arg max
τn,i

∣∣∣∣∣

K∑

k=1

[x∗n−i(ωk)xn(ωk)]e
−jωkτn,i

∣∣∣∣∣

2

, i = N1 + 1, N1 + 2, · · · , N1 +N2 (2)

ân,i =

K∑
k=1

[x∗n−i(ωk)xn(ωk)]e
−jωkτ̂n,i

K∑
k=1

|xn−i(ωk)|2
, i = N1 + 1, N1 + 2, · · · , N1 +N2 (3)

After obtaining the “best” reference xn−î0(ωk), ân,̂i0xn−î0 (ωk)e
jωkτ̂n,̂i0 is subtracted from xn(ωk) to remove

the ground bounce. ASaS is a computationally efficient adaptive algorithm which can be applied to rough
surface. However, its adaptivity is limited to only one degree of freedom (DOF) and hence may not work well
in non-homogeneous environment.

The RLP Algorithm

Linear prediction (LP) based methods in reference [11][12] could outperform traditional approaches, because
it makes use of the spatial correlation properties of ground bounce. However, further investigation into the
LP based algorithms shows that they could suffer severe performance degradation when the ground surface is
rough. Moreover, we will show that they may suffer from signal cancellation and numerical instability problems
as well. Based on the combination of rough surface model discussed in the previous section and LP model, we
proposed a more flexible data model

xn(ωk) =

M∑

m=1

an,mxn−(m+N1)(ωk)e
jωkτn,(m+N1) + εn(ωk) (4)

where an,m denotes the mth coefficient of an M order linear prediction for the nth scan, τn,m+N1 denotes
the relative time delay of the ground bounce for the n − (m + N1)th scan with respect to the ground bounce
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of the nth scan, and εn(ωk) represents the unmodeled noise, clutter, and possible landmine contributions.
{an,m, τn,(m+N1)}Mm=1 in (4) can be obtained by minimizing the following nonlinear least squares (NLS) criterion.

C1({an,m}Mm=1) =

K∑

k=1

∣∣∣∣∣xn(ωk)−
M∑

m=1

an,mxn−(m+N1)(ωk)e
jωkτn,(m+N1)

∣∣∣∣∣

2

(5)

Minimizing the above cost function is very complicated and computationally prohibitive. We will present a
simplified approach with scan-based debumping and segement-based debumping to obtain the estimated time
delay.

τ̂n,(m+N1) = arg max
τn,(m+N1)

∣∣∣∣∣

K∑

k=1

[x∗n−(m+N1)
(ωk)x(ωk)]e

−jωkτn,(m+N1)

∣∣∣∣∣

2

,m = 1, 2, · · · ,M (6)

Let zn,m(ωk) = xn−(m+N1)(ωk)e
jωk τ̂n,(m+N1) ,m = 1, 2 · · · ,M , an = [an,1 an,2 · · · an,M ]T

zn,m = [zn,m(ω1) zn,m(ω2) · · · zn,m(ωK)]T and Zn = [zn,1 zn,2 · · · zn,M ].
Then we can obtain the estimates of {an,m}Mm=1 by debumping Zn

ân = [ZHn Zn]−1ZHn xn
∆
=R−1

n ZHn xn (7)

Once {ân,m, τ̂n,(m+N1)}Mm=1 are obtained, the estimates {x̂n(ωk)}Kk=1 of {xn(ωk)}Kk=1 can be determined as

x̂n(ωk) =

M∑

m=1

ân,mxn−(m+N1)(ωk)e
jωk τ̂n,(m+N1) , k = 1, 2, · · · ,K (8)

Since the ground bounce is much stronger than the unmodeled noise and clutter and its DOF is usually
much smaller than the DOF of the adaptive system, the covariance matrix Rn in (7) usually has a very poor
numerical condition, which could result in a very poor performance. To remedy this problem, we can adopt the
diagonal loading technique from the adaptive array signal processing area. To improve the robustness of linear
prediction, we will not select M data closest to the probing point but the whole local area as references. We
can describe this process as follows: 1)Divide the local area into L segments with equal length, 2) Align all of
the scans within each segment with respect to its first scan (referred to as the Scan-based Debumping) and take
the average of the aligned data within each segment to generate L reference signals, 3) Align the L reference
signals to the processing scan data (referred to as the Segment-based Debumping), and 4)Apply RLP to the L
well debumped data with M = L.

Reference Data Selection

Due to the effects of target and target-like signals, the data in the local area may not have the same
distribution with the ground bounce in the testing scan. In this case, all ground bounce removal algorithms
(including ASaS and RLP presented above) will suffer severe performance degradation. Reference data selection
is to search for references with uniform distribution in the local area, which is vital to all ground bounce. Below
we present some non-homogeneous detectors (NHDs).

GIP (General Inner Product) [21] is a non-uniformity detection approach originally designated for the se-
lection of uniform secondary clutter data in space-time adaptive processing (STAP) for airborne early-warning
radar. without constant false alarm, GLR[22] is a constant false alarm adaptive detection method used in STAP.
In this paper, we use the GLR in another way: not for target detection but for uniform clutter selection. For
airborne radar, the steering vector of target can be considered known because of the known steering vector of
antenna. For GPR, ground bounce is the primary component in return, so the coarse estimation of ground
bounce can be considered as steering vector. The original GLR algorithm developed for airborne radar should
be modified as follows

yGLR(n) =
(dHn R−1

c,ndn)(1 + xHn R−1
c,nxn)

dHn R−1
c,nxn

(9)

where yGLR(n) denotes the output after NHD using the modified GLR algorithm, and dndenotes the nth
steering vector of ground bounce whose estimate can be determined by the average of {xn−i}N1+N2

i=N1+1, Rc,nis the
covariance matrix of reference data, which can be estimated using

R̂c,n =
1

N2

k=n−(N1+1)∑

k=n−(N1+N2)

sks
H
k (10)

Once yGLR(n) is obtained, we can determine the location of target, target like object and the uniformity of
ground bounce.
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Experiment Results

 

Figure 2: Distribution of buried objects

Thanks to Vrije Universiteit Brussel (VUB) [22] for
providing us the GPR data. The experiment was per-
formed in wet clay mixed with small rocks. An area of
x = 50cm by y = 196cm was scanned with a scanning
step of 1 cm in each direction. There were irregulari-
ties with a maximum of 10 cm between the highest and
the lowest point. The antenna head was placed at 5 cm
above the highest point, and the scan was done horizon-
tally. In the following examples, the target is a plastic
anti-personal mine (PMA-1PMA-3) , big stone and curv-
ing U shape copper strip, the distribution of buried object
is shown in Fig.2.

Figure 3: Comparison between GLR and GIP

Performance of GIP (dashed line) and GLR (solid
line) based NHDs is compared in Fig.3. For convenience,
power normalization was taken on {yGLR/GIP (n)}Nn=1.
Fig.3 shows that GIP and GLR have the same perfor-
mance for anti-personal mine, but GLR has better perfor-
mance than GIP in identifying target-like big stone and
copper strip, because big stone is very similar to back-
ground clutter and copper strip has very strong reflec-
tion. In the following test, we apply GLR to determine
the regions of targets and target-like objects.

In Fig.4, we illustrate the performance of RLP and
ASaS based on our new GLR based NHD method. Fig-
ure 4(a) shows the original data before ground bounce
removal. Figures 4(b) and (c) show the data after ground
bounce removal with ASaS and RLP, respectively. Fig.4
shows that both RLP and ASaS work well, but RLP out-
performs ASaS in varying soil conditions since the former
has more DOFs to model the clutter.

 

Figure 4: Comparison of ground bounce removal performance. (a)Original data, (b)ASaS, and (c) RLP.

Conclusion

In this paper, two newly devised robust adaptive ground bounce removal algorithms, i.e., ASaS and RLP,
are presented, which can work well for rough ground surface. An effective reference data selection method is
also given, which is applicable to any ground bounce removal algorithms. We have also some new results on
ICA based ground bounce removal. Due to the limited space, they will be presented in other papers.
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Abstract

Ground penetrating radar (GPR) has proven to be an effective non-destructive tool for pavement profiling.
Layer-stripping algorithm and parametric electromagnetic (EM) inversion algorithm (referred to as EMI algo-
rithm) are two inverse scattering approaches to estimate multilayered media properties using monostatic GPR.
In this paper, a localized parametric EM inversion approach (referred to as NHD-EMI algorithm) is proposed
for analyzing pavements with spatial varying characteristics. A non-homogeneous detector (NHD) is first used
to divide the whole data into multiple subsegments with similar media properties. Then EMI is applied to each
segment with layer-stripping technique to provide the initial model parameter estimates needed by the EMI
algorithm. Numerical results show that the proposed NHD-EMI algorithm exhibits better performance over the
existing EMI algorithm for nonhomogeneous pavements.

Introduction

The estimation of layer thickness and permittivity is very important for the routine maintenance of the road,
highway, and airport runways. Ground penetrating radar (GPR) has proven to be an effective non-destructive
tool for pavement profiling. It transmitted high frequency and ultra-wideband pulse which can be reflected
due to variations in the electrical properties of the investigated medium [1]. The returned echoes of the GPR
signal reflect the structure characteristic (pavement-layer thickness and the permittivity of each layer). GPR
is a nondestructive way which has superior penetrability and high resolution and it has presently been used in
many fields such as nondestructive tests in civil engineering [2], object detection and classification etc.
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Figure 1: Geometry of the monostatic radar

The diagram of a monostatic GPR for pavement profiling is shown in Figure 1. The returned echoes of
the GPR signal for a multilayered medium are superimposed signals reflected from the boundaries of different
media, which can be described by:

s (x, t) =

L(x)∑

k=1

Ak (x)w (t− τk (x)) + e (x, t) (1)

where x denotes the scan position,w (t) denotes the transmitted pulse, Ak(x) and τk(x) denotes the amplitude
and time delay of the pulse reflected from the Layer k, respectively, L(x) denotes the number of layers at the
scan position x, and e (x, t) denotes unmodeled clutter and noise.

We can estimate the delays and amplitudes of the returned echoes reflected from the different dielectric
media by matched filter and high resolution parameter estimation techniques (such as WRELAX [3]). Then the



342 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

permittivity profile (layer thickness and permittivity) can be calculated from the estimation of the amplitude
Ak (x) and the time delay τk (x). This is the layer stripping inversion approach [4][5].

Another approach is the parametric EM inversion (referred to as EMI for convenience) [4][5]. Layer-stripping
is based on tracking and analyzing the estimates of amplitude and time of delay of reflected echoes, while EMI
is based on minimizing a cost function based on the difference between measured and modeled data in every
spatial location. Layer-stripping is less accurate but is computationally more efficient than EMI. In practice,
layer-stripping is used as a prescreening method for rough inspection of a large area, and EMI is used for fine
inspection of some interested small area. Layer-stripping can also be used to provide the initial estimates of the
model parameters needed by the EMI algorithm to fasten the convergence speed.

The NHD-EMI Algorithm

The conventional EMI algorithm assumes horizontal model, which means EMI can only work well when
the permittivity changes very slowly in the lateral direction. We propose to use EMI in combination with a
non-homogeneous detector (NHD) [6], which was originally designated as a secondary data selection method for
space-time adaptive processing in airborne radar. We call this modified EMI algorithm as NHD-EMI.

Assume laterally continuous scan locations are described by {xi}Nx

i=1, and the data vector at position xi is
denoted by si (called A-scan) with dimension N × 1, where Nx and N denote the number of scan positions and
data samples in the vertical direction, respectively. Define generalized inner product [6] of each A-scan (si) as
the output of the NHD, which has the form

yi(GIP ) = sHi R−1
c si (2)

where [·]H denotes conjugate transpose and Rc denotes the covariance matrix of the clutter plus noise for the
B-scan . The estimate of Rc is given by

R̂c =
1

Nx

Nx∑

i=1

sis
H
i (3)

By using NHD, we can divide the whole data into multiple subsegments satisfying horizontal models. Then
EMI can be applied to each subsegment individually instead of using the whole data for EM invsrsion. To make
the paper self-contained, below we briefly summarize the EMI algorithm [4].

Assume S0 denotes data matrix of a selected subsegment after NHD processing with each column correspond-
ing to a A-scan data vector (some si). The permittivity profile ε(x, z) can be parameterized as a continuous
function using a basis of cubic B-splines. Permittivity thus can be model as

ε(x, z) = ε(x, z,m) =

N∑

i=1

mifx(x− x(m)
i )fz(z − z(m)

i ) (4)

where m = [m1,m2, ...,mN ]T denotes the unknown model vector that defines the amplitudes of the B-spline

functions fx(x) and fz(z) centered at the grid (x
(m)
i , z

(m)
i ), and (·)T denotes transpose. Let S (m) be data

estimated by the forward modeling for model m. Then the estimate of the model parameters can be found by
minimizing the following cost function

Q (m) = ‖S0 − S (m)‖2 (5)

defined as the difference between the observed and modeled data. The minimization of the above cost function
is a nonlinear optimization problem and can be solved by using iterative Gauss-Newton method that linearizes
S (m) about the current model mc

S (m) ≈ S (mc) +∇m [S (mc)] (m−mc) (6)

Then the estimate of the model parameter can be approximately given by

m−mc ≃ [∇mS(mc)]
+

[S0 − S(mc)] (7)

where [·]+ denotes pseudo-inverse operator. mccan be obtained via the less accurate layer-stripping approach
[5]. Further details about the EMI algorithm can be found in [4].
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Experimental Results

In this section, we present some numerical examples to illustrate the performance of the proposed algorithms.
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Figure 2: Original permittivity profile
 

Figure 3: Output of GIP based NHD

Figure 4: Comparison of the estimation performance between EMI (solid line) and NHD-EMI (dashed line)

In the following examples, the transmitted signal is a Gaussian pulse [3] with a pulse width Tw = 0.7ns, the
sampling period is 0.07ns, the total sample points along the scan direction is Nx = 50. The original permittivity
profile is shown in Figure 2. Gradual change exists in the horizontal direction for Layers 2. In the EM inversion
step, the vertical and horizontal grid spacings for the EM model parameterization are ∆z(m) = 0.4cm and
∆x(m) = 3cm, respectively. The signal-t-noise ratio (SNR) is defined as the averaged power of the transmitted
signal over the noise power and is set to 20 dB in the following examples.

Figure 3 shows the output of GIP based NHD, from which it can be noted that the horizontal change of
the second layer was detected correctly and we must divide the whole data into three subsegments accordingly
before applying EMI.

The estimation performance of the permittivity profile obtained via EMI (solid line) and NHD-EMI (dashed
line) is shown in Figure 4. In Figure 4, the horizontal axis denotes the scan position, and the vertical axis
is the averaged mean squared error (MSE) in dB of each layer at each scan position obtained via 100 Monte
Caro trials. Figures 4(a) and (b) show the results for the first and second layers, respectively. Form Figure
4 it can be noted that NHD-GEM exhibits better performance over GEM, especially for those layers that are
non-homogeneous in the lateral direction.
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Conclusion

In this paper, a localized parametric EM inversion approach (referred to as NHD-EMI algorithm) is pro-
posed for analyzing pavements with spatial varying characteristics, which combines a non-homogeneous detector
(NHD) with existing EMI algorithms. Numerical results show that the proposed NHD-EMI algorithm exhibits
better performance over the existing EMI algorithm for nonhomogeneous pavements.
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Abstract

The generalized Hough transform method is applied to the measurement of the diameters of buried cylindrical
pipes by Ground Penetration Radar (GPR). 600 MHz radar scans across long pipes, buried in one metre or so of
soil, show complex reflection patterns consisting of a series of inverted hyperbolic arcs. The time of flight t(y) as
the radar probe is scanned along an axis, y, perpendicular to the pipe, shows an arc whose shape and position
depends on 4 unknown variables: y0, the position of the center of the pipe along the scan, z0, the depth of the
pipe center, R0, its radius and V0 the velocity in the medium. Analytic expressions for the solution of these
variables have been obtained. They use sets of times ti at corresponding positions yi, along the arc, depending
on the number of variables to be determined. In the generalized Hough method many such sets of times are
chosen randomly from points on the arcs. The results are presented for example as peaks in an accumulator
space for each variable. The method is demonstrated for a 0.18 m radius concrete pipe buried at a nominal 1
m depth in a road. Using data acquired at 600MHz frequency (around 0.16m wavelength in soil) the estimated
radius was 0.174 ± 0.059 m.

1. Introduction

Beneath most roads are many pipes, of varying sizes, which may one day need to be dug up. The location
and identification of these pipes can be very valuable. Ground Penetrating Radar is an established technique
for identifying the position of these pipes [1]. A portable radar source emits a very short pulse at a typical
radar frequency of 600MHz, or around 0.16m wavelength. The radar pulse penetrates the ground for a meter
or so, and the reflected intensity I(y, t) can be recorded as a function of the position y across the road and the
round-trip time of flight t(y). Figure 1 shows a typical “B-Scan” plot showing the reflected intensity gray scale
as a function of the scan position y perpendicular to pipe axes, and the time of flight t. If the radar velocity V0

is known for the soil under the road, the time of flight may be converted into range S=1/2V 0t.

The equation for the time of flight from the source to the first interface of a cylindrical pipe of radius R0 at
a position and depth (y0, z0)is

Vot/2 = [(y − y0)2 + z2
o ]

1/2 −Ro + Vot0/2 (1)

where t0 the time of flight to the surface of the road, often called the “main bang” since it gives a large easily
identified radar peak. It must be measured precisely since it is seen from eq. 1 that the pipe radius adds to it
directly. This equation gives rise to the characteristic overlapping inverted hyperbolic patterns that are readily
identified in the figure. This equation may usefully be written in terms of two readily measurable quantities:
the apex time ta and the curvature Ca at the top of the hyperbola. These are given by [2], ta = 2(z0 −R0)/V0

and Ca = 2/(z0V0). Figure 2 shows a family of hyperbola with the same apex time and curvature, but with
varying ratios of the time to cross the pipe diameter to the apex time p = 2R0/(V0ta)

t(y) = (1 + p)[ta + Ca(y − y0)2/(1 + p)]1/2 − pta (2)

It is seen that the pipes of finite diameter may be distinguished from narrow pipes provided that the
hyperbola is followed for enough distance, and corresponding depth, to distinguish the asymtotic gradient
defining the velocity in the soil.
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Figure 1: The time of flight t of reflections from a
short radar pulse plotted as a function of the distance
across the road. The pipe A on the left is a 036m
diameter concrete pipe and that on right B is a 0.08m
diameter electric cable.

 

Figure 2: The calculated time of flight for pipes with
the same apex position and curvature, but with dif-
fering diameters. The feint dashed line shows the
asymtotic velocity, the thin line the reflection from a
vanishingly small pipe.

2. The Generalized Hough Transform for Analyzing Hyperbolic Radar Reflections

Typical radar images contain overlapping hyperbolae from many buried pipes and there is no easy way to
isolate the reflection from one peak from that of another.

Even if one hyperbola of the reflected pattern is isolated, as for example the peak A in figure 1, it is seen
that it is overlapped by 2 or 3 major reflections. The generalized Hough transform provides a method provides
a method for dealing with such cases [3,4].

 

Figure 3: The generalised Hough method applied to a buried pipe of finite diameter in a medium of unknown
velocity. Measurements from up to 4 probe positions are taken, taking into account the experimental errors in
distance y and range s (or time t). These pairs of measurements (yi, si)i = 1, 4 can be used to give an analytic
solution of the 4 unknown parameters y0, z0, R0, V0. These parameters are used to implement an accumulator
space in 1 to 4 dimensions whose peaks correspond to the most probable values of the parameters. Assumed
experimental errors in the measurements ∆y, ∆s may be used to evaluated the probable error in the final
parameters ∆y0,∆z0,∆R0,∆V0

Figure 3 illustrates the case of a buried pipe of unknown position and diameter buried in soil of unknown
velocity. From any 4 sets of probe positions yi, i = 1, 4 the times of flight of the reflection from the pipe ti
may be estimated, together with the associated experimental errors in position and time ∆y, ∆t. These provide
4 example cases of equation 1, and these equations may be simultaneously solved to yield the four unknown
parameters In general one variable at a time is eliminated from the equations. In the present case the velocity
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variable V0 was eliminated first. The equations for subsequent variables may use the solution for V0 already
found.

V0 =2{[t1(y4 − y3)(y3 − y2)(y4 − y2) + t2(y4 − y3)(y1 − y4)(y3 − y1)
− t3(y2 − y1)(y1 − y4)(y4 − y2)− t4(y2 − y1)(y3 − y2)(y3 − y1)]/
[t1t2(t2 − t1)(y4 − y3)− t3t2(t3 − t2)(y1 − y4) + t4t3(t4 − t3)(y2 − y1)
− t1t4(t1 − t4)(y3 − y2)− t1t3(t3 − t1)(y4 − y2)− t2t4(t4 − t2)(y3 − y1)]}1/2

(3)

R0 =
−(1/V0)(y3 − y2)(y1 − y3)(y2 − y1) + (V0/2)2[t21(y3 − y2) + t22(y1 − y3) + t23(y2 − y1)]

[t1(y3 − y2) + t2(y1 − y3) + t3(y2 − y1)]
(4)

y0 =
1

2

(y2
2 − y2

1)− (V0/2)2(t22 − t21)−R0V0(t2 − t1
y2 − y1

(5)

z0 = [(R0 + V0t1/2)2 − (y1 − y0)2]1/2 (6)

These results may be used to contribute to a histogram in any desired variable whose peaks will indicate
the most probable value of the variable. 2, 3 or 4 dimensional histograms may also be constructed to indicate
the most probable value of all variables.

 
Figure 4: When experimental uncertainties are taken into account the choice of experimental points is crucial
to the accuracy of the final parameters. In this two-dimensional case of determining position and depth, points
(i) are “ill-conditioned”, points (ii) are well conditioned for poisition, points (iii) well conditioned for depth

3. Including the Effects of Experimental Errors in the Measurement

As indicated in figure 1, errors in the position and time measurements are inevitable. Position errors occur
from probe position uncertainty, probe movement irregularity and position binning. Time errors occur from
experimental uncertainties, systematic errors in the analysis, and again binning errors. These will lead to errors
in the solution of the unknown variables using equations 3 to 6. Much depends on the distribution of the points
across the arc. Certain sets of points are “well conditioned” and will give more accurate solutions than “ill
conditioned” sets. Figure 4 shows a simple example in two dimensions when two sets of position and range
points y1, s1, and y2, s2 are used to determine the position and depth y0, z0. The equations for the position and
depth of the pipe are

y0 =
1

2

(y2
2 − y2

1)− (s22 − s21)
y2 − y1

, z0 = [s21 − (y1 − y0)2]1/2 (7)

Differentiating with respect to the position error dy1gives

dy0
dy1

=
y0 − y1
y2 − y1

,
dy0
ds1

=
s1

y2 − y1
, (8)
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As illustrated in figure 4(ii), well conditioned points for the position will have low differentials dy0 /dy1

and dy0 /ds1, which is satisfied when the separation between the points (y2 − y1)in the denominator is large.
Differentiating with respect to range error ds1,

dz0
dy1

=
(y1 − y0)(y2 − y0)

z0(y2 − y1)
,
dz0
ds1

=
s15(y2 − y0)
z0(y2 − y1)

, (9)

Summing these terms, the overall errors in y0 and z0are

∆y2
0 = ∆s2[(dy0/ds1)

2 + (dy0/ds2)
2] + ∆y2[(dy0/dy1)

2 + (dy0/dy2)
2]

∆z2
0 = ∆s2[(dz0/ds1)

2 + (dz0/ds2)
2] + ∆y2[(dz0/dy1)

2 + (dz0/dy2)
2]

(10)

Experimental errors in the measurements may thus be used to give a weighted histogram when the more
accurate “well conditioned” sets of points may be given a higher weight in the histogram than “ill conditioned”
sets. A typical weighting is the exponential form

wR = exp[−C∆R2
0/ < ∆R2

0 >] (11)

In practice, there will be compromise between high statistical precision at low C and low mean error at high
C.

              

Figure 5: Left: The simulated radius distribution function for a 0.18m radius pipe at a depth of 1m. The light
grey curve is the unweighted histogram, the others have weighted histotgrams according to equation 11 with
values of C shown. Right: The measured width as a function of simulation error for C=4.

4. Simulated Results for a 0.18m Radius Pipe Buried at 1 m Depth

The left of figure 5 demonstrates the utility of the error-weighted Hough transform. The light gray un-
weighted distribution is clearly broader than the darker weighted curves with C=4 and 32.These curves have a
simulated Gaussian timing error of 0.5%. In general there is a compromise to be made between good statistical
accuracy in the distribution (low C) and low error in the mean radius (high C). On the right, the figure shows
the increase in radius distribution peak width with increasing timing error. The correlations between radius,
depth and velocity mean that the error of 0.1m in radius requires a precise 0.6% timing accuracy.

5. The Case of Two Pipes Buried Beneath a Road at About 1 m Depth

We first begin with a failure and a warning. When the full 4 unknown parameter computation was performed
using the experimental data from peak A of figure 1, the radius distribution was broad with a peak at an
implausible negative radius around –0.25m. Moreover the velocity distribution peaked at around 1.31 ±108m/s.
A likely cause of the problem is the correlation between depth, radius and velocity in the 4-parameter solution.
As figure 2 indicated a hyperbolic apex point and curvature is not sufficient to determine 3 parameters uniquely.
It seems probable that the mean velocity in the soil well beneath the pipe, where the velocity can be most
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Figure 6: The radius distribution function for both pipes for a 3-parameter Hough transform in the variables
y0, z0, R0, Assuming a fixed value for the velocity derived from peak B. Again the light grey curve is the
unweighted histogram, the others have weighted histograms with varying constants C. The vertical lines show
the known actual radii of the pipes.

reliably determined, is different from that in the surface soil above the pike. Peak B is known to correspond
to an electric cable with a negligible 0.04m radius. When a 3-parameter Hough analysis with parameters
y0, z0, V0 was performed using peak B points alone a velocity V0=1.102±0.05 x108m/s was found. In figure 6
the velocity has been fixed at the value V0, above and the radius distribution determined from the 3-parameter
y0, z0, R0Hough transform.

Conclusion

The generalized Hough method can be used to measure buried pipe diameters from radar measurements.
Probable experimental errors can be used to weight ill-conditioned sets of points giving higher accuracy. Simul-
taneous position, depth, radius and velocity determination can be difficult.
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Abstract

Ultra-wideband (UWB) Microwave imaging (MWI) is a promising breast cancer detection technology which
exploits the significant contrast in dielectric properties between normal breast tissue and tumor. Previously,
data-independent methods, such as delay-and-sum (DAS) and space-time (ST) beamforming, have been used
for microwave imaging. However, the low resolution and the poor interference suppression capability associated
with the data-independent methods restrict their use in practice, especially when the noise is high and the
backscattered signals are weak. In this paper, we develop two data-adaptive methods for microwave imaging,
which are referred to as the robust weighted Capon beamforming (RWCB) method and the amplitude and
phase estimation (APES) method. Due to their data- adaptive nature, these methods outperform their data-
independent counterparts in terms of improved resolution and reduced sidelobe levels.

Introduction

Breast cancer is the most common nonskin malignancy in women and the second leading cause of female
cancer mortality [1]. Early diagnosis is the key to survive from breast cancer [2]. As a safe, comfortable, sensitive,
and accurate method, ultra-wideband (UWB) microwave imaging (MWI) is an attractive technology for early
breast cancer detection. The physical basis for microwave detection is the significant contrast in dielectric
properties between normal tissue and cancerous tissue [3]. As a result, the tumor microwave scattering cross-
section is much larger than that of a normal breast tissue with the same size. The UWB microwave imaging
approach transmits broadband microwave pulses from different locations on the breast surface and records the
backscattered responses from the breast. The backscattered responses are processed coherently to form the
image.

Previously, data-independent beamforming methods, such as the delay-and-sum (DAS) [4] and the mi-
crowave imaging via space-time (MIST) beamforming [5], have been used for MWI breast cancer detection in
two-dimensional (2-D) and simplified three-dimensional (3-D) breast models. These works demonstrated the
potential of using UWB microwave imaging for the detection of breast cancer. However, these data-independent
methods have low resolution and poor interference suppression capability.

In this paper, we present two data-adaptive algorithms for microwave imaging, referred to as the robust
weighted Capon beamformer (RWCB) method and the amplitude and phase estimation (APES) method. These
data-adaptive methods outperform their data-independent counterparts in terms of higher resolution and better
interference suppression capability. The weighted Capon beamformer (WCB) is a method similar to the standard
Capon beamformer (SCB), but a weighting strategy is used to improve the beamformer performance. To make
WCB robust, we adopt the main idea of robust Capon beamformer (RCB) [6] into WCB, and the resulting
algorithm is referred to as the robust weighted Capon beamformer (RWCB). APES is derived based on the least
squares fitting of the beamformer output [7] under the assumption that the signal waveform is known.

Data Model and Problem Formulation

Data collection and early-time response removal: We consider herein a bistatic radar model for the
imaging system. A pair of transmitter/receiver antennas are used to scan the breast at different positions.
During each scan, the antenna pair is located on the breast skin at a chosen position ri = [xi yi zi]

T . Here,
(·)T denotes the transpose. A broadband microwave pulse is sent by the transmitter, and the backscattered
signal is sampled by the receiver. Let Ei(t), i = 1, · · · ,M , denote the received signal by the ith channel at time
instant t, and let riT and riR denote the positions of the transmitter and receiver antennas for the ith channel,
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respectively, where M is the number of channels or antenna pair positions. Our goal is to detect the tumor by
constructing 3-D images of the backscattered energy p(r) as a function of imaging location r within the breast.

There are early-time and late-time contents in the received backscattered signals. The early-time content
is dominated by the incident pulse and reflections from the breast skin. The late-time content contains tumor
backscattered signals and other backscattering due to the inhomogeneous fatty tissue, glandular tissue, and
chest wall. Due to the small distances between the antennas and between the antenna pair and the skin, the
magnitude of the early-time content is much larger than that of the late-time content. We must remove the
early-time response to enhance the tumor response. Because the distance between the transmitter and the
receiver is fixed and the skin tissues are similar at different positions, the signals recorded at various antenna
locations have similar direct propagations and skin reflections. Hence we can remove the early-time content
by subtracting a fixed signal out from all channels. This calibration signal Ē(t) can be obtained simply by
averaging the recorded signals at all channels. After Ē(t) is subtracted out from each channel, we have the
preprocessed signal Xi(t) = Ei(t)− Ē(t), i = 1, · · · ,M .

Signal time-shifting, windowing, and compensation: For the ith channel, we align the return from a
specific imaging location r with the returns from the same location for the other channels by time-shifting the
signal Xi(t) a number of samples ni(r). The discrete-time delay between the antennas and r can be calculated

as ni(r) = ⌊ 1

∆t
[‖riT − r‖/C+ ‖riR− r‖/C]⌋, where ⌊x⌋ stands for rounding to the greatest integer less than x,

C is the velocity of microwave propagating in breast tissues, and ∆t is the sampling interval, which is assumed
to be sufficiently small. The time-shifted signal is denoted as X̌i(t, r) = Xi(t+ni(r)), t = −ni(r), · · · , T −ni(r),
where T is the maximum time (rounded to the nearest multiples of the sampling interval) needed by microwave
pulse to propagate from the transmitter to the far side of the skin or chest wall and back to the receiver.

After time-shifting, the backscattered signals from location r are aligned so that they all start approximately
from time t = 0 for all channels. Next the aligned signals are time windowed to isolate the backscattered signals
from location r. The windowed signals are denoted by X̌i(t, r), t = 0, · · · , N −1, where N∆t is the approximate
duration of the backscattered signal from location r.

Propagation attenuation occurs when the microwave propagates within the breast. The attenuation of the
tumor responses at various channels is different because the distances from the transmitter to the imaging
position r and back to the receiver are different. Here we only compensate out the attenuation due to the
propagation and ignore the lossy medium effect because the propagation attenuation is the dominant factor.
For the ith channel, the compensation factor is given by Ki(r) = ‖riT − r‖2 · ‖riR − r‖2, and the compensated
signal can be calculated as yi(t, r) = Ki(r) · X̌i(t, r), t = 0, · · · , N − 1.

Data Model: Without loss of generality, we consider imaging at the generic location r only. For notational
convenience, we drop the dependence of yi(t, r) on r, and simply denote it as yi(t). Now we consider the signal
y(t) = [y1(t) y2(t) · · · yM (t)]T , t = 0, · · · , N − 1. After preprocessing, each snapshot y(t) can be modeled as

y(t) = a · s(t) + e(t) (1)

where s(t) is the backscattered signal, a denotes the steering vector, and e(t) = [e1(t) e2(t) · · · eM (t)]T (t =
0, · · · , N − 1) is a term comprising both interference and noise. Since y(t) was properly time-shifted and
compensated for, the steering vector a is assumed to be [1 1 · · · 1]T . The problem of interest then is to estimate
the backscattered signal s(t) from y(t).

Adaptive Microwave Imaging

Robust Weighted Capon Beamformer (RWCB): The standard Capon beamformer (SCB) [8] considers
the following problem

min
w

wT R̂w subject to wTa = 1 (2)

where w is the beamformer’s vector, and R̂ , 1
N

∑N−1
t=0 y(t) · yT (t) is the sample covariance matrix.

The weighted Capon beamformer (WCB) uses a simple least squares estimate of s(t) as a weighting function:

h(t) = yT (t) · a/‖a‖2 = 1
M

∑M
i=1 yi(t). Then WCB is obtained by solving the following optimization problem

min
w

wT ˆ̃Rw subject to wTa = 1 (3)
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where the weighted sample covariance matrix is defined as ˆ̃R = 1
N

∑N−1
t=0 y(t)yT (t) · h2(t). The solution of

(3) is given by ŵWCB = ˆ̃R−1a/aT ˆ̃R−1a and ŝWCB(t) = ŵT
WCB · y(t). Then the backscattered energy can be

calculated as p(r) =
∑N

t=1 ŝ
2(t) which will be regarded as the backscattered energy from position r.

Note that the only difference between SCB and WCB is in their sample covariance matrices. The weighted
sample covariance matrix used by WCB has an intuitively appealing interpretation: if h(t) is large, which
indicates that the signal content of y(t) is large, we give y(t) more weight when we estimate the covariance
matrix, and vice versa. By this weighting strategy, the so-obtained beamformer “focuses” on the snapshots
where the estimated signal content is large.

WCB has better resolution and much better interference rejection capability than the data-independent
beamformers. However, similar to SCB, it suffers from severe performance degradations when some of the
underlying assumptions on the environment, sources, propagation, or sensor array are violated. To improve the
performance of WCB in the presence of model errors, we assume that the true steering vector is â, which is a
vector in the vicinity of a, and that the only knowledge we have about â is that ‖â− a‖2 ≤ ǫ where ǫ is a user
parameter. We adopt the recently developed robust Capon beamforming (RCB) [6] approach to make WCB
robust against the errors in a. To make this paper self-contained, we summarize the main steps of the RWCB
approach below.

Consider the theoretical covariance matrix used by WCB

R̃ = α · aaT + Q (4)

where α , 1
N

∑N−1
t=0 s2(t)h2(t) and Q , 1

N

∑N−1
t=0 h2(t) · E[e(t)eT (t)]. Due to the potential errors, the signal

term in ˆ̃R is not well described by α · aaT , but by α · ââT [9].
First, we assume â is given (the determination of â will be discussed later on). Then the RWCB problem

can be re-formulated as
min
w

wT ˆ̃Rw subject to wT â = 1 (5)

which has the solution
ŴRWCB =

ˆ̃R−1â

âT ˆ̃R−1â
(6)

Next, we determine â via a covariance fitting approach [8]. Since â is a vector in the vicinity of a such that

α · ââT is a good fit to ˆ̃R, we determine â as the solution to the following optimization problem

max
α,â

α subject to ˆ̃R− αââT ≥ 0

‖â− a‖2 ≤ ǫ
(7)

Usually, ǫ is determined by the various errors discussed previously. In practice, ǫ can be chosen experimentally
by considering all the errors together. The above optimization problem can be solved as described in [6].

Amplitude and Phase Estimation (APES): Previously, we have developed the RWCB method based
on the assumptions that the signal waveform can be estimated and then used as a temporal weighting function.
In this subsection we present the amplitude and phase estimation (APES) method which explicitly assumes
that the signal waveform is known.

Consider the following data model:

y(t) = aβs̄(t) + e(t), t = 0, · · · , N − 1 (8)

where β is the unknown amplitude of the backscattered signal with waveform s̄(t), t = 0, · · · , N − 1, assumed

to be known. To avoid a scaling ambiguity, we let
∑N−1

t=0 [s̄(t)]2 = 1. The APES method considers the following
problem

min
β,W

1

N

N−1∑

t=0

[wTy(t)− βs̄(t)]2 subject to wTa = 1 (9)

Here, the beamformer output wTy(t) is required to be as close as possible (up to a scaling factor β) to the
known signal waveform s̄(t). By design, the APES beamformer can suppress the noise and interference, and at
the same time, protect the signal of interest by enforcing the equality constraint.
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Let g = 1
N

∑N−1
t=0 y(t)s̄(t). A straightforward calculation shows that the criterion function in (9) can be

rewritten as

1

N

N−1∑

t=0

[wTy(t)− βs̄(t)]2 = (
β√
N
−
√
NwTg)2 + wT R̂w−N(wTg)2 (10)

So the minimization of (10) with respect to β is given by β̂ = N · wTg. Insertion of β̂ into (10) yields the
following minimization problem for the determination of the APES beamformer

min
w

wTZw subject to wTa = 1 (11)

where we have defined Z = R̂−N · ggT . The solution to (11) is readily obtained as ŵAPES = Z−1a/aTZ−1a

and β̂ = N · aTZ−1g/aTZ−1a. Then the backscattered energy is β̂2.
Since we know the transmitted pulse and the dielectric properties of the tumor, the waveform of the backscat-

tered microwave from a small tumor can be calculated theoretically. For simplicity, in the numerical experiments
of the next section we just choose the normalized early-time response as the backscattered signal waveform in
our numerical examples.

Conclusion

In this paper we have presented two data-adaptive microwave imaging (MWI) methods for breast cancer
detection, namely the RWCB and the APES methods. A complex 3-D breast model was also developed to
compare the performances of these adaptive imaging algorithms. The proposed data-adaptive methods produce
better imaging results than their data-independent counterparts. Compared with MIST and DAS, RWCB and
APES are more robust against noise. When the tumor is small (4 mm-diameter) in size, only RWCB and APES
can still detect the tumor, while MIST and DAS cannot.
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Abstract

Based on analyzing disadvantage of routine estimate for artificial frozen soil boundary and comparing the
dielectric properties differences between artificial frozen and natural soil, experiment on estimating the boundary
using Ground Penetrating Radar was discussed for the cross-passage construction of Shanghai East Fuxing road
tunnel. For knowing about the amplitude and phase features of GPR reflection of frozen soil boundary, forward
modeling was also developed. Despite much EM disturbance the boundary reflection could be obtained from
GPR profile by optimizing the data collection mode and selecting appropriate filtering method. By tracing in-
phase reflections the boundary could be estimated from GPR profile. Experimental results show that estimated
boundary using GPR is consistent with the temperature field distribution deduced from temperature-supervising
data. GPR can be used for detecting frozen soil boundary during cross passage construction in tunnel, and also
it can make up for the limitation of temperature-supervising method, such as the less temperature-supervising
holes and temperature data lost due to sensor damage during construction.

Introduction

In Shanghai soft soil area, the mainly applied and most successful construction technology is the freezing
method during cross-passage construction in tunnels. Freezing method is a credible construction technology
to deal with the instability watery surface soil, like silt and fluid sand. Freezing boreholes are finished for
refrigerating the watery soil around excavated surface. It can consolidate the soft soil, cross-passage excavation
can be safety protected by frozen soil (Qiao W.G, 2003). So it is very important to exact distinguish the quality
of the freezing construction or the artificial frozen soil boundary. Supervising temperature of frozen soil is a
routine method depending on some boreholes, and freezing effect can be estimated by soil temperature filed
deduced from temperature data. In fact, only a few supervising holes can be bored and some sensors may be
destroyed during construction (Chen X.SH, 1999). It is not enough to distinguish freezing quality only using
the finite temperature data. So a non-destructive testing method should be introduced for more exactly and
quickly detecting frozen boundary.

Electrical Parameters of Frozen Soil

Soil temperature will change after freezing construction, and the change will result in water migration and
soil frozen. Ice may be enrichment or dissipation in different part of soil around the boring holes and different
frozen soils will be produced (He P, 1990). Freezing process and dynamic temperature change has a bad effect
on electrical property of the soils. Geophysical methods can survey and know about soil geology just using these
electrical differences (Koh, G., and S.A, 1999). Freezing construction results in the distinct difference between
frozen soil and natural soil, there has the better Geophysical condition for detecting frozen soil boundary. Table
1 shows the difference between frozen and natural soils, such as resistance and relative dielectric constant (Wang
W.L, 2003). Obviously, the differences are very much. In all Geophysical survey methods, electromagnetic wave
method is most sensitive to the electrical or dielectric differences, such as Ground penetrating radar. GPR is
the general term applied to techniques that employ radio waves, typically in the 10 to 5000 MHz frequency
ranges, to map structure and features buried in the ground (or in man-made structures). GPR makes use of
electromagnetic waves generated into the surface of the object studied by means of antennas moving along the
surface. Reflections must be generated when the electromagnetic waves arrive at frozen soil boundary because
of the dielectric difference (Gu Zh.W, 1994). There have theory foundation and dielectric difference condition
for detecting frozen soil boundary using GPR during cross passage construction in tunnels. And also there have
some research on detecting the permafrost table using GPR in cold area (Yu Q.H, Chen G.D, 2002).



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 355

GPR forward simulation and detecting experiment have been finished during freezing construction of the
cross passage in Shanghai East Fuxing road tunnel. As a result of very low attenuation in frozen soils, the VHF
EM waves can penetrate into long distance, and the attenuation coefficient is only 0.01-1dB/m (Yu Q.H, Chen
G.D., 2002; Plewes L A and Hubbard B., 2001). So GPR penetration depth is greater than the distance from
frozen soil boundary to detecting surface using 100MHz frequency antennas. Combined with the temperature
data, GPR detecting effect and some questions have been discussed.

Table 1: Dielectric parameters difference between the frozen and natural soil

soil resistance(Ω.m) dielectric constant

frozen soil 2000-3000 4-8

natural soil 800 10-30

Design of Model and Experiment

Permafrost table GPR detecting results show that the most problem is the strong attenuation of EM waves.
Under this detection mode, transmitter and receiver are all put on the ground surface. EM waves firstly generate
into the thaw soil and quickly attenuate, so the energy reflected from permafrost table is very weak, and it is
difficult to distinguish object reflection and around medium reflection. For overcoming the difficulty, detection
mode has been changed during experiment. Transmitter and receiver antennas are directly put on the excavated
surface of cross passage like the one shown in Fig.1. Under this detection mode, EM waves firstly generate into
frozen soil and arrive at frozen soil boundary, and then receiver will receive the reflected wave from the boundary.
There is little EM energy attenuation because the attenuation coefficient is very small in frozen soil. So in GPR
profile the reflection of frozen soil boundary will be strong and clear, and easy to identify.

According to the construction schedule, No.3 cross passage is selected for GPR detecting experiment. After
excavated surface is enough to operate GPR antennas, we carry out the experimental detection by putting
transmitter and receiver on frozen soil surface. Fig.2 shows the survey lines sketch. At both sides of the guide
excavated hole of the north tunnel, two survey lines have been finished and antennas move from the top down
along survey lines. One survey line has also been finished at the west wall surface of cross passage, and antennas
move from north to south tunnel along survey line.

GPR data are collected using pulseEKKO-4 systems manufactured by Sensor & Software Inc. 100MHz
frequency antenna has been selected for experimental detection. In GPR profile, reflections are interpreted as a
raster image formed by adjacent echoes. Each echoes is displayed as a vertical line extending downward, where
the length of the line is proportional to displayed penetration depth. The reflected intensity along the line is
denoted by monochrome or color scale.

 

frozen soil 

natural soil  

b
o

u
n

d
ar

y
 

antenna 

excavated 

surface 

Figure 1: GPR detection on Cross-passage in tun-
nels
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Figure 2: GPR lines sketch at No.3 Cross-passage in
tunnels

Experiment Data Analyzing

Forward modeling has been also finished according to model shown in Fig.1 Simulated GPR profiles show that
reflection of frozen soil boundary is strong-amplitude and the same phase as direct wave. These characteristics
will be the important factors to identify reflection of frozen soil boundary in GPR profile.

In tunnel there exist different EM disturbance sources, such as the power cable, steel lining and support
structure. Besides effective object reflection, GPR profile contains much low frequency noises. So it is very
difficult to exactly identify reflection of frozen soil boundary and confirm two ways travel time. It is necessary
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Figure 3: GPR detecting result of 3PL survey line
(a)filtered GPR profile (b)interpretation result
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Figure 4: GPR detecting result of 3PR survey line
(a) filtered GPR profile (b) interpretation result

to remove low frequency noises from GPR profile adopting appropriate filter. Non-linear filter package in
Shugunag GPR software has been used to remove noises in experiment (Zhao, Y.H, 2004). Fig.3a shows filtered
GPR profile of 3PL survey line, Fig.4a shows filtered GPR profile of 3PR line and Fig.5a shows filtered GPR
profile of 3Wall line. Compared with original GPR profiles, noises have been removed and reflections of frozen
soil boundary have been improved and easy to identify two ways travel time. Certainly, if EM velocity in frozen
soil can be exact obtained, the distance from detecting surface to frozen soil boundary would be calculated.

EM velocity mainly depends on the dielectric property of the medium, and can be calculated by formula
v = 0.3/

√
εr(m/ns), where εr is relative dielectric constant of the medium. Relative dielectric constant of frozen

soil in No.3 cross passage is about 7.0-7.5 by sampling in the site and determining in lab. So EM velocity should
be 0.11m/ns in experiment

In Fig.3a, sequential and strong-amplitude reflections, which are the same phase as direct wave, can be found
at two ways travel time range from 72ns to 74ns. These reflections should be reflected from frozen boundary,
and distance from detecting surface to boundary changes from 3.8m to 4.0m. Fig.3b shows the interpretation
result.

In Fig.4a, sequential and strong-amplitude reflections, which are the same phase as direct wave, can be found
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Figure 5: GPR detecting result of 3Wall survey line
(a) filtered GPR profile(b) interpretation result

at two ways travel time range from 74ns to 78ns. These reflections should be reflected from frozen boundary,
and distance from detecting surface to boundary changes from 4.1m to 4.2m. Fig.4b shows the interpretation
result.

In Fig.5a, sequential and strong-amplitude reflections, which are the same phase as direct wave, can be found
at two ways travel time range from 70ns to 74ns. These reflections should be reflected from frozen boundary,
and distance from detecting surface to boundary changes from 3.8m to 4.0m. Fig.5b shows the interpretation
result.
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Figure 6: Designed layout of frozen soil boundary.
(The western side is symmetrical distribution with the Eastern, and the dimension unit: mm)

Fig.6 shows designed frozen soil boundary of No.3 cross passage. The boundary deduced from supervising
temperature field is generally consistent with the designed boundary, and freezing effect on the west side of cross
passage is better than on the east side. It means that the distance from detecting surface to frozen boundary
on the west side is greater than on the east side.

At the position of 3PL survey line, supervising temperature field reveals that the distance from detecting sur-
face to frozen boundary is about 3.9m∼4.0m. The difference between GPR interpretation result and supervising
temperature result is less than 2.5 percent.

At the position of 3PR survey line, supervising temperature field reveals that the distance from detect-
ing surface to frozen boundary is about 3.1m∼4.2m. The difference between GPR interpretation result and
supervising temperature result is less than 5 percent.

At the position of 3Wall survey line, supervising temperature field reveals that the average distance from
detecting surface to frozen boundary is greater than 3.8m. The difference between GPR interpretation result
and temperature supervising result is less than 5 percent.

Obviously, the comparison result satisfies engineers and designers. If it is possible to finish more survey lines
or grid lines, frozen boundary of the whole cross passage could be drawn.

Conclusion

Experimental results show that GPR can be used for detecting frozen soil boundary during cross passage
construction in tunnels. Despite much EM disturbance the boundary could be obtained from GPR profile by
optimizing the data collection mode and selecting appropriate data process method. The difference between
GPR interpretation result and temperature-supervising result is only about 5 percent. And also if environmental



358 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

disturbance is suppressed, GPR could get more exact result. Combined with supervising temperature method,
GPR can make up for the limitation, such as the less temperature-supervising holes and temperature data
lost due to sensor damage during construction. In order to introduce GPR into actual engineering application
instead of experiment, more research should be developed as follows.

First more effective filter method should be developed for abstracting reflection of the boundary. Second,
Forward modeling is good help for knowing about features of EM wave in frozen soil and improving level of
GPR profile interpretation. So it is very important to develop GPR forward model of frozen soil.
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Urban Road Network Extraction from Spaceborne SAR
Image
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Abstract

A two-step method is developed for the extraction of road network from spaceborne SAR image: road
candidates detection and connection. In the road candidates detection, classification of fused infrared and
microwave SAR images effectively reduces the noise in the edge detection, and also well removes possible
confusion of no-road objects, i.e. linearly-featured rivers in the edge image. Possible road candidates are further
processed using the morphological thinning algorithm. Road candidates connection is carried out hierarchically
according to road models we established. Finally, the main road network is established from the SAR image
successfully. As an example, using the ERS-2 SAR image data, automatic detection of main road network in
Shanghai Pudong area is presented.

Introduction

Urban road network extraction from spaceborne SAR image has been one of most important applications
in remote sensing technology. For example, it is greatly helpful of urban transportation mapping, planning and
management and city GIS database etc.

During recent two decades, some approaches for automatic or semiautomatic detection of road from the
optic or radar images have been developed [1-12]. However, due to some difficulties such as roads irregularity,
multiplicative speckles, and complicated distribution of various objects in the urban area, these approaches do
not seem to be well tractable to process the radar image, especially for distinguishing linearly featured objects,
e.g. water body and roads.

In this paper, a constant false alarm rate (CFAR) edge detector is first applied to extracting the potential
roads as candidates. Then, classification of fused infrared and microwave SAR images is used to reduce the
noise of the edge detection with logic “AND” fusion operation. Meanwhile, confusion of no-road objects such
as linearly-featured rivers is removed. Further, the morphological thinning algorithm is employed to make the
width of road candidates to be one pixel. To reduce complexity and time consuming, all roads candidates are
classified into groups based on their orientations. To avoid possible loss of some useful road segments, the road
candidates are linked and extended based on the thinning results and reference of original SAR images.

As an example, using the ERS-2 SAR image data, automatic detection of main road network in Shanghai
Pudong area is presented.

Extraction of the Road Candidates from a SAR Image

Three steps are applied to extraction of road candidates from a SAR image: edge detection, speckle reduction
and edge thinning. The coefficient of variation detector based on the speckle model and statistics with CFAR
has been employed to radar image edge detection [4]. Its threshold evaluating the homogeneity of the image is
chosen as [13]. To reduce the confusion of no-road objects, such as grass, flat field and water body in the edge
image, the logic “AND” fusion operation is carried out between it and the classification result of fused infrared
and SAR images [14]. If one pixel as the road candidate in the edge image is classified as grass, or flat field,
or water in the classification image, it should be re-assigned as the background instead of road. And the final
road candidates are obtained by thinning the edges with morphological thinning algorithm.

Linking Road Candidates

After road candidates clustering based on their orientations, road linking and extension carried out hierar-
chically according to the characteristics of the main roads as well as their connections.

To realize road candidates linking of the similar orientation, a model based on the characteristics of the
single road in dense urban area and the connections between different roads is established as follows:
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(1) The length and curvature of road candidates are within the given thresholds;

(2) Connection takes place between two different road candidates;

(3) The distance between road candidates satisfying (2) should be smaller than the given threshold;

(4) The slope of the road formed with the endpoints satisfying (3) has little difference from the slopes of road
candidates, which the two endpoints are belong to.

Characteristic (1) indicates the local smoothness of the road, and (2) (3) (4) show the road continuity. As
shown in Fig.1, only Point C is found to satisfy all demands, and the road candidate AC is added and the road
candidate 3 is reserved.
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Figure 1: Linking those road candidates with same orientation

In order to fill the gap between different road candidates, a further linking is made based on all possible
road candidates without classes considered. The linking should follow the rules as follows:
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Figure 2: Linking the road candidates

 

Figure 3: An ERS-2 SAR image

 

Figure 4: Edge image using the coefficient of the
variation edge detector
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(1) Linking should be carried out between one detected road candidate and one possible road candidate or
between two different detected road candidates;

(2) The distance between the neighbor endpoints of the two candidates satisfying (1) should be limited by
the given threshold;

(3) The slope of the road added should either be close to both of the two candidates satisfying (2) or be close
to one of them and be about 90◦ difference from the other, as explained in Fig. 2. The line AB, 1 and 2
in Figures 2 (a, b) satisfy the above demands, respectively. Therefore, they are linked together. However,
the line AC, 3 and 1 do not meet the demands and no connection is made between them. It is similar to
the line AD, 4 and 1.

(4) The slope of the road formed with the endpoints satisfying (3) has little difference from the slopes of road
candidates, which the two endpoints are belong to.

 

Figure 5: The fusion result of the edge detection

 

Figure 6: The classification of road candidates ac-
cording to their orientation

 

Figure 7: Combination of all linked road candidates
after linking in different directions

Figure 8: Final result of the road detection over-
lapped on the ERS-2 image

After the above works, the key clues about the location and orientation of main road network in SAR image
have been retrieved. Now, we superpose the result over the original SAR image to make further road extension
based on the amplitude of SAR image. Extension is realized by linking the endpoint of current road candidate
with the one in SAR image satisfying the following demands:

(1) It is located in a small range restricted by current road orientation;

(2) Its distance from current endpoint is restricted by the threshold;

(3) Its amplitude is close to that of the road in SAR image. Then, the pixel acts as a new extension. This
process is iteratively operated until no such pixel can be found.
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Example

An ERS-2 SAR data (5.3GHz, vv polarization, spatial resolution 12.5m) over the Central Park of Shanghai
Pudong District, China on April 9, 2002 is taken as an example. After speckle filtering, the image of 400×400
pixels is shown in Fig. 3.

Fig. 4-Fig. 7 are some medium results in the road candidates detection and linking. The final result of the
main road network is overlapped over the ERS-2 SAR image, presenting a good matching between the detected
roads and real roads, as shown in Fig. 8.

Conclusion

This paper focuses on the urban road network extraction from spaceborne SAR image. Hierarchical connec-
tion and extension of road candidates are developed.

(1) The coefficient of variation detector, as a constant false alarm rate edge detector, is a good tool to detect
possible road candidates in dense urban area.

(2) Classification of fused infrared and microwave SAR images effectively reduce the noise in the edge detection
and removes some confusion of no-road objects such as linearly featured water body.

(3) Hierarchical linking and extension of road candidates take account of characteristics and connections of
main road network without complicated model or construction of time consuming cost function.

Acknowledgement

This work was supported by China State Major Basic Research Project (2001CB309401) and the Optical
Science Project of Shanghai, China (036105012).

REFERENCES

1. Shackelford, A. K. and C. H. Davis, “Urban Road Network Extraction from High-resolution Multispectral
Data,” 2nd GRSS/ISPRS Joint Workshop on Remote Sensing and Data Fusion over Urban Areas, 142-146,
22-23 May 2003.

2. Yagoub, M. M., “Urban Road Network Detection from Satellite Imagery,” 2nd GRSS/ISPRS Joint Workshop
on Remote Sensing and Data Fusion over Urban Areas, 288-293, 22-23 May 2003.

3. Dell, A. F. and P. Gamba, “Detection of Urban Structures in SAR Images by Robust Fuzzy Clustering
Algorithms: the Example of Street Tracking,” IEEE Transactions on Geoscience and Remote Sensing, Vol.
39, No. 10, 2287-2297, Oct. 2001.

4. Touzi, R., A. Lopes and P. Bousquet, “A Statistical and Geometrical Edge Detector for SAR Images,” IEEE
Transactions on Geoscience and Remote Sensing, Vol. 26, 764-773, 1988.

5. Bovik, A. C., “On Detecting Edges in Speckle Imagery,” IEEE Transactions on Signal Processing, Vol. 36,
No. 10, 1618-1627, 1988.

6. Tupin, F., H. Maitre, J. F. Mangin, J. M. Nicolas and E. Pechersky, “Detection of Linear Features in SAR
Images: Application to Road Network Extraction,” IEEE Transactions on. Geoscience and Remote Sensing,
Vol. 36, 434-453, Mar. 1998.

7. Rianto, Y., “Road Network Detection from SPOT Satellite Image Using Hough Transform and Optimal
Search,” APCCAS’02. 2002 Asia-Pacific Conference on Circuits and Systems, Vol. 2, 177-180, 28-31 Oct.
2002.

8. Burns, J., A. Hanson and E. Riseman, “Extracting Straight Lines,” IEEE Transactions on Pattern Analysis
and Machine Intelligent, Vol. 8, No. 4, 425-455, 1986.

9. Wang, Ying and Qinfen Zheng, “Recognition of Roads and Bridges in SAR Images,” Record of the IEEE
1995 International Radar Conference, 399-404, 8-11 May 1995.

10. Baumgartner, A., et al., “Automatic Road Extraction Based on Multi Scale, Grouping, and Context,”
Photogrammetric Engineering & Remote Sensing, Vol. 65, No. 7, 777-785, 1999.

11. Jeon, B. K., J. H. Jang and K. S. Hong, “Road Detection in Spaceborne SAR Images Using a Genetic
Algorithm,” IEEE Transactions on Geoscience and Remote Sensing, Vol. 40, No. 1, 22-29, Jan. 2002.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 363

12. Gruen, A. and H. Li, “Linear Feature Extraction with LSB-snakes from Multiple Images,” Int. Arch. Photo.
Remote Sensing, Vol. 31, 266-272, 1996.

13. Park, J. M., W. J. Song and W. A. Pearlman, “Speckle Filtering of SAR Images Based on Adaptive
Windowing,” IEE Proceedings Vision, Image and Signal Processing, Vol. 146, No. 4, 191-197, 1999.

14. Cao, G. and Y. Q. Jin, “A Hybrid BP-ANN/GA Algorithm for Classification of Urban Terrain Surfaces
with Fused Data of Landsat ETM+ and ERS-2 SAR,” International Journal of Remote Sensing, accepted.



364 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Numerical Simulation of Targets Deorientation and Its
Application to Unsupervised Classification in

Polarimetric SAR Images

Feng Xu and Ya-Qiu Jin
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Abstract

Deorienation theory of polarimetric scattering targets is developed, which transforms the spatially oriented
targets into a certain orientation or status, to show the prominence of the generic characteristics of scattering
targets. A new set of the parameters u, v, w, ψ is defined and used to describe and classify different targets.
Based on the vector radiative transfer (VRT) model of non-spherical particles above rough surface, numerical
simulations illustrate the parameters u, v, w, ψ and the entropy H . These parameters are applied to the unsu-
pervised classification in polarimetric images. An AirSAR polarimetric image over Canada’s Boreal district is
classified into 8 classes and orientation-analyzed.

Introduction

In recent years, numerous methods of polarimetric scattering analysis are developed [1-3]. The target
decomposition theory [3] proposed an unsupervised classification scheme for the terrain surfaces using the
entropy H and target decomposition parameter α extracted from polarimetric SAR data.

In this paper, we introduce the deorientation concept in order to reduce the influence of randomly fluctuating
orientation and show the prominence of the characteristics of the scatter targets for surface classification. Based
on our deorientated classification, a detailed target orientation, orderly or randomly, and classification of the
scatter targets can be obtained.

By transforming the target into a certain state with minimization of crosspolarization (min-x-pol), the angle
ψ is extracted to indicate target’s orientation, and further a new parameterization is applied to the principal
eigenvector of the coherency matrix, through which new parameters u, v, w are defined as well as the entropy
H .

Numerical simulations of polarimetric scattering of a single small non-spherical particle are analyzed to
illustrate the relationships between the physical properties e.g. the Euler angles, shape, dielectricity etc. and
the parameters u, v, ψ. As a vector radiative transfer (VRT) model, polarimetric scattering from a layer of
random non-spherical particles above a rough surface is studied to show the effectiveness of the parameters
u, v, ψ, H for classification of complex terrain surfaces.

A new unsupervised classification scheme based on deorientation theory is applied to an AirSAR image over
Canada Boreal forests and further orientation-analysis is conducted, through which further discrimination over
some easily-confused surface types and detailed description of the terrain target orientations are achieved.

Deorientation and Parameterization

Consider a rotation of target’s orientation along the sight line by angle ψ, the Pauli vectorized [3] scattering
vector kp become k′p, which can be expressed as




cosα′ejφ
′

1

sinα′ cosβ′ejφ
′

2

sinα′ sinβ′ejφ
′

3


 =




cosα · ejφ1

sin
(
cos 2ψ cosβ + sin 2ψ sinβ · ej(φ3−φ2)

)
· ejφ2

sinα
(
− sin 2ψ cosβ + cos 2ψ sinβ · ej(φ3−φ2)

)
· ejφ2


 , (1)

where the parameters with subscript x’ are the corresponding parameters after rotation.
By applying the minimization of cross polarization (min-x-pol) to k′p, i.e.

min
ψ

∣∣k′p,3
∣∣

∣∣∣∣k′p
∣∣∣∣ = min

ψ

∣∣∣sinα
(
− sin 2ψ cosβ + cos 2ψ sinβ · ej(φ3−φ2)

)
· ejφ2

∣∣∣ . (2)
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The deorientation angle ψm is obtained as

ψm =

[
sgn{(φ2 − φ3)}

2β − [2β]π + [tan−1{tan 2β| cos(φ2 − φ3)|}]π
4

]

π
2

, (3)

where the operator [x]y means the remainder of x divided by y. That is to say, kp can achieve the min-x-pol
status by rotation along the sight line by the angle ψm. We define the scattering vector of min-x-pol status as
deoriented k dp, which can be expressed as

k dp = [Um] · kp, [Um] =




1 0 0
0 cos 2ψm sin 2ψm
0 − sin 2ψm cos 2ψm


 . (4)

Further, a new parameterization is applied to the corresponding straight forward scattering vector k dL [3],
and new parameters u, v, w are defined as:

kL =
∣∣∣∣kL
∣∣∣∣ [sin c cosa · ejφ0 cos c · ejφx sin c sin a · ej(φ0+2b)]T , (5a)





u = sin c cos 2a
v = sin c sin 2a cos 2b.
w = cos c

(5b)

In the case of non-deterministic targets, we obtain the uncorrelated scattering vectors, i.e. eigenvectors,
through eigen-analysis of coherency matrix [4]. Here the most significant eigenvector i.e. principal eigenvector
is considered as the representative scattering vector of non-deterministic targets. Thus, the deorientation of
nondeterministic targets is merely conducted on the principal eigenvector.

Numerical Simulations

Consider scattering from a single non-spherical particle, by using a model [5] with parameters ξ0 denoting
the angle between particle axis and sight line; gc denoting the geometric shape symmetry; εs denoting the
dielectric constant.

Figure 1: (a) Relationship between |u| and ξ0, gc (εs=6.5+2.5i); (b) Relationship between |u|, v and εs (ξ0 =
π/2, gc = 0.9, tan−1(ε”s/ε

′
s) = 20◦ or |εs|=5)

Figure 1(a) shows the relationship between |u| and the orientation ξ0, the shape gc of a particle. From this
figure, it demonstrates that |u| indicates the non-symmetry of particle’s projection along with the sight line.
Figure 1(b) gives the relationship between |u|, v and |εs| of the complex dielectric constant εs = ε′s + iε”s of the
needle-like particle. We can see that |εs| affects |u|, and ε”s/ε

′
s affects v.

Then, a model of a layer of random non-spherical particles above a rough surface for scattering from terrain
surfaces [6] is applied to numerical simulation of u, v, H in various cases. Here the parameter settings of each
simulated cases are omitted for the sake of limited pages.

Figure 2(a) presents the distribution of some terrain surfaces on the |u|-H plane. It can be seen that H
indicates the complexity of layer structures of terrain surfaces. Different dielectric property of the soil land
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and oceanic surface also makes u identifiable on the |u| axis. Figure 2(b) presents the distribution of scattering
terms on the plane |u|-v, where Mi denotes i -th order scattering. Concluded from these figures, H indicates
the canopy randomness, u is useful for distinguishing different terrain targets and v is helpful to take account
of scattering mechanisms of different-orders.

Figure 2: (a) Distribution of some typical terrain surfaces on the |u|-H plane; (b) Distribution of different
scattering mechanisms on the |u|-v plane.

Classification and Orientation-analysis

The flow-chart of the classification method of PolSAR Data based on deorientation is shown in Figure 3(a).
The classification decision tree of parameters u, v, H is displayed on Figure 3(b).

Figure 3: (a) Flow-chart of classification based on deorientation; (b) Decision-tree

An AirSAR data at L band of the Boreal area in Canada with rich resources of vegetation is chosen for
classification and orientation-analysis. Figure 4(a) and (b) are the total power image and its deorientation
classification over this area, respectively. Terrain surfaces are divided into 8 classes following the decision-tree
of Figure 3(b): Timber, Urban 2, Urban 1, Canopy 2, Canopy 1, Surface 3, Surface 2 and Surface 1. A majority
analysis within a 9×9 window is applied to the primary classification, regarding the noise influence on the
primary results.

Figure 4: (a) Total power of AirSAR data, Boreal area; (b) Classification of AirSAR data, Boreal area.
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Note that classifications in Figure 4(b) show that some vegetation areas are classified as Urban 1 (the red
area). This is probably due to the sparse vegetation with mainly double scatterings, i.e. v < 0 and lower H .
Orientation-analysis is necessary to confirm the class or resolve some confusion. The orientation distribution of
several classes are selected to displayed in Figure 5.

Figure 5: Orientation distribution of 4 classes of Figure 4(b).

It can be seen that

a) There are almost uniform orientations of vertical or horizontal directions in the Urban 2, e.g. the region
C, due to the regular features of artificial constructions.

b) While in the Urban 1 (sparse forest of vertical trunks, instead of artificial constructions), there are uni-
formly vertical orientations indicating orderly trunks.

c) Random orientation in the Canopy 1 means that the vegetation canopy in this area might be the disordered
bush. Note that the region D should be the roads inside the forest, whose randomness might be confused
by the bush vegetation on the roadsides.

c) The Surface 2 can be divided into two subclasses by the orientation distribution, i.e. uniformly horizontal
oriented area, e.g. the region E, and randomly oriented area, e.g. the region F. The horizontal oriented
area is the water surface, while the randomly oriented area is disorderedrandom grass land.

Following the above orientation analysis, the terrain surfaces are further classified into the subclasses and
are identified by their types.

Conclusion

A deorientation method of polarimetric scattering targets is proposed, and a set of the parameters u, v, w, ψ
are defined. Numerical simulations of scattering from random non-spherical particles illustrate the physical
meanings of u, v,H, based on which, an unsupervised classification scheme using the set of u, v,H, ψ is developed.

This methodology is applied to the terrain surfaces classification by using an AirSAR data of Boreal area in
Canada. And it is also analyzed for surface targets orientation. It shows good capability to further distinguish
some special orientation details and spatial distribution of the surface targets.
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Abstract

We present numerical study of the optical transmission of a metal film perforated by slits array with dif-
ferent spacing. A planar metallic collimator with phase retardation controlled by the slits space is designed.
The analysis results show this structure with appropriate space between the slits can collimate or deflect the
transmitted beam, which is attributed to phase retardation of surface plasmons propagating from one slit to
the other. The numerical analysis results demonstrate a useful deflecting or collimating function of a planar
metallic film in the applied fields of optical storage, optical coupler, nano-optics.

Introduction

Surface plasmons (SP) are waves that propagate along the surface of a conductor. Since T.W. Ebbesen
reported the extraordinary optical transmission through a 2D hole array perforated on a metallic film in 1998,
many theoretical and experimental works have been made to search the physical explanations, and many po-
tential applications in subwavelength optics are being explored [1-13]. By altering the structure of a metal’s
surface, the properties of surface plasmons can be tailored, which offers the potential for developing new types
of photonic device. The properties of SP devices are intimately linked to the activity and the distribution of SP
on the metal surface. Metals can be structured and characterized on the nanometer scale. This could lead to
miniaturized photonic circuits with length scales that are much smaller than those currently achieved. Tailoring
SP properties with structured surface are widley being explored for their specific applications in subwavelength
optics, data storage, light generation, microscopy and bio-photonics, which is opening new vistas in surface
plasmon optics.

Idea and Results of Simulation

Based on each nanoslit element transmits light with phase retardation controlled by metal thickness in the
aperture region, Metallic lenses with convex-shaped slits array surfaces structure have been designed [12]. But
the fabrication of this structure is not easy. In this paper, a novel planar metallic collimator is numerical
analyzed and designed. By altering the spacing of slits array perforated on a metallic film, the phases of surface
plasmons can be tailored, then the transmitted beam will be shaped. The basic idea is that: First, the incident
light with TM-polarization excites SP at the slits entrance. Second, each slit couples the SP into a long-range
coupled surface plasmons (LRSP) mode [8]. Third, LRSP modes then decouple into SP modes at the slits
exit [8]. The interference arises as a consequence of the surface plasmons propagating from one slit towards its
partner slit each other, which act as “dot source” for converting surface plasmons into free-space radiation. The
different spacing of slits are to introduce phase retardation among the “dot source” at the exit surface of metal.
This idea can be demonstrated as Figure 1.

Figure 1: A schematic drawing of transmitted light through a slit array formed in a metal film with different
spacing.
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Figure 2 shows a finite difference time-domain (FDTD) simulation of optical transmission (TM polarized
and 650 nm wavelength) through three 80-nm-wide slits formed in a 200-nm-thick silver film, the distance
between neighboring slits is 150 nm and 300 nm, respectively. The FDTD analysis result clearly reveals that
the transmitted beam propagates along the direction tilted toward the longer optical path. This observation
can be demonstrated with the following simple analysis. According to reference

 
Figure 2: FDTD simulation of optical transmission ( a TM polarized plane wave and 650 nm wavelength)
through a three-slit structure. Three 80-nm-wide slits are formed in a 200-nm-thick silver film, and the distance
between neighboring slits are 150 nm and 300 nm, respectively.

[12], the optical field radiated from each “dot source” which result from interference of SP between two neigh-
boring slits can be expressed as a the cylindrical wave:

⇀

E(x, y) =
A√
r
ei(kr−ωt+ϕ) (1)

Here, k and ϕ are the wave vector and initial phase of the transmitted beam in the air region, respectively. The
total optical field is sum of waves from each “dot source”, the initial phase difference between two neighboring
waves can be expressed as:

∆ϕ = ksp∆d (2)

Figure 3: FDTD simulations of beam shaping with a four-slit (80-nm slit width, spacing are150 nm, 300 nm,
150 nm) metallic film structure, and a five-slit (80-nm slit width, the spacing are 150 nm, 300 nm, 300 nm,150
nm) structure. A TM-polarized light (650 nm wavelength) is incident from the bottom side. The thickness of
silver film is 200 nm.
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Here, ksp and ∆d are, respectively, the wave vector of SP and spacing difference of slits. From Eqs.(1) and (2),
the initial phase can be controlled by altering the distance between two neighboring slits so that transmitted
beam with proper phase relationship will be shaped. According to above analysis, a novel planar metallic
collimator is designed.

Figure 3(a) shows the beam shaping (TM-polarized and 650 nm wavelength) with a four-slit structure, which
is four 80-nm-wide slits formed in a 200-nm-thick silver film, the spacing between two slits are 150 nm, 300
nm,150 nm, respectively . In the case of a five-slit structure, the spacing between two slits are 150 nm, 300
nm, 300 nm, 150 nm, respectively, the beam shaping is shown as Figure 3(b). This structure can collimate the
output beam with a waist of 500 nm even after 2-3 wavelengths of propagation in the far field region, which is
useful in the applied fields of optical storage, optical coupler, nano-optics.

Conclusion

The FDTD simulation results demonstrate a planar metallic film perforated by slits array with appropriate
different spacing possess the capability of beam shaping. The planar metallic collimator is same as metallic
lenses with curved surfaces [12] in their mechanisms: the phase of SP can be adjusted by altering the structure of
metallic film then result in nano-scale-beam shaping. The planar metallic collimator we performed not only own
as following merits like that mentioned in reference [12]: no grating diffraction effect is involved in the optical
transmission through the nano-optic structure, but also, this structure is easy to be fabricated and integrated.
This opens up a novel way for shaping beam profiles on the nanometer scale by altering spacing between slits
formed in a planar metallic film.
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Aperture Lasers
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Abstract

An L-shaped aperture with 15nm ultra-high optical resolution and strong field enhancement is designed.
The very small aperture lasers (VSAL) with L- and rectangular aperture are fabricated, and their confined
optical fields are detected using an apertured scanning near-field optical microscope (SNOM). For L-aperture
VSAL, when the drive current is 28mA, the power output can reach 1.049µW , while the power output of the
rectangular aperture VSAL at most reaches 0.078µW . In the experiment based on the apertures in Au film on
glass substrate, the peak intensity of C aperture is about 10 times over the square aperture. The experimental
results indicate that the unconventional L- and C-aperture have stronger field enhancement than rectangular
and square aperture.

Introduction

Very small aperture laser (VSAL) is one effective method to obtain a promising nanometric light source.
It has great potential applications in high-density optical data storage, scanning near-field optical microscopes
(SNOMs), nano-lithography and so on. The first VSAL was demonstrated by Partovi[1] in 1999, which has
a 250nm square aperture and can be used in near-field optical storage experimentally. But the power deliv-
ered through the nano-aperture rapidly decays with its size decrease. Then some unconventional apertures
with extraordinary field enhancement, such as Shi’s C-aperture[2], Sendur’s bow-tie slot antenna[3], Tanaka’s
I-shaped aperture[4] and Thio’s nano-aperture with periodic surface topography[5], were proposed. Experimen-
tally Chen[6] fabricated a VSAL with C-aperture and detected its optical field confinement using an apertureless
SNOM. Shinada[7] fabricated a VSAL with a 200nm square aperture with periodic concentric circles. Under
the constant injection current, its peak intensity was eight times larger than that without periodic topography,
but it cannot obtain laser oscillation.

In this paper, besides the square aperture and C-aperture proposed previously, an L-shaped aperture with
15nm optical resolution is designed and fabricated on VSAL. The variation of power output with working current
proves that it can obtain laser oscillation. The confined optical fields from the apertures on the VSALs and
the glass substrate are measured directly using an apertured SNOM. The strong field enhancement from the
unconventional L- and C-aperture is demonstrated experimentally and quantificationally.

Simulation and Design of Nano-apertures

Figure 1: Schematic geometry of three nano-apertures.

As shown in Fig.1, the square aperture’s side length is denoted by M . One C aperture consists of five same
square apertures with side length M . In the situation, M is set to be 70nm and both the Au film thicknesses
are 150nm. For L-aperture, W1=L2=80nm, W2=70nm, L1=210nm, and the Au film thickness is 130nm.

The calculation results in our previous paper[8] indicate that for the C- and L-aperture, the spot sizes
are smaller, while both normalized peak intensity and power throughput are about 1000-fold higher than the
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conventional square aperture. And for the L-aperture, there is an advantage that a spot with resolution 15nm
is formed when light just exit from the aperture, so that the control of working distance is released in that it
can be applied in contact mode and the distance need not to be set an in-between value like C-aperture.

Fabrication of Nano-apertures and VSALs

Fabrication of Nano-apertures
The square and C-apertures with various sizes are fabricated in 110nm-thickness Au film on a glass substrate

with focused ion beam (FIB) method as the verification of indispensable fabrication process and characterization.
The scanning electronic microscope (SEM) image is shown in Fig.2. Apertures labeled by 1-3 are square
apertures with unit lengths M=100nm, 200nm and 300nm respectively, and 4-6 are C-apertures with unit
lengths as the former. It can be seen that the fabrication of nano-apertures is not perfect and especially
C-apertures are disfigured to some extent.

Figure 2: SEM image of square and C-apertures
(1, 4: M=100nm, 2, 5: M=200nm, 3, 6: M=300nm)

Fabrication of VSALs with Edge-emitting Laser Diodes
Some commercial edge-emitting laser diodes (LD) with wavelength λ=650nm are used to fabricate VSALs.

Firstly, a dielectric antireflection layer, SiNx, is deposited on the light exit facet of the LD to maximize the
power output and prevent the p-n junction short circuit electrically. Then, Au layer is coated on the dielectric
layer with designed thickness. Optimum multilayer structure above mentioned will benefit the throughput of the
VSAL. Corresponding to the active region of LD, the nano-apertures are located exactly and etched carefully
by FIB method. The SEM images of the VSALs with a 100×300nm rectangular aperture and an L-aperture
with the same size in Fig.1 are respectively shown in Fig.3.

  

(a)

 

(b)

Figure 3: SEM images of a rectangular aperture VSAL (a) and an L-aperture VSAL (b)

Measurement and Characterization

The near-field distribution from nano-aperture primarily consists of evanescent component. Optical distri-
butions from the nano-apertures based on the glass substrate and VSALs are probed with a modified SNOM
with an apertured fiber probe. The experimental setup has been described in the previous paper[9].

Nano-aperture Measurement
As shown in Fig.4, the optical distributions corresponding to various apertures in Fig.2 are measured. It

is noticeable that the optical distribution from the C-aperture is confined as an integrated spot, independent
of the aperture shape. But there is a tail in every spot, which is a kind of artifact and probably is caused
by the imperfect fiber probe. To compare clearly the optical field of C-aperture and square aperture with the



374 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

same unit length, intensity analyses are performed along lines I and II across the apertures. It reveals that the
light spot sizes from the C-apertures and square apertures with same unit length are comparable in size, but
both are expanded comparing with the physical size. One important reason is that they are probed at 1µm
separation beyond the near field, and the other reason is due to the scattering of the probe tip. The intensity
maximum from the C-aperture is about 10 times higher than the square aperture. It is hard to only attribute
to the increase of the aperture area instead of field enhancement effect. Although the experimental data is not
exactly consistent with the theoretical result, the enhancement effect still is distinct. It can be deduced that
the enhancement effect should be stronger in near field for the rapid decay of evanescent field.
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Figure 4: (a) The optical field distributions at 1µm separation (1 and 4: M=100nm, 2 and 5: M=200nm, 3
and 6: M=300nm); (b) Field intensity in cross section along white lines I and II in (a).

 

(a)

 

(b)

Figure 5: P-I performance curves of VSALs with rectangular aperture (a) and L-aperture (b)

VSAL Measurement
Firstly, emission power from the VSAL is measured using a laser power meter in far field. The P-I perfor-

mance curves of the VSALs with rectangular and L-aperture are shown in Fig.5a and b respectively. Y-coordinate
P is power output in µW from the VSAL and x-coordinate I is drive current in mA. The background power from
the back facet of the VSAL and other has been subtracted by a 40× microscopic objective and a spatial filter,
so the measured power is the net emission power from the nano-aperture of the VSAL. From the P-I curves, it
can be concluded that the two VSALs both work well in the laser oscillation state and the threshold currents
are respectively about 15mA and 13mA for rectangular aperture VSAL and L-aperture VSAL. For rectangular
aperture VSAL, when the drive current is 29mA, the power output only reaches 0.078µW. While for L-aperture
VSAL, when the drive current is 28mA, the power output can reach 1.049µW. The power output from the
L-aperture VSAL is increased about 13 times than the rectangular aperture VSAL, from which we can deduce
that in near field the L-aperture VSAL can have higher power than the rectangular aperture VSAL. It indicates
that the L-aperture is of stronger field enhancement effect and higher power output or power throughput.

Secondly, the optical distributions from the VSALs are measured using the SNOM. As shown in Fig.6,
VSAL with a rectangular aperture is measured in near field and at 1.7µm distance apart from the light exit
facet respectively. According to the measurement results, the near-field spot size is 250×180nm, and the spot
size becomes 580×418nm when measured at 1.7µm separation.
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(a)

 
(b)

 
(c)

 
(d)

Figure 6: Optical distributions of the rectangular aperture VSAL in Fig. 3a.
(a) and (b) is near-field result; (c) and (d) is 1.7µm separation result.

The optical distribution of the VSAL with an L-aperture is shown in Fig.7. It is measured at 1.7µm distance
apart from the light exit facet. According to the experimental results, the spot size is 752×748nm. Due to some
reasons, the near-field result cannot be measured, but the spot size should become much smaller than 1.7µm
separation.

 
(a)

 
(b)

Figure 7: Optical distribution of the L-aperture VSAL in Fig. 3b. (Measurement distance is 1.7µm.)

The above experimental results based on the square and C-aperture on the glass substrate and rectangular
and L-aperture on VSALs display an uptrend of optical field intensity with C-aperture than the square aperture
and higher power output and power throughput of L-aperture VSAL than rectangular aperture VSAL. Although
the experimental data do not agree exactly with the theoretical results, there are several possible reasons to
be considered. The first is that perfect Au film is used in the theoretical calculation, while in the experiment
the Au film may be non-uniform and grainy. The second is that the aperture shape is not so perfect as in the
theoretical simulation due to the fabrication deviation of the apertures. The third is that the measurement
distance is difficultly controlled in the experiments so that the difference between the measurement separation
and theoretical separation exists. The last one is the perturbation to the optical field exist as the probe enters
the evanescent field and it is of complicated physical mechanism.
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Conclusion

In this paper, besides a rectangular aperture, an L-aperture with optical resolution 15nm and strong field
enhancement is designed and fabricated on VSALs, and they can work well over the threshold current. The
confined optical distributions from the VSALs and square and C-apertures in Au film on glass substrate are
directly measured using an apertured SNOM. The experimental results quantificationally indicate that the
unconventional C-aperture and L-aperture have stronger intensity and throughput than the conventional square
aperture or rectangular aperture with a comparable spot size.
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Abstract

A new nanolithgraphy structure using surface plasmon interference with a planar silver lens is introduced by
attaching a silver film to the output surface of SPRINT structure. The silver film in this structure can effectively
enhance the evanescent field generated by the interference of surface plasmon, which acts as a ‘perfect lens’. It
allows the large gap between the structure and the photoresist. The new structure not only inherits the merit
of SPRINT, but also improves the tolerance of gap for the mechanical convenience.

Introduction

More attention has been paid on developing nanolithography to fabricate nanoscale devices for nanotechnol-
ogy applications. Combined with wave-front engineering technologies, photolithography has remained a useful
technology because of its ease of repetition and suitability for large-area fabrication [1]. In order to overcome
the diffraction limit, optical contact or near-field lithography has been developed experimentally, with which it
has been shown that sub-100-nm features can be produced. Several methods, such as contact printing through
a transmission mask or a binary phase-shift mask [2, 3] , evanescent near-field lithography [4, 5], plasmon print-
ing [6], and the use of light-coupling masks [7], have been successfully demonstrated for performing near-field
photolithography. However, according to standard diffraction theory, as the feature size on the mask shrinks
much below the exposed wavelength, the amount of transmitted light is small, and light is diffracted into di-
rections with large divergent angles [8]. Especially on a nanoscale, the transmission of visible or ultraviolet
light through two-dimensional apertures on a metallic mask is extremely low, which results in a long exposure
time and low contrast. The low transmission and low contrast are considered fundamental constraints on the
achievable resolution and depth of exposure for technological purposes.

Recently, the potential of using surface plasmons (SPs) to manipulate light in the sub-wavelength regime
is of interest due to their potential in sub-wavelength lithography, data storage, microscopy, and biophotonics
[9]. A new scheme named surface plasmon resonant interference technology (SPRINT) has been proposed and
the sub-100 nm lines were patterned photolithographically in the optical near-field excited by a wavelength of
436 nm [10]. SPRINT uses the interference of SPs to generate the high resolution field and need short exposure
time because of the near-field enhancement of SPs [11].

On the other hand, sub-diffraction-limited optical resolution can be achieved with a ‘perfect lens (PL)’-a
planar slab of material with a negative refractive index [12]. Although such materials can not yet be engineered
at optical wavelengths, Pendry also predicted that perfect lens is possible in the optical near field using a planar
slab of metal illuminated near the plasma frequency, where the real part of the permittivity is negative [12].In
2004, Melville implement experimentally near-field lithography with a planar silver lens, which allowed the
stringent condition of intimate contact to be relaxed.

In this letter, a new nanolithography technology, which is named PLSPINT, using SPRINT with a Planar
Silver Lens will be carried out. Then the air-gap tolerance of image visibility of PLSPRINT will be compared
with SPRINT through numerical analyzing the near field distribution.

Design of PLSPRINT Structure

The new nanolithography structure is shown in Fig. 1, which is a multilayer system. Within the background
of mask substrate a metal grating (Ag) of period p = 450 nm, width of slit w = 40 nm and thickness t1 = 50 nm
is illuminated from above with transverse magnetic polarized light of wavelength λ = 436 nm. At a distance
f1 = 30 nm beneath the exit surface of grating, there is a silver film of thickness t2 = 40 nm. The presence of
this film is predicted to boost up the intensity of evanescent field. This effect can be treated as sub-diffraction-
limited imaging of the SPs’ interference field through the planar silver lens. The imaging distance from exit
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plane of silver lens is f2 ≈ t2 − f1 = 10 nm. There is an air gap between the output of structure and the
photoresist, which is not necessary for the lithography. Here it is an adjustable parameter convenient for the
analysis of air-gap tolerance.

Figure 1: Schematic diagram of PLSPRINT structure

The multilayer structure is chosen as the main framework in which the control of near-field distance can
be replaced by the control of film thickness. Furthermore, the silver grating and film can be protected by the
medium film. The determination of thickness t2 of silver lens is considered on two aspects. One is quoted
from Smith’s theoretical work [14], which deduced that the resolution enhancement is inverse proportion to the
thickness of lens. The other is a experimental evidence [15] that the transmission of evanescent waves rapidly
grows with the film thickness up to about 50 nm, after which it decays as loss becomes significant. Here we set
the thickness of silver film 40 nm.

Figure 2: Near field intensity profiles for the silver grating illuminated at 436 nm, (a) without the silver lens
and (b) with the silver lens. The air-gap is 20 nm.

Pendry indicated that perfect imaging of ‘perfect lens’ demands the complex permittivity closely index-
matches to the surrounding medium [12]. From the electromagnetic theory of SPs, SPs on the metal surface is
localized in above conditions. However the generating of interference field needs SPs to transfer on the surface.
It seems inconsistent between these two requirements. Actually, the metal film in this new structure acts as an
evanescent field amplifier. Fortunately, Fang has deduced that keeping the evanescent field grow in the film just
requires the real part of complex permittivity having a negative sign [17]. So we choose the maximum sensitivity
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range of the TSMR resist λ = 436 nm. The permittivity of silver(Ag) ǫ = −8.33 + i0.273 has a negative real
part and a small imaginary part, which is incorporated by use of a second-order polynomial fitted to tabulated
data [18] over the 400− 1000 nm range. The parameters of silver grating have been designed for generating the
interference field of SPs.

The two dimensional dispersive finite dierence time domain (2D Dispersive FDTD) method[19] has been
used to simulate the vector electromagnetic elds throughout the structure. The electric eld intensity is used
rather than the Poynting vector, as it is the electric eld intensity that will be responsible for exposure of a
photoresist.

Figure 3: Average distributions of |E|2 along the surface of the photoresist in the SPRINT structure for (a)
g = 10 nm, (b) g = 20 nm, (c) g = 30 nm and (d) g = 50 nm.

Figure 4: Average distributions of |E|2 along the surface of the photoresist in the PLSPRINT structure for (a)
g = 10 nm, (b) g = 20 nm, (c) g = 30 nm and (d) g = 50 nm.

Numerical Analysis

Simulation results comparing the near field intensity distribution in the SPRINT structure without and
with a ‘perfect’ silver lens are shown in Fig.2, when the air-gap g between the photoresit and the output of
lithography structure is 20nm. The SPs’ interference phenomenon shown in Fig.2(a) gives the sub-diffraction-
limited resolution r ≈ p

5 = 90 nm, which is the prominent merit of SPRINT. Fig.2(b) presents the obvious
imaging picture. It can be seen that the SPs’ interference field has been imaged on the top of photoresist by
the silver lens. Strictly speaking, the evanescent field of SPs has been compensated in the silver film by the
enhancement effect of ‘perfect lens’.
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Firstly, we study the air-gap tolerance of SPRINT. Fig.3 shows the average distributions of |E|2 along the
surface of the photoresist in the SPRINT structure for different air-gaps g = 10 nm, g = 20 nm, g = 30 nm
and g = 50 nm. One can see that the periodicity and the uniformity of the distribution are both well when the
air-gap is 10 nm. The period of the field is about p

5 = 90 nm. However with increasing the air-gap, both of
them become worse. The peaks of the distributions gradually combine each other. When the air-gap is equal to
50 nm, the period of the field becomes p

4 = 112 nm. It is found that the air-gap tolerance of SPRINT is more
rigorous, which restricts the application of this technology.

In order to comparing the air-gap tolerance of SPRINT and PLSPRINT, we also calculate the same distri-
bution of PLSPRINT, which is shown in Fig.4. It can be seen that the periods of the distributions are equal to
the ones of SPRINT. Furthermore, the periodicity and uniformity of the distributions keep well with increas-
ing the air-gaps, which indicate that the air-gap tolerance of PLSPRINT is outstripping the one of SPRINT.
It means that for the point of view of application, PLSPRINT has more suitable in the fields of near-field
photolithography.

Conclusion

In conclusion, through numerical analysis with 2D Dispersive FDTD method, we carried out a new nano-
lithography technology named PLSPRINT using surface plasmon interference with a planar silver lens by at-
taching a silver film to the output surface of SPRINT structure. The silver film in this structure acts as a
‘perfect lens’, which effectively enhance the evanescent field generated by the interference of surface plasmon
in the silver film. The structure parameters of PLSPRINT structure has been design base on the theory of
SPs and negative index medium. The near-field distribution of electric field in the structure of SPRINT and
PLSPRINT has been given respectively, which give the evidence that the near-field image of SPs’ interference
field can be constructed on the top of photoresist by the silver lens. The planar silver lens improves the air-gap
tolerance of the photolithography system effectively. It is found that PLSRPINT has more applied potential in
fields of near-field photolithography.
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Abstract

In this paper, based on the analyzed emerging challenges encountered by the future radio network, we focus
on several candidate techniques targeting at a more spectrum-efficient and cost-effective solution. Among them,
spectrum management is one special topic covering fields of technique, regulation and politics. We point out
the high tendency of spectrum liberation in terms of spectrum allocation for services and radio technologies
even between different network providers. In the network planning topic, we address a number of solutions
w.r.t. some typical dominating factors. A solution reducing the risk of high expenditure in conjunction with
the flexibility of spectrum management is also given. To further enhance the efficiency, advanced radio resource
management allowing interworking among heterogeneous radio technologies is also presented.

I. Introduction

Furthering the big success of the GSM system (Global System forMobile communications) with the
population of subscribers reaches over 250 million worldwide, the international mobile and wireless mar-
ket turns out to the evolution of third Generation Mobile Communication System termed as the UMTS
(Universal MobileT elecommunication System) and the system beyond it.

Future radio network faces practical challenges such as the higher throughput and more elastic traffic demand
based on the exploiting multimedia services, the scarcity and deployment difficulty, the heterogeneity of different
radio air interface and the high cost of network deployment and operation.

To achieve high spectrum efficiency with high coverage is always the goal to design a radio network. After the
significant contribution from Shannon in the late 50’s, people research on radio transmission technology target-
ing at approaching the Shannon bounds for different scenarios like AWGN noise-limited channel, fading channel,
multi-user communication environment, etc. Several technologies achieve significant improvement of spectrum
efficiency, such as the advanced channel coding schemes, diversity approach, digital modulation schemes, joint
source-channel coding schemes, accurate channel estimation and joint detection techniques, antenna techniques
like MIMO (Multiple Input and Multiple Output), etc. From higher layer mechanism viewpoint, one can see the
performance improvements given by a number of mechanisms like Medium Access Control Protocol (MAC),
Data Link Control Protocols (DLC), Radio Link Control Protocols (RLC) as well as Radio Resource Control
Protocols (RRC). In the network layer and beyond, mechanisms enhancing the performance for TCP (Transport
control protocol) and UDP (User Diagram protocol) over IP protocol are required for the wireless communi-
cation. From the system level, advanced network planning and management techniques are needed catering for
the heterogeneity and therefore facilitating the interoperability of the co-existing Radio Access T echnologies
(RATs).

Apart from the cellular technologies, kinds of Broadband Wireless Access (BWA) technology have been
emerged for years. Typical examples are the WLAN (Wireless Local Area Network) represented by IEEE
802.11 family, Hiperlan in Europe and WiMAX (Worldwide interoperability for Microwave Access) repre-
sented by IEEE 802.16 family. In order to offer ubiquitous wireless access, the interworking and harmonization
among heterogeneous networks are considered as primary important in the coming years. One aspect of it is to
design the wireless local network as a complementarity to the cellular radio network, which must be considered
in the network planning phase for such heterogeneous networks.

Different to the classical network planning scheme, network co-planning for heterogeneous networks is not
only based on the carrier strength that the mobile terminals can receive, traffic distribution, networks’ deploy-
ment costs, their interoperability, and the terminal capabilities and spectrum management are tightly associated
topics.

From the spectrum allocation aspect, the conventional static spectrum allocation has shortcomings such
as the low flexibility for conveying the new services and new RAT with variable bandwidths. Take the US
spectrum allocation experience as an example, the Federal Communication Commission (FCC) allocated
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frequency bands of the spectrum previously to a particular application, like Television, AM/FM radio systems,
and cellular phone systems. The bands allocated to these applications are licensed frequency bands and normally
exclusively operated using a specific RAT. It can be envisaged that the emerging high throughput traffic such
as the multimedia streaming service will not only concentrate on a single technology, and in the same time, the
involving RATs also evolve themselves towards high bandwidth demands. Such clues result in a challenges for
spectrum management.

The fact of technology PUSH and market PULL makes the wireless communications keep on updating and
developing. As described, the involved technologies are facing potential revolutionary changes. Here, we intro-
duce three key technical areas attracting the interests of high efficient future radio network. Section II focuses
on the advanced spectrum management approaches; Section III illustrates more advanced network planning
techniques; Section IV explains the necessity of introducing JRRM (Joint Radio Resource Management) to
the co-planned heterogeneous network as well as their options.

II. Advanced Spectrum Management

Significant problems confronting wireless communications with respect to spectrum use are the spectrum
Scarcity and the Deployment Difficulty. Since the amount of useable spectrum is finite, as more services
are added, there will come a point at which spectrum is no longer available for allocation. Currently, we
are encountering such scarcity problem. The emerging new services containing high throughput requirement
which forces the evolution of the radio air interfaces. Referring to the evolutionary path of the UMTS FDD
(Frequency Division Duplex), it introduced the High Speed Downlink Packet Access (HSDPA) option with
peak rate 14.4 Mbps added to its old releases which was maximum 2 Mbps per cell using a single 5 MHz spectrum
[1]. An even higher throughput required air interface is still under discussion in the beyond 3G work item. A
considered fact is that the spectrum is not always contiguous exclusively owned by a single operator1. This
problem falls into the category of Deployment difficulty. Spectrum trading between operators is one solution (see
Section II.1). Besides that, frequency by frequency, system by system coordination is required for each country
in which these systems will be operated. As the number, size, and complexity of operations increase, the time for
deployment is becoming unacceptably long. On the other hand, the emerging data traffic such as the IP traffic
and high mobility of the user causes the spatial-temporal variable characteristics. Fixed spectrum allocation is
obviously not suitable for such changes. In short, generally, fixed spectrum allocation has shortcomings in low
spectrum efficiency in licensed bands and poor performance of radio devices in crowded unlicensed bands.

To remedy these problems, dynamic spectrum access and sharing can be envisaged, such as the radio devices
can dynamically utilize idle spectral bands. As predicted in IEEE spectrum magazine, ‘new technologies and
regulatory reform will bring a bandwidth bonanza’ [2]. We then classify kinds of spectrum management options
into two main categories, the centralised spectrum category and the decentralised option. In the latter category,
a hybrid solution combining the centralised and the decentralised is also presented.

II.1 Centralised Spectrum Liberation

In the Centralized Spectrum Management category, there is a need of a master entity, which controls the
spectrum access and allocate spectrum dynamically (Dynamic Spectrum Allocation, DSA) according to the
spectrum policy [9]. There are a number of examples which present the master entity. For instance, a meta-
operator constructed by the regulatory body. The coordination of spectrum can be carried out by setting a range
of spectrum resources as a common pool (Spectrum Pool) allowing dynamic accesses from different operators
based on pre-assigned thresholds. It can also periodically auction pieces of spectrum directly to the operators.
The mechanism of DSA in conjunction with spectrum auction is currently a on-going research topic.

In order to reduce the network deployment, if the operators use the same RAT, radio network can even be
shared. This option is to be explained in Section III.2.

II.2 Decentralised Spectrum Access and Hybrid Solution

Different to the centralized approaches, in the Distributed case, more intelligent spectrum access algorithms
are allocated to intelligent terminals or communication groups without the network control. In the shared
spectrum environment, radio apparatus access the spectrum more autonomously based on the previously agreed
protocols. The behavior of such spectrum accesses is similar to the public society obeying the Etiquette aiming
at reduced collision and interferences. For regulatory and security reasons, this approach is mostly applied in
the unlicensed band.

Spectrum management can also be a hybrid solution combining those aforementioned schemes: the secondary
user can access the spectrum pool from the spectrum holder, who has already purchased or rented that resource.
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Due to the temporarily low traffic intensity, the spectrum holder allows the access from the others. Evidently,
if the spectrum holder and the secondary users attempt to access the spectrum simultaneously, the former has
higher priority. In most cases, the primary user broadcasts the controlling parameters, e.g., maximum allowed
transmission power and access intervals to the secondary users using its own network infrastructure.

III. CO-Planning of Future Network

Radio network planning is a multi-step process in order to obtain the site locations and site configurations
that satisfy the QoS requirements in terms of coverage, capacity and quality of service in a geographical area. The
planning process depends on the considered RATs. For the future heterogeneous networks, network configuration
parameters such as the levels of inter-operability between RATs, options of flexible inter-operator and inter RAT
spectrum management, reconfigurability of the implementation parameters specified for the base station and
Radio Access Controller (RNC), need to be taken into account. Further, several guidelines for the planning of
the co-existing networks are listed below:

• Service allocation and planning accordingly

• Network profile (coverage, service delivery cost, pole capacity limiting factor) based service allocation, e.g.,
Nomadic users can be allocated to WLAN

• Deployment environment based planning method, e.g., high civilian cost area, co-located antenna is needed;
low civilian cost area, network can be more freely planned. A typical example is that a set of extra base stations
can be deployed away from the base station of old generation cellular network

• Backhaul solutions, e.g., the Wireless MAN/WiMAX can be the solution for backhaul

• Using heuristic search mechanisms and targeting at fast convergence: algorithms like “Greedy”, “Taboo
Search”, and “Simulated Annealing” need to be considered in combinations of snapshot simulations

In the following, we follow several guidelines to give a typical example in co-planning the GSM-UMTS net-
work. Afterwards, planning shared network in conjunction with spectrum management and on-the-fly network
management are discussed respectively.

III.1 GSM-UMTS Co-Planning

Planning a GSM network consists of the coverage calculations and the frequency planning (coverage and
capacity requirements). On the contrary, planning a UMTS network is more complicated, due to the high
correlation of the coverage and capacity.

In the first step, traffic distribution over GSM subnetwork and the UMTS subnetwork at the busy hour has
to be estimated as the input parameters for the optimization process. It is followed by the allowed candidate site
selection. Normally, in high civilian cost countries, which has GSM network being operated for years, the UMTS
site at the first deployment phase will be a subset of the already deployed GSM site. Further, the optimal UMTS
base station locations are targeted by the optimization tool. In addition, the pilot channel power, vertical and
azimuth antenna angels are parameters to be optimized with the same step of site selection of the UMTS base
station. Besides that, conditions of penetration of the multi-mode terminals, re-farming of spectrum (e.g., to
operate UMTS network at the GSM band or vice versa) are also very important parameters.

The performance of the planned network has to be evaluated by more dynamic Monte Carlo-based simula-
tions. At this step, many parameters are subject to be fine tuned. In general, the system capacity depends on
load, fading and reception quality within the network. Different subnetworks load adds constraints to the traffic
management algorithms. Research has shown that higher loaded networks are reluctant to accept individual
heavy traffic loads. In order to minimize the overall system load, JRRM has the capability to allocate managed
radio resource to the involving traffic [4][5]. In soft blocking prone systems especially (cases for interference
limited system, such as UMTS FDD), the system capacity gain can vary, w.r.t. used JRRM schemes. Switching
algorithms also have impacts to the JRRM performance, e.g. if dedicated channels are assigned to a service, it
can be classified as being circuit switched. More details can be found in Section IV.

III.2 Network Sharing Combined with Spectrum Sharing Approach

Furthering the discussion in Section II.1, in [3], several scenarios have been identified as solutions for network
sharing between operators. These solutions also take into account the different kinds of evolution paths that
are essential for shared networks, for example, how it is possible for the sharing partners to evolve to a more
dedicated network or to a more joint network. The set of network/infrastructure sharing solutions and scenarios
discussed are serving as:

• Solution alternatives targeting at dedicated networks in the near future,

• Solutions for infrastructure sharing not targeting at immediate exit/enrolment, but at exit/enrolment
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when, for example, the network capacity demand from an operator so requires,

• Infrastructure sharing targeting at long term sharing, which for example is the case when one of the
operators lacks a frequency carrier (e.g. Mobile Virtual Network Operator (MVNO)).

Besides the site sharing, geographically split network sharing, multiple radio access networks sharing a
common core network are other use cases. A typical scenario combines the network sharing and the spectrum
sharing, which excludes each operator’s home network nodes. It is normally ruled out between licensed operators,
but can also be used with other MVNOs. In fact, the practice of using a common carrier is currently allowed
only in the case when one licensed owner agrees to allow other MVNOs. However, in this arrangement, only a
static capacity acquisition from the common carrier is present, subject to the agreement.

III.3 On the Fly Network Engineering

Among the tuneable network elements, The antenna element is a good example. It can be tilted and triggered
by the awareness of traffic distribution changes. As currently discussed by 3GPP [1], the tilting angles are set to
offer the best connectivity to high user density area and meet the QoS targets requirements. In a typical high
density urban, especially a hot spot, a radio cell can carry two frequency carries. The system will be designed to
have a lower layer cell carrying the stationary traffic, and a higher layer carrying the more dynamic traffic. Such
a scenario has the advantages of reliability guarantee when the network is under reconfiguration; the flexibility
in allowing a scaled radio network can therefore be on-the-fly managed [6].

IV. Advanced Radio Resource Management

In order to fully exploit the flexibility provided by the multi-functions given by the future network and
mobile terminals, further research on advanced RRM needs to be investigated. This aims at providing efficient
solutions for RRM in a composite radio environment, supporting multiple RATs in different network topologies
(hierarchical, decentralized) and moreover being potentially managed by the same or different operators. This
includes radio resource management for asymmetric regular traffic, measurement and criteria for inter-system
(vertical) handovers, design of potential collaborative RRM schemes considering solutions of inter-operability
between RATs and operators, and flexible radio resource access in the self-organizing networks.

IV.1 Functional Architecture of Advanced RRM and Joint RRM

The presented JRRM strategy is based on the assumption of coexistence of different RATs. The estimated
traffic types and their volume are useful in dynamic usage of a fixed radio resource for a subnetwork. The load
information and traffic information are required to be shared by co-operating networks. To have enhanced spec-
trum efficiency, each radio access network needs an efficient interworking between traffic volume, measurement
(prediction) function, traffic scheduler, load control unit and admission control function. The Traffic estimator
in each system informs the administrative entity Call Admission Control (CAC) the predicted traffic and
planned traffic information to update the priority information for each connection and the admission decision
within the sub-network. The priority information is an input vector for the scheduling algorithm in lower layer.

The interworking between different RATs requires new protocols defined for convergence reasons. With
the emerging IP services, it should offer at least the IP packet based convergence sublayers to networks to
guarantee QoS. Due to the heterogeneity of coexisting different networks many different policies are conceivable
for JRRM functions, in particular when considering legacy and new network types. For future terminals having
simultaneous connections to different RATs is one possible operation mode. In general, loose up to tight
coupling levels between different RATs must be considered for such multiple connections [7]. Tight coupling
allows joint scheduling of traffic streams between involved networks and terminals. It is needed to point out
that the spectrum deployment difficulty can also be solved by the multilink terminals without reengineering of
the spectrum (see Section II).

In the cooperative radio environment, the neighbor RAT system load is taken into account by the Joint Admi-
ssion Control (JAC). The traffic stream can be routed alternatively through the cooperating sub-systems ac-
cording to the restriction and the advantage of each. E.g., the wide coverage of universal cellular system,
e.g. GSM, UMTS; whereas the high transmission rate can be obtained though wireless LAN. With the in-
formation of estimated load in all the subnetworks (dynamic network profile), the Joint Load Control entity
located together with JAC will distribute the traffic based on the characteristic of the co-existing RATs. The
Joint Resource Scheduler (JRS) is important for terminals having simultaneous connections to different net-
works, i.e. when a tight coupling between networks is foreseen. JRS is responsible to schedule traffic streams
being split over more than one RATs. It helps to optimize utilization of radio resources in the whole system.
It also synchronizes the stream being split, e.g. video stream with basic layer and enhancement layer being
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transmitted over different air interfaces individually.
IV.2 Gains Obtained by JRRM

The JRRM implemented system utilizes the available radio resources for a most efficient radio transmission.
Looking at the collection of the available heterogeneous radio networks as an overall system, several gain factors
can be obtained thanks to the JRRM approach which supports levels of JRRM mechanism.

From the OSI layer dimension, three kinds of JRRM approaches can be classified as: the RRC JRRM,
the MAC JRRM and the Physical Layer (PHY) JRRM. The RRC JRRM defines separate radio bearers for
subnetworks before the suitable ones are selected. The MAC JRRM is different to RRC JRRM in that the
former one has one Radio Link Control (RLC) ID for bearer services over multiple subnetworks. The user data
is transmitted agnostically through the DLC layer, over involved subnetworks. The PHY JRRM is defined
more as a transmission technique in terms of bit per bit transmission, e.g., channel coding can be applied over
frequency layers. Compared to the MAC JRRM, the latter one uses TrBks transmission; the channel coding is
applied inside the transmission block; no coding is done crossing subnetworks.

The RRC JRRM allows traffic calls to be redirected among available resources. Viewing the radio system
as a finite-state-machine, trunking gain is evident to be given by JRRM [3]. The MAC JRRM allows traffic
splitting among available RATs and frequency layers. The multiplexing gain given by this procedure can be
simply evaluated by comparing the M/G/1-PS queuing model to the M/G/2-PS model especially for the packet
switched service 2. Concerning PHY JRRM, the classical diversity gain can be obtained. Furthermore, the
splitting of traffic can be purely based on the service scalability (policy based), e.g., if one service bearer has a
high availability in the network, this link would be used for transferring important information to the terminal.
If traffic is properly split into rudimentary and optional information streams, a higher QoS for the user is
provided. Whenever possible, the user terminal combines both streams for yielding a higher QoS and due to
the higher availability of a lower data rate, a minimal QoS can be guaranteed to the user [4]. We term this
phenomenon as the user perception gain.

Correct modeling of the potential gains in the network planning phase will reduce the CAPEX without
overall system performance degradation.

V. Conclusion

Increasing and changing service demands and limited radio resources form the challenges of planning the
future network. However, more flexible network architecture, advanced radio resource management as well
spectrum management schemes contributes to the increased spectrum efficiency. It is demanded that network
planning procedure should not only consider features of radio element, but also traffic demand, resource and
traffic scalability, interoperability of heterogeneous subnetworks as well as the spectrum management schemes.
Such performance enhancement, will effectively help to reduce the CAPEX and OPEX.
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Magnetization Curve Characteristic Changes of
Nano-Magnetic Structures in Irradiated Thin Films

D. Bajalan
Vienna University of Technology, Austria

Abstract

Determining the properties of nano-magnetic structures is extremely important for the development of
data storage devices that contains these nano-magnetic shapes and structures. In perpendicular recording
from the point of view of transition demagnetization it could be true that: the ultimate recording density for
perpendicular recording is therefore not limited by the transition selfdemagnetizing effect. One of the serious
problems in conventional magnetic recording media is this superparamagnetic limit when making the grain
volume smaller. Thermal stability is one of the main issues for developing high density recording and thus much
effort has been made to overcome this problem.

1. Introduction

Multilayer thin films (like Co/Pt) are well known for their high magnetic anisotropy, and the origin of
this high magnetic anisotropy has been the subject of interest for many researchers [1]. Demands for the
continuous increase in the data storage density bring the challenge to overcome physical limits for currently
used magnetic recording media [2]. Magnetic nanostructures are subjects of growing interest because of their
potential applications in high density magnetic recording media and their original magnetic properties [3].
Patterned magnetic media could be a way of realizing ultra high density storage media. Recently, demonstrations
of areal recording density over 60 Gb/in2 in both longitudinal and perpendicular magnetic recordings have been
successfully made [4]. Determining the properties of small magnetic structures is extremely important for the
development of data storage devices [5]. To find the relation between particle shape and magnetization direction
is another interesting task for micromagnetic modeling.

2. Magnetization Processes

Better understanding of the micromagnetic processes in magnetic recording media is essential for developing
novel materials for future ultrahigh density recording [6]. Good understanding of the noise mechanism in
magnetic recording is required for developing heads and media for future applications [7]. In perpendicular
recording, the magnetization pattern corresponding to the bits is provided perpendicular to the plane of the
medium [8]-[10]. The information is being stored in vertical domains or other structures of uniform magnetization
[11].

3. Nano Magnetic Structures on Ultra Thin Multilayer

The magnetic properties of an ultra thin multilayer can be patterned by controlled ion beam irradiation
[12]. The basic step in this technique is to control the changes in the magnetic properties induced by the
irradiation process. In nanomagnetic length and dimension two characteristic length scales have to be considered
in magnetic materials [13]:

1. Distant to nearest neighbour because at the atomic level, because magnetic force is dominated by nearest
neighbour exchange interactions between magnetic moments.

2. When the physical dimensions of a system become comparable to the interatomic spacing, strong mod-
ifcations of the intrinsic magnetic properties, such as the ordering temperature, the magnetic anisotropy
and the spontaneous magnetization are expected.

3. at a mesoscopic level, the domain wall width is the characteristic length dominating the magnetization
reversal. When the physical dimensions of a system become comparable to the interatomic spacing, strong
modifications of the intrinsic magnetic properties (ordering temperature, magnetic anisotropy, spontaneous
magnetization) are expected.
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Micromagnetic modeling of the behavior of a nanostructured film describes the magnetization process, but
requires a high calculational effort and long computation times. Furthermore, it is difficult to predict changes of
the macroscopic physical behaviour due to variation of parameters. Phenomenological models, on the other hand,
are very useful to simulate the behaviour of the magnetic material under the influence of varying parameters,
especially when the parameters are based on physical constants.

Table 1: Stability depending on ∆Eaniso

Etherm

Volume [nm3] 203 403 453

Phi = 1012 [ions/cm2], ku = 2848, 5 [J/m3] 5.62 not stable 44.58 not stable 63.79 stable

Φ= 5.1012, k = 6105,8 12.25 not stable 96.19 stable 136.64 stable

Φ= 5.1013, ku = 5387,5 10.41 not stable 83.25 stable 118,37 stable

Table 2: TB/in2 as a result of lithography which creates stable magnetic nano-structures

Samples Nanobitlength [nm] TBit/in2

S1 45 0,0164

S2 35 0,0272

S3 40 0,0208

Table 3: Dot information stability as a function of the width of patterned magnetic nano-structures on thin
films

Irradiated YCo2 samples S1 S2 S3

Ms [kA/m] 20 40 60

Dot width [nm] 44 39 36

τ [years] 71 690 1900

4. Samples Test

An assembly of ferromagnetic amorphous nanoparticles has been prepared by heavy ions irradiation of
paramagnetic YCo2 thin films [14, 15]. Several irradiation experiments carried out on YCo2 samples have
shown that fluences on the order 1012 U ions/cm2 causes changes in magnetic properties of the samples [15].
Important changes are reported to take place after the irradiation:

1. change of spontaneous magnetization, coercivity Hc, initial susceptibility χ0 and the magnetizing field Hk

(in the irradiated areas as a result of the irradiation process [15], and

2. So that in the samples irradiated, a distinct change of the anisotropy perpendicular to the film plane was
observed [14]. Figure 1 shows the measured hysteresis loops of three YCo2 thin film samples at T = 300
K perpendicular and parallel to the film plane after U ion irradiation with different fluences [14].

5. Stored Nano Information Stability

The information stability for the above three irradiation cases could be calculated for different cube of nano-
structures (volumes) and by using the Equation (1). The anisotropy energy ku [J/m3] for the nanostructures is
given as

Hk =
ku

2µ0Ms
(1)

Hence by different irradiation also different ku of the nano magnetic structures, hence other stability factors
for the stored bit information on the single dots. Table 4 show the stability condition for the samples of YCo2

at T = 300 K.
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Table 4: Dot information stability as a function of the width of patterned magnetic nano-structures on thin
films

NMSL [nm] kuV/kBT

S1 S2 S3

15 2.3 3.7 4.4

20 5.6 8.0 10.4

25 10.9 15.41 20

25 10.9 15.41 20

30 10.9 15.41 20

35 29.4 43.1 65

40 44.9 64.0 83

Figure 1: Irradiate samples of YCo2 thin films with heavy ion and the corresponding hysteresis loops for the
irradiated samples (at: Ms = 60 kA/m (- - -), Ms = 40 kA/m (), and Ms = 20 kA/m (- -)). Loops are
perpendicular to the film plane. For different nano magnetic structure lengths (NMSL [nm]) the calculation of
information stability were done see Table 4

6. Conclusion

The rapid development of magnetic recording leads to a large increase of the bit density. Multilayer thin films
with perpendicular magnetic anisotropy devices may play an active role in the development and establishment
of future storage technologies. Patterning magnetic media is a potential solution for ultrahigh density magnetic
recording. Thermal stability is one of the serious issues for developing high density recording, and thus much
effort has been made to overcome this issue. The idea to use a regular array of physically isolated grains/dots
promises an improvement in thermal stability of the recorded bits . Magnetic nano-structures are subject of
growing interest because of their potential applications in high density magnetic recording media and their
original magnetic properties. The magnetic energy of stored information is important for evaluation of the
thermal stability condition of that information (bit or nano magnetic structure). Multilayer thin films with
a perpendicular magnetic anisotropy devices may play an active role in the development and establishment
of future storage technologies. Samples of YCo2 thin films were irradiated with different fluence values. The
measured magnetizazion curves clearly show a perpendicular aniyotropy on the nano magnetic dots of the thin
films. The shape of the hysteresis loops depends strongly on Ms and Hc is inversely proportional to Ms and χ0

is proportional to M2
s .
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A Novel Lane Detection Algorithm Based on Support
Vector Machine
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Abstract

In this paper, a new lane detection algorithm based on support vector machine (SVM) is presented. This
algorithm can overcome the flaws when applying traditional lane algorithms which are only applicable to some
special situations. The main steps of this algorithm: road surface extraction by using SVM pattern recognition,
image morphology operation, transforming the image into a bird-view image by using the relationship of image
coordinate system (ICS) and world coordinate system (WCS), getting the center points from the road’s midline,
regressing the road shape function by using SVM. Relative to the traditional laser-based sensors and millimeter-
wave radar which are classified as active sensors, vision-based passive sensor has an advantage that it acquires
data in a noninvasive mode and will not alter the environment.

1. Introduction

As one important component of ITS(Intelligent Transportation Systems), lane detection has attracted more
and more researchers because it is a basic and important subtask which analyzes the road and extract all kinds
of road characters. Generally speaking, lane detection is processed by using road image and all kinds of image
processing algorithms.

The main properties that must be possessed by a solution of lane detection are:
· The quality of lane detection should not be affected by different brightness and shadows that can be cast

by trees,buildings, ect.
· Lane detection algorithms should be capable of processing painted and unpainted roads.
· Lane detection algorithms should handle the curved roads rather than only the straight roads.
· Lane detection algorithm should process fast and robustly.
Up to present, various vision-based lane detection algorithms have been developed. They usually assumed

several road models (straight road,curve road, etc), and utilized different techniques including edge detection,
Hough transform, and neural network, etc. Basically, there are two kinds of approaches used in lane detection:
the feature-based technique and the model-based technique. Generally, feature based technique require the
studied road having well-pointed markings, otherwise it will fail. On the other hand, model based technique is
more robust and lacks the flexibility to arbitrary shape of road.

Motivated by the above problems, we here present a new SVM based lane detection algorithm. The main
characters and steps of our approach are following: 1) A SVM based approach which utilizes the decision
function from training with some road examples can classify every pixel of the road image into road surface
group or the non-road surface group. 2) Through the relationship of ICS and WCS, we can transform road
image captured by camera into bird-eye image. So we will reappearance the real road and extract centerline
of the road. 3) Regressing the centerline of studied road by using SVM can get arbitrary road model, which
overcomes the defect of model based technique that lacks flexibility.

The remaining structure of this paper is arranged as follows. Section 2 will introduce the function of SVM
simply; Section 3 explains the extraction of road area; In Section 4, the relationship of ICS and WCS is described;
Section 5 presents the approach that extract the centerline of the studied road by SVM; Section 6 shows some
representative results of applying the proposed algorithm to some typical types of roads; Conclusions are given
in Section 7.

2. Support Vector Machine

The support vector machine (SVM) is a new universal learning machine proposed by Vapnik which is applied
to both regression and pattern recognition. SVM is based on Structural Risk Minimization principle, which
makes SVM can not only fit the training data but also have good generalization ability. In nature, SVM uses a
device called kernel function to map the data in input space to a high-dimensional feature space in which the
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nonlinear problem becomes linearly separable. The decision function generated by SVM is related not only to
the number of support vectors (SVs) and their weights but also to the kernel function chosen previously. There
are many kinds of kernel functions that can be used, such as the Gaussian and polynomial function.

In this paper, we will use both regression and pattern recognition. Pattern recognition will be used in section
3 in order to judge that every pixel of the studied road image is in the road surface area or not. And regression
will be used in section 5 for finding the road model function form the center points extracted form the centerlines
of the road. The detail to use SVM will be shown in the following section.

3. The Extraction Of Road Area

The so-called pattern recognition of SVM is to classfy the input datum into several groups by using the
decision function generated by SVM. Before classification is processed, we should get the decision function
from training , i.e. to solve a constrained quadratic optimization problem. Given a training example set
{(x1, y1), (x2, y2), . . . , (xl, yl)},where x ∈ RN , y ∈ {−1, 1}. A kernel function K(xi, xj) can map the training
examples in input space into a feature space in which the training examples are linearly separable. For pattern
recognition problem will become the following dual optimization problem:

Maximize W (α) =

l∑

i=1

αi− 1

2

l∑

i=1

l∑

j=1

αiyiαjyjK(xi, xj)

subject to

l∑

i=1

αiyi = 0 and α ∈ [0, C] i = 1, . . . , l

(1)

From solving the problem, we will get the decision function:

f(x) = sgn(

l∑

i=1

αiyiK(xi, x) + b) (2)

Then we can class all the input data into corresponsive group.
In this paper, we use SVM to class every pixel of road image into road surface group and non-road surface

group. Because that we use a color image, each pixel has three parameters which are red parameter, green
parameter and blue parameter: R,G,B. And we assign the pixel of the road surface group 1 and the pixel of
non-road surface group −1 form lots of sample road image with many situations such as shadow, rain, snow, and
cars, etc. So we get the training example set {(x1, y1), (x2, y2), . . . , (xl, yl)}, where x = (r, g, b) ∈ R3, y = −1, 1.
Through training, we will obtain the decision function. Since SVM has good generalization ability, this decision
function can be applied to the other road image to extract the road surface area. In the following, we will apply
the decision function gotten to Fig.1, and the result image is shown in Fig.2.

Figure 1
 

Figure 2
 

Figure 3
 

Figure 4

As shown in Fig.2, most pixels are classified correctly, but also some are classified by error though SVM has
good generalization ability. The pixels classified by error can be defined noise pixel. Aim at removing these
noise pixels, we use image morphology method. After erosion and dilation operation by using suitable template,
the whole road surface area is shown in Fig.4.

4. Transform Image Coordinate System (ICS) into World Coordinate System (WCS)

In the following analysis, it is assumed that the camera is mounted on an vehicle, which is drove on normal
roads. Suppose the world coordinate system (WCS, Xn− Y n − Zn) which origin point is the center point of
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camera’s len and the image coordinate system (ICS, x− y) which origin point is the center point of image.

Figure 5

As shown in Fig.5, we can transform WCS into ICS by the well-known perspective transformation formula
as follows:

x =
fXn

ZnCos(w) − Y nSin(w)
y =

f(Y nCos(w) + ZnSin(w))

ZnCos(w) − Y nSin(w)
(3)

where f is the focus of camera and w if the pitch angle of the mounted camera. WCS/ICS transformation
formula is a transform form 3D system to 2D system. Here we suppose that the studied road surface is plain
,i.e. Yn of formula 3 is H. Then we obtain the inverse perspective transform show as follows form formula 3.

Zn = H × fCos(w) + ySin(w)

fSin(w)− yCos(w)
Xn = H × x

fSin(w)− yCos(w)
(4)

Form formula 4, we can transform an image captured form vehicle-mounted camera into a bird-eye view image
show in Fig.6. From Fig.6, the real shape of road is shown clearly.

Before transform ICS into WCS, we presume the real length ∆L the distance between two pixels, so real size
of road can be obtained through bird-eye road image. There is a built-in assumption that all these parameter
of the camera are known and the studied road surface is plain.

5. Extract Lane Model by Using Support Vector Machine Regression

Regression is similar to SVM for pattern recognition. The training procedure of SVM for regression is to solve
a constrained quadratic optimization problem as well. Given a training example set {(x1, y1), (x2, y2), . . . , (xl, yl)},
for patten recognition problem will becomes the following dual optimization problem:

Maximize W (α(∗)) = −ε
l∑

i=1

(α∗
i + αi) +

l∑

i=1

(α∗
i − αi)yi −

1

2

l∑

i=1

l∑

j=1

(α∗
i − αi)(α∗

j − αj)K(xi, xj)

Subject to

l∑

i=1

(α∗
i − αi) = 0 and α

(∗)
i ∈ [0, C]

(5)

where C¿0 is a constant, and ε is a small positive number. The result regression estimates are linear. Then ,the
regression takes the form:

f(x) =
l∑

i=1

(α∗
i − αi)K(x, xi) + b (6)

Before regressing the road model by using SVM, extracting the center points which can represent the road
shape and act as the training datum on the mid-line of road should be done. The image here is partitioned into
n horizontal sections, i.e. twenty as shown in Fig.6. We extract one center point for each section by using the
same approach. The concrete approach: suppose φj denotes the jth section’s road surface area, calculate the
following formula:

Dp, j =
∑√

(Px−Qx)2 + (Py −Qy)2 P,Q ∈ φj j = 1 · · ·n (7)

where P,Q is the pixel of image and x, y denote the horizontal coordinate and the vertical coordinate. For the
jth section we assign the point P whose Dp, j is the least value the center point of this section. The result



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 393

is shown in Fig.7. Before this operation we may do dilation operation for the Fig.6 previously in order to
compensate the bad affects made by the interspace of the road surface.

 
Figure 6

 
Figure 7

 
Figure 8

Up to now, we have the center points which can represent the road shape. Then we can get the road model
function conveniently by using SVM in MATLAB after choosing kernel function. Here Gaussian kernel function
is chosen which takes the form: K(x, y) = exp(−‖x− y‖22 /sig2) (8)

With the toolbox LS-SVM of the MATLAB,we can get two parameters of the decision function: the intercept
b and α which a nonzero element corresponds to a support vector (SV). So we get the decision function as shown
follows:

y(x) =
N∑

k=1

αkK(x, xk) + b (9)

And Fig.8 shows the simulation result of the decision function. From Fig.9, we can find that SVM regress
the center points well. Why using SVM is that SVM can regress arbitrary and complex curves even if the road
shape is ‘S’ type. So using SVM enhances the flexibility to road model recognition.

6. Experiment and Discussion

In this section, we will apply our algorithm presented above to several typical road images to validate the
performance. The first road image includes a straight shape road with good weather. The second image shows
the ‘S’ shape road. From the last road image,we can find there exist intense shadow which can bring trouble
to the traditional lane detection algorithm. We will show the origin image, the road surface after morphology
operation, bird-view image, and regression decision function simulation result for each road image.

 
Figure 9

 
Figure 10

 
Figure 11

 
Figure 12

 
Figure 13

 
Figure 14

 
Figure 15

 
Figure 16

According to these results, it can be shown that the proposed lane detection algorithm based on SVM is
available to the real road image with several typical situations. Because that the weakness of our vision sensor
and we have only few road sample mage, we train the SVM decision function with a small road and non-road
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Figure 17

 
Figure 18

 
Figure 19

 
Figure 20

examples set. According to this reason, the decision cannot be applicable to all kinds of road images, but if we
have more road examples and training the decision function sufficiently, the decision function can classify all
the road images correctly in theory.

Conclusion

A new lane detection algorithm based on support vector machine is presented in this paper. The main
advantage of this approach are: 1) it is suitable for both markings painted and unpainted road, 2) compared
with traditional lane algorithms which need defined certain road marking line model, the approach is suitable
for all kinds of road marking line because any marking line’s area is negligible related to the area of the whole
road surface, 3) using SVM can deal with any road shape and do not limit to several simple road model.

Because of the weakness of vision sensor itself and the complexity of road environment, our method is still
weak to bad weather such as fog, heavy rain, snow which our SVM do not train. In our further work we will
aim at training the SVM decision function automatically with one input image and classify the same image
correctly. How to get more characters from the road model function obtained and how to control the intelligent
vehicles is also our further work.
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Matrix Converter Control System
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Abstract

The presented paper deals with the matrix converter control hardware and software conception. The built
matrix converter is used to treat the electrically transmitted energy part of the investigated hybrid power
splitting drive system. The digital control system used for the realized test bed consists of two personal
computers. The first one serves to monitoring purposes only, the second one is equipped with a common
interface card and works in real time. All the signals are reprocessed and adjusted in interface cards situated
in the control rack. From these cards the necessary electrical and optical signals are sent directly to the power
and measure parts of the matrix converter system.

Introduction

The matrix converters [1]-[4] provide an all-silicon solution to the problem of converting AC power from
one frequency to another, offering almost all the features required of an ideal static frequency changer. They
possess many advantages compared to the conventional voltage or current source inverters. A matrix converter
does not require energy storage components as a bulky capacitor or an inductance in the DC-link. It enables
the bi-directional power flow between the power supply and load. The most of the contemporary modulation
strategies are able to provide practically sinusoidal waveforms of the input and output currents with negligible
low order harmonics, and to control the input displacement factor.

Figure 1: Basic power circuit of a three-phase to three-phase matrix converter

Matrix Converter Control Hardware and Software System

The special “Host PC – Target PC” digital control system was developed for the realised experimental
test bed. The matter consists in the processor throughput. While in case of the digital signal processors it
can be as far as 100 MIPS at 16 bit DSP with fixed point, 200 MIPS at 32 bit DSP with fixed point, 20-200
MIPS/MFLOPS at DSP with floating point only, in case of processors for PC it can reach e.g. 9000 MIPS and
2600 MFLOPS.

The basis of the control system consists of two common personal computers. The first one (Host PC) should
be equipped with any multitasking operating system and the MatLab programme must be installed on this PC.
It serves for compiling of the target real-time applications and for monitoring purposes only, such as downloading
and displaying of measured waveforms, commands entry, etc. One serial port of the RS232 standard and one
parallel port enabling operation in the ECP mode are inevitable. The second one (Target PC) works in real time
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Figure 2: Matrix converter control system

Figure 3: Indirect frequency converter power switches instantaneous switch state

and the matrix converter control programme is processed on it only. The most important component of this PC is
the Multi I/O PCI card Meilhaus ME-2600i containing A/D and D/A converters and digital inputs and outputs.
All the signals are reprocessed and adjusted in interface cards situated in the control rack. Here is also placed
the IGBT’s switch pulses generating card based on a FPGA device. To make the work easy, the firmware for the
Target PC and the monitoring programme for the Host PC were prepared. The firmware consists of the libraries
set programmed in the ASSEMBLER and C language enabling faster algorithm implementation and testing.
It has the real-time kernel with 50 – 200 microseconds period and contains synchronisation, communication,
and I/O card specific routines. The monitoring programme consists of the set of the mutually communicating
programmes programmed in the MatLab, JAVA, and C languages. However, from the user sight it seems to be
one application only. This software is very important for easy control application developing.

Figure 4: Indirect frequency converter simplified instantaneous switch state schema
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Matrix Converter Control Conception

Great number of sophisticated strategies of pulse width modulation methods, and control algorithms for in-
duction motor control in terms of various optimization criteria are known in case of indirect frequency converters,
whereas both the inverter and the rectifier can be operated with pulse width modulation. The instantaneous
state of both the output and the input converter waveforms depend at any time on the switch state of the
converter power switches S. Suitable switch states sequence of the nine matrix converter switches can be indi-
rectly derived from the given switch states sequence of the twelve switchers of the indirect frequency converter
as follows in simplification.

 

Figure 5: Matrix converter input voltage uR0 and current iR0 waveforms

 

Figure 6: Matrix converter output voltage uAB and current iA waveforms for 20 Hz

The matrix converter instantaneous switch state matrix S can be afterwards determined by means of the
instantaneous switch state vectors sABC and sTRST as follows.

S = sABCs
T
RST =




SA
SB
SC


( SR SS ST

)
=




SAR SAS SAT
SBR SBS SBT
SCR SCS SCT


 (1)

The proper function of the matrix converter control system illustrate the matrix converter input and output
voltage and current waveforms shown in Figures 5, 6, 7. In this case the matrix converter is fed from the
symmetrical three phase source of 50 Hz, linked to the symmetrical load (the power circuit is connected in
accordance with Figure 1), and controlled by means of the above mentioned indirect pulse width modulation
method at the matrix converter IGBTs switching frequency of 2 kHz.

Matrix Converter in Hybrid Drive

There are various types of hybrid drives [5]. The realised matrix converter [6] is used to treat the electrically
transmitted power part of the hybrid traction drive with electric power splitting. The electrical torque split
device consists of a special electric generator with both stator and rotor rotating. The rotor is connected to
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internal combustion engine and its torque is via air gap electromagnetic forces transmitted to the stator. The
torque and the output shaft angular speed constitute the mechanically transmitted power. The remaining part
of the internal combustion engine power is transformed into the electric power and represents the input power
of electrical transmission.

 

Figure 7: Matrix converter output voltage uAB and current iA waveforms for 60 Hz

Figure 8: Hybrid drive with electric splitting generator

Conclusion

The developed matrix converter control hardware and software system makes it possible to achieve greater
throughput of the digital control system and its variability. The results obtained on the built-up experimental
test bed have proved proper function of the designed conception of the matrix converter control system.
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Axisymmetric Spherical Travelling Electromagnetic
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Abstract

The solution of a problem of the travelling spherical electromagnetic waves in space, free from sources, in case
of isotropic medium on assumption of rotational symmetry, is carried out by writing down of solutions of the
Maxwell’s uniform equations in a spherical coordinates in real form. Analytical expressions for components of
fields of the travelling spherical E- and H-waves and also equations of lines of force of these waves are obtained.
The graphic pictures of lines of force which show the dynamics of propagation of diverging and converging
spherical electromagnetic waves are represented.

Introduction

Within the work [1], submitted by the authors early, the problem of propagation of a spherical electromag-
netic wave in space, free from sources, is considered in new statement for case of an isotropic medium and in the
supposition of a rotational symmetry. As initial expressions the uniform equations of the Maxwell concerning
components of vectors of strengths of electrical and magnetic fields noted in a spherical coordinates are used.
As a result the detailed analytical expressions based on a strict solution of a system of initial equations, for
all field components of running spherical E-(Hϕ, Er, Eθ) and H-(Eϕ, Hr, Hθ) waves are obtained. At that the
converging and diverging spherical waves were considered as independent.

The aim of present work is theoretical research of dynamics of propagation of the travelling spherical elec-
tromagnetic waves, which propagate in isotropic medium from infinity into free centre, with the assumption of
transformation of the converging waves into diverging waves at the centre. The expressions for field components
of the travelling spherical E- and H-waves for the given case are submitted in real form with account of temporal
dependence. It allows to obtain separately the equation of lines of force for converging and diverging spherical
E- and H-waves. The numerical solution of the given equations has allowed graphically to present moving of
travelling spherical electromagnetic waves as a sequence of pictures of lines of force of the appropriate fields at
different instants of time.

The Expressions for Field Components of the Axisymmetric Spherical Travelling

E- and H-waves and the Equations of Lines of Force of These Waves

For visual representation of the process of propagation of travelling spherical electromagnetic waves we
consider converging and diverging spherical electromagnetic waves separately, with the assumption, that the
diverging waves are the result of transition through the centre of the converging waves.

The expressions for field components of spherical E- and H-waves are already obtained in work [1] in the
complex form, now we shall represent them in a real form for different values n (n characterises number of
lobes of the angular diagram of amplitude distribution of spherical waves on a latitude [1]). In this work as an
example we shall present these expressions for n = 1.

1) Converging spherical E- and H-waves

{
E+
ϕ

H+
ϕ

}
∼
[
Cos(ωt+ kr)

kr
− Sin(ωt+ kr)

(kr)2

]
Sinθ; (1)

{
H+
r

E+
r

}
∼ ∓2

[
Sin(ωt+ kr)

(kr)2
+
Cos(ωt+ kr)

(kr)3

]
Cosθ; (2)

{
H+
θ

E+
θ

}
∼ ±

[
Cos(ωt+ kr)

kr
− Sin(ωt+ kr)

(kr)2
− Cos(ωt+ kr)

(kr)3

]
Sinθ. (3)
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2) Diverging spherical - and -waves

{
E−
ϕ

H−
ϕ

}
∼
[
Cos(ωt− kr)

kr
+
Sin(ωt− kr)

(kr)2

]
Sinθ; (4)

{
H−
r

E−
r

}
∼ ∓2

[
Sin(ωt− kr)

(kr)2
− Cos(ωt− kr)

(kr)3

]
Cosθ; (5)

{
H−
θ

E−
θ

}
∼ ∓

[
Cos(ωt− kr)

kr
+
Sin(ωt− kr)

(kr)2
− Cos(ωt− kr)

(kr)3

]
Sinθ. (6)

For the further consideration of the posed task we shall obtain the equations of field lines of force of the
converging and the diverging spherical electromagnetic waves, by the example of E-wave. As for the given type
of oscillations the special interest is represented by the pictures of electric lines of force. In a general form the
equation of electric lines of force in spherical system of coordinates looks like:

Eθdr = rErdθ. (7)

Let’s assume, that converging spherical E-wave goes from infinity to the centre of a coordinate system. As
a result of substitution of expressions (2), (3) - for a component E+

r and E+
θ at n = 1 into equation (7) we shall

obtain the ordinary differential equation of the first order with separable variables:

−(kr)2Cos(ωt+ kr) + krSin(ωt+ kr) + Cos(ωt+ kr)

(kr)2Sin(ωt+ kr) + krCos(ωt+ kr)
d(kr) = 2ctgθdθ. (8)

As a result of the solution of this equation we shall obtain

ln |kr| − ln |Cos(ωt+ kr) + krSin(ωt+ kr)| − 2 ln |Sinθ| = C. (9)

After appropriate transformations we shall obtain equation of electric lines of force for converging
spherical E-wave

∣∣∣∣Sin(ωt+ kr) +
Cos(ωt+ kr)

kr

∣∣∣∣Sin
2θ = C, (10)

where C ≥ 0 - the constant determining a set of lines of force.
Let’s consider a situation, when spherical E-wave diverges from the centre of coordinate system. We shall

use expressions (5), (6) for components E−
r and E−

θ at substitution into equation (7). As a result we shall
obtain equation of electric lines of force for diverging spherical E-wave

∣∣∣∣Sin(ωt− kr)− Cos(ωt− kr)
kr

∣∣∣∣Sin
2θ = C. (11)

It is evident that fields E and H switch places at the change of mode, i.e. equations of electric lines of force
for E mode turn into equations of magnetic lines of force for H mode at every concrete value n.

Dynamics of Propagation of Spherical Electromagnetic Waves (graphic view)

The numerical solution of the obtained equations of lines of force allows to present graphically the movement
of travelling spherical electromagnetic waves as sequence of pictures of lines of force of corresponding fields at
the different moments of time. We shall observe dynamics of propagation of travelling spherical axisymmetric
electromagnetic waves in the assumption, that the diverging waves are the result of transition of the converging
waves through the center.

The results of graphic construction of pictures of lines of force of the electric field of the travelling spherical E-
wave for n = 1 are presented at fig.1. In the left half-plane the curls for converging E-wave, and in the right half-
plane the curls for diverging E-waves calculated according to the equations (10) and (11) in different moments
of time are represented. The calculation of given set of lines of force is carried out at C = 0, 5. Moreover, figure
is supplemented with lines (C = 0) in the form of concentric circles, which reflect the characteristic locations of
phases in the space (places of “wave crests” and “wave trough” of spherical waves) in the concrete moments of
time.
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The first picture of the set (fig.1) shows that pictures of lines of force for converging and diverging waves
are identical at zero moment of time. The directions of curls of these fields are such, that fields of converging
and diverging waves completely exclude each other in the sum and create in representation of standing waves
”collapse” of field (field strength is equal to zero at the centre). Further, with current of time the size of central
curl “c” of a converging wave is decreasing, while the similar curl “d” for diverging wave is increasing and
changing the form as it is shown at ωt = 0, 7(Fig.1). This situation is more expressive in the moment of time
ωt = 1, 2, when the curl “d” starches and acquires pear-shaped form. There is division of deformed curl on two
inside of diverging wave in the moment of time ωt = 1, 37. First curl “d” is already separated from the centre,
leaves it and increases, while second curl “d′” keeps a condition of contact with the centre and decreases. At the
moment of time ωt = π/2 curls “c” and “d′” disappear, thus the symmetry of curls is created. However the sum
of curls doesn’t lead to their mutual compensation i.e. field strength is not equal to zero at the centre. Further
they (now they are a curl “b′” of converging wave and curl “c” of diverging wave) are arise again (ωt = 1, 74)
and grow (ωt = 1, 77). In some moment of time between values ωt equal 1,77 and 1,94 inside of converging
waves there is a confluence of curls “b′” and “b”. Picture (ωt = 1, 94) represents situation, which follows this
confluence. Then the smoothing and decreasing of the joined curl “b” of a converging wave and growth of a curl
“c” of a diverging wave is observed (ωt = 2, 44).At the instant ωt = π these curls are compared, so the structures
of fields of converging and diverging waves become identical to structures at the instant ωt = 0. Thus, we have
observed evolution of field of the traveling spherical electromagnetic wave during half-period of process. In the
following half-period the situation repeats.

Let’s note that lines of force of magnetic field for E mode and lines of force of electric field for H mode are
concentric circles. These lines are situated in the planes parallel to an equatorial plane, and their graphic view
here is absent. At the instants ωt = 0 and π, the field strengths are equal to zero at the centre.
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Figure 1: The sequence of pictures of lines of force of fields of travelling spherical electromagnetic waves in
meridional plane of section for in different time moments during of half-period of oscillation.

Conclusion

In this work the theoretical research of axisymmetric spherical electromagnetic waves in isotropic medium
with original assumption of transformation of the converging waves into diverging waves at the free centre is
carried out. The detailed analytical expressions for all components of fields of converging and diverging spherical
E-and H-waves are obtained in this work. These expressions are optimal for carrying out of the mathematical
modeling of process of propagation of spherical electromagnetic waves, which move to the center or from the
center. The analytical equations of lines of force of fields of traveling spherical E-and H-waves are obtained.
Numerical solution of these equations allows to display precisely pictures of lines of force of electric and magnetic
fields of traveling spherical E-and H-waves. Moreover, the pictures of fields moving waves in the neighborhood
of the center are obtained essentially for the first time, while pictures of fields of traveling waves far from the
center were known only at qualitative level.
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Abstract

The scattering fields from an anisotropic uniaxial-coated conducting sphere by a plane wave are derived.
The electromagnetic fields in uniaxial anisotropic medium and free space can be expressed in terms of spherical
vector wave functions in uniaxial anisotropic media and isotropic medium. Applying the boundary condition
in the interface between the uniaxial anisotropic medium and free space, the surface of the conducting sphere,
the expansion coefficients of electromagnetic fields in uniaxial anisotropic medium are obtained, and then the
expansion coefficients of scattering fields and radar cross sections can be obtained. Numerical results between
this method and Mie theory are in good agreement as we expect. some numerical results are given in this paper.

Introduction

In recent years, there has been a growing interest in interaction between electromagnetic fields and anisotropic
media, mainly due to its many applications in the fields of antennas and microwave devices, etc. As this is an
interesting subject of many potential applications, there have naturally been some existing work, for instance, the
analysis of two-dimensional geometries [1,2] and three-dimensional geometries [3-8]. In this paper, on the basis of
electromagnetic fields in uniaxial anisotropic medium using spherical vector wave functions [6], electromagnetic
fields in anisotropic uniaxial-coated conducting sphere are formulated and numerically studied in this paper.
The present work in this paper serves as a further extension of the studies in [6], and the fields in free space can
be deduced from the present results and then expressed in terms of spherical vector wave functions in isotropic
medium [6,9]. Applying the boundary conditions of electromagnetic fields on the interface between uniaxial
anisotropic medium and free space and on the interface of conducting sphere, all the field expansion coefficients
in uniaxial anisotropic medium and free space are derived. Some numerical results are also obtained using the
formulas and presented herein. One special case is considered, where the results obtained using the present
method and the Mie theory [11] are compared to each other and a good agreement is observed.

Formulas

Figure 1: Geometry of a
plane wave scattered by an
anisotropic uniaxial-coated con-
ducting sphere.

Let us consider an anisotropic uniaxial-coated conducting sphere illumi-
nated by an incident plane wave. As illuminated in Fig.1, the coated sphere
with outer radius a1 and inner radius a2 is located at the coordinate ori-
gin. On the surface the inner conducting sphere, the uniaxial anisotropic
medium with permittivity tensor (ǫ) and permeability tensor (µ) is coated
with thickness d(= a1−a2). It is assumed that the incident wave propagates
in the +ẑ direction, the incident electric field has unity of amplitude, and
is polarized in the +x̂ direction. In the following analysis, a time depen-
dence of exp(−iωt) is assumed for the electromagnetic field quantities, but
is suppressed throughout the treatment.

The electric field vector wave equation in such a source-free uniaxial
anisotropic medium can be written in the following form [2,5,6]:

∇×
[
µ−1 · ∇ ×E(r)

]
− ω2ǫ ·E(r) = 0. (1)

where E denotes the electric field, while ǫ and µ represents the permittivity tensor and the permeability tensor
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of uniaxial anisotropic medium, the expression are [6,8]

ǫ =



ǫt 0 0
0 ǫt 0
0 0 ǫz


 , µ =



µt 0 0
0 µt 0
0 0 µz


 . (2)

Using Fourier transform [5,6], the expansion of plane wave factors in terms of spherical vector wave func-
tions in isotropic medium [10], and the properties of spherical Bessel functions [9], the electromagnetic fields
(designated by the subscript 1) in the uniaxial anisotropic medium can be obtained as follows:

E1 =

2∑

l=1

2∑

q=1

∑

mnn′

F
(l)
mn′q

∫ π

0

[
Aemnq(θk)M

(l)
mn(r, kq) + Be

mnq(θk)N
(l)
mn(r, kq) + Ce

mnq(θk)L
(l)
mn(r, kq)

]

× Pmn′ (cos θk)k
2
q sin θkdθk, (3a)

H1 =

2∑

l=1

2∑

q=1

∑

mnn′

F
(l)
mn′q

∫ π

0

[
Ahmnq(θk)M

(l)
mn(r, kq) + Bh

mnq(θk)N
(l)
mn(r, kq) + Ch

mnq(θk)L
(l)
mn(r, kq)

]

× Pmn′ (cos θk)k
2
q sin θkdθk. (3b)

where n′ and n are summed up both from 0 to +∞ while m is summed up from −n to n, and r is pointing

in the (θ, φ)-direction in the spherical coordinates. The coefficients, F
(l)
mnq, are unknown, as in [6]. Apmnq(θk),

Bpmnq(θk), C
p
mnq(θk) (where p = e or h) and kq are functions of θk and they have been derived in [6]. The vector

wave functions, M
(l)
mn, N

(l)
mn, L

(l)
mn are spherical vector wave functions and they are also shown in [5,6,9,10]

M(l)
mn=z(l)

n (kr)

[
im

Pm
n (cosθ)

sin θ
eimφθ̂ − dPm

n (cos θ)

dθ
eimφφ̂

]
, (4a)

N(l)
mn=n(n+1)

z
(l)
n (kr)

kr
Pm

n(cos θ)eimφr̂+
1

kr

d(rz
(l)
n (kr))

dr

[
dPm

n (cos θ)

dθ
θ̂+im

Pm
n (cos θ)

sin θ
φ̂

]
eimφ, (4b)

L(l)
mn=k

{
dz

(l)
n (kr)

d(kr)
Pm

n (cos θ)eimφr̂ +
z
(l)
n (kr)

kr

[
dPm

n (cos θ)

dθ
θ̂ + im

Pm
n (cos θ)

sin θ
φ̂

]
eimφ

}
. (4c)

where z
(l)
n (where l = 1, 2, 3, and 4) denotes an appropriate kind of spherical Bessel functions, jn, yn, h

(1)
n , and

h
(2)
n , respectively.

The incident electromagnetic fields(designated by the superscript inc) can be expanded in an infinite series
in isotropic spherical vector wave functions [6,9,10]

Einc =
∑

mn

[
ax
mnM

(1)
mn(r, k0) + bx

mnN
(1)
mn(r, k0)

]
[δm,1 + δm,−1], (5a)

Hinc =
k0

iωµ0

∑

mn

[
ax
mnN

(1)
mn(r, k0) + bx

mnM
(1)
mn(r, k0)

]
[δm,1 + δm,−1]. (5b)

where the expansion coefficients are defined as:

axmn =





in+1 2n+ 1

2n(n+ 1)
, m = 1,

in+1 2n+ 1

2
, m = −1;

(6a)

bxmn =





in+1 2n+ 1

2n(n+ 1)
, m = 1,

−in+1 2n+ 1

2
, m = −1;

(6b)

δs,l =

{
1, s = l,
0, s 6= l.

(6c)
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According to the radiation condition of an outgoing wave (attenuating to zero at infinity) and the asymptotic

behavior of spherical Bessel functions, only h
(1)
n should be retained in the radial functions, therefore the expansion

of scattered fields (designated by the superscript s) are

Es =
∑

mn

[
As

mnM
(3)
mn(r, k0) + Bs

mnN
(3)
mn(r, k0)

]
, (7a)

Hs =
k0

iωµ0

∑

mn

[
As

mnN
(3)
mn(r, k0) + Bs

mnM
(3)
mn(r, k0)

]
. (7b)

where the coefficients, Asmn and Bsmn (n varies from 0 to +∞ while m changes from −n to n), are unknowns

to be determined, M
(l)
mn(r, k0) and N

(l)
mn(r, k0) denote the spherical vector wave functions defined in Eqs.(4a) to

(4c), and k0 = ω(ǫ0µ0)
1/2 identifies the wave number of free space, respectively.

Applying the boundary conditions at the surface of uniaxial anisotropic medium, for example, when r = a2,
the expansion coefficients of electromagnetic fields in uniaxial anisotropic medium can be obtained by the
following equations:

2∑

l=1

2∑

q=1

∞∑

n′=0

F
(l)
mn′q

∫ π

0

Aemnqz
(l)
n (kqa2)P

m
n′ (cos θk)k

2
q sin θkdθk = 0, (8a)

2∑

l=1

2∑

q=1

∞∑

n′=0

F
(l)
mn′q

∫ π

0

{
Bemnq

1

kqr

d

dr

(
rz(l)
n (kqr)

)
+ Cemnq

z
(l)
n (kqr)

r

}

r=a2

Pmn′ (cos θk)k
2
q sin θkdθk = 0. (8b)

and r = a1 it can be obtained the following expression

2∑

l=1

2∑

q=1

∞∑

n′=0

F
(l)
mn′q

∫ π

0

Q(l)
mnqP

m
n′ (cos θk)k

2
q sin θkdθk = [δm,1 + δm,−1] a

x
mn

i

(k0a1)2
, (9a)

2∑

l=1

2∑

q=1

∞∑

n′=0

F
(l)
mn′q

∫ π

0

R(l)
mnqP

m
n′ (cos θk)k

2
q sin θkdθk = [δm,1 + δm,−1] b

x
mn

i

(k0a1)2
. (9b)

where expansion coefficients axmn and bxmn can be expressed in Eqs.(6a) and (6b). Q
(l)
mnq and R

(l)
mnq have the

following expression

Q(l)
mnq =

{
Aemnq

1

k0r

d

dr

(
rh(1)
n (k0r)

)
z(l)
n (kqr) −

iωµ0

k0

[
Bhmnq

1

kqr

d

dr

(
rz(l)
n (kqr)

)

+Chmnq
z
(l)
n (kqr)

r

]
· h(1)

n (k0r)

}

r=a1

, (10a)

R(l)
mnq =

{
iωµ0

k0
Ahmnq

1

k0r

d

dr

(
rh(1)
n (k0r)

)
z(l)
n (kqr)−

[
Bemnq

1

kqr

d

dr

(
rz(l)
n (kqr)

)

+Cemnq
z
(l)
n (kqr)

r

]
· h(1)

n (k0r)

}

r=a1

. (10b)

From the Eqs.(8a) to (9b), it shows that
• firstly, the unknown coefficients of electromagnetic fields in the uniaxial anisotropic medium can be ob-

tained;
• secondly, the coefficients of scattered fields in region 0 are calculated; and
• lastly, the far scattering field of electromagnetic fields from an anisotropic uniaxial-coated conducting

sphere by a plane wave, and the radar cross section are thus obtained.
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Numerical Results and Discussion

Figure 2: Radar cross sections (RCSs)
versus scattering angle θ (in degrees):
Results of this paper (solid curve) and
of Mie theory(block square)(Fig.7 in
Reference [11]).

In the last section, we have presented the necessary theoretical
formulation of the electromagnetic fields of a plane wave scattered
by an anisotropic uniaxial-coated conducting sphere. To gain more
physics insight into the problem, we will provide in this section some
numerical solutions to the problem of electromagnetic scattering by
an anisotropic uniaxial-coated conducting sphere.

Numerical computations have been performed by applying the the-
oretical formulae derived earlier in the previous sections. In order to
check the accuracy of the newly obtained numerical results, we per-
formed one trial, that is, we calculated the radar cross sections using
the present method and the Mie theory in reference [11]. The results
are shown in Fig.2, where electric dimensions of outer and inner spheri-
cal surfaces are k0a1 = 2.1π and k0a2 = 2π, while the permittivity and
permeability tensor elements are ǫt = ǫz = 2.5ǫ0, µt = µz = 1.6µ0, re-
spectively, (where and subsequently, ǫ0 and µ0 stand for the free space
permittivity and permeability, respectively).It must be noted that the
incidence wave propagates in the negative z-direction in this figure.

Figure 3: Radar cross sections (RCSs) versus scatter-
ing angle θ (in degrees) in the E-plane (solid curve)
and in the H-plane (short dashed curve).

Figure 4: Radar cross sections (RCSs) versus scatter-
ing angle θ (in degrees) in the E-plane (solid curve)
and in the H-plane (short dashed curve).

From Fig.2, it is seen apparently that the radar cross sections calculated by using the two methods (i.e., the
present method in this paper and Mie theory) are in very good agreement in both the E- and H-planes, where
the maximum number of n′ used in Eqs.(8a) to (9b) is only 10 to achieve the convergence. It partially verifies
the correctness and applicability of our theory as well as the program codes.

After this, we obtain some new results unavailable elsewhere in literature. Two examples are considered
herein, and their radar cross sections are plotted in Figures 3 and 4.

Fig.3 represents radar cross sections of an anisotropic uniaxial-coated conducting sphere of more general
uniaxial medium, where the permittivity and permeability tensor elements are characterized by ǫt = 2ǫ0,
ǫz = 4ǫ0, and µt = µz = µ0, the electric size of the uniaxial anisotropic spherical shell is chosen as k0a1 = 3π
and k0a2 = 2.5π. The maximum number n′ in Eqs.(8a) to (9b) to achieve a good convergence is found to be 16.
To illustrate further applicability of the scattering solution for an electrically large sized anisotropic uniaxial-
coated conducting sphere(for example, in its resonance region), the radar cross sections of a relatively large
uniaxial anisotropic sphere with k0a1 = 5π and k0a2 = 4π, under the illumination by an incident plane wave,
are obtained and depicted in both the E-plane and the H-plane in Fig.4. The permittivity and permeability
tensor parameters used for this case are: ǫt = (2 + 0.2i)ǫ0, ǫz = (4 + 0.4i)ǫ0, and µt = µz = µ0. As the electric
dimension of the sphere is increased, the maximum number of n′ used in Eqs.(8a) to (9b) must be significantly
increased to 24 to achieve the convergence.
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Conclusion

The spherical vector wave function expansion solution to the plane wave scattering by an anisotropic uniaxial-
coated conducting sphere is obtained analytically in this paper. The solution has only one-dimensional integral
which can be calculated easily. Numerical results are obtained using the present method and compared with
Mie theory and a fairly good agreement is observed. It is shown that the obtained solution is stable even for
almost isotropic scatterers, since the proposed solution is an analytical one of the uniaxial anisotropic media,
and the result of the Mie theory is a special case of the present method. The general numerical results, including
the lossy anisotropic uniaxial-coated conducting sphere and resonance region, are given and are found reducible
to those of spacial cases. The present analysis are believed to be useful in antenna and satellite communication
system designs.

*This work is partially supported through No. Y104539 by the Natural Science of Zhejiang Province of China and a

Research Grant No: 60071025 by the National Natural Science Foundation of China (NSFC).
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Abstract

Complicated Josephson structures consisting of several distributed junctions, containing one or more common
points are considered. It is analytically shown that such structures must contain an integer number of magnetic
flux quanta. It is also shown that in some structures multiquantum formations are preferable. Analytical
conclusions are proved by numerical experiments.

It is well known, that magnetic field penetrates in type II superconductors in the form of Abrikosov’s
vortices, each containing a single quantum of magnetic flux Φ0 = hc/2e = 2, 07 · 10−7 gauss · cm2. Similar
phenomenon is observed in distributed Josephson junctions, where external magnetic field penetrates in it
in the form of vortices called Josephson vortices. Though Josephson vortices differ from Abrikosov’s ones in
the set of parameters (in particular, they have no nonsuperconducting core), they also carry single magnetic
flux quantum. The research of high-temperature superconductors is usually based on a model of numerous
stochastically positioned Josephson junctions with random parameters (plural Josephson medium). Assuming
this medium as a bidimensional analogy of a distributed junction, the magnetic field also penetrates in it in the
form of vortices called “hypervortices” and its structure has not been researched in details. Furthermore, the
magnetic flux of the hypervortex is assumed now to be equal to Φ0.

In this paper the distributed Josephson junction’s structure is being considered as a system, formed by several
(N) half-infinite distibuted junctions with one common point ( the ”Star” topol-ogy), as shown on Figure 1.

Figure 1: Several half-infinite junctions withone common point.

Let common point has coordinate x = 0 for all junctions, the phase difference of the order parameter in each
junction is counted clockwise, and the points of each junction have positive coordinates x ≥ 0. In each junction
ϕ(x, t) is given by equation:

∂2ϕ (x, t)

∂x2
− γ ∂ϕ (x, t)

∂t
− ∂2ϕ (x, t)

∂t2
= sinϕ (x, t) (1)

where x and t are dimensionless (normalized) coordinate and time, γ – dimensionless dissipation parameter,
due to junctions ohmic resistance.

The normalized magnetic field in junction is determined by relation h (x, t) = ∂ϕ (x, t)/∂x.
For infinite junction there are isolated solutions [2] ϕ0 (x) = 4 arctg ex, the Josephson magnetic vortex given

by h0 (x) = dϕ0 (x)/dx = 4ex
/(

1 + e2x
)

and the value of it’s magnetic flux is
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φ0 =

∞∫

−∞

h0 (x) dx = 2π

.
At the point x = 0 the following conditions must be satisfied:

N∑

n=1

ϕn (0) = 2πm, m − integer (2a)

dϕ1

dx
|x=0 =

dϕ2

dx
|x=0 = ... =

dϕN
dx
|x=0 (2b)

where (2a) means the phase of the order parameter is determined accurate to 2π , (2b) - the equality of magnetic
fields at x = 0.

For isolated stationary distributions of the magnetic field in the system being discussed it is necessary to
suggest, that in all of the junctions the Josephson vortex is realized , and its magnetic flux is equal:

φn =

∞∫

0

d

dx
ϕn (x) dx = ϕn (x)|∞0 = 2π − ϕn (0) = 2π − 4 arctg e−xn (3)

From the equation (3) under the condition (2a), it’s easy to find that the system under investigation contains
only integer number of magnetic flux quanta.

On account of boundary conditions (2a), (2b) and the following requirement
dϕ1

dx
|x=∞ =

dϕ2

dx
|x=∞ = ... =

dϕN
dx
|x=∞ = 0, it can be shown that numerical solution of the equation (1)

leads to symmetrical distributions of the magnetic field in the system, (the example is shown on the Figure 2,
N = 5, the overall magnetic flux is equal to 3× 2π)

Figure 2: The example of allocation of magnetic field in the system on figure 1

By numerical simulations of the equation (1) it was obtained that the stationary states of the system with
low number of magnetic flux quanta φ/2π are stable, and with great number of quanta - unstable (table 1).

It’s easy to show, that in any complicated Josephson system, composed of a large quantity of distributed
junctions, connected in a random manner, multiquantum magnetic formations are possible, like in the system
on figure 1. Some of them may be stable, others – unstable, depending on the number of quanta and stochastic
parameters of the system.

Since the high-temperature superconductor is the plural Josephson medium, the penetration of magnetic
field in it should happen in the form of the hypervortices, each of them carries more than one magnetic flux
quantum that is in contrast to type II superconductor and distributed Josephson junctions.

The result obtained should be taken in account while investigating phenomenological electrodynamics of
high-temperature superconductors.
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Table 1: Stable(+) and unstable(–) states of the system on figure 1 with different number of junctions (N), and
different number of magnetic flux quanta (φ/2π)

φ/2π N 1 2 3 4 5 6 7 8 9 10 11
3 + –
4 + + –
5 + + – –
6 + + + – –
7 + + + – – –
8 + + + + – – –
9 + + + + – – – –
10 + + + + + – – – –
11 + + + + + – – – – –
12 + + + + + + – – – – –
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Abstract

In the high-speed digital printed circuit board, decoupling capacitors play an important role in lowering the
power-ground planes impedance leading to the ground bounce noise in I/O ports while the logic is in transition.
This paper investigates the optimal placement of decoupling capacitors in suppressing the input and transfer
impedances of power-ground planes. The cavity model combines with genetic algorithm (GA) here to find the
design specification and the optimal placement of the decoupling capacitors.

Introduction

As the clock frequency increases and rise time decreases in high-speed digital printed circuit boards, noise
on the power bus will be incurred due to a sudden change during the high-to-low and low-to-high transitions,
called simultaneous switching noise, delta-I noise, or ground bounce. This noise may result in signal integrity
and electromagnetic interference problems in high-speed digital systems, such as the wrong judgment of digital
system logics.

In the past, many researches had been done to model the power-ground planes, such as the full-wave
electromagnetic model, the partial element equivalent circuit (PEEC) model, and cavity model. The full-wave
electromagnetic model is based on Maxwell’s electromagnetic equations and solved by the numerical methods
such as the finite-difference time-domain (FDTD), finite element method (FEM), and moment of methods
(MoM). The partial element equivalent circuit method divides the power-ground planes into unit cells and
estimates the equivalent resistance, inductance, conductance, and capacitance for each cell. The cavity model
[1] is thus employed to obtain the input and transfer impedances by the Green’s function. Although a few
models have been proposed, none of them were mentioned for the optimal placement of decoupling capacitors.

The cavity model is proposed to calculate the n-port impedance matrix among the vias and explore the
possible locations of decoupling capacitors on the power-ground plane. In view of the time-consuming analysis
for doubly infinite series of Green’s function in the cavity model, a simplified form has been derived to speed up
the computation [2]. Furthermore, the genetic algorithm (GA) [3] is applied to search for the optimal locations
of decoupling capacitors so as to minimize the input and transfer impedances over a desired range of frequencies.
Finally, typical examples based on the proposed approach are presented and from which some of the efficient
ways in suppressing the ground bounce by decoupling capacitors are discussed.

Cavity Model for Power/Ground Planes

Considering a pair of rectangular planes as depicted in Fig.1, its physical structure is constructed by the
length a, width b, and thickness d and filled with the substrate permittivity of ε.

z

x

y

a

b

d

µ 
xi

yi

xj

yj

dxi

dxj

dyj

dyi

i-th port

j-th port

Figure 1: Geometrical structure of power-ground planes at locations (xi, yi) and (xj , yj).
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Since the thickness d is very small compared to the wavelength of maximum frequency, TMz cavity can be
applied with two electric walls representing the upper and lower planes and four magnetic walls representing
the sides of the structure. Hence this problem only has a component of the electric field and no component of
magnetic field in the z-direction. For the two ports at (xi, yi) and (xj , yj) each with the cross-sectional area of
dx × dy on the plane, the impedance between them can be written as

Zij = jωµd
∞∑
m=0

∞∑
n=0

χ2
mn

ab(k2
xm+k2

yn−k2) cos(kynyi) cos(kxmxi) sin c
(
kyndyi

2

)
sin c

(
kxmdxi

2

)

× cos(kynyj) cos(kxmxj) sin c

(
kyndyj

2

)
sin c

(
kxmdxj

2

) (1)

where

kxm = mπ/a,kyn = nπ/b,k = ω
√
ε0εµ, and





χ2
mn = 1, for m = n = 0
χ2
mn = 2, for m = 0 or n = 0
χ2
mn = 4, for m 6= 0, n 6= 0

It is noted that the time-consuming computation involved with the doubly infinite series of Green’s function
for the impedance matrix from Eq. (1) results in a slow convergence for the original cavity model. Consequently,
this paper employed a simplified form of cavity model to achieve a better convergence upon a singly infinite
series. The most advantage is that the accurate results are preserved within less than one-tenth of computational
time compared to the usage of double-series summations. Specifically, Eq. (1) is transformed as the follow:

Zij = − jωµdηab F
L∑
l=0

σl cos(kuui) cos(kuuj) cos(γlz>) cos(γlz<)
sin c(

kuui
2 ) sin c(

kuuj
2 )

γl sin(γlF )

−j jωµd
ηab

F
∞∑

l=L+1

cos(kuui) cos(kuuj) sin c(
kuui

2
) sin c(

kuuj
2

)
exp(−jγl(v> − v<))

γl

(2)

where

F =

{
a, l = m
b, l = n

, (ui, uj) =

{
(xi, xj), l = m
(yi, yj), l = n

, γl = ±
√
k2 − k2

u, ku =

{
mπ
a , l = m
nπ
b , l = n

(z>, z<) =

{
(y> − b, y<), l = m
(x> − a, x<), l = n

, (v> − v<) =

{
(y> − y<), l = m
(x> − x<), l = n

,

{
x> = max(xi, xj)
x< = min(xi, xj)

Decoupling Capacitors and Genetic Algorithm

Assuming that there is a n-port network with a variety of decoupling capacitors connected to each port.
The impedance matrix of mixed n-port network for the planes becomes [4]

Zm = (Z−1 + Z−1
decap)

−1 (3)

where Z represents the impedance matrix of cavity model result and Zdecap represents the impedance matrix
of decoupling capacitors with the diagonal form given by

Zdecap =




Zdecap,1 0 0 0 0
0 Zdecap,2 0 0 0
0 0 • 0 0
0 0 • 0
0 0 Zdecap,n




(4)

where the i − th diagonal element zdecap,i = (1/jωCdecap,i) + jωLESL,i + RESR,i is the impedance of the
decoupling capacitor including the parasitic inductance LESL and resistance RESR to be connected to the i− th
port.

Finally, an optimizer using the genetic algorithm is employed to solve for the optimal placement of decoupling
capacitors while a target impedance of planes is concerned. Being robust, stochastic search methods modeled
on principles and concepts of natural selection and evolution, it consists of three primary mechanisms: selection,
crossover and mutation respectively. It evolves toward an optimal solution under the selective pressure of the
objective function. The proposed flowchart of GA optimizer is shown in Fig.2 accordingly.
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Figure 2: A block diagram of proposed method combined with a genetic algorithm optimizer.

Simulation Results
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Figure 3: Input and transfer impedances of the
8080mm2 bare board by simplified form of cavity
model.
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Figure 4: Optimized results of input and transfer
impedances, without parasitic effect.

Table 1: Decoupling capacitors with ESL and ESR and amount of optimized results.

Decap ESL(nH) ESR(mΩ) Amount

1uF 0.6 4 2

220nF 0.6 20 0

22nF 0.26 69 6

1nF 0.26 44 12

470pF 0.45 102 4

100pF 0.46 811 0

47pF 0.45 901 0

10pF 0.5 3178 0

1pF 0.51 39911 0

Consider the structure of 80mm × 80mm power/ground planes, the height, dielectric constant, loss tangent,
and cross section of the port is 40mil, 4, 0.019 and 30mil× 30mil respectively. The input and transfer impedances
of the bare board which was fed at the location (10mm, 10mm) and (70mm, 70mm) are shown in Fig.3.
Furthermore, the resonant frequency of power/ground planes are given by

fmn =
1

2
√
µε

√(m
a

)2
+
(n
b

)2
(5)

Fig.4 shows the input and transfer impedances without parasitic effect after optimization. A variety of
decoupling capacitors with ESL and ESR respectively provide for the GA to choose the optimal placement,
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value, and amount. Table 1 shows that for this case the GA will choose the optimal value and amount of the
decoupling capacitors. Not all decoupling capacitors will be chosen. Furthermore, the optimal placements of
the decoupling capacitors are found to be inside ∼10 mm in radius around the excitation input.

0 0.4 0.8 1.2 1.6 2

Frequency (GHz)

0

1

2

3

4

Im
p

e
d

a
n

c
e

 (
Ω

)
Proposed Method

Ansoft SIwave Result

 

0 0.4 0.8 1.2 1.6 2

Frequency (GHz)

0

0.1

0.2

0.3

Im
p

e
d

a
n

c
e

 (
Ω

)

Proposed Method

Ansoft SIwave Result

 

(a) Input impedance (b) Transfer impedance

Figure 5: Optimized results of input and transfer impedances, with ESL and ESR included.

According to the proposed method, Fig.5 shows the input impedance and transfer impedance obtained after
the optimization. The values are lower than 3.5 and 0.5 ohms respectively, over the frequency range from 0 to
2GHz. Due to the parasitic and path inductance effect, the curve of input impedance tends to inductive when
higher than resonant frequency. Furthermore, the comparison between Fig.4 and Fig.5 shows that the parasitic
ESL and ESR have significant effects on the input and transfer impedances and can not be neglected. At the
same time, the comparison of the simulation results and Ansoft SIwave verifies the accuracy of the proposed
method.
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Figure 6: Optimized input impedance versus frequency with height as a parameter.

Figure 6 shows the effect of the height d between power/ground planes after optimization. According to
the optimal results, the thinnest board has the lowest impedance over the frequency range. In other words,
reducing the thickness of power/ ground planes can lower the ground bounce noise.

Conclusion

In this paper, GA optimizer is proposed to deal with the problem of the optimal placement, value, and
amount of decoupling capacitors. From optimal results, the shorter distance between decoupling capacitors and
I/O port, the more noise can be suppressed and the decoupling capacitors always gather around I/O port after
optimization. Furthermore, it also can help to choose the best value and amount of decoupling capacitors to
minimize the input and transfer impedances.
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Stability Analysis of Mode Locked Figure-eight Fiber
Laser
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Abstract

Mode locked fiber laser, as a source of short pulse generation finds applications in telecommunications and
optical signal processing where low noise and stable pulse train is the main requirement. It is therefore important
to analyze its shot to shot pulse amplitude stability and timing jitter. By introducing a gradual twist in fiber
and using a length of normal dispersion EDF to stretch and amplify the pulse, high energy and stable pulse
train generated from a figure eight laser has been analyzed. Fluctuations in pulse repetition time and in pulse
energy as well as jitter in pulse width occur simultaneously. All these types of noise have been characterized
quantitatively by examining the higher harmonics of the RF spectrum. By optimizing the total dispersion and
cavity length of the laser, it was found by measurement that a peak to peak stability of 99.2% and a timing
jitter of 5.59 psec for 2.31 MHz pulse train was obtained. This is quite remarkable. However, it is observed that
the variation of cavity parameters results in increased timing jitter and peak pulse instability.

Introduction

Generation of ultra short pulses is of great importance for applications in optical signal processing, commu-
nications, high-speed electronics, and time resolved study of many physical, chemical and biological processes.
However, it is desirable to be able to generate these pulses at an arbitrary repetition rate with high stability.

There are various techniques of generating short optical pulses but gain switching and mode locking are
the two commonly used methods. In mode locking, an intra cavity gain, loss, or phase element is used to lock
the longitudinal modes into some physical relationship in order to produce short optical pulses. Mode locked
fiber lasers employing rare earth doped element, as a gain medium are important systems for the generation of
short, high power optical pulses. However, in this system the fiber loss plays an important role in determining
the energy density of the pulses. Small fiber loss allows its interaction length to range any where from a few
centimeters to several kilometers. This property makes possible various lasers to be constructed such as laser
with very low threshold, or laser using low gain materials, or high gain amplifiers with low pump power. Erbium
doped fibers have received more attention for their application as fiber amplifier (EDFA), which is a key element
in the structure of a mode locked fiber laser. This amplifier, operating around 1.55 µm, has many desirable
characteristics such as high gain, low pump power requirement, high saturation power, large bandwidth, low
noise, low polarization dependent gain and low temperature sensitive gain. All these features provide an ideal
gain medium for the generation of wavelength tunable ultra short optical pulses.

However, fiber lasers do have certain limitations. They are subject to environmental changes; timing jitter
and shot to shot instability. Irrespective of the laser geometry, with subpicosecond operation the lasers do not
exhibit a strictly periodic output. Also the appearance of down shifted and up shifted spectral components
(side bands) limits the pulse width and deteriorates the pulse quality. Furthermore, It is difficult to achieve
high-energy short pulses from these lasers.

The instability has been attributed to the sensitivity of the birefringence of the fiber in the cavity to the
environment such as change in temperature, accidentally applied pressure and unintentional bending, etc [1].
Various techniques have been proposed to generate a stable, high-energy pulse train from a mode locked fiber
laser, but quantitative stability analysis of these lasers is lacking.

The purpose of this paper is to show that a highly stable mode-locked figure eight fiber laser can be con-
structed by taking advantage of applying gradual twist to the fiber in the cavity, and using normal dispersion
erbium doped fiber to stretch and amplify the pulse and as well as using all the couplers made from dispersion
shifted fibers with anomalous dispersion. Stability in terms of the timing jitter and shot to shot pulse stability
of this laser is quantitatively analyzed and optimized using its RF spectrum for different cavity parameters.

Experimental Setup

The schematic diagram of the figure eight fiber laser is shown in figure 1.
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Figure 1: Schematic of figure of eight laser

The Erbium-doped fiber (EDF) has normal dispersion of +0.65 ps2/km at λ=1560nm, Erbium concentration
of 730ppm, mode field diameter of 4.9µm and an optimized length of 10 m. The optimization is achieved by
replacing different lengths of the same EDF in the amplifier and 10m length gives the maximum gain for pump
power of 40mW. The NALM contains a 50m segment of dispersion-shifted fiber with dispersion of -2.1 ps2/km.
A gradual twist of 10/cm is introduced to the fibers in the loop by winding them onto a drum of 15 cm in
diameter. This technique has also been used to stabilize a cw fiber ring laser [2]. All the couplers used in the set
up are made from the dispersion-shifted fiber with anomalous dispersion. The cavity contains two polarization
controllers, a polarization independent fiber isolator and a 10% coupler to tap the pulse train.

The pedestal free optical spectrum with FWHM of 25 nm measured with a resolution of 0.1 nm revealing
the negligible cw background is shown in figure 2. The corresponding autocorrelation trace recorded by Inrad
5-14-LDA with a measured pulse width of 125 fsec assuming sech2 shape is shown in figure 3.

Figure 2: Optical spectrum of the mode-locked pulse
train

Figure 3: Autocorrelation of the mode locked pulse

The time-bandwidth product of 0.38 is very close the theoretical transform limit of a soliton. The pulse peak
power of 4kW and energy of 0.5 nJ corresponds to the measured average output power of 1.2 mW. Stable pulse
train when the laser was in operation for few hours is shown in figure 4.

Stability Analysis

The pulse stability is an important issue and it must be considered before it can find practical applications.
Different types of noise present in the system can seriously degrade the pulse quality. The information on the
fluctuations of the pulse energy, pulse repetition time, and pulse duration can be recognized from the examination
of a high harmonic of its RF spectrum [3]. All these types of noise can be characterized individually in a
quantitative way, even if they occur simultaneously. Each harmonic consists of the sum of a constant amplitude
noise spectrum, which is due to the pulse energy fluctuations, and a component from pulse width fluctuations,
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Figure 4: Stable mode-locked pulse train

and timing jitter which increases as the square of the harmonic number [4].
We apply this technique to our laser by displaying the microwave spectra of the fundamental and 30th

harmonic over a span of 80 kHz with bandwidth resolution of 300Hz, in a HP 8591A spectrum analyzer as
shown in figure 5 and figure 6.

Figure 5: RF spectrum of fundamental harmonic Figure 6: RF spectrum of 30th harmonic

The fluctuations in pulse energy can be calculated from the fundamental component of the RF spectrum as [3],

∆E

E
=

√(
Pc
Pa

)

f

∆fa
∆fres

, (1)

where Pc and Pa are the maxima of the noise band and the signal respectively, subscript f stands for fundamental
frequency. ∆fa and ∆fres is the full width half maximum of the noise floor and spectral resolution of the
spectrum analyzer respectively. The energy fluctuation calculated for our laser is only 0.8%. The very high
amplitude stability is quite remarkable.

The timing jitter can be easily calculated from a high harmonic [3],

∆t

T
=

1

2πn

√(
Pb
Pa

)

f

∆fj
∆fres

, (2)

where T is the cavity round trip time, ∆t is timing jitter, n is the harmonic order of the frequency component,
Pb is the power of the noise floor responsible for jitter, ∆fj is the bandwidth of the corresponding noise
component. From the 100th harmonic shown in figure 7, we can easily calculate for ∆fj = 20kHz, the ratio
∆t/T = 1.23× 10−5. For a repetition rate of 2.31 MHz, the timing jitter is 5.59 ps which gives the shot to shot
pulse fluctuations of only 0.0129%.

It was observed that when a mode-locked laser is unstable, its RF spectrum has some spurious sidebands
around the fundamental and higher harmonics. However, when the laser was stabilized, the spurious sidebands
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Figure 7: Mode-locked Pulse train Figure 8: RF spectrum of mode-locked pulse train

completely disappeared. From the spectra shown in the above figures, it can be seen that there are no spurious
side bands around the fundamental and higher harmonics of the RF spectrum. This reveals the high stability
of the laser pulses.

When the laser is destabilized intentionally by replacing the erbium doped fiber and dispersion shifted fiber
in the cavity, laser is still mode-locked with apparently a stable pulse train as shown in figure 7, but the RF
spectrum has spurious side bands as shown in figure 8, which reveals instability.

Conclusion

The RF spectral analysis technique is quite useful in the study of the stability of lasers. This technique has
been applied to the figure eight laser, which was optimized, for its stability by selecting optimal laser parameters.
In spite of the well-known fact that mode-locked lasers suffer from low energy and instability problems, we have
demonstrated that very stable high-energy pulses can be generated by using EDF with normal dispersion in
conjunction with controllable birefringence introduced through a gradual twist to the fiber in the cavity.
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Temperature Using a Single Fiber Bragg Grating
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Zhejiang University, China

Abstract

A novel sensor based on a single fiber Bragg grating is described. The sensor is configured by encapsulating
half of a fiber Bragg grating in a polymer filled metal cylinder and fixing the other half to the metal cylinder. The
results show that this sensor is able to measure pressure and temperature simultaneously. Using a novel tactic
to transfer the applied pressure to the axial extended-strain on the fiber Bragg grating, the pressure sensitivity
reaches 9.65×10−3MPa−1, which is about 4700 times larger than that of the bare fiber Bragg grating. The
accuracy of the pressure measuring can also be improved through introducing a fixed Bragg wavelength as a
reference.

Introduction

Fiber Bragg grating (FBG) has been extensively used in fiber sensor applications owing to its compactness
in structures, simplicity in fabrications and wavelength coding in measurements. However, in temperature and
pressure sensor applications, it is difficult to distinguish between the temperature and the pressure effects, as
FBG is sensitive to both. A number of techniques have been proposed to overcome this problem, such as the
dual-wavelength superimposed gratings [1], hybrid Bragg grating/long-period grating [2], dual-diameter FBG’s
[3], FBG superimposed with polarization-rocking filter [4], FBG combined with EDFA [5], superstructure FBG
[6], and Fabry–Perot cavity method [7], etc. These methods may distinguish the cross-sensitivity effect between
strain and temperature; however, most of them need either two FBGs or specific gratings or special technique.
It is highly desirable to utilize a single FBG to achieve discrimination between strain and temperature.

In practical use, the sensitivity is a necessary specification for the fiber grating sensors. For the bare
FBG, the pressure and the temperature sensitivity are as low as 2.02×10−6 MPa−1 [8] and 6.72×10−6◦C−1

[9], respectively. Several approaches have been proposed to enhance the sensitivity of FBG, such as using a
glass-bubble house for FBG [9], coating the FBG with polymers [10], thinning the FBG [11], and encapsulating
the FBG in polymers [12]. It is reported that encapsulating the FBG in polymers is an effective way to enhance
the FBG sensitivity, both to the pressure and to the temperature.

This paper describes a novel fiber sensor based on a single FBG that can measure pressure and temperature
simultaneously. In addition, coating the FBG with a thick polymer, together with a novel tactic to transfer the
applied pressure to the axial extended-strain on the FBG, the pressure sensitivity is greatly enhanced.

Principle and Sensor Structure

The sensor is based on one FBG, as shown in Fig. 1. Half of the FBG (named RHFBG) is encapsulated in a
polymer filled metal cylinder, the end of which is bound to the center of a round plate attached to the polymer
surface. Another half of the FBG (named LHFBG) goes through the hole, with both ends glued on the cylinder.
At the polymer part, the cylinder has two openings on the opposite side of the wall, which can be pressurized
mainly along one radial direction, and responds to an axial force acting on the round plate, creating an axial
extended-strain on the FBG. Since the two ends of the left half of the FBG are fixed, this part of the FBG will
not respond to the axial strain and thus only the right half of the FBG is sensitive to the applied pressure. For
the RHFBG coated with a thick polymer, as polymer has a small Young’s modulus, the pressure sensitivity is
significantly increased.

When the temperature varies, the thermal expansion of the polymer will add another thermal effect on the
RHFBG, thus the LHFBG and RHFBG respond to the thermal effect differently. As a result, in practice, when
both pressure and temperature change, the Bragg wavelength of the origin bare FBG will split into two Bragg
wavelengths, which shift accordingly.

The relationship between the shift of the Bragg wavelength of FBG and the applied pressure and temperature
is [13],

∆λB/λB = kP∆P + kT∆T (1)
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Figure 1: The schematic figure showing the structure of the FBG sensor.

where, kP is the pressure sensitivity and kT is the temperature sensitivity.
For the sensor designed here, by measuring the Bragg wavelength shifts of both LHFBG and RHFBG, the

pressure and temperature can be determined simultaneously by

(
∆λBL/λBL
∆λBR/λBR

)
=

(
0 kTL
kPR kTR

)(
∆P
∆T

)
(2)

where, the subscripts L and R refer to the parameters of LHFBG and RHFBG, respectively. kPR, kTL, kTR
can be determined experimentally by measuring separately the shift of Bragg wavelength with the pressure and
temperature.

Experiment

The structure of the sensor is shown schematically in Fig. 1. Two holes were firstly drilled opposite to one
another on the sidewall of a metal cylinder. The center of a round plate was fixed to the end of an FBG, which
was placed in the center of the metal cylinder from the open side and fixed at the two openings of the small
hole with an adhesive resin. After that, molten polymer was poured into the cylinder from the open side, and
solidified inside the cylinder with the round plate of the FBG attached to its surface, and then the cylinder
opening was sealed. The cylinder area had an inner diameter of 11 mm, inner length of 20 mm, a wall of 2 mm
in thickness, and two sidewall holes, each with a diameter of 11 mm. The axial depth of the small hole of the
metal cage was 12 mm. The metal round plate had a diameter of 10 mm and a thickness of 0.5 mm. The FBG,
formed on single-mode fiber (Corning SMF28) under 248 nm KrF laser exposure through a phase mask method
had a length of 25 mm. The polymer used was a type of silicon rubber.

The sensor was placed in a self-assembled pressure chamber where the pressure was measured with a precision
pressure gauge. The temperature of the FBG was controlled with an oven. The shift of the Bragg wavelength
corresponding to the variation in pressure and temperature was monitored with an optical spectrum analyzer.

Results and Discussion

Fig. 2 shows the optical spectra of pressure measurements at 0 MPa, 0.16 MPa and 0.24 MPa, respectively.
The original one Bragg wavelength splitted into two Bragg peaks. One wavelength fixed, which corresponds
to LHFBG. The other one, corresponding to RHFBG, shifted according to the applied pressure. It should be
pointed out that, at 0 MPa, the Bragg wavelength of the RHFBG should have overlapped with that of the
LHFBG, their detachment can be ascribed to the encapsulation technique and should be improved later.

The measured Bragg wavelength of the RHFBG as a function of the applied pressure is shown in Fig. 3,
which displays very good linearity between the Bragg wavelength and the pressure. The shift of the Bragg
wavelength in response to the applied pressure is 14.92 nm/MPa, corresponding to a pressure sensitivity of
9.65×10−3MPa−1. This pressure sensitivity is approximately 4770 times larger than that measured with a bare
FBG, 2.02×10−6 MPa−1 [8].

Fig. 4 shows the optical spectra of the sensor under the temperatures of 20◦C, 28◦C, 36◦C and 44◦C,
respectively. The two Bragg wavelengths shifted to long wavelength differently as the temperature increases.
When the temperature exceeded 44◦C, small peaks appeared at the second Bragg wavelength part, which



422 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Figure 2: Optical spectra of the sensor measured at
0 MPa, 0.16 MPa and 0.24 Mpa.

Figure 3: Measured Bragg wavelength as a function
of the applied pressure.

is suggested to be the thermal inhomogeneous effect in this part. The measured temperature sensitivity is
shown in Fig. 5, which also displays very good linearity between the Bragg wavelength and the temperature.
The mark of small circle corresponds to RHFBG coated with thick polymer while the mark of small triangle
corresponds to LHFBG. The measured temperature sensitivities of LHFBG and RHFBG are 2.90×10−5◦C−1

and 3.82×10−5◦C−1, respectively.

Figure 4: Optical spectra of the sensor measured at
20◦C, 28◦C, 36◦C and 44◦C, respectively.

Figure 5: Measured Bragg wavelength as a function
of the temperature.

When the pressure and temperature sensitivities are obtained, the sensor can be used to determine the
pressure and temperature simultaneously by measuring the shifts of the two Bragg wavelengths according to
Eq. 2.

In case that the sensor is utilized to measure pressure only, the possible fluctuation of the environmental
temperature will not sacrifice significantly the precision of the measured pressure. In addition, the almost fixed
Bragg wavelength of the LHFBG can serve as a reference, which minimizes the experimental error induced by
the optical spectrum analyzer or other measuring system and hence improves the accuracy.

Conclusion

Based on a single fiber Bragg grating, a novel sensor capable of measuring simultaneously pressure and
temperature was developed. An especially high sensitivity and accuracy for pressure measuring have been
achieved due to the novel structure.
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Experimental Field Statistics Validation in a Cubic
Reverberation Chamber with Mechanical Mode Stirring

& Bistatic Illumination
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Abstract

The paper gives an critical overview of measurements carried out in the cubic reverberation chamber at
Royal Military Academy (2, 5× 2, 5× 2, 5m3). The room is equiped with a mechanical mode stirrer illuminated
simultaneously by two small cross-polarized ultra-wideband TEM horns. The frequencies of interest are between
800 MHz and 2,5 GHz. Though the whole validation of the chamber as immunity testing facility is still in
progress, the results presented here point out that what could firstly be seen as a drawback - the cubic shape
- can be effectively overcome by carefully designing the mode stirrer. Spatial homogeneity of the field, stirring
efficiency ratio at different frequencies and CDF at the expected LUF (least usable frequency) are presented
and critically commented.

Introduction

The cubic shape is generally claimed to be quite inconvenient for reverberation purpose, because of its high
degree of symmetry and the degeneration of the mode frequencies in such a cavity [1]. But notwithstanding
this degeneration, the corresponding eigenfunctions are still different, so that the combination of their field
distributions can yield good homogeneity, so far all these modes are effectively excited into the chamber. This
can only be achieved with a mode stirrer of high quality, able to reflect and diffract the waves in various and time
dependent directions, so that sufficient modes resonating at the same frequency can be generated [2]. Numerous
modes and efficient stirrer are indeed key features to obtain a good field uniformity. The ultimate statistical
test on that point of view is the CDF test by which the experimental cumulative probability density function is
compared to the theoretical one in the sense of a statistical hypothesis test, taking into account the number of
independent samples.

1. Theoretical Field Statistics in a Reverberation Chamber

The fields in a reverberation chamber (RC) are eminently stochastic and would ideally represent a uniform
multipath environment, thanks to the mode stirring. The equipment under test (EUT) placed in the RC
is exposed to a large amount of independent plane waves coming from all directions. Over one period of
rotation of the stirrer the fields shoud be statistically homogeneous, isotropical and unpolarized. Because the
instantaneous value of each field component results from a large amount of independent waves, no contribution
being dominant on the others, according to Liapounov’s central limit theorem, the resultant variable follows the
Gauss-Laplace probability function. Hence each complex field component Ai(i = x, y, z)exhibits gaussian real
and imaginary parts so that the corresponding centred and reduced variables are normally distributed. Hence,
their squares are χ2 distributed with one dof:

ReÃi → N(0, 1)⇒ (ReÃi)
2 → χ2(ν = 1)

ImÃi → N(0, 1)⇒ (ImÃi)
2 → χ2(ν = 1)

By virtue of the additivity of the χ2 distribution, the squared modulus of field component is a χ2 variable with
two dof :

(ReÃi)
2 + (ImÃi)

2 =
∣∣∣Ãi

∣∣∣
2

→ χ2(ν = 2)

The power at the terminal of a linearily polarized antenna being proportional to the squared electric field
component which the antenna is sensitive to, the power at its terminal is a χ2 variable with two dof, as firstly
demonstrated by Hill [3].
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2. The LEMA Reverberation Chamber

The LEMA facility is a small Faraday cage converted into an experimental RC (Photo 1). The room is a
cube of 2,48 m a side. The cage is designed up to 10 GHz. With 2,48 m on a side the fundamental resonance
of the chamber occurs at 85,15 MHz (TE011, TE101 and TM110 modes). The stirrer’s total length is 2,25 m. It
consists of four sections of copper plate assemblies. All sections have an overall width of 0,4 m to make them
electrically large at the frequencies of interest. The sections are made of different lengths and with various
angles between the plates to optimize reflection diversity of the impinging waves.

Photo 1: The LEMA cubic Faraday cage

The stirrer is mechanically steered by a step motor (Photo 2). Normally its axis is mounted vertically to
prevent from bending stress and is placed in the corner to leave as much place as possible for testing EUT, but
it has also be tested in horizontal position. According to the “factor 6” rule of thumb usually considered as
the minimum ratio of the testing frequency to the fundamental resonance frequency to have enough modes in
the cavity [4], the expected lowest usable frequency of the chamber on that point of view should be 500MHz.
Now, because of the relatively small dimensions of the cavity, the stirrer cannot be made as large as one could
wish. Knowing that a stirrer has to be at least 2,4 wavelength long to obtain a good spatial field uniformity in
the chamber [4], the expected lowest usable frequency (LUF) for efficient mode stirring is more probably about
1800 MHz.

Photo 2: The LEMA Reverberation Chamber with
stirrer in horizontal position and driving step moto

Figure 1: Time dependent aspect of the rotating stir-
rer facing the sources

3.Measurement Set-up and Procedure

The three components of the electric field are measured separately by means of a small broadband triaxial
probe - Mélopée ET2003 - operating from 10 kHz to 2,5 GHz (Photo 3). Fieldstrength up to 20 V/m can be
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sensed. The probe is coupled to an integrated electro-optical converter, a laser diode transmitting the optical
signal to a 3 channels opto-electrical receiver. The electrical outpout signal is then measured by means of a
spectrum analyzer. It is also possible to connect a network analyzer as reveiver and to use a broadband double
ridge horn for sensing the fields at higher frequencies (0,9-18 GHz)

Photo 3: Triaxial probe (7.0×8.4×8.5 cm) & optical reveiver coupled to spectrum analyser

4. Measured Field Statistics in the LEMA Reverberation Chamber

A first set of measurements have been carried out to assess the spatial field homogeneity in the chamber at
high frequency (2GHz), i.e. above the expected LUF. The ridge horn has been set in 23 different locations at
1,2 m above ground and the maximum fieldstrength obtained over one stirrer rotation has been registred, firstly
without the stirrer (Fig. 2a) and then with the stirrer in operation (Fig. 2b).

Without stirrer, only 9 of the 23 measurement positions (39%) are within the ±3dB tolerance and the
spatial variation can be as high as 22 dB. In such an environment the equipment under test (EUT) would not
be uniformly illuminated.

When the stirrer is in operation, it turns out that 12 positions of the 16 measurement points (75%) are in
the ±3dB tolerance and the spatial standard deviation σ defined as follows is only 1,36.

σ (dB) = 20 log

[
σnum + 〈E〉
〈E〉

]
= 1, 36

Figure 2: Spatial field homogeneity without (a) and with stirrer (b)

The same measurements have been then repeated at 900 MHz i.e. two times lower than the expected LUF
and only 54 % of the data points turn out to be still within tolerance.

In a second step the stirring ratio (SR) at the centre of the cavity has been determined in the 900-2500 MHz
range (Fig. 3). The SR is defined as the ratio between the maximum and the minimum powers received by the
test antenna over one stirrer rotation. This figure ought to be at least 20 dB for good stirring performance.

It turns out that above 1500 MHz the SR is still above 20 dB, while its value falls off under this threshold
at some lower frequencies.

Finally the S21 parameter of the two-port formed by the transmitting antenna, the reverberation chamber
and the receiving antenna has been measured in nine different locations of the receiving antenna and for 200
positions of the mode stirrer in each antenna location. The experimental cumulative probability density function
(CDF) of this S21 parameter has then been plotted and compared to the theoretical one. The results obtained



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 427

Figure 3: Stirring ratio at the centre of the cavity over the frequency band of interest

at 1800 MHz are depicted in Fig. 4. All the experimental CDF curves turn out to succeed the Kolmogorov test
with 200 samples at a confidence level of 95%.

Figure 4: Cumulative density function of the S21 parameter at 1800 MHz in different locations

Conclusion

Even in a cubic reverberation chamber it is possible to achieve good statistic field homogeneity by carefully
designing the mechanical mode stirrer. Key design factors are its electrical size, the variety of reflecting and
diffracting plates and the time dependence of its aspect as seen by the illuminators during the rotation. The
LEMA chamber where such factors have been taken into account exhibits satisfactory performances w.r. stirring
ratio, field homogeneity and CDF for frequencies above 1800 MHz, which enables to test the immunity of EUT
operated in the bands of DCS1800 and UMTS cellular mobile systems.
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Steel Bars Identification in Reinforced Concrete
Structures by Using ANN And Magnetic Fields
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Abstract

This work proposes a methodology for non destructive testing (NDT) of reinforced concrete structures, using
superficial magnetic fields and artificial neural networks, in order to identify the size and position of steel bars,
embedded into the concrete. For the purposes of this paper, magnetic induction curves were obtained by using a
finite element program. Perceptron Multilayered (PML) ANNs, with Levemberg-Marquardt training algorithm
were used. The results presented very good agreement with the expect ones, encouraging the development of
real systems based upon the proposed methodology.

Introduction

The inspection of the constitutive elements (steel bars) of the armature of reinforced concrete is a particularly
hard problem in Non Destructive Test (NDT) area, because. these elements are completely immersed in an
opaque solid media, the concrete. In the past two decades several NDT techniques have been used in the
evaluation of the general conditions of reinforced concrete. These techniques relies on elastic waves based
techniques [1], and electromagnetic waves based techniques. Electromagnetic waves based techniques can be
divided into techniques based on magnetostatic fields [2], induced eddy currents [3], ground penetrating radar
(GPR) [4], and X-ray techniques [5]. Each one of these techniques has advantages, disadvantages as well as
limitations. Techniques based upon elastic waves present troubles when used to detect anomalies or the presence
of objects of small dimensions, due to the large wavelength of this kind of wave. Techniques based upon high
frequency electromagnetic waves present problems due to the magnetic properties of the concrete, that present
interference effects in this frequency range. Finally, the techniques based on ionizing radiation (X-ray and
gamma rays) present serious risks to the health of workers and to the environment.

This work proposes a new methodology for the inspection of steel bar immersed in concrete structures, based
in the analysis of magnetic induction curves, created at the region of the structure by electromagnetic devices
specially designed for this purpose. The analysis of the magnetic induction curves is done by means of artificial
neural networks. For the purpose of this paper, the magnetic inductions values were simulated using a finite
element program [6].

1. The Proposed Methodology

The methodology proposed in this paper for the localization and identification of steel bars in reinforced
concrete structures consists in the utilization of artificial neural networks for pattern classification of electro-
magnetic signatures presented by the steel bars embedded into the concrete, at the concrete surface, when static
and/or quasi-static electromagnetic fields are generated in the region of the concrete structure. The presence of
the steel bars within the concrete will slightly disturb the field distribution at the concrete surface. This field
perturbation will depend of the size, position and number of bars within the concrete. Each bars configuration
will produce an unique deviation curve, called magnetic signature of the bar (or bars). When a large number
of samples are taken, artificial neural networks can be used to create an input/output relationship between the
magnetic signature and the bar (or bars) configuration.

In order to obtain a better comprehension of the proposed methodology, it will used to identify a steel bar
embedded in the concrete. First of all, hundreds of curves of induction magnetic deviations must be obtained.
For the purpose of this paper, they were generated using a finite element program [6]. The curves represent
variations of the position and size of the bar into the concrete. Figure (1a) illustrate the variations of the position
of the bar in the horizontal axis, and figure 1b illustrate the variations in the vertical axis. They represent 5
variations in the horizontal position (stepped by 2.5 mm) and 30 variations in the vertical position (stepped by
2 mm). By this way, 150 variations in the position were considered. Beyond this, 7 sizes were considered for
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Figure 1: Representation of the variations of the position in the (a) horizontal and (b) vertical direction

Figure 2: Electromagnetic device idealized for the generation of electromagnetic field

the bar diameter: 8 mm, 10 mm, 12 mm, 14 mm, 16 mm, 18 mm and 20 mm. So, 1050 simulations were done
with the program.

The magnetic curves are taken at the external surface of the concrete structure. Figure (2) illustrate in a
simplified manner a system that can be build in order to obtain the magnetic curves. It must be constituted of
a magnetic circuit, a field coil to generate strong electromagnetic field in the region of the bar, and hall sensors,
to detect the magnetic induction.

Figures (3) and (4) show samples of magnetic induction deviation curves at the depths of 10 and 30 mm,
respectively. The presented curves permits to observe the variations in the magnetic induction in function of
the position and size of the bar. Lua script language [7] was used to automatize the generation of the curves.

Figure 3: Curves for positions a, b and c (in fig. 3), depth 10 mm. Horizontal axis distance in cm, vertical axis
deviation of the normal component of the magnetic induction in T.
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Figure 4: Curves for positions a, b and c (in fig. 3), depth 30 mm. Horizontal axis distance in cm, vertical axis
deviation of the normal component of the magnetic induction in mT.

2. Training of the Neural Networks

From the 1050 data vectors obtained by the simulations, 60% of them was used in the training of the
neural networks, 20% was used in the cross validation of the networkss and 20% was separated for tests with
the obtained networks. Perceptron Multilayer (PML) networks, with Levemberg-Marquardt algorithm [8] were
used for the training.

The inputs for the networks were vectors containing values of the normal component of the magnetic induc-
tion at the surface of the bar. The number of elements in each vector was 41. None kind of preconditioning was
done with the input data.

The desired outputs for the networks were the depth and size of the bar. The output neurons are binary
numbers like (0, 0, 1) for bar diameter equal to 8 mm, (0,1,0) for bar diameter equal to 10 mm and so on. The
depth of the bar was considered in 3 different manners. First, the 150 positions were grouped in 10 groups, with
outputs like (0,0,0,0) for depth equal to 6 mm, (0,0,0,1) for depth equal to 12 mm, (0,0,1,0) for depth equal to
18 mm and so on. As an example, the desired values for the output neurons for a bar with diameter equal to
16 mm and depth equal to 42 mm is (0,1,1,0,1,0,1).

Table 1: Obtained results (successfully identification for depth and size) considering 10 possible outputs for the
depth.

Network Neurons on Neurons on Success in the identification (%)

hidden layer 1 hidden layer 2 depth size

1 10 10 96.67 99.05

2 15 10 99.52 99.52

3 15 15 100.0 99.52

After this, the 150 positions were grouped in 15 groups with outputs like (0,0,0,0) for depth 4 mm, (0,0,0,1)
for depth 8 mm, (0,0,1,0) for depth 12 mm and so on. Finally the 150 position were grouped in 30 groups, with
outputs like (0,0,0,0,0) for depth equal to 4 mm, (0,0,0,0,1) for depth equal to 4 mm and so on.

Table 1 summarizes the results for 3 training sections for the first configuration, table 2 the results for the
second configuration and table 3 shows the results for the third configuration.

The presented results agree very well with the expected ones, and confirm that artificial neural networks
can be successfully used in the analysis of magnetic signatures of steel bars embedded in reinforced concrete
succesfully.
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Table 2: Obtained results (successfully identification for depth and size) considering 15 possible outputs for the
depth.

Network Neurons on Neurons on Success in the identification (%)

hidden layer 1 hidden layer 2 depth size

1 15 15 99.05 98.52

2 20 15 99.02 98.52

3 20 20 100.0 100.00

Table 3: Obtained results (successfully identification for depth and size) considering 30 possible outputs for the
depth.

Network Neurons on Neurons on Success in the identification (%)

hidden layer 1 hidden layer 2 depth size

1 20 20 69.53 96.67

2 25 25 74.77 98.10

3 30 30 97.62 99.04

Conclusion

This paper presented studies based on computational simulation proposing the use of artificial neural net-
works in the pattern classification from magnetic induction curves, generated by an electromagnetic device at
the surface of reinforced concrete structures, in order to identify the position and the size of the elements of
its armature. The obtained results are expressive. The authors believe that the proposed methology can be
successfully used with real data achieved in real tests.
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Abstract

The phenomenon of resonant tunneling through thin metal films with periodic narrow grooves is attributed
to excitation of surface plasmon (SP) via the periodic structure coupler at the metal surface. In this paper, we
will use the particle-in-cell (PIC) plasma simulation method to study the SP-mediated optical tunneling. The
PIC method is a time-domain scheme to calculate self-consistently the interaction between the electromagnetic
fields and the plasma particles. At the beginning of simulation, the mobile electrons and immobile positive ions
are uniformly distributed in the thin Gaussian-shaped-grooved silver film with the plasma density calculated
from silver’s plasma frequency. The momentum collision-frequency method is employed to model the collision
dissipation. For normally incident TM-polarized wave, the transmission coefficients peak at the SP resonant
modes, similar to the results predicted by Drude model, except for with lower transmission coefficients. The
variation of the averaged plasma energy with time exhibits some ripple-like patterns, which comes from the
various competing processes of heating and cooling. But the temperature of the plasma has little effect on the
transmission coefficient and the wave tunneling.

I. Introduction

The phenomenon of optical tunneling through thin metal films with periodic narrow grooves has drawn a lot
of attention for its potential applications in optical and plasmonic devices [1]. This tunneling effect is attributed
to excitation of surface plasmon (SP) in the metal surface via the periodic structure coupler at the metal surface
[2]. There are two resonant modes existing in the surface, the surface plasmon polaritions (SPP) mode and the
localized surface plasmon (LSP) mode [3][4]. The former comes from the dispersion curve of the surface plasmon
met by the light line with an additional in-plane momentum provided by the periodic structure. The latter, on
the other hand, is due to the localized geometry structure of the grooves. Excitation of surface plasmon in the
metal-dielectric interface has been studied extensively by means of solving the Maxwell equations numerically,
e.g. finite-difference time-domain method [4] and scattering matrix approach [3]. In these schemes, the electron
gas in the metal film is considered as a uniform material with a complex dielectric constant described by the
Drude or Lorentz dispersion model and the plasma frequency [5]. But these single-particle approaches neglect
the nonlinear interaction between the electromagnetic fields and the electron gas (through coupling between the
Lorentz force equation and the Maxwell equations).

The self-consistently wave-plasma interactions are the main research topics in plasma science. And the
particle-in-cell (PIC) simulation method in plasma science is a powerful tool for studying these nonlinear in-
teractions [6]. In this paper, we will adopt a new viewpoint to study the SP-mediated optical tunneling phe-
nomenon. The conduction electrons in metal film will be considered as real plasma accompanied with immobile
background ions. And the PIC method will be used to simulate the motion of this plasma. The transmission
coefficients for the TM-polarized incident wave through the grooved metal film with different wave frequencies
will be calculated and analyzed. The snapshots of the distribution of magnetic field intensity at different times
will be plotted for displaying the optical tunneling. And the electron trajectories will be shown to demonstrate
that the electron motion is far complicated than assumed in the single-particle Drude model.

II. Numerical Model

Surface plasmons are collective oscillations of electron plasma at the surface of metal. The PIC method
can depict the plasma motion. In this method, the macroparticles are used to represent a group of the real
electrons. And the finite-different time-domain scheme is adopted to calculate self-consistently the interaction
between the electromagnetic fields and the plasma particles. The fields are advanced in time at each time

step using Maxwell’s equation, ∂
−→
E/∂t = c2(∇ × −→B − µ0

−→
J ) and ∂

−→
B/∂t = −∇ × −→E . In each time step, the

charged particles are moved according to the Lorentz equation, mid
−→v i/dt = qi(

−→
E (−→x i) + −→v i ×

−→
B (−→x i)) and
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∂−→x i/∂t = −→v i, using the fields advanced in each time step. The weighted charge density and current density at
the grids are subsequently calculated. And then, the obtained charged density and current density are used as
sources in the Maxwell equations for advancing the electromagnetic fields [6].

For very high density plasma, the PIC method usually suffers a non-physical heating effect if the Debye
length of the plasma is not resolved on the FDTD grids. This self-heating effect comes from that the alias wave
of the grids interacts with the plasma continuously. According to the study of Birdsall et al., this instability
occurs when the ratio of Debye length to the grid size λD/∆x is less than 0.3 [6]. But this instability will finally
stop when the plasma is heated to a higher temperature such that the condition of λD/∆x ≥ 0.3 is satisfied.
For thin silver film, the plasma frequency is about 1.32× 1016 s−1, which means that the grid size must be less
than 0.016 nm for the thermal plasma (0.026 eV) to avoid the numerical instability. With such small grid sizes,
the number of macroscopic particles will be too large to be practical in the simulation. For solving this problem,
in this study, the plasma frequency, the wave frequency, the collision frequency, and the grating wavevector will
be scaled down a factor of 106. With these scaling, the dielectric constant, the dispersion relation of the metal
and the surface plasmon resonant modes will not be changed. And therefore, a higher plasma temperature can
be taken to avoid the self-heating effect with a larger grid size.

The simulated structure is a free-standing thin silver film with periodic Gaussian-shaped grooves on both
surfaces (as shown in Fig. 1, similar to the work of Tan et al. in Ref. 3, except that the frequency and dimension
having been scaled). The thickness of the silver film is 0.112 m. The depth, width and period of the groove are
0.0505 m, 0.02 m, and 0.15 m, respectively. The Cartesian x-y coordinate system is adopted in this study with
no variation of variables along z direction. The upper and lower boundaries are assigned as a pair of periodic
boundaries. The left and right boundaries are absorption boundaries and no waves will be reflected back through
these boundaries. The normally incident TM-polarized wave (the polarization is along y direction) is from the
left side of the silver film. At the beginning of simulation, the electron plasma (macroparticles) with an initial
temperature is distributed uniformly in metal film, accompanied with the same amount immobile background
ions. The density of the electrons is set according to the plasma frequency, ωp = 1.32×1010 s−1. For modeling
the collision dissipation of the electron’s momentum, a momentum collision-frequency method is employed in
the simulation according to the equation d~p/dt = −ν ~p, where ~p is the momentum of the plasma particle and
the collision frequency is set as ν = 0.6986× 108 s−1. The grid size of 0.00025 m, totally 1000× 600 grids in

 

Figure 1: Schematic illustration of simulation structure

2-dimensional space and 960668 macroparticles are used in the simulation. With this grid size, the temperature
of plasma of about 2.5 eV is needed to avoid the self-heating effect. Besides, thanks to the self-induced ambipolar
diffusion between the movable electrons and immobile ions, no any numerical boundary conditions are needed
to confine the electrons in the metal film.

III. Results and Discussions

We will first examine the effects of the initial plasma temperature. Figure 2 shows the simulated results of
the averaged electron energy as a function of time for three different initial plasma temperatures, 0.026 eV, 3
eV and 7.5 eV, with the incident wave frequency of ω = 3.6 × 109 s−1 (near the LSP resonance frequency)
and the average power of 20000 W. Figure 3 shows the transmission power as a function of time, for the same
initial plasma temperatures and incident waves.
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Figure 2: Variation of averaged electron energy with time for different initial plasma temperatures

 

Figure 3: Variation of transmission power with time for different initial plasma temperatures

It can be found in Fig. 2 that, the averaged electron energy gradually increases and approaches to 2.5
eV for the plasma with the initial temperature of 0.026 eV. This heating phenomenon mainly comes from the
non-physical heating of the grids as discussed in Section II. On the other hand, the averaged electron energy
of the plasma with the initial temperature of 3 eV and 7.5 eV will decrease to about 3 eV mainly due to the
collision loss of energy. The averaged electron energies also show some ripple-like patterns for all of the three
different initial temperatures. These patterns originate from the various competing processes of heating and
cooling, such as wave heating, grid heating, collision cooling, and re-radiation cooling. Although many complex
heating and cooling mechanisms exist in the plasma, Fig. 3 exhibits that there are no obvious differences in
the transmission wave power for different initial plasma temperatures. Therefore the initial temperature of the
plasma has little effect on the transmission coefficients and the wave tunneling.

Figure 4 shows the calculated reflection coefficient and transmission coefficient as a function of the incident
wave frequency with the initial plasma temperature of 7.5 eV. Similar to the results of Tan et al. and Liu et al.
[3][4] obtained by using the Drude or Lorentz models, the LSP and SPP resonant modes are also observed in Fig.
4. And the resonant frequencies are very close to those in Tan’s work, except for with far lower transmission
coefficient at the SPP resonant mode. We think this result can be ascribed to that the electrons move with fewer
constraints in the PIC method than just a linear response from its equilibrium position in the Drude model.
Therefore the collective oscillation of the electrons is partially destroyed and the process for energy transferred
from SP to wave is not as efficient as the process for energy transferred from wave to SP. Figure 5 exhibits the
snapshots of the distributions of |Bz| during a quarter of one cycle at the LSP resonance mode. The optical
tunneling phenomenon can be observed clearly from these field distribution snapshots.

Figure 6 shows parts of the electron trajectories near the center of the plasma during two wave cycles at
the LSP resonance mode with the initial plasma temperature of 7.5 eV. From Fig.6, one can find clearly that
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Figure 4: Transmission and reflection coefficients as a function of frequency for normally incident p-polarized
wave

 

Figure 5: Snapshots of distribution of |Bz | during 1/4 wave cycle (ω = 3.6× 109 s−1)

the motion of the electrons is far complicated in the plasma than assumed by the Drude model. It can support
our inference drawn in the previous paragraph. Therefore it is only an idealized approach in previous studies
to consider the electrons as a uniform material. Figure 6 also shows some particles will cross the boundary set
by the background immobile ions. This result can be ascribed to that the electrons heated by the wave have
temporarily higher energy to escape from the ambipolar confinement region. But the number of these particles
is very small and the overall confinement is still maintained. Therefore the transmission power will not be
affected by this little electron leakage.

 

Figure 6: Electron trajectories during two wave cycles (ω = 3.6× 109 s−1)

IV. Conclusion

In this paper, the phenomenon of optical tunneling through thin metal films with periodic narrow grooves is
studied via computer simulation. The conduction electrons in silver metal film are considered as real plasma and
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the particle-in-cell method is used to simulate the motion of the plasma. For normally incident TM-polarized
wave, the transmission coefficients peak at the LSP and SPP resonant modes, similar to the results predicted
by Drude model, except for with lower transmission coefficients. The variation of the averaged plasma energy
with time exhibits some ripple-like patterns, which comes from the various competing processes of heating
and cooling. But the temperature of the plasma has little effect on the transmission coefficients and the wave
tunneling.
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Abstract

In this paper, we report the near-field and far-field properties of AgOx-type super-resolution near-field
structure with embedded silver nanoparticles of different sizes using two-dimensional finite-difference time-
domain calculations. Highly localized enhancements were found near the surface of nanoparticles, and the
near-field enhancements increased with the size of nano particles. The far-field difference signals of silver nano
scatters confirm the super-resolution capability, and the difference signals were stronger for larger nanoparticles.
The behaviors of far-field signals indicate the correlation between the enhanced localized surface plasmons and
the super-resolution capabilities.

Introduction

Optical microscopy is a powerful tool, but its spatial resolution is restricted by diffraction limit. In 1928,
Synge proposed using a small aperture in an opaque sheet for optical measurement [1], and his idea was realized
by Ash and coworkers in the microwave regime [2]. With the invention of scanning near-field optical microscopy
(SNOM), higher spatial resolution had been achieved by using visible light [3]. SNOM have become a powerful
tool for optical measurement [4,5], nanolithography [6], and optical data storage [7].

The spatial resolution of SNOM is affected by the size of the aperture on probe. On the other hand,
for the near-field optical techniques with apertureless probe[8-11], the probes of apertureless SNOM are used
as scattering centers and the signals are collected in the far field. Recently, the localized surface plasmon
excitation was extensively studied in apertureless SNOM [11-13]. The apertureless probe is used as a highly
localized excitation source by the excitation of localized surface plasmon. Although the near-field optical probes
can achieve high resolution, the scanning rate of near-field optical techniques remains slow and distance between
probe and surface is still hard to control in actual measurements and in optical data storage devices.

In 1998, a multilayer structure was demonstrated to overcome the diffraction limits and the structure was
named as super-resolution near-field structure (super-RENS) [14]. In previous studies, we found that the super-
resolution capacity of the AgOx-type super-RENS disk is related to the localized surface plasmon of silver
clusters dissociated from the AgOx layer and the complicated interactions between the nonlinear near-field
optical enhancements and the subwavelength recording marks [15-20]. Metallic nanoparticles of subwavelength
size exhibit numerous optical resonant phenomena relate to geometry-dependent surface plasmon resonances.
These plasmon resonances are the interaction between incident electromagnetic waves and induced charges in
metallic particles, and the enhanced electric fields induced by plasmon resonance are confined with in a few
nanometers near the surface of nanoparticles. The surface plasmon resonant behaviors are significantly affected
by the size of metallic nanoparticles.

In this report, we used the two-dimensional finite-difference time-domain (FDTD) method to study the
near-field properties of the AgOx-type super-RENS disks with different sizes of silver nanoparticles embedded
in the AgOx layer. Localized enhancements were found around the edges of silver nano disks in the near fields,
and the enhanced fields highly increase with the size of nano scatters. The far-field signals confirmed the super-
resolution capability of the AgOx-type Super-RENS and the far-field signals increased with the enhancements
induced by nanoparticles in the near field. The behaviors of far-field signals indicated the correlation between
the enhanced localized surface plasmons and the super-resolution capabilities of AgOx-type super-RENS.
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Model of Simulation

The numerical method used in the simulation method is a two-dimensional FDTD with periodic boundary
condition and perfect matched layer. The calculated structure of super-RENS is cover glass /ZnS-SiO2 (20 nm)
/AgOx(15 nm) /ZnS-SiO2 (20 nm) /GeSbTe (16 nm), as shown in Figure 1. The incident light is Gaussian dis-
tributed, and the numerical aperture is 0.85. The refraction of index of ZnS-SiO2, AgOx layer is 2.25+0.01i and
2.68+0.1385i, respectively. The refractive index of silver nano scatter embedded in AgOx layer is 0.046+4.44i,
and the dispersive behavior of silver is calculated by Lorentz model [21]. Recording marks are created by the
laser beam focused on the phase changed recording medium Ge2Sb2Te5 (GST), and the refractive indices of
amorphous GST and crystalline recording mark are 3.9495 + 3.1328i and 3.855 + 4.80i, respectively. The marks
spread periodically in a 4800 nm regime, while the period of marks is double of the mark length. In order to
correlate the calculated results with experimental CNR, we computed the far-field intensity differences between
the on-mark and the off-mark cases of the super-RENS shown in the Figure 1 for different mark sizes. The
on-mark situation means that the incident light focuses on the recording mark, and off-mark situation means
that the incident light focuses between two marks. The mark length is tuned from 20 nm to 400 nm, and the
thickness of mark is 16 nm.

Figure 1: Structures of the super-RENS with four different configurations of nano scatters

Figure 2: The near-field intensity distribution for the case of circular nano scatter with diameter of (a) 3 nm,
(b) 5 nm, (c) 7 nm, and (d) 11 nm, respectively

Two different types of nano scatters as shown in Figure 2 were used in our simulations. For the case with
circular scatter shown in Figure 1(a), the width of particles was set to be 3 nm, 5 nm, 7 nm, and 11 nm. For
the case with rectangular nano scatter, the thickness of silver nano disk is 15 nm and the width is set to be 7
nm, 15 nm, 25 nm, respectively. In order to investigate the far-field optical properties for various situations, a
near-to-far transformation was used in simulation [22].

Results and Discussion

The near-field intensity distributions of the cases with circular nano scatters are shown in Figure 2. The
diameter of the circular nano scatter is 3 nm, 5 nm, 7 nm and 11 nm. The enhanced fields induced by nano
scatters were similar to the dipole radiation. Results show no obvious enhancement at the center of the scatter
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with 3 nm diameter, but highly enhanced fields were caused in the center of nano scatter with 11 nm diameter.
The largest enhancements were induced in the case of 11 nm diameter. When the size of nano disk became
larger, the localized enhancement increased significantly. For the cases with rectangular nano scatter shown
in Figure 3, the thickness of nano scatters were 15 nm and the width of the nano scatters were 7 nm, 15 nm,
and 25 nm, respectively. The localized enhancements were induced around the edges of silver nano disks. The
strongest enhancements were induced at the corners of the rectangular cross-section, especially two corners of
the front edge where light directly illuminated. In the circular nano scatter case of 11 nm diameter, the area
of silver is close to the case of rectangular nano scatter with 7 nm width, but the peak intensity of the circular
nano scatter case was forty times stronger than that of rectangular nano scatter case. Similar to cases with
circular nano scatters, the highly localized enhanced fields increased with the size of nano scatter, and the
largest enhancements were caused in the case of 25 nm width.

Figure 3: The near-field intensity distribution for the case of rectangular nano scatters with 15 nm thickness
and width of (a) 7 nm, (b) 15 nm, and (c) 25 nm, respectively

Figure 4: The calculated far-field difference signals for various recording remark lengths with different configu-
rations of embedded silver nano-scatters

Figure 4 displays the far-field intensity differences between on-mark and off-mark situations for the cases
with rectangular and circular nano scatters. Each curve is normalized against the case without marks. The
case of no silver nanoparticle existence is computed for comparison, and its far-field signals dropped around
200 nm of the mark size because of the diffraction limit. The far-field intensity differences decreased with
mark size, and there is a peak appeared at the mark length of 100 nm in each curve of Figure 4. For cases of
circular nano scatter, the peaks of difference signals increased with the size of nano scatter because the near-field
enhancements were stronger for larger nano scatter. The curves of the cases with rectangular nano scatter were
similar to the circular nano scatter cases, and the highest difference signals were occurred in the cases with 25
nm width. When mark size was smaller than 60 nm, the difference signal of rectangular nano scatter case with
15 nm width was higher than other cases. The reason is that scatters with larger size may have worse resolution
and the localized enhancement is too weak for the nano disk case of 7 nm diameter, which reduced the far-field
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signals significantly.

Conclusion

In this paper, near-field and far-field optical properties of the AgOx-type super-RENS resulted from the
complicated interactions between the nano recording marks and different configurations of silver nano scatter
are studied by FDTD calculations. Results showed that the enhancements were stronger for larger nano scatters,
and the enhanced fields induced by localized surface plasmon were geometry-dependent. The far-field intensity
differences signals were distinguishable with recording mark size smaller than the diffraction limit. For the
situations of mark size larger than nano scatters, the far-field difference signals were stronger for larger nano
scatters because the near-field enhancements increased with the size of nano scatters. The behaviors of far-
field signals indicate the correlation between the enhanced localized surface plasmons and the super-resolution
capabilities of AgOx-type super-RENS.
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Abstract

In the paper, interactions of an electromagnetic wave with a metallic nanoparticle in the optical range for
a two-dimensional TM mode (p-polarization) are investigated by a set of new surface integral equations. A
critical case of triangular silver is studied by the new integral equations to exhibit a strong local enhancement
of the electric field at the sharp edges; the amplification of silver is around 300, which is much stronger than
a dielectric nanoparticle. In addition, the surface plasmon resonance (SPR) in elliptical silver is demonstrated,
and the results indicate the red shift of SPR can be caused by increasing the aspect ratio of the particle and
the permittivity of the host.

Introduction

In the past few years, the noble metallic nanoparticles (e.g. Ag, Au) attract lots of attention, because
of the so-called surface plasmon resonance (SPR), a collective oscillation of conductive electron in the overall
metal. Due to the free electrons of metals, the permittivity exhibits frequency dependent (dispersive), and
its real part usually is negative in certain range of UV to near-IR. When an illuminating light interacting
with the metallic nanoparticles, SPR can be induced at a specific frequency. The unique feature leads to a
near field enhancement in electric field and a strong scattering. In the last decade, chemists had successfully
synthesized a variety of metallic nanoparticles with different shapes [1-5]. Recently using the dark-field single-
object microscopy and spectroscopy, the SPR of a single metallic nanoparticle in spectrum can be characterized
by a white-light illumination [6-8]. A few of experiments indicate a high aspect-ratio nanorod exhibits a longer
dephasing time than a spherical one, and induces a red shift of the peak position of SPR [5-7]. In addition,
some measurements show the permittivity of the host material (e.g. air, water [1,2], oil [8], SiO2[9], ZrO2[10])
can also affect the red shift. Since there is no analytical solution for a nanoparticle with arbitrary shape, a
number of numerical methods [11-13] were proposed to study the SPR problems quantitatively. These previous
researches motivate us to study the red shift of SPR due to the effects of the aspect ratio and size of nanoparticle
as well as the refraction index of the host material by a new set of surface integral equations with the aid of
the boundary-element method (BEM). The advantage of BEM is to provide a flexibility of calculating arbitrary
shape, especially a scatterer with large aspect ratio or sharp corners. The accuracy of the method has also
been checked for the cases of circular metallic nanoparticles, and the results are in excellent agreement with the
analytic solutions.

Theory

For the BEM, a set of surface integral equations was derived from Stratton-Chu formulation [14],

Hz(x) = Hi
z(x)−

∫

S

Hz(x
′)n′ · ∇′ [G1 −G2] dl

′ − iω
∫

S

Et(x
′) [ε1G1 − ε2G2] dl

′, x ∈ S (1)

Dn = Di
z−iω

∫

S

Hz [ε1µ1G1−ε2µ2G2] n· dl′−
∫

S

Dnn· ∇′ [G1−G2] dl
′−
∫

S

Etn · ez×∇′ [ε1G1−ε2G2]dl
′ (2)

Et = Eit−iω
∫

S

Hz [µ1G1−µ2G2] t · dl′−
∫

S

Dnt · ∇′
[
G1

ε1
−G2

ε2

]
dl′−

∫

S

Ett · ez ×∇′ [G1−G2] dl
′ (3)

where Gj =
i

4
H

(1)
0 (kjr), j=1, 2. H

(1)
0 is the Hankel functions of the first kind of order zero for the Green

functions Gj , because of the time harmonic factor exp(-iωt), and S is the boundary of the scatterer. The
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wavenumbers, kj , j=1,2, are of the surrounding medium and the metallic scatterer respectively. The total fields
are the sum of the incident field and the scattering field; E =Ei +Es, Hz = Hi

z + Hs
z . In Eq. (1) to (3),

the unknown are the surface total field (the tangential magnetic field Hz , the normal displacementDn and the
tangential electrical field Et), and the kernel functions are the combination of the Green’s functions of the metal
and the surrounding dielectric material. After discretizing the problem, a matrix is constructed to calculate
the surface components, the tangential magnetic field, the normal displacement field and the tangential electric
field. Substituting these surface components into a set of integral representation, the whole interior and exterior
field can be calculated, and the scattering cross section (SCS) at far field can be obtained too. For the MMP,
two sets of multiple poles, at multi-centers for expansion with the coefficients as unknowns, are used to match
the boundary conditions; one set is for the scatterer, and the other for the scattering part in the surrounding
medium. After matching the boundary conditions at a number of collocation points, an over-determined matrix
is established and solved by an algorithm of singular-value decomposition to obtain the strength (coefficients) of
these multipoles, and then the whole interior and exterior field can be calculated in terms of these coefficients.

Numerical Results and Discussion

Consider a 2D TM problem; a p-polarization EM wave illuminating upon a silver nanoparticle embedded in
a dielectric medium (host material). A critical case of a regular-triangle silver [3] is considered to demonstrate
the ability of the new integral equations, where the relative permittivity of the silver nanoparticle is ε2r=(-4.422,
0.73) at ν=3eV [15], which is in a host medium of ε1r=1, and the plane wave with an incident angle θi = 0◦. In
the case, the equilateral triangle, with a side length 20

√
3nm, is smoothed at the corners with a radius of 0.1 nm.

In Fig. 1, two numerical results of BEM are plotted for comparison; one is divided by 900 collocation points
(the circle) along the contour, and the other 1200 points (the solid line). The accordance shows the convergence
of BEM. A strong local enhancement of the electric field is exhibited in the vicinities of the three vertices of
the silver, where the maximum amplification reaches about 300 times of the incident field, as shown in Fig. 1.
In contrast, the amplification is only about 10 for a dielectric scatterer (ε2r=10) with the same configuration.
Hence, the strong local field of metal is attributed not only to the edge effect but also to the plasmon effect. The
near-field enhancement induced by the sharp edge of a metal is useful for the applications of surface enhanced
Raman scattering. Normally, the number of collocation point is more for metal than dielectric by BEM to have
a reasonable accuracy, because of the negative real part of the permittivity.

  

Figure 1: (a) the normalized amplitude of the normal displacement field along the contour of an equilateral
triangle calculated by BEM, (b) the tangential electric field. Three vertices are at (0, 20nm), (-17.32nm, -10nm),
(17.32nm, -10nm). The solid line: silver (collocated by 1200 points), the circle: silver (by 900 points), and the
dashed line: a dielectric material of ε2r=10 (by 1200 points).

Another typical case, which is near SPR, is presented; a nanometer-sized elliptical silver (a=10nm, b=40nm)
with ε2r=(-10.546, 0.8385) [15], in a host medium ε1r=2, at ν=2.3eV, θi = 0◦. The corresponding near field
distribution of the electric and magnetic field are depicted in Fig. 2(a) and (b). Inside the metallic nanoparticle,
the strength of the electric field is nearly uniform (an overall collective oscillation of free electrons), while the
outside electric fields near the two tips of the elongated nanoparticle exhibit a strong amplification; the maximum
value reaches about 15 times of the incident field. The scattering cross section (SCS) of the far field is plotted
in Fig. 2(c), which shows a dipole behavior. To manifest the effect of shape on SPR, the SCS versus frequency
of four nanoparticles with different aspect ratio (b/a=1, 2, 4, and 8) are calculated with a fixed area of 400π
nm2, as shown in Figure 3. Figures 3(a), 3(b), and 3(c) show the results of an individual nanoparticle in a host
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material, ε1r =1, ε1r =2, and ε1r =4, respectively.

   

(a) (b) (c)

Figure 2: (a) the total field of the electric field, (b) the magnetic field, (c) SCS at far

   
(a) (b) (c)

Figure 3: SCS vs. eV for an individual nanoparticle with various aspect ratio (b/a) in different host, (a) 1r =1,
(b)1r =2, (c)1r =4, with i =0. �: b/a=1 ,△ : b/a=2, •: b/a=4, and �: b/a=8.

The numerical results of 2D TM mode illustrate the larger the aspect ratio is, the peak position of SPR is
shifted to the longer wavelength, i.e. the red shift. Furthermore, the larger the permittivity of the host is, the
more the red shift becomes by comparing figures 3(a) to 3(c). In addition, the magnitude of the peak of SCS at
resonance becomes larger and the linewidth becomes narrower for a higher aspect-ratio nanoparticle. According
to Ref [6], the dephasing time is defined as, 2~/Γ, where Γ is the FWHM of the linewidth. Therefore, we can
infer that an elongated nanoparticle has a longer dephasing time than a circular one. As to the size effect, we
vary the area (100π, 400π, 1600π nm2) of an elliptical nanopartcile embedded in a host material (ε1r =2) but
with a fixed aspect ratio (b/a=4) to calculate the SCS, as shown in Figure . Comparing the three curves, we
found that increasing the size results in the red shift of the SPR and the increase of the SCS, but the broadening
of the linewidth for a fixed b/a. The effect of orientation is also considered, as depicted in Figure , by varying
the incident angle (θi =0◦, 45◦, 90◦) of the illuminating light to interact with a fixed elliptical nanoparticle
(a=10nm, b=40nm) embedded in host, ε1r =2. The results indicate that when the maximum principal axis is
parallel to the polarization of the incident electric field, a largest SCS is caused.

 

Figure 4: SCS vs. eV for an Ag nanoparticle with
different area (△ : 100π, • : 400π, � : 1600π nm2)
but with fixed b/a=4 in a host (ε1r=2) for θi=0◦

 

Figure 5: SCS vs. eV for an illuminating light with
various incident angle (• : θi = 0o, � : θi = 45o, N :
θi = 90o) on an Ag nanoparticle (a=10nm, b=40nm)
in host, ε1r =2.
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Conclusion

SPR of Ag nanoparticles were studied by the new surface integral equations. The numerical results demon-
strate that the collective electron motion in the metallic nanoparticle can induce a strong near field enhancement
and large dipole behavior at far field. Through a systematical study, the SPR is shown to be sensitive to four
factors; 1. the shape (aspect ratio) of nanoparticle, 2. the permittivity of surrounding medium, 3. the ori-
entation, 4. the size. Normally, the higher the aspect ratio is, the more the red shift induces. In addition,
the red shift of SPR becomes more, if the same nanoparticle is embedded in a host with higher permittivity.
A significant red shift of the peak of SPR can be induced by raising the aspect ratio of the particle or the
permittivity of host; e.g. SPR occurs at 3.4eV for b/a=1, while 1.72eV for b/a=8, if ε1r=2.
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Abstract

The development of nanotechnologies makes the applications of nonradiative surface plasmons more and
more available. The nonradiative surface plasmons also can intensify surface electromagnetic wave, thus, if
a nanoparticle can produce surface plasmons we call it as “nano-plasmon-driving intensifier (NPDI)”. The
distributions of the enhanced electromagnetic wave can be controlled by manipulating multiple NPDIs, our
studies show that the enhanced electric field can be focused very well if NPDIs are aligned with parallel to the
incident polarization, but it has a premise that the particles should be stationary. The highest enhancement
factor of the parallel case can be about 300, it is 15 times than a single NPDI. The amount of surface plasmons
of a single NPDI is proportional to the frequency, but the frequency has a minor effect on focusing EM wave.

Introduction

The nanometer physical phenomena attract more and more attentions due to the highly developed nan-
otechnologies. In nano-optics, one of the hottest issues would be the interactions of the optical wave and metal
nanoparticles, that is, the researches of the surface plasmons of nanoparticles. It is well known that there are
two modes of surface plasmon, radiative and nonradiative modes [1]. The radiative surfaceplasmon has been
recognized as a leading cause of surface-enhanced Raman scattering (SERS), and it has been studied experi-
mentally and theoretically for decades [2,3,4]. On the contrary, the nonradiative surface plasmons are almost
unveiled, perhaps, in the past it is difficult to be used directly. Theoretically, the surface electromagnetic waves
have their maximum on the surface and exponentially decaying field perpendicular to it. Though the surface
wave can not radiate, it can be derived by coupling with another particles very closely. So far, the progresses
of nanotechnologies have been able to control the nanometer structures very well, therefore, the applications of
nonradiative surface plasmons is more and more available and can not be overlooked.

The reason why surface plasmon is valuable to study is the effect of strong enhancement of the electromagnetic
field. The strong enhancement is produced when the nanostructure absorbs and localizes the photons, this
increases the electromagnetic energy density near the surface of the nanostructure. If a nanoparticle can produce
surface plasmons, we call it as “Nano-plasmon-driving intensifier (NPDI)”, because it can intensify the surface
field by the driving force of the surface plasmons. For a single spherical NPDI, the excitation of surface
plasmons is dependent on the incident frequency, the size and shape of the particle. For a multiple NPDIs
system, the surface plasmons are very sensitive to the polarization of incident wave and the configurations of
nanoparticles. The purpose of this paper is to study these factors to know how to focus the electromagnetic
energy by manipulating the configurations of NPDIs.

Numerical Experiments and Results

For a single spherical NPDI, our studies show that the amount of surface plasmon is proportional to the
incident frequency. At the frequency of 750 THz, a NPDI with a radius 3nm, only part of the spherical NPDI
has enhanced surface plasmon, as the frequency is raised to 1500 THz, though it is beyond the visible frequency,
the particle is full of the enhanced surface plasmons, and the enhancement factor is about 20. For the cases
of two NPDIs, we are interested with the questions: a. How do the distributions of electric fields change with
different configurations? b. Can the enhancement factor of the two particles be larger than one particle? c.
Frequency and configuration, which one is more significant on focusing electromagnetic energy?

The configurations of two particles are shown in figure 1.
The one is the case that the two NPDIs are aligned with parallel to the polarization, another one is normal to

the polarization. The radius of NPDI is 3nm, the spacing between two NPDIs is chosen as 0.6nm to guarantee the
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Figure 1: The configurations of the parallel and normal cases. The polarization of the incident wave is (Ez, Hx),
and the incident wave propagates in y-axis direction. The radius of particle is 3nm and the spacing between
two particles is 0.6nm.

coupling effect between two particles. We use three-dimensional Finite-Difference Time-Domain (3D FDTD)
method [5] to simulate the interaction of optical wave with spherical NPDIs. The numbers of Yee cells are
(200,200,200) for each dimension, the size of the cell is 0.1 nm, the time step is chosen as 1.67e-19 second.
Consider that the NPDIs are made by silver, in tens of angstrom, the restoring force might not be significant
since the free electrons can not propagate too far, and we assume that the free electrons inside NPDIs move
without damping except for the collisions with each other. Thus, the dispersion relation of NPDI used here is
based on the Drude model. The incident wave is sinusoidal, the polarization is (Hx, Ez) and the wave propagates
in y direction.

The results of these two cases are shown in figure 2 and figure 3 respectively. In figure 2, the electric field is

 

Figure 2: The result of the parallel case, the fre-
quency is 750THz. This figure is the snapshot when
the intensity of electric field between two particles
has maximum value. The scale of the intensity is
normalized by incident wave, the enhanced factor is
about 300.

 

Figure 3: The result of the parallel case, the fre-
quency is 750THz. This figure is the snapshot when
the intensity of surface field has maximum value.

highly concentrated in the center between the two NPDIs. In figure 3, never enhanced electromagnetic energy
presents in the middle point. In these two figures, the frequency is 750 THz. In order to know the influence
of the different frequencies, it is replaced by 1500 THz for the normal case and the result is shown in figure 4.
As in the figure 3, there is no any enhanced field between the two NPDIs, but the NPDIs fill with enhanced
electromagnetic energy partially. This may assert that the frequency has a minor effect on the focusing of
electromagnetic wave. In the middle point, the intensity of the electric field is time-dependent, and the time
evolutions of the intensities are shown in figure 5.

For the parallel case, the strong focus reveals that the charges with the same type in both particles are
accumulated to the place where the particles are face-to-face. This effect should produce a repulsive force
between the particles, in our simulation, the motion of the particle is not considered, if the particle is allowed to
move, the intensity of electromagnetic wave between two particles might be decreased as the distance between
the two particles is increased. Therefore, how to keep the particles stationary is also an important factor in
focusing enhanced surface plasmons. For the normal case, the weak electric intensity between two particles
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Figure 4: The result of the parallel case, the fre-
quency is 1500THz. This figure is the snapshot when
the intensity of surface field has maximum value.

 

Figure 5: The time evolutions of the intensities of
electric fields in the center between two particles.

implies that the charges with opposite types are located to the face-to-face area, thus, an attractive force should
be present. The similar issues have been discussed in [6], for the parallel case, the force between the two particles
is attractive or repulsive is dependent on the interparticle optical potential, and the potential is a function of R
(the radius of the particle) and d (the spacing of the two particles). Though our data (R, d) = (3nm, 0.6nm)
is not calculated in [6], it shows a trend that a repulsive force dominates as the radius is less than 15nm. How
much the force is in the parallel case? It will be further analyzed in the future.

Conclusion

The answers of the three questions mentioned in the last section are summarized as follows. The electro-
magnetic energy can be focused very well between two spherical NPDIs if they are aligned with parallel to the
polarization of incident wave. On the contrary, if the alignment of NPDIs is normal to the polarization, almost
no any focused enhanced field is present. This result shows that the concentration of electromagnetic fields is
highly dependent on the direction of the alignment of NPDIs, it is because of the coupling of the free electrons
in both particles are highly dependent on the direction of the polarization. The highest enhancement factor of
the parallel case can be about 300, it is15 times than a single NPDI, but it has a premise that the particles
should not move. The repellent force might be very strong for nanoparticles, how to overcome the repellent
could be a challenge. The amount of surface plasmons is proportional to the frequency for a single spherical
NPDI, but, an incident wave with very high frequency (1500THz) is used to calculate the normal case, it is still
no any concentrated wave present, it shows that the frequency is a minor effect on focusing enhanced EM wave.
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Abstract

Surface plasmon resonance (SPR) of a single metallic nanoparticle is analyzed and simulated via multi-
multipole method for 3D problems. The excitation, at optical frequencies, of the SPR leads to an extremely
strong field in the vicinity of the nanoparticle. Numerical results indicate that a red shift of SPR is induced for
an ellipsoidal nanoparticle, compared to a spherical one. Two structures of core-shelled spherical nanoparticles
are also studied; one is a nanosphere of Ag shell with an oxide core, and the other one is Ag core with an oxide
shell (ZrO2 or SiO2). Numerical results illustrate the SPR of these two core-shelled structures are quite different
from each other and different from that of a solid one. It suggests that one can manipulate the optical response
on demand by tuning the core/shell ratio and the permittivity of shell or core.

Introduction

Optical properties of plasmon resonant metallic nanoparticles are of great interest owing to the ability of
controlling optical fields on the nanometer scale. The phenomenon can be utilized to manipulate the light
for versatile applications, e.g. nanosensors [1], photocatalyst [2] etc. Recently, non-spherical nanoparticles as
well as core-shelled nanoparticles have attracted lots of attention, since they provides new varieties to tune the
optical properties [3] by changing not only the shape, size and material of the core, but also the thickness and
the material dielectric of the shell. There are two main structures of the core-shelled nanoparticles having been
synthesized in the last decade by chemists, namely Au shell with a silica core (SiO2) [4] and Au or Ag core
with an oxide shell (e.g. ZrO2 or TiO2) [5]. In the paper, the effects of ellipsoidal shapes and of the core/shell
ratio on the plasmon resonance of the above-mentioned nanostructures will be studied by using muti-multipole
expansion (MMP).

Theory

MMP was originally developed for systems with piecewise homogeneous, isotropic, and linear media [6, 7]
and has been applied successfully for computing electromagnetic field in many applications. According to the
MMP proposed by Hafner [7], the electric and magnetic fields can be expanded with respect to several centers,
and each series can then be truncated to finite terms. Thus, the electric and magnetic fields, in the exterior
region of all scatterers, can be expressed as:





E =

q∑

α=1

N∑

n=1

n∑

m=−n
(amn,αMmn,α + bmn,αNmn,α)

H =
k

jωµ

q∑

α=1

N∑

n=1

n∑

m=−n
(amn,αNmn,α + bmn,αMmn,α)

(1)

where q = ℓ × p is the total number of the expanding centers, and ℓ and q are the numbers of the scatterers
and the numbers of the centers per each scatterer, respectively. For the fields in the interior region of the any
one of scatterer, the expressions are exactly the same as (1), except that q = p, i.e. only the centers of the
particular scatterer are needed in the expansion of interior fields, and the bases functions Mmn and Nmn should
be replaced by the appropriate ones.Coefficients a and b have to be determined to accommodate the incident
fields and boundary conditions of scatterers. Basis functions M and N are defined as
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Mmn = ∇× (ψmneR)

Nmn =
1

k
∇×∇× (ψmneR)

(2)

where ψmn = zn (kR)P
|m|
n (cos θ) ejmφ satisfy homogeneous scalar Helmholtz equation in spherical coordinate,

zn are the appropriate spherical Bessel functions, and P
|m|
n the associated Legendre polynomials, while m =

−n, · · · , n, and n = 1, 2, · · · ,∞.

Discussion

Consider a nanoparticle illuminated by TEM waves with the magnetic field polarized in the y-direction and
wavelengths ranging from 300nm to 500nm. The accuracy of the numerical code has been verified first by
checking for the cases of a solid spherical scatterer against the analytic solution from Mie theory. The relative
errors are smaller than 0.01%. Experimental data of permittivity of silver obtained by Johnson and Christy [8]
will be used in numerical examples throughout the article unless mentioned explicitly.

Scattering cross-sections (SCS) for the cases of an ellipsoidal nanoparticle of 10nm× 10nm× 20nm versus
wavelengths are plotted in Figure 1 for various incident angels. It is easy to see that there is only one resonant
peak in SCS spectra for the cases of incident wave along the major axis (i.e. θ = 0◦), and along the minor
axis (i.e. θ = 90◦) of ellipsoidal nanoparticle, where the resonant wavelengths are around 347nm and 412nm,
respectively. Moreover, the maximum of SCS for the latter case is larger than that of the former case. On the
other hand, for cases of inclined incident with incident angle θ = 45◦, both resonant wavelengths of 347nm and
412nm are pronounced. The near-field amplitude distributions of electric fields at the corresponding resonant
wavelengths are shown in Figure 2.

Figure 1: Scattering cross-sections (SCS) versus wavelengths for ellipsoidal nanoparticles of 10nm×10nm×20nm
by TEM wave of various incident angles: θ = 0◦ (– –); θ = 90◦(—); θ = 45◦(······)
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Figure 2: Near-field amplitude distribution of electric field in xz -plane at resonant wavelengths of an ellip-
soidal nanoparticle of 10nm × 10nm × 20nm illuminated by TEM waves with various incident angles: (a)
θ = 0◦, λ =347nm, (b) θ = 45◦, λ =412nm, (c) θ = 90◦, λ =412nm

Scattering cross-sections (SCS) for the cases of a spherical core-shell nanoparticle versus wavelengths are
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plotted in Figures 3 and 4 for various shell thicknesses. In Figure 3, the nanoparticle is of Ag core with an oxide
shell. The core has a radius of 10nm, while the shell is made either of SiO2 (with permittivity 2.1) or ZrO2 (with
permittivity 4.2) with various thicknesses. It is easy to see that there is only one resonant peak in SCS spectra
for each of these cases. The peaks occur at wavelengths around 380-400nm for cases of SiO2 shell, while at
wavelengths larger than 420nm for cases of ZrO2 shell. It is also clear from the figure that the thicker the shell,
the more the red-shift of the peak. Moreover, by comparing subfigures (a) and (b), for a fixed shell’s thickness,
the red shifts of SPR of Ag core covered by ZrO2 are always more severe than those covered by SiO2. These
results are consistent with a number of experiments [9, 10]; where the peak position of SPR of a single metallic
nanoparticle exhibited a red shift when nanoparticle embedded in a host with higher permittivity compared to
those in a lower-permittivity host, since the shell acts as a part of host to the Ag core. Moreover, the role of
shell as a host to the core will be more profound as the thickness of the shell getting thicker and thicker. This
provides a reasonable explanation to a direct observation from subfigures (a) and (b) that the thicker the shell,
the more the red shift.

Figure 3: Scattering cross-sections (SCS) versus wavelengths for a spherical core-shell nanoparticle with Ag
core of radius R = 10nm and an oxide shell. The shell is (a) SiO2, εr = 2.1; (b) ZrO2 εr = 4.2; of various
shell-thickness: 5nm (– –); 10nm (—); 15nm (······); and 20nm (— ·)

Figure 4: Scattering cross-sections (SCS) versus wavelengths for a spherical core-shell nanoparticle with Ag
shell of various thicknesses with a core of radius R = 10nm made of (a) SiO2, εr = 2.1; (b) ZrO2, εr = 4.2. The
thicknesses of shells are 5nm (– –); 10nm (—); 15nm (······); and 20nm (— ·).

Figure 4 are the SCS spectra of Ag shell of various thicknesses with a silica core (SiO2) or zirconia core
(ZrO2) of radius R = 10nm. There are two resonant peaks in SCS spectra for each of these cases to illustrate
the SPR of these core-shell structures are more complicated than their counterparts in Figure 3. It can also be
seen from Figure 4 that when the thickness of the Ag shell becomes thinner, the first peak shifts to a longer
wavelength (a red shift) and the second peak to a shorter wavelength (a blue shift). This can be served as an
additional tuning factor for a desirable optical property. By comparing subfigures (a) and (b), it is clear that
the higher the permittivity of the core is (i.e. subfigure b), the more shifting the two peaks are. Furthermore,
when the thickness of the Ag shell becomes larger, the two peaks are getting closer to each other to even have
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the tendency to merge together. This might be attributed to the fact that the configuration of a thick metallic
shell is similar to a solid metallic nanoparticle; i.e. the effects of the core-shell structure become insignificant.

The above-mentioned cases of ZrO2 core with Ag shell are considered in Figure 5 further. The first peak
(the longer resonant wavelength) of SPR versus the core radius to shell thickness ratio are plotted in Figure 5.
The relation is almost linear. This result could be useful toward to tune the resonance wavelength by adjusting
the radius-thickness ratio.

Finally, it is also worthwhile to compare the hybridization model proposed by Prodan et al. [11] to describe
the surface plasmon in the nanoshell. According to Prodan, the plasmon resonance in the nanoshell can be
explained by the interaction of plasmon resonance in the nano-sphere and nano-cavity. The relative permittivity
of core is set to 1, i.e. vacuum, and Drude’s model is used to describe the dispersion of silver shell’s permittivity
in order to check against Prodan’s result. The two resonant wavelengths are then found from numerical values
of SCS spectra as 168nm and 296nm for the inner and outer radii being 10nm and 20nm. It is very close to the
values predicted by hybridization model which are 166nm and 278nm, respectively.

Figure 5: Resonant wavelength versus radius-thickness ratio for a spherical core-shell nanoparticle of Ag shell
with a core of ZrO2.

Conclusion

In the paper, several factors, e.g. the aspect ratio, the core/shelled ratio and the core/shell materials, which
can control the SPR of a single metallic nanoparticle, were studied by MMP. Scattering cross-sections (SCS)
versus wavelengths as well as the amplitude distributions of electric near-fields at some resonant wavelengths
were presented.

For the cases of ellipsoidal nanoparticles, there was only one, but different, resonant peak in SCS spectra for
the cases of incident wave along the major and the minor axes. On the other hand, both two resonant peaks
were excited for the case of inclined angle of incidence.

For the cases of a spherical core-shell nanoparticle of Ag core with an oxide shell, the results showed that
the thicker the shell, the more the red-shift of the SPR peak. And the red shifts of SPR of core-shell with
ZrO2shell were more severe than those with SiO2 shell. On the other hand, for the cases of Ag shell with core
of SiO2and ZrO2, there were two resonant peaks for each case. And as the thickness of the Ag shell became
thinner, the first peak shifted to a longer wavelength (a red shift) and the second peak to a shorter wavelength
(a blue shift). Again, the shifting of two SPR peaks for ZrO2core was more evident than those of SiO2core.

The effect of the aspect ratio of a core-shelled ellipsoidal nanoparticle on SPR is expected to be even more
significant. The topic is currently being conducted by using MMP now.
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The Survey of Ionospheric Scattering Function

Zheng-Yu Zhao and Gang Chen
Wuhan University, China

Abstract

Because of its advantages, such as broad sounding range and real-time sounding, etc, ionospheric oblique
back sounding has been regarded as one of the most important ionospheric sounding means. Ionospheric oblique
back sounding is capable to get features of HF back scatting channel and the sounding data will be shown by
the Frequency-Time delay-Amplitude 3D graphics in the form of scattering function. The Doppler frequency
shift fd, the multidiameter spread according to time and channel fading can be obtained directly by surveying
the scattering function of the HF channel.

The new type ionospheric oblique backsounding system (IOBSS) developed by Wuhan University has been
put in use and got many sounding data.

Introduction

Although the traditional ionospheric oblique backscattering sounding radar [1][2], which adopts system
of Pulse Doppler (PD) [3][4] or Frequency Modulation Continuous Wave (FMCW) [5], has the advantage of
dependable technology, the great transmitted power, perhaps the power of thousands kilowatt, is necessary,
however other HF devices nearby will be interfered by the great power, the HF band which is not so broad
are not able to be put in full use and the ionosonde adopting this kind of working system must be of complex
buildup and high cost. At the same time because of the restriction of radar system, the backscattering echo
includes a little information and only the echo front edge can be continuously gotten by sounding. But the front
edge of backscattering echo itself can’t provide enough information, in the respect that most of the marked
character of ionosphere though affects the echo in specified manner, has little effect on front edge., for example
the increase of electron concentration interlayer almost has no effect on front edge. So the absence of enough
understanding and right interpretation for the information of sounding echo, as well as on more information can
be gotten by the existing radar system, all this restrict the wide application of oblique backscattering sounding
technology. This paper has introduced the sounding principle, IOBSS and some results.

Ionospheric Scattering Function

Ionosphere is a kind of randomly delaminating medium, and temporal and spatial variation of which will
directly affect the ionospheric channel and the transmission of HF radio wave. The ionospheric channel could
pass for time-varying system. As for the low power sounding, the ionospheric channel can be regarded as linear
time-varying system and be described by its pulse response function h(t, τ). In the function h(t, τ), the time
variable t is used to describe the change of system with time and the variable τ is used to describe the pulse
response with relative delay time τ , which is group propagating time tp in ionospheric survey, therefore the pulse
response of ionospheric channel can be written as h(t, tp) which is called “bi-time response” function. Fourier
transforming the bi-time response along variable t, the scattering function [6] of the ionospheric can be gotten
as follows:

D(fd, tp) =

∫

ℜ
h(t, tp)e

−j2πfdtdt (1)

In order to take the full advantage of the power of transmitter and prevent the circuit cell in transmitter from
the nonlinear affection of AM signal, the transmitted wave is always phase modulated and so the transmitted
wave could be expressed as,

e(t) = u(t) · ej2πf0t (2)

The u(t) represents the modulating signal, and f0 is the carrier frequency. Because this is a narrow-band
signal, after being synchronously demodulated and low-pass filtered, the received signal could be expressed as,
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r̃(t) =

∫

ℜ
h(t, τ)u(t− τ)dτ (3)

In the general system model of pseudo-random codes radar sounding the ionospheric channel parameters,
the transmitted signal u(t) is time-delayed by tp and then correlation operated with received signal (the length
of correlation operation is T0.). So at the time tc, the crosscorrelation of the two signals are shown as follows:

Cr̃,u(tc, tp) = 1
T0

∫ tc
tc−T0

r̃(t)u(t− tp)dt

= 1
T0

∫ tc
tc−T0

∫
ℜ h(t, τ)u(t − τ)u(t− tp)dτdt

(4)

From the formula (4), we can find that if the autocorrelation of the PN codes in the system model has
the feature of Dirac figure, the autocorrelation function of the pseudo-random codes serves as impulse function
and acts on linear system. Therefore by collecting the impulse response data of the whole channel, the system
model of the channel can be acquired. If the crosscorrelation function of two pseudo-random codes is of the
Dirac figure, the survey is also able to be realized by the crosscorrelation function of the two pseudo-random.
Applying the crosscorrelation of two different pseudo-random codes to the survey of ionosphere, the formula (4)
can be changed as follows:

Cr̃,v(tc, tp) = 1
T0

∫ tc
tc−T0

r̃(t)v(t− tp)dt

= 1
T0

∫ tc
tc−T0

∫
ℜ h(t, τ)u(t− τ)v(t − tp)dτdt

(5)

In order to get an estimation of scattering function, we assume that the ionospheric channel is smooth in
a certain time (this assumption is according to the real physical nature of the ionosphere, and the experiment
led up to the fact that the stability of ionospheric channel can continue for 10s, or so far as to 600s in most
cases.), so the time T0 of correlation operation, which impulse compression takes, must be less than stable time
of ionosphere to ensure h(t, τ) in (3) effective, namely, ensure that the ionosphere can be regarded as an linear
time-invariant system for the each code in a sequence of one period. Based on this hypothesis, we can take that
h(t, τ) ≈ h(tc, τ) in the time T0.

Change the integral order of (4), we get:

Cr̃,u(tc, tp) ≈
∫ h(tc,τ)

h
1

T0

R
tc
tc−T0

u(t−τ)u(t−tp)dt
i
dτ

ℜ

=
∫ h(tc,τ)Cu,u(tc,tp−τ)dτ
ℜ

=
∫ h(tc,τ)Cu,u(tp−τ)dτ
ℜ

= h(tc, tp) ∗ Cu,u(tp)

(6)

If Cu,u(tp) = δ(tp), Cr̃,u(tc, tp) = h(tc, tp). Replace tc by t, we get:

h(t, tp) = Cr̃,u(t, tp) (7)

Therefore if only the pseudo-random code modulating signal with favorable autocorrelation [7] is applied to
modulate the transmitted carrier wave, the “echo ∼ distance function” of single frequency and the whole path
of the ionospheric channel in a certain time t is capable to be acquired directly at each survey.

The Ionosonde, IOBSS

IOBSS developed by ionosphere lab in Wuhan University has adopted phase coded pulse compression system,
can sound the ionosphere by sweeping the whole frequency band in real time, and then gain the changing state
of ionospheric parameters and transmitting characters of HF channel. The Ionosonde is a monostatique system
applying phase-modulated PN codes and the alternating receiving and transmitting timing. The simplified
block diagram of IOBSS is shown in figure 1.
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Figure 1: The simplified block diagram of IOBSS.

Sounding Result

The sweeping frequency oblique backscattering sounding result gained by IOBSS in real time at 9:44AM
LT on 27 Oct 2004 in Wuhan China is shown in figure 2. On the left is the p′ − f − A graph showing the
relationship between distance, frequency and amplitude of ionospheric backscattering echo and the amplitude
is expressed colorfully; on the right is the p′− f − fd graph gotten by synchronous Fourier transformation of the
ionospheric bi-time response function shows the relationship between distance, frequency and Doppler frequency
shift of ionospheric backscattering echo, and the magnitude of Doppler is expressed by different colors. From
figure 2 we can find that the Doppler of near ground wave is 0Hz, undulation of ionosphere is between ±1Hz,
and the real-time change of ionosphere is shown in the figure. It is the radio-frequency interference caused the
discontinuous point in frequency sweeping in most conditions. It is clear that there are vertical sounding echo
near 350km and secondary echo tracking in figure 2, as the beam width of transmitting and receiving antennas
are both wide. So at the same time the system receives oblique backscattering echo, it can also get the vertical
sounding echo.

Figure 2: An example of digital ionogram obtained on 27 Oct 2004 at 9:44 LT

Conclusion

Making use of the favorable autocorrelation of PN sequence and adopting pulse compression technology,
the oblique backscattering echo from far away is able to obtain in a low transmitted power. IOBSS, compared
with traditional FMCW oblique backscattering sounding radar, can not only get general ionospheric oblique
backscattering sounding data, more important, but also get ionospheric bi-time response, scattering function,
and the valuable engineering information about ionospheric Doppler frequency shift in real-time. Because the
transmitted power has been reduced greatly, in one hand the complexity and cost of the system have been cut
down largely, in the other hand its interference to other radio system has been decreased and the spectrum
utilization ratio has been improved. It is of great significance to ionospheric dynamical conformation sounding,
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evaluation of ionospheric real-time channel parameters and adaptive diagnosis and managing system for electric
wave circumstance of HF radio channel.
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Focusing Infrared Beams out of Sea Surface Found in
Satellite Thermal Pattern in the Ocean
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Abstract

This is an introduction of a geophysical model for realizing what local focusing of sea surface infrared beams
found in a set of the satellite thermal patterns. The data set has been obtained by a directly receiving system
of the interested satellite signals just at passing of the satellite above a station settled on the coast facing the
ocean. For the author’s purpose, an antenna of cross-bar type is used to receive signals by using a software
system in a personal computer. By the author’s analysis of the sea surface thermal patterns obtained after
processing the satellite data, it has been found that an apparently hot local area in the sea surface thermal
pattern as the signals of the infrared band. This hot area in the pattern could be reasonable if the model is
acceptable with a dynamical understanding of sea surface condition. In addition, this work could be a key to
global warming control system.

Introduction

This work concerns on a problem of a local hot area found in thermal pattern which was obtained by directly
receiving the satellite signals just at passing above a station settled on the coast facing the ocean. The area
is wide when a distant storm is so strong that significant swell is generate and propagated across the ocean.
The area looks just like a thermal pinnacle or a thermal plateau in the ocean though what dynamical effect
is the trigger of the local hot area. This hot area in the sea surface thermal pattern must has been skipped
not to include as the available pattern or neglected as a result of errors in the electronic system. Nevertheless,
the author has studied and has got to build a physical model which may surely help us why the hot area is
found in the sea surface thermal pattern even when the pattern was obtained after processing of the data set
of the satellite signals directly received at a station. The author here introduces a model on the basis of what
are known in electromagnetic waves and ocean waves with some simple applications in the scope of classic
thermodynamics, hydrodynamics and geophysical oceanography.

Real Time Satellite Monitoring

An antenna of a cross bar type is used to connect to a electronic software system for processing directly
received satellite signal in order to get sea surface thermal pattern [3]. For the author’s convenience, a couple
of the NOAA satellite is taken as an reference of a real time signal receiving. Monitoring of the satellite signals
has given us to find a hot area in the sea surface thermal pattern frequently even though there has never seen
any malfunction in the electronic processing of the satellite signals under the normal condition. In this case,
the automatically transformed picture is obtained by the satellite signals. The thermal pattern is shown by a
mosaic of pixels with 4km square. The AVHRR is known to be a pixel with 1km square so that it is hard to
process the signals for the AVHRR by using a personal computer. The other satellites are not for the author’s
present purpose.

Dynamics of Thermal Pattern

The author here tried to introduce what is a possible dynamic background in order to realize the hot area
found in the satellite thermal pattern of the sea surface. The one is to consider about the passive sensor mounted
on the satellite aimed for obtaining information of thermal condition by receiving the sea surface signals of the
infrared band. A standard sensor and a flat sea surface can not be cause to form any local hot area because
any beam radiates normal to the sea surface in a scope of thermodynamics [4]. In this case, the beam is an
electromagnetic wave ray in the infrared band. The curvature of the sea surface can be negative factor for the
interested local hot area in the thermal pattern. There should be beams of the infrared band which can be
detected well by the sensor on the satellite. As for the beam of the infrared band, it may be considered to
be radiated out of the sea surface so that it should be taken as a part of classic thermodynamics. Adding to
that, the sea surface condition should be considered. In the author’s understanding, it is essential to see what
kinds of waves [2] are found on the sea surface. The waves on the sea surface could be understood by learning
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the existing water wave theory in the scope of hydrodynamics. Then, it can be found a key to see a specific
curvature of the concave facet of the sea surface or of the existing waves.

Modeling

With the above background in the scopes of electronics, thermodynamics, hydrodynamics and the related
factors, it can be introduced a model of the beams on the sea surface focusing at or just neighbor the sensor
mounted on the satellite under several assumed condition. There is a model of sun glitter problem for the visible
band [1]. Nevertheless, the sea surface pattern for the visible band is completely different from the sea surface
pattern for the infrared band. So that, the author here thinks it necessary to introduce a model which helps
a physical understanding of the local hot area found in the sea surface thermal pattern obtained by a direct
monitoring of the real time satellite signals at a station.

Effect of Distant Storm

One of the specific examples is a case of sea surface satellite thermal pattern including a wide area of
apparently high temperature. When we remind what the author already stated, the apparently high temperature
is found in the local hot area of the sea surface thermal pattern. One specific case is a strong storm as a typhoon
at a distant location(about 2000km) in the subtropical or tropical zone, for example, in the northwestern Pacific.
This case was found at 0751JST of the local time in the morning on 1993 October 4 (at 2251GMT on 1993
October 3). The apparent sea surface temperature at this time was about 5 degree higher than the identified
sea surface temperature at an offshore tower settled in the coastal zone.

Thermal Pinnacle

Another specific case is a thermal pinnacle found in the sea surface thermal pattern which is obtained after
processing the satellite signals directly received. This thermal pinnacle shows that the peak of the apparent sea
surface temperature is higher than ten degree with a side robe. This thermal pinnacle is also understood by a
focusing of the beams out of the sea surface at the sensor on the satellite. The author has introduced several
cases similar to what he has found in the sea surface thermal pattern. This thermal pattern has boldly a conical,
so that it is hard to take the apparent high temperature at the pinnacle as an electronic processing error.

Conclusion

A brief notice is given about a problem on local focusing of the sea surface infrared beams found in satellite
thermal pattern on the basis of the directly monitored satellite signals by using an antenna of a cross bar type
connected to a software mounted in a personal computer. In order to understand an apparently high temperature
in a local area of the satellite thermal pattern, a simple model of wave ray theory for infrared beams out of
the sea surface. A distant storm may a trigger of the wide sea area of an apparently high temperature in the
sea surface satellite thermal pattern. Another case is a thermal pinnacle in the thermal pattern. For realizing
these apparently high temperatures, it is necessary to consider the problem of the infrared beam out of the sea
surface on the bases of the existing knowledge of the sensor mounted on the satellite, thermodynamics of the
beams out of the sea surface, hydrodynamics of the ocean waves and the other related factors. This work may
be helpful as a key for global warming control system.
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Abstract

We have theoretically investigated the high-frequency response of magnetized metallic magnetic thin films.
We found that magnetic films may become left-handed materials (LHM) in the vicinity of the ferromagnetic
resonance frequency for incident waves with right-hand circular polarization (RCP) and linear polarization
(LP). The frequency range where LHM exists depends on the waves polarization, and the magnetic damping
coefficient, the ferromagnetic characteristic frequency of the film. There also exists a critical damping coefficient
αc, above which the left-handed properties disappear completely.

Introduction

Veselago [1] has shown that if both the permittitvity ε and the magnetic permeability µ of a material are
negative, the propagation direction of an electromagnetic (EM) wave will be opposite to its energy flow direction.

Such media are called left-handed materials (LHM) since the electric field ~E, magnetic field ~H, and wave vector
~k in these media form a left-hand triplet of vectors, instead of a right-hand triplet observed in conventional
materials. For a long time, people have not paid attentions to LHMs since the phenomenon has not been observed
in real materials. Recently, based on early ideas of Pendry [2], Smith et al. [3] constructed metamaterials
consisting of metallic strips and split ring resonators (SRRs), which display simultaneously negative values
of effective ε and µ, and Shelby et al. [4] demonstrated the negative refraction in this material, indicative
of the LHM properties. This discovery reinvigorated the search for LHM. Many researches also focus on the
development of new metamaterials that are potential LHMs[5-8]. Metallic magnetic materials, characterized
by magnetic permeability, could be potential LHMs since a negative permeability can be achieved in certain
magnetic materials above the ferromagnetic resonance frequency and negative permittivity automatically exists
in metals below the plasma frequency which is typically in the ultraviolet frequency range. In this work, we
have theoretically demonstrated that ultra-thin metallic ferromagnetic films are indeed LHMs in the vicinity
of ferromagnetic resonant frequency for right circularly polarized EM waves (RCP) and linear polarized waves
(LP), provided that magnetic damping is small enough.

Existence of LHM in Metallic Magnetic Thin Film

Assuming that the magnetization of a metallic magnetic film is aligned by a static external magnetic field
Hext in the direction perpendicular to the film plane, with the z-axis as shown in Figure. 1. Then the relative
permeability of the film is a second-rank tensor [9], that is,

¯̄µr =



µ1 jµ2 0
−jµ2 µ1 0
0 0 1


 (1)

where

µ1 = 1 +
ωm(ω0 + jαω)

(ω0 + jαω)2 − ω2
, µ2 = 1 +

ωmω

(ω0 + jαω)2 − ω2
(2)

where ω0 is the ferromagnetic resonance frequency; ωm, the characteristic frequency, and α, the ferromagnetic
damping coefficient. For harmonic EM waves in the film, the magnetic field follows the wave equation [10]:

▽2 ~H −▽(▽ · ~H) + ω2ε ¯̄µ · ~H = 0 (3)
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If the EM wave is linearly polarized and propagates along the external field, from Eq. (3), we can get two
eigenvalues kRCP and kLCP for the wave propagation constant, corresponding to right circularly polarized and
left circularly polarized waves, respectively:

kRCP = ω
√
εµ0(µ1 + µ2) =

ω

c

√
εrµRCP , kLCP = ω

√
εµ0(µ1 − µ2) =

ω

c

√
εrµLCP (4)

where µRCP,LCP is the effective permeability, εr is the relative permittity of the film, and c is the speed of light.
The eigenvalues are complex numbers which can be written as k = k′ − jk′′. First, let us consider the simplest
case where the damping coefficient α is zero. With Eqs. (2)-(3), the effective permeability µRCP,LCP become

µRCP = 1 +
ωm

ω0 − ω
, µLCP = 1 +

ωm
ω0 + ω

(5)

Generally, the permittivity of metallic thin films in an external magnetic filed becomes a tensor. Here for the
simplicity we assume the metallic magnetic films have low saturation magnetization Ms (eg. NiFe), so that
the external field required align the magnetization perpendicular to the film plane (also the wave propagation
direction) is small (4πMs), resulting in much smaller electron cyclotron frequency compared to the ferromagnetic
resonance frequency. The permittivity can thus be written in a scalar form as [10]

εr = ε′ − jε′′ = 1− ω2
p

ω(ω − jη) (6)
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Figure 1: Sketch of a metallic magnetic thin film in
an external static magnetic field and incident EM
waves.

Figure 2: The frequency dependence of the real part
of the permeability with different values of α.

where ωp is the plasma frequency, and η the electron damping factor. Since ωp is about 1016/s for metals, the
imagery part of the permittity ε′′ is much large than the real part ε′ in microwave frequencies, and one can use
εr ≈ −jε′′. Therefore, the wave propagation constant for both the RCP and LCP waves are:

kRCP ;± = ± 1√
2
(1− j)ω

√
ε′′µRCP , kLCP ;± = ± 1√

2
(1− j)ω

√
ε′′µRCP (7)

There are two choices corresponding to positive and negative k. To select a solution, we assume that the
direction of the energy flow is in the positive z-axis, implying the imaginary part of k must be always negative
number. The sign of wave propagation constant is picked to maintain the sign of its imaginary part [5]. For
a LCP wave µLCP is always positive for the all frequency range, therefore the only solution is kLCP,+. For a
RCP wave kRCP,+ is the solution except the range between ω0 and ω0 + ωm, where µRCP becomes negative.

Therefore, the physically correct solution is kRCP,− = −(1 + j)ω
√
ε′′ | µRCP |/

√
2, which indicates the phase

velocity in the -z direction opposite to the direction of energy flow. Therefore film will be a LHM for RCP waves
in this frequency range.
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Figure 3: Complex wave number as the function of normalized frequency. (a) When α < α, the k′RCP has two
zeros points between which LHM exist. The lines represent the positive solution for various values of α. These
solutions become non-physical at frequency higher than the ferromagnetic resonance frequency ω = ω0. The
circles represent the true solution which indicates wave direction reversal. (b) The loss constant k′′RCP . The
−k′′RCP . should be always positive. The lines and circles has the same convention as in (a).

LHM for RCP Incident Waves

For real metallic ferromagnetic films, the damping coefficient is non-zero. So the permeability for RCP waves
is:

µRCP = 1 +
ω̄m

(1 + jαω̄)− ω̄ (8)

where ω̄m = ωm/ω0, ω̄ = ω/ω0. The bias field H0 must be larger than 4πMs (demagnetization factor) in order
to align the magnetization perpendicular to the film plane. Consequently, ω̄m must be equal or greater than
one. The dependence of µRCP = µ′

RCP − jµ′′
RCP on is shown in Figure. 2, where the frequency range with

negative µ′
RCP decreases with increasing α. The dependence reflects on the complex wave propagation constant

kRCP . What is more important is the sign change of the loss constant k′′RCP . As we have mentioned, when
k′′RCP changes from positive to negative, the solution of the wave propagation constant kRCP should change
into -kRCP in order to keep the imaginary part of wave propagation constant negative. Figure. 3 shows the
calculated real and imaginary part of the propagation constant kRCP = (ω/c)

√
εrµRCP , where the εr follows

Eq. (6). It can be seen that there are sudden sign changes of loss constant k′′RCP = −Im(kRCP ) from positive
to negative when the ferromagnetic damping coefficient α is below a critical value of αc since µRCP becomes
negative. At the same frequency, the phase constant k′RCP = Re(kRCP ) is zero. Just as is described above,
when k′′RCP change from positive to negative, one should use k′′RCP,− in Eq. (8) instead of k′′RCP,+. Combining
these effects, the solutions are indicated as circles in Fig.3a. in the whole frequency spectrum. It should be
noticed that the frequency range for the negative k′RCP decreases with increasing of α. Over certain value, the
k′RCP The critical damping coefficient αc is determined by setting µ′

RCP and it’s derivative zero, and has the
form of

αc =
ω̄m
2

√
1

1 + ω̄m
(9)

It is clear that the existence of LHM depends on the polarization of the incident wave, the damping coefficient
α, as well as the ferromagnetic characteristic frequency ωm.

LHM for Linear Polarized Waves

Fully magnetized magnetic film is a gyromagnetic medium, in which one can observers Faraday effect for
a linear polarized (LP) wave propagating along the magnetization direction. A linear polarized wave can be
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decomposed into RCP wave and LCP waves [10]. If the incident wave at z = 0 is ~E(0) = x̂E, then

~E(0) = ERCP (0) + ELCP (0) (10)

where ERCP (0) = (x̂ − jy)E/2, ELCP (0) = (x̂ + jy)E/2. Since the RCP and LCP waves have different wave
propagation constants, the total field of the wave at distances z is

~E(z) = [x̂Ex(z) + yEy(z)]e
−j(kRCP +kLCP )z/2 (11)

where Ex(z) = E cos[(kRCP −kLCP )z/2] and Ey(z) = −E sin[(kRCP −kLCP )z/2]. For thin films with thickness
much smaller than the wavelength, Eq. (11) indicates that the linear polarized wave propagates in an effective
medium with an propagation constant keff = (kLCp + LRCP )/2. This in turn gives an effective relative
permeability of the medium µeffr , which, if the permittivity of the medium is a constant, can be expressed as

µeffr =
1

4
(
√
µLCP +

√
µRCP )2 (12)

It is evident that LHM will appear at a much narrower frequency region for LP incident waves since the
effective permeability is a kind of average of µRCP and µLCP , where only µRCP exhibits negative value in
certain frequencies. In addition, the critical damping coefficient αc also becomes smaller for LP waves as shown
in Figure. 4, where αc for RCP waves is calculated from Eq. (12), and αc for LP waves is calculated numerically.
Consequently, for some materials, one may observer LHM for RCP incident waves but not for LP incident waves.

Figure 4: The critical magnetic damping coefficients for RCP and LP incident waves.

Conclusion

In conclusion, we have theoretically investigated the possibility of realizing LHM in metallic magnetic thin
films. We found that these magnetic films may exhibit left-handed behaviors near the vicinity of the ferro-
magnetic resonant frequency ω0. The frequency range where LHM exists depends on the polarizations of the
incident waves, magnetic damping coefficient α, and the ferromagnetic characteristic frequency ωm of the film.
For RCP incidence, the up frequency limit extends to ω0 + ωm for a small α, but decreases with increasing α.
In another words, the bandwidth for observing left-handed properties is inversely proportional to the damping
coefficient. There also exists a critical value of αc, above which the left-handed properties disappear completely.
In addition to RCP EM waves, the left-handed properties may also exist for linearly polarized waves. But the
bandwidth is much narrower and the critical value of αc is much smaller compared to the case with RCP EM
waves.
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Improved Analysis of the Coupling of Optical Waves
into Multimode Waveguides Using Overlap Integrals

M. Stallein, C. Kolleck, and G. Mrozynski
University of Paderborn, Germany

Abstract

The optical multimode interconnection technology has become important due to increasing data rates in
modern multi-processor systems. In this context, the coupling of optical waves into multimode waveguides has
to be analyzed. Ray optical methods are preferred, but are not applicable for all geometries. As full-wave
analysis using the mode matching technique is very extensive, we present a simple method based on overlap
integrals, to calculate the coupling efficiency of impinging optical waves. Our approach neglects reflected waves.
The corresponding error is corrected by applying a transmission factor, which is that of a plane wave irradiating
a dielectric half space. We verify our approach at a planar slab waveguide and a cylindrical fiber, as their mode
spectra are well known. The mode matching technique is applied as reference method and the impinging wave
is a Gaussian beam with varying angles of incidence and lateral displacements.

Introduction

Future computing hardware will operate with on-chip clock rates up to 10 GHz. To provide proportionate
data transfer rates in multi-processor systems, an optical interconnection technology based on board-integrated
optical channel waveguides is needed. These waveguides have to be highly multimodal to be adaptable to the
existing PCB mass production [1]. The system design of optical interconnects requires an effective set of design
tools with each basic algorithm being efficient with respect to time needs and memory requirements. The aim
of this paper is to present an effective approach to describe the coupling of optical waves into a multimodal step
index waveguide based on overlap integrals.

Investigation of these coupling processes by full-wave analysis using the mode matching technique is very
extensive, as a lot of reflected and transmitted modes have to be regarded. The total number of modes needed
by this method might exceed a few thousand. Thus a very large linear system of equations has to be solved.
Therefore, this method is very time and memory consuming. Another disadvantage is that only closed structures
can be analyzed. An often used approximation is to neglect the reflected waves. In this case, evaluating the
boundary conditions for the transverse field components by means of the mode orthogonality leads to explicit
expressions for the amplitudes of the transmitted modes involving overlap integrals. The error caused by
neglecting reflected waves can be corrected by applying a mode-independent transmission factor.

The waveguide design we want to analyze consists of waveguides with rectangular cross section. As no
analytical expressions for the modes of these waveguides are known, we look at two basic waveguides with
known mode spectra to verify our approach. The first one is a planar slab waveguide, and the second is a
cylindrical fiber. In our calculations, the incident wave is a Gaussian beam, which irradiates the waveguide
interface with varying angles of incidence and lateral displacements. Since we use the mode matching method
as the reference method, we first give a short introduction to this method.

The Mode Matching Method

In order to apply the mode matching method discrete mode spectra must be provided. Therefore, a closed
structure with e.g. perfect electric conducting (PEC) walls, like in Fig. 1, has to be considered. Let the
transverse components of the electric and magnetic fields in the discontinuity plane z = 0 be given by

{
E

(s)
t

H
(s)
t

}
=
∑

k

C
(s)
k

{
e
(s)
k

h
(s)
k

}
, with s ∈ {i, r, t} . (1)

The upper indices i, r, and t denote incoming, reflected, and transmitted waves, respectively. Due to the lossless
materials the orthogonality relation

1
2

∫

a

(
e
(s)
k ×

{
h(s)
m

}∗)
z da = Q

(s)
k δkm (2)
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Figure 1: Incoming, reflected and transmitted waves at a waveguide interface.

holds for all eigenmodes e and h. z is the unit vector in axial direction, δkm is the Kronecker delta, and ∗
denotes complex conjugation. Q

(s)
k corresponds to the normalized power of each mode. As the overall cross

sections in z < 0 and z > 0 are of equal size, two equivalent sets of mode matching equations can be written:

A
(
c(i) + c(r)

)
= Q(t)c(t)

Q(i)∗
(
c(i) − c(r)

)
= AHc(t)

, (3)

Q(i)
(
c(i) + c(r)

)
= Bc(t)

BH
(
c(i) − c(r)

)
= Q(t)∗c(t)

, (4)

where H denotes hermite conjugation. The vectors c(s) consist of the amplitudes C
(s)
k and the diagonal matrices

Q(s) have the elements Q
(s)
k . A and B are matrices with elements defined by the overlap integrals

Amk = 1
2

∫

a

(
e
(i)
k ×

{
h(t)
m

}∗)
z da , (5) Bmk = 1

2

∫

a

(
e
(t)
k ×

{
h(i)
m

}∗)
z da . (6)

The equivalence of the formulations (3) and (4) can be proved by means of a series expansion of e(i) in terms
of e(t) (7) [2]. Making use of the orthogonality relation (2) results in the matrix equation (8).

e
(i)
k =

∑

n

Ank

Q
(t)
n

e(t)
n (7) Q(i) = BQ(t)−1

A (8)

For the exact solution of the coupling process, the number of modes on both sides of the discontinuity must
tend to infinity. Irrespective of the number of modes taken into account, the mode matching method conserves
the power across the discontinuity in z = 0 [2].

Description of the Approximation

Neglecting reflected waves in (3) and (4) leads to two explicit expressions for the vector c(t), distinguished
by the lower indices 1 and 2:

Q(t)c
(t)
1 = Ac(i), (9) Q(t)∗c(t)

2 = BHc(i), (10)

Both solutions contain an unknown error following from neglecting reflected waves. They are equivalent to
a series expansion of the incoming electric or magnetic field in terms of the eigenmodes of the considered
waveguide.

In order to minimize the overall error, let us assume that the power transmitted through the discontinuity
z = 0 can be calculated by

P (t) = c
(t)
1

T
Q(t)c

(t)
2

∗
. (11)

Making use of (9) and (10) together with (8), we can show that, as long as the number of modes regarded is
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sufficient, this approach conserves the complex power through the discontinuity z = 0:

P (t) = c
(t)
1

T
Q(t)c

(t)
2

∗
(12)

= c
(t)
1

T
BTc(i)∗ (13)

= c(i)T ATQ(t)−1
BT

︸ ︷︷ ︸
cp.(8)

c(i)∗ (14)

= c(i)TQ(i)c(i)∗ = P (i) . (15)

As we neglect reflected waves, conservation of power is of course not our intention. But it gives rise to apply
a transmission factor. In the next section we will show that this transmission factor equals with good approxi-
mation that of a plane wave impinging on a dielectric half space with the same refractive index difference.

On the basis of (15) the following approximation holds for the absolute values of the mode amplitudes:

|C(t)
k |2 ≈ Re

{
T C

(t)
1k C

(t)
2k

∗}
, (16)

with C
(t)
1k =

1

Q
(t)
k

∑

m

AkmC
(i)
m , C

(t)
2k

∗
=

1

Q
(t)
k

∑

m

BmkC
(i)
m

∗
. (17)

Here, T is the transmission factor of a plane wave. The results presented in the next section confirm (16).
Equations (17) afford a series expansion of the fields of the incoming wave in terms of waveguide eigenmodes

formed by the PEC-walls. As no closed structure is needed any more, the following equations can be used
instead of (17):

C
(t)
1k =

1

2Q
(t)
k

∫

a

E
(i)
t ×

{
h

(t)
k

}∗
z da , C

(t)
2k

∗
=

1

2Q
(t)
k

∫

a

e
(t)
k ×

{
H

(i)
t

}∗
z da . (18)

Here E
(i)
t and H

(i)
t are the transverse components of the incoming fields in the discontinuity z = 0.

Verification

In (x′, y′, z′) coordinates the (three dimensional) Gaussian beam is given by the magnetic vector potential
function

~A(x′, y′, z′) = t′ U(x′, y′, z′) exp(−jkoz′) , (19)

where t′ is a unit vector in transverse direction (e.g. x′ or y′), k0 = ω
√
ε0µ0 is the phase constant in free space,

and U is defined by

U(x′, y′, z′) = A0
1

w(z′)

√
2

π
exp

(
−x

′2 + y′2

w2(z′)

)
exp

(
−j
(
β
x′2 + y′2

2R(z′)
− Φ(z′)

))
. (20)

In case of the planar geometry, all field components are independent of the y-coordinate. Thus, all fields are
either transverse electric (TE) or transverse magnetic (TM) and equation (20) has to be modified [3]. The
magnetic and electric field components are obtained by H(i) = ∇×A/µ0 and E(i) = ∇×H/(jωε). Important
properties of a Gaussian beam are the beam radius w(z) (it is half the beam width b), the radius of phase
curvature R(z), and the angle of divergence Θ0. Fig. 2 illustrates the properties of a Gaussian beam and shows
the investigated geometry.
The parameter z0 is the Rayleigh range which is half the confocal parameter. To get different angles of incidence
ϑ the beam axis z′ is turned around the y-axis. In case of the fiber, the lateral displacement h is a two component
vector indicating shifts in x- and y-direction.

To apply the method of mode matching, the field of the Gaussian beam is expanded into a series of waveguide
modes formed by the PEC-walls that are either TM-modes or TE-Modes. That is, in case of the planar geometry,
the problem can be divided in TM and TE. This is not possible in case of the fiber, as the fiber modes are hybrid
modes. In both cases, however, it can be distinguished between two orthogonal polarizations of the Gaussian
beam. As there are no significant differences between different polarizations, t′ = x′ is valid in the following.
The transmission factor T in (16) is then assumed to be given by the Fresnel formula
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Figure 2: Gaussian beam impinging the waveguide interface

w2(z) = w2
0

(
1 +

z2
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)
(21)

w0 =

√
2z0
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(22)

1
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=
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(23)

Φ(z) = arctan
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)
(24)
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)
(25)

T (ϑ) =

√
n2

01 − sin2(ϑ)

cos(ϑ)


 2n01 cos(ϑ)

n2
01 cos(ϑ) +

√
n2

01 − sin2(ϑ))




2

, (26)

with n01 = n1/n0. The results in Fig. 3 show that this formula is suitable to correct the error caused by
neglecting reflected waves. Fig. 3a and 3b show results for the planar slab waveguide. The results belong
to a core thickness of 100µm, a distance of 300µm of the PEC-walls to the core, and refractive indices of
n1 = 1.56, n2 = 1.54, n3 = 1.53. Shown are the coupling efficiency calculated by means of the mode matching
method and the relative deviation of the approximate method for different properties of the Gaussian beam.
Fig. 3a shows the dependency on ϑ, and Fig. 3b the dependency on h. The deviation of the approximate method
is in all cases less than 0.1%, as long as there is a significant coupling efficiency. This is also valid in case of
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Figure 3: Coupling efficiency P and relative deviation p for different angles of divergence Θ0 and beam widths
b = 2w(z); a), b): slab waveguide; c), d): cylindrical fiber.
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the cylindrical fiber (Fig. 3c, 3d ). Here the parameters are a core radius of 25µm, a radius of the PEC-wall of
100µm, and refractive indices of n1 = 1.56 and n2 = 1.54. Due to numerical problems, an increased error might
be inherent in the results for the deviation in Fig. 3c, in case of Θ = 5◦, b = 50µm and large angles of incidence
(ϑ > 12◦). If so, then the power conservation (15) is not sufficiently satisfied. The same is for Fig. 3d, with
Θ = 14◦, b = 25µm and hx > 12µm.

Conclusion

We have shown that it is possible to calculate the coupling efficiency of optical waves into multimode step
index waveguides without regarding reflected waves. An approximation based on overlap integrals and a plane
wave transmission factor gives quite accurate results for significant coupling efficiencies. Better results might
be obtained with an improved transmission factor regarding an inhomogeneous half space. The results give
rise to apply this method to waveguide structures with more complicated mode spectra, e.g. a waveguide with
rectangular cross section, as only expressions for the guided modes have to be known.
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Abstract

A band-limited fixed frequency linearly polarized optical signal excites several modes of propagation when
it is launched into a multi-mode dimensioned optical fiber waveguide. This signal will therefore propagate over
multiple paths along the transmission medium resulting in different propagation time for each mode. Thus
replicas of the input pulse launched into the multimode fiber arrive at the output at different times, with the
fundamental mode arriving first. A Differential Modal Delay (DMD) distribution is thus produced at the output
of the fiber. The mode distribution, and consequently the modal delay distribution, are both a function of the
physical attributes (geometry, distance, launching angle) of the optical waveguide. In optical communication
systems this DMD distribution creates signal distortion that limits system designs (power, modulation, noise)
and network performance (reach, rate, capacity). Accurate quantification of this DMD distribution is therefore
essential to the prediction and improvement of performance.

Introduction

Multimode fibers guide light in multiple modes. For a given frequency, each of these modes propagates
with a different velocity. As a result, each mode travels through the fiber with a different propagation time
[3]. A pulse that is launched into the multimode fiber appears at the output multiple times, slightly delayed
with respect to the fundamental mode and each other. The resulting pulse formed by overlap of the multiple
images of the original pulse is distorted in shape and time. This effect is known as multimode distortion, and
the differential delay that is responsible for this kind of distortion is known as differential modal delay (DMD).

Experiments with the existing models for DMD show unclear and conflicting results to capture and quantify
this distribution. Two standard models are the Normal and WKB (Wentzel, Kramers, Brillouin) and the delay
associated with each mode is characterized by:

τNORMAL =
L

c

(
Neff − λ0

dNeff
dλ0

)
τWKB =

Ln1

2c
(
n1

Neff
− Neff

n1
) (1)

Where Neff,i =
βi
k0

, k0 = 2π
λ0

(the free-space wave number), and βi = the modal propagation constant for the

ith mode [9].
These models have produced differing delay distributions. Thus it is not clear which model would more

accurately characterize DMD and its effects.

Model for DMD

A method to effectively model the modal delay is investigated in this paper. The methodology uses a
simple ray tracing approach to determine all possible modes that can be supported by a multimode waveguide
with defined physical parameters such as core refractive index, waveguide thickness, fiber length and operating
wavelength [4]. This is a simple and straightforward approach that does not require the solution of Maxwell’s
equations for a particular multimode fiber [1]. Each supported optical mode is modeled as a transverse field
profile with unique transit time [2,3]. The waveguide-supported family of modes will thus completely define
the delay distribution of the guided modes. The effect of variation of the above-mentioned physical parameters
will also be considered in understanding and illustrating the modal delay spread and delay distribution at
the output. This approach does not require solutions of the wave equations for the multimode transmission
medium. It will characterize the transmission medium in terms of the output delay distribution. Moreover, it
will generate a realistic delay distribution model in order to quantify the impact of modal distortion on optical
network performance.
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Figure 1: Modal distribution in a symmetric slab
waveguide

Figure 2: Electric field distribution in a symmetric
slab waveguide

The plot in Figure 1 shows the modal distribution in a waveguide of given material and geometry [1].
Each intersection in the graph corresponds to a guided mode within the waveguide. The coordinates of the
intersection give us the values of kx1 and γ2. kx1 is the value of propagation constant in the x-direction and in
a medium of refractive index n1. γ2 is the attenuation coefficient in a medium of refractive index n2. Since kx1
and γ2 are multiplied by d, which is the thickness of the guide, this is a normalized plot for a symmetric slab
waveguide of any width. Figure 1 shows four intersections producing two Symmetric and two Antisymmetric
TE modes in the waveguide. Figure 2 shows the corresponding electric field distribution. Four distinct modes
are excited. The mth mode has m zeroes associated with it. Thus, these figures clearly show the excitation
of more modes with the increase in the value of R (V -number) in a symmetric dielectric slab waveguide. R is

given by ko2d2(n12 − n22) , and k0 = 2π
λ

= ω
√
µ0ε0 = free-space propagation constant, which satisfies the

expression: (kx1d)2 + (γ2d)2 = ko2d2(n12− n22).

It is clear from the example and plots shown that the graphical solutions given by the crossing points in
the curves is a simple and easy way to determine the modal solutions for different values of R. Each fixed
value of R represents a fixed waveguide geometry, material and operating frequency. A variation in any of
these parameters (waveguide geometry, material and operating frequency) will give rise to a different value of
R, hence a different set of modal solutions. For a given value of R, the discrete series of solutions obtained:
kx11, kx12, kx13, . . . , kx1n will have a corresponding discrete series of incident angles: θ1 1, θ1 2, θ1 3, · · · , θ1 n
related to each value of kx1, where kx1 = k1 cos θ1. θ1is the angle made by the incident ray with the normal at
the core-cladding interface of the waveguide. This means that each excited mode within the guide is a function
of a pre-determined launching angle. For each launching angle that is associated with an excited mode within
the guide, ray trajectories can be constructed by following the zigzag paths of the totally reflected ray at each
reflection [1,4] (Snyder and Love: Optical Waveguide Theory). Since such rays are entirely confined within the
core, these are referred to as bound rays. It is assumed that with each reflection of a bound ray, the power also
gets totally internally reflected within the core [4]. Hence, bound rays can propagate indefinitely without any
loss of power.

The ray transit time, t is defined as the time taken by a ray to travel a distance z along the waveguide axis
following repeated series of zigzag paths caused by the well-known theory of total internal reflection [4]. The
ray transit time for a given mode (ray-path) can be estimated by the following expression, which is a function
of the guide geometry, material and operating wavelength.

t =
zn1

c

√
1− λ2

1m
2

4d2

(2)

The ray transit time will in turn be used as an important parameter to estimate the DMD profile for the
guide.

The general expression for the relative differential delay of a mode (relative to the delay/transit time of the
fundamental mode) is given by:

∆ti = ti − t0 (3)
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∆ti =
zn1

c

√
1− λ2

1m
2
i

4d2

− zn1

c
for

λ2
1m

2
i

4d2
< 1 (4)

The general expression for the consecutive differential delay of a mode is given by:

ti+1 − ti =
zn1

c

√
1− λ2

1m
2
i+1

4d2

− zn1

c

√
1− λ2

1m
2
i

4d2

(5)

Figures 3, 4, 5 and 6 show plots of delay distribution obtained from the DMD expression discussed above.
The effect of variation in the length of the waveguide (z) is shown. The intensity distribution of the modes has
not been taken into consideration, and in all the cases that follow, normalized amplitudes have been assumed.

Figure 3: Delay Distribution for z = 100m Figure 4: Delay Distribution for z = 200m

Figure 5: Delay Distribution for z = 300m Figure 6: Delay Distribution for z = 400m

The DMD plots shown above reveal modal distribution that is nonlinearly spaced in time. The delay
distributions both shift and expand with distance. This means that as the length of the channel increases, the
distortion envelope causes a pulse to both expand and distort due to the nonlinear overlap of multiple replicas
of the pulse at the output.

With the help of such DMD models, one can therefore have knowledge of the pulse distortion at the other
end of the fiber. This kind of analysis is of extreme importance to design an appropriate receiver structure for
optimization of signaling in a channel that suffers from DMD.

Comparison of Various Approaches

The WKB and the Normal method are two different standard models that are used to estimate the modal
distribution in multimode fibers suffering from the effect of differential modal delay. The delay associated with
each model is characterized by:

τNORMAL =
L

c

(
Neff − λ0

dNeff
dλ0

)
τWKB =

Ln1

2c
(
n1

Neff
− Neff

n1
) (6)
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Where, Neff,i =
βi
k0

, k0 = 2π
λ0

(the free-space wave number), and βi = the modal propagation constant for

the ith mode.
These are well-known methods of channel modeling, but have produced differing delay distributions [9]. Thus

it is not clear which model would more accurately characterize DMD and its effects. The analysis produced by
the Normal approach shows that the intermodal delay separation is largest for the first two modes and shrinks
for higher order modes that have been excited for the particular wavelength. An interesting observation that can
be made from the above plots is that the delay distribution produced by the DMD model is similar to the WKB
approach. In both cases, for a waveguide of fixed geometry and a single given wavelength, the distribution
envelope shifts in time with increasing waveguide length. In both cases, the last two modes experience the
largest differential delay. However, study shows that when different single wavelengths are launched into a
waveguide of fixed geometry and fixed length, the proposed DMD approach and the WKB approach produce
distribution envelopes that do not agree with one another. In the WKB analysis, the distribution envelope
does not change for various wavelengths, whereas in the new analysis the distribution envelope is different for
different wavelengths as illustrated in the corresponding plots.

Conclusion

The distribution envelope that is closest to the differential modal delay distribution is used to predict
pulse distortion at the end of a channel of known material and geometry. The knowledge of the modal delay
distribution in a channel that is subject to DMD is fundamental to the optimum design and application of
adaptive receivers, delay equalizers and error correction in such channels. This paper provides a new and
different approach to the characterization of DMD, which is dominant impairment to high-speed communications
in multimode fibers over short-reach optical networks. The WKB and the Normal methods propose similar
analysis of the channel. Initial comparison of results suggests that the approach of this paper is better-suited to
the characterization of differential modal delay and subsequent estimation and optimization of link performance.
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Abstract

The Fresnel transform imaging method with a nonlinear field gradient for phase encoding has a great property
that it can diffuse the noise contained in nuclear magnetic resonance (NMR) signal. But we cannot find any
diffuseness of the noise, when we fix the signal matrix size to reconstruct images. However, if we prepare suitable
area for the noise diffusing by zero-filling technique before reconstructing images in this method, the spectrum
of noise will evenly distribute over all the zero filled area, on the other hand, we can obtain a multi-resolution
type image, because the image frequency is split into equal intervals. After removing the noise by a threshold
filter in the multi-resolution space, returning the denoised signal to beginning space by taking a series of inverse-
processes and reconstructing it with usual Fresnel transform imaging method, we can obtain an MR image that
the noise is greatly improved, whereas the deterioration in spatial resolution is hardly caused.

Introduction

The effectiveness of MR images is rising as a diagnosis way in current medical treatment field. However, it is
a traditional and important problem how to get high signal to noise ratio (SNR) images, especially for finding
the cancer and tumor etc. at the early stage.

General purpose MR imaging systems use Fourier transform imaging method for reconstructing images,
which use a linear field gradient for phase encoding. On the other hand, the Fresnel transform imaging method
use a nonlinear field for phase encoding. So, the noise contained in NMR signal is modulated by quadratic
phase and diffuses in image reconstruction process. However, the noise diffusion cannot be found, when we
reconstruct images with fixed matrix size. Then, if we reconstruct images after preparing suitable area with
zero-filling technique into the signal, the noise spectrum will be able to evenly distribute over the zero-filled
space, and the image frequency of signal is split in equal intervals and its spectrum appears as a multi-resolution
type image. In the image space, if we remove the noise with a simple threshold filter, most of noise can be
removed, and the image information can be excellently well kept. When we return the denoised signal to
beginning space and reconstruct it by usual Fresnel transform imaging technique, we can obtain an MR image
whose SNR is greatly improved.

In this paper, we describe a new MR image denoising method, which use zero-filling technique in the Fresnel
transform imaging method, compare its effectiveness with standard Wiener filtering and Wavelet Wiener filtering
on SNR improvement and deterioration in spatial resolution, and verify its power by experiment.

Zero-filling Fresnel Transform Method

1. Fresnel Transform Method

The signal expression when the x− y plane is scanned by the Fresnel transform imaging technique is given
as follows [1].

v(x′, y′) =

∫∫ ∞

−∞
ρ(x, y)e−jγbτ (x′ − x)2 + (y′ − y)2dxdy (1)

where ρ(x, y) is the spin density distribution in the plane at z = 0, γ is the magnetogyric ratio, b is a constant
decided by the size and ampere-turns etc. of the quadratic nonlinear field generation coil, τ is a time when the
quadratic nonlinear field is applied, and (x′, y′) is coordinates where the center of the quadratic nonlinear field
is located. We explain its one dimensional case to simplify following descriptions. Expanding and rearranging
the index term of the exponential function in Eq. (1), we can obtain Eq. (2). Where n(x′) is the noise element.
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Figure 1: Denoising algorithm by ZFR method. Figure 2: Example in stage (h) of Fig. 1, and the
frequency component corresponding to each band by
Shepp-Logan model. (A) is model(256× 256), (B) is
expanded image (1024×1024) as m = Di = 4.

v(x′) = e−jγbτx
′2

∫ ∞

−∞
(ρ(x)e−jγbτx

2

)e2jγbτx
′xdx+ n(x′) (2)

The integral part of Eq. (2) shows phase-scrambled Fourier signal expression[2], thus, if we multiply the

phase-scrambled Fourier signal by a quadratic phase term e−jγbτx
′2

, the Fresnel transform signal can be easily
generated. After Eq. (2) is multiplied by ejγbτx

′2

and taken Fourier transfrom, the spin density distribution
can be obtained as follows.

ρ(
ωx

2γbτ
) = (

γbτ

π
)ej

ω2
x

4γbτ ̥[{v(x′)− n(x′)}ejγbτx′2

] (3)

where, ωx = 2γbτx is assumed, ̥ means Fourier transform, and the image resolution ∆x is given by π/(γbτN∆x′)[3],∆x′

is scan step of the quadratic nonlinear field, N is data points of signal.

2. Zero-filling Technique for Denoising

Although n(x′) is modulated by ejγbτx
′2

and Fourier transformed as shown in Eq. (3), we can’t find any
of its transitions, when an image is reconstructed by fixed matrix size, because the diffused noise backs to
the original space. For the noise diffusing, before reconstructing image we take the zero-filling technique to
the signal as shown in Fig.1. It shows denoising algorithm, and consists of 1) Data interpolation After we
put some suitable zero data into the Fourier space of the signal, as shown in (c) → (e)(called zero-filling),
and take inverse Fourier transform to it, an interpolated Fresnel transform signal (f) can be generated. At
this time, the data matrix size becomes mN , where m is a magnification number of matrix size; 2) Image
reconstruction from interpolated signal When (f) is reconstructed by Fresnel transform image method as
Eq. (3), an aspect of multi-resolution type image (h) can be obtain, where the noise spectrum diffuses over all
area and the image frequency is split in equal intervals((f)→ (h)). For example, Fig.2(B) shows the aspect in
stage (h) by Shepp-Logan model[4] as (A), and (C) shows the frequency corresponding to each band as shown
(B), for m = Di = 4, where, Di is ∆x′ to ∆x ratio; 3) Denoising The noise spectrum will evenly diffuse
over all zero-filled space[5], if we set Di as same with m. Under this condition, after we take a filtering in
stage (h), most of noise can be removed. In this paper, we discuss the results obtained using simple threshold
filter; 4) Usual Fresnel transform image reconstruction Afterwards, returning the denoised data to the
beginning space (c) through the series of inverse processes, and reconstructing it by usual Fresnel transform
imaging technique, we can expect to obtain an image whose SNR is greatly improved, and spatial resolution is
hardly deteriorated((c)→ (a)). Thereafter, we refer to this denoising algorithm to be ZFR(Zero-filling Fresnel
transform Reconstruction) method for simplifying the following descriptions.
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Denoising Effectiveness

For verifying the denoising effectiveness by ZFR method, we implemented simulations on SNR improvement
and deterioration in spatial resolution, when it used of 10 kinds of Fresnel signals from chest, head, pelvis and
Shepp-Logan[4] model images by computer with Di = m = 4, which is best condition for denoising[5], and the
threshold filter as follows.

ρf(x, y) =

{
ρmi(x, y), | ρmi(x, y) |≥ p · σmn
0, | ρmi(x, y) |≥ p · σmn (4)

where, ρmi(x, y) and ρf(x, y) are spectrum before removing noise and after removing noise, σmn is the stan-
dard deviations of noise which is calculated by the background noise in the aspect space, and p is a threshold
level. According to the trade-off between the loss of image energy and the removal of noise, we use p = 1.8,
which is the best for improving SNR, and the Gaussian type white noise refer to Ref. [5], to discuss in this paper.

1. On SNR Improvement

Figure 3: Results of SNR improvement
by ZFR method, standard Wiener fil-
tering and Wavelet Wiener filtering.

The average result of SNR improvements from 10 image models
is shown in Fig.3, which are calculated with σin to σout ratio, where,
σin to σout are the standard deviation of input noise and of difference
between original image and output image. And, for comparing it with
other denoising methods, we show the results by standard Wiener
filtering and Wavelet Wiener filtering[6, 7] in same figure, too. The
Wiener filter is given as follows,

W (k) =| P ′
s(k)− Pn(k) | /P ′

s(k) (5)

where, P ′
s(k) and Pn(k) are the power spectra of signal with noise and

of only noise, and those were used in the Fourier space of images. The
Wavelet Wiener filtering means the Wiener filter of Eq. 5 was used in
the development space inWavelet transform, where, the Wavelet space
was developed using Daubechies Wavelet transform by 10th order in 2
level. Fig.3 shows that the input image SNR is of the order of 9∼100.
From these results, we can see ZFR method is the best in the three
methods on SNR improvement.

2. On Deterioration in Spatial Resolution

Figure 4: Algorithm to evaluate an extent of deteri-
oration in spatial resolution.

Figure 5: Results of extent of deterioration in spa-
tial resolution corresponding to models, for the input
image SNR=14.

Here, to verify the deterioration in spatial resolution by denoising, we quantitatively evaluated it using
FWHM(Full Width at Half Maximum) of PSF(Point Spread Function) as shown in Fig.4, where we assume
̥[ρo] and ̥[ρr] are the spatial frequencies of original image ρo and of denoised image ρr. The filter transfer
function MTF(Modulation Transfer Function) can be considered by ̥[ρr]/̥[ρo], and PSF can be calculated by
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̥−1[MTF ]. If ρr has no deterioration, one dimension of MTF is a rectangular function as shown in solid line,
which has a same width as the image matrix size with amplitude of 1. Thus, its PSF is a sinc function; else it is
a curve with a peak as shown in broken line, and the PSF is a shape that looks like a sinc function. Where, we
assume FWHM of sinc function is to be A and the other to be B. So, the deterioration extents can be roughly
evaluated by A/B. For example, at A/B=0.5 means the spatial resolution of ρr is worsen to twice of A.

The deterioration extent of reconstructed image by ZFR method is the best in above mentioned three
denoising methods for the same noisy signal. Fig.5 shows the extent of deterioration in spatial resolution for six
models, when the input image SNR is 14. From Fig.5, we can see the ZFR method hardly deteriorate in image
spatial resolution.

Fig.6 shows an example of processed results by each denoising methods, when the SNR of input image is 14
using head model as (a). Figures (a), (b), (c), and (d) show high SNR original image, noisy image, processed
image by ZFR method, by standard Wiener filtering and by Wavelet Wiener filtering, respectively. Comparing
image (c) with the others, we can see the noise greatly removed and the spatial resolution hardly deteriorated,
and image (a) with (d), (e), we can see (d) appears some dim and (e) has some local prominent noise.

Figure 6: An example of processed results: (a) shows high SNR image, (b) shows noisy image, (c) show by ZFR
method, (d) shows by standard Wiener filtering, (e) shows by Wavelet Wiener filtering.

Experiment

We also applied ZFR method to experiment data for verifying its effectiveness. The experimental data was
acquired by an ultra-low filed MR imaging system, under conditions as shown in Table 1. And, in order to
show ZFR method is applicable to the phase-scrambled Fourier transform (PSFT) signal too, we acquired the
data with PSFT imaging method. Fig.7 shows the processed images when the object was used a pig’s pettitoes.
Figure (a) is the noisy image which is reconstructed from the Fresnel transformed experimental data; (b) is by
ZFR method, when m was set as 4, and the threshold level p was set as 1.8; (c) and (d) are by the standard
Wiener filtering and Wavelet Wiener filtering.

Comparing (b) with (c) and (d), we can see (b) is the sharpest, and with (a), we can see most of the noise
was removed, whereas the spatial resolution was not degraded. Thus, the ZFR method is superior to others is
verified by the experiment. Therewith, we also verified the ZFR method can be applied to the PSFT imaging
technique from the experimental result, too.

Table 1: Experimental conditions for NMR signal.

Main magnetic field 0.0182 Tesla

Data matrix Nx ×Ny 256 × 256

Scan step of nonlinear field ∆′
x, ∆′

y 0.22cm, 0.22cm

Spatial resolution ∆x, ∆y 0.055cm, 0.055cm

Imaging parameter γbτ 1.014 rad/cm2

Noise diffusing parameter Di 4

Imaging method Phase-scrambled Fourier transform
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Figure 7: Processed results from experimental data: (a) is not processed image, (b) is by ZFR method, (c) is
by standard Wiener filtering, (d) is by Wavelet Wiener filtering.

Conclusion

We described a new MR denoising method, which is introduced zero-filling technique and used the character-
istic of noise diffusing in Fresnel transform image reconstruction technique. Its effectiveness was quantitatively
confirmed on SNR improvement and extent of deterioration in spatial resolution, and on comparing with stan-
dard Wiener filtering and Wavelet Wiener filtering, which are used well for improving image quality. Also,
its power for denoising method can be seen from the results applying this method to the experimental data.
And it is applicable to phase-scrambled Fourier transform image reconstruction technique was verified by the
experiment. As for the problem in the future, the application to a general medical image is enumerated.
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Abstract

This work deals with the analysis of the effect of parameters’ uncertainties in the modeling of electromagnetic
devices by equivalent circuits. The sensitivity of the circuit output towards the uncertainty of the circuit
parameter variations is defined and a technique for the evaluation of the response bounds in presence of given
parameters variation intervals is proposed. Some conclusions on the actual precision and capability of the
proposed bound determination technique are evidenced.

Introduction

Uncertainties in the parameters can greatly influence the simulation of e.m. devices modeled by equivalent
circuits. The accuracy of the utilized model is fundamental for a good simulation of the performances of the
device in the design phase. In very complex systems the equivalent model is composed by a great quantity
of resistances, capacitances and inductances mutually coupled, whose values are obtained by measurement on
the physical structure. The value of these parameters determines the circuit response. The knowledge of each
parameter’s influence (on the output) allows establishing the accuracy of the measurements: it must be improved
for those quantities that have a great influence on the circuit response and can be lower on the others. It is often
possible to define a range of variation of each single parameter, and the goal is to determine the correspondent
variation in the equivalent circuit output. Montecarlo methods are the most common technique, but require a
great number of simulations, hence a high CPU time consumption [1].

Some authors deal with the problem by defining a time domain sensitivity through which understand how
the variation of the parameters could affect the response of an electric circuit (in [4], [5] the particular case of
a multiconductor transmission line is considered).

In order to predict the influence of parameters’ uncertainties in the equivalent circuit we have defined a
sensitivity function for the output of the system with respect to the variation of the parameters (with respect
to a nominal value), and we introduce a straightforward, yet very accurate, procedure for the calculation of the
response bounds i.e. the upper and lower envelopes of the output due to the parameters variation.

Mathematical Formulation

Sensitivity of the system with respect to parameters’ variation

The behavior of a dynamical system can be written in terms of state equations as:

ẋ = Ax+ Bu; y = Cx+ Du (1)

where x and u are the vectors of the state variables and of the input signals respectively and y is the output y.
Provided the initial conditions x0, the solution of (1) is given by:

x = eAtx0 +

∫ t

0

eA(t−τ)Bu(τ)dτ ; yf =

∫ t

0

W(t− τ)u(τ)dτ (2)

where yf is the response of the system with zero initial conditions; W(t) = CeAtB +Dδ(t) is the matrix of the
impulsive outputs and δ(t) is the Dirac impulsive function. In the case of our problem, the matrices A and B
depend on the system’s parameters, and yf is the vector of the voltages of interest. In order to determine the
influence of the variations of the circuit parameters on the response of a system we define a sensitivity function
Si,j for the ith state variable xi with respect to the jth circuit parameter kj :
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Si,j =
∂xjkj
∂kjxi

with
∂x

∂kj
=

∫ t

0

∂W(t− τ)
∂kj

u(τ)dτ (3)

The state variable of our interest is one of the voltages V , hence in the following formulas we will always
refer to the state variable V . By the sensitivity parameters above defined we can express the percent variation
of the output voltage V , with respect to a nominal value Vn as:

∆V%(k1, . . . , kN ) = ∆V% =
∑

i

SV,ki
V∆ki% (4)

Expression (4) refers to the percent variation of voltage V with respect to a variation of all the system’s
parameters ki. For a system characterized by N varying parameters we can suppose that each ki belongs to an
interval of uncertainty [kmini , kmaxi ], with kmini and kmaxi expressed as a percent variation with respect to the
nominal value of each parameter (ki = kni ±∆ki%); hence the sum in (4) ranges from 1 to N . By the use of
(4) it would be possible to calculate the voltage variation once the parameters variation is known; but as it has
been discussed before the random nature of the variations of these parameters prevents the a priori calculation
of ∆%.
Response Bounds Definition

A statistical approach by using the Monte Carlo method could be adopted in these cases; obviously such
a method is not able to consider all the possible variations and their combinations, and is characterized by an
extremely high CPU time consumption due to the necessity of running a great number of simulations. Then, it
is useful to find expressions representing the lower and upper bounds of equation (4). A possible upper bound
for the absolute variations of (4) is given by:

|∆V |max = ∆V max =
∑

i

(|SV,ki
V ||∆kmaxi %|) (5)

where the maximum estimated variation has been assigned to each electrical parameter. Upper and lower
bounds for the output voltage can be consequently written as:

V max = Vn + ∆V max V min = Vn −∆V max (6)

Equation (5) can be also expressed by using the first order Taylor expansion as:

∆V max =
∑

i

|∂V
∂ki
||∆kmaxi | (7)

Equations (7) gives exact results in case the variation of the voltages with the parameters is linear. This
is not true, hence they are an approximation of the real voltage variation. However we can say that it is valid
in the interval of parameter variations where the voltage variations ∆V% are with good approximation linear.
Another possibility to evaluate (5) is to assume a monotonic ∆V% dependence from the parameters values and
consider its maximum value for the maximum value of each parameter

∆V max =
∑

i

∆V (kmaxi ) (8)

Equation (8) is also valid if ∆V% is not monotonic but reaches its maximum value for the parameter
maximum value kmaxi .

Application

We consider a complex system, which simulates a data transmission interface (shown in fig. 1), composed
of an Electrical Fast Transient surge generator, a clamp, a shielded cable over a ground plane terminated in a
shielded box. An equivalent circuit to predict the effects of possible interference in a shielded cable for the data
transmission system has been determined and a set of measurements have been defined for the evaluation of
the equivalent circuit parameters ([2], [3]).

The setup reported in Fig. 1, is modeled by an equivalent circuit (whose block diagram is shown in Fig.
2 and is detailed in [2]) that is composed by equivalent impedances and equivalent Transmission Lines (TL)
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sections. The characteristic impedance and delay time of the equivalent TL’s and the equivalent impedances
values have been measured from the experimental setup.

 Figure 1: Schematic representation of the setup

 

 

TL1 
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Figure 2: Block diagram of the equivalent circuit of the experimental setup

 
Figure 3: Measured and calculated output voltage

 
Figure 4: Sensitivity to the Td of TL3

In figure 3 is shown the output voltage, both measured and simulated, on the impedance Z2 (on which the
cable is terminated) considering as input signal a pulse simulating a possible interference that is coupled to the
shielded cable (TL3 and TL4) under test by means of the clamp TL2.

A study of the sensitivity with respect to the variation of each parameter has been performed, and in figures
4, 5 the curves related to the least and most sensitive parameters are shown. The easiest and most convenient
way for the proposed method is to evaluate the sensitivity numerically. The sensitivity have been calculated
by considering a 1% variation of the parameters. The numerical results have shown that the most sensitive
parameter is the delay time Td of the cable shield TL3, while the least sensitive parameter is the characteristic
impedance Z0 of the TL1 connecting the pulse generator to the clamp. Then it can be concluded that the higher
precision must be taken in the measurement of the delay time of the cable shield. It has to be noted that the
sensitivity as calculated in (3) becomes high when the generic state variable xi is close to zero, and tends to
infinity when xi is equal to zero (regardless its variation). In this case the physical meaning of the sensitivity
is of course reduced; on the other hand it is important to use the sensitivity parameter for qualitative analysis
only when it is significant. For this reason the sensitivity can be considered significant only when the state
variable xi is greater than 5% of the maximum value of xi in the observation interval.
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The output voltage bounds, related to a ±10% variation of all the circuit parameters have been calculated
considering equation (8). The results are shown in fig. 6, where the upper and lower bound of the output voltage
are shown. In the same figure also the results of a Monte Carlo procedure are shown (in this case the Monte
Carlo cloud needed to have a good description of the possible circuit responses is obtained with 600 runs); it is
clear that despite the simplicity of the proposed approach the bounds are very accurate, and are obtained by
a drastically reduced Number Of Simulations (NOS), 8 NOS in this case considering 8 uncertain parameters in
the circuit of figure 2.

 
Figure 5: Sensitivity to the Z0 of TL1

 
Figure 6: Upper and lower Bounds

For a useful application of the method it is also significant to estimate the range of parameter variation that
can be used in equation (7) and (8) to have an accurate evaluation of the bounds as obtained in Fig. 6. For an
exact characterization of the validity of the application of (7) and (8) a numerical evaluation of the trends for
each parameter variation should be carried out reducing the advantage of the proposed technique. For instance
in this case considering a 20% variation for the 8 parameters of the circuit and one simulation every 1% variation
we would have 20 NOS for every parameter yielding 160 overall NOS. In the author experience this is a typical
situation where the NOS needed with the proposed technique are about 1/4 of the Monte Carlo NOS. Moreover,
a “rule of thumb” that in the author experience has always worked very well can be adopted to considerably
reduce the NOS. We calculate the sensitivity functions for every parameter. The analysis of the sensitivity
functions evidences the parameters that have the highest influence on the equivalent circuit response. Then
the numerical evaluation is carried out only for these most important parameters. In the author experience the
interval of validity of (7) and (8) checked only on these curves can be extended to all the parameters and gives a
good evaluation of the overall response bounds. Figures 6 and 7 show the voltage variation (at different times)
of the delay time Td of TL3 and the characteristic impedance Z0 of TL1 obtained with the previous rule of 1
curve point every 1% variation of the parameter which usually gives an accurate curve description. By observing
the two figures it is clear that the linear approximation is acceptable for a maximum variation of around 5%
of Td while the linear approximation for a variation of Z0 is a good approximation also for bigger variations.
Furthermore, the curves are monotonic in a 10% interval. Then, eq. (7) can be used in a 5% range of parameter

 Figure 7: Voltage variation vs uncertainty on Td of
TL3

 Figure 8: Voltage variation vs uncertainty on Z0 of
TL1
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interval while eq. (8) is valid in wider range 10% interval. This conclusion is clearly confirmed from figure 6 that
evidences the accuracy of the obtained bounds for the adopted 10% variation of the parameters. The numerical
cost of the proposed “rule of thumb” is the calculation of all the 8 sensitivity functions (one simulation for each
parameter) and only the curve shown in Fig. 7 (20 simulations in the 20% variation interval) yielding a total
number of 28 NOS that is again enormously less than the Monte Carlo 600 NOS.

Conclusion

A technique for the evaluation of the response bounds and the sensitivity of equivalent circuit models of
electromagnetic devices, due to the parameters’ uncertainty is here defined. In particular we have defined
a sensitivity function and a simple and CPU time saving technique for the evaluation of the maximum and
minimum of the response of the equivalent circuit. The technique has been tested on a complex system, and
compared with Monte Carlo procedures and measurements. The results show the accuracy of the method,
obtained by a very low number of simulations, and can be used to determine which parameter need to be
determined with the higher accuracy.
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Abstract

We consider a technique aimed at obtaining explicit solutions to the cubic-nonlinear Helmholtz equation
which models the wave propagation in a lossless, nonmagnetic, isotropic medium exhibiting a local Kerr-type
dielectric nonlinearity, where the linear component of the permittivity is a continuous real-valued function of the
transverse coordinate. We solve equation by the method of parametrization and determine explicit particular
solutions by specifying the permittivity function as rational functions and rational functions of exponents.

Introduction

The cubic-nonlinear Helmholtz equation on the line [2, 3]

φ′′(z)− (n2 − ǫf(z))φ(z) + afφ
3(z) = 0, −∞ < z <∞, (1)

describes [1-3] waves propagating in a lossless, nonmagnetic, isotropic medium exhibiting a local Kerr-type
dielectric nonlinearity. In the case of a discontinuous piecewise constant ǫf (z) the existence of solitary waves is
shown in [2, 3]. In this work, we show that there exist solitary waves and determine the corresponding solutions
to (1) explicitly for different permittivity functions continuous and bounded on the line, including rational
functions of exponents and splines based on their various combinations. The technique is tested for the case of
constant permittivity by reproducing some well-known soliton-type solutions.

Formulation

Consider an unbounded dielectric medium exhibiting a local Kerr-type dielectric nonlinearity. In the Carte-
sian coordinates (x, y, z), the permittivity is given by k2

0ǫ(z) = ǫf (z) + af |E|2,−∞ < z < ∞. Here, E is the

electric field intensity and k0 =
ω

c
is the free-space wavenumber. We look for nontrivial (particular) solutions

to the homogeneous system of the Maxwell equations in the form of TE-waves E = eyφ(z)ei(k0γx−ωt), where
ey = (0, 1, 0)T is the unit vector of the axis Oy, the effective (longitudinal) wavenumber n = k0γ and φ(z) is a
twice continuously differentiable function on the line −∞ < z <∞ satisfying the condition at infinity

φ(z)→ 0, |z| → ∞. (2)

In a linear medium (af = 0) with a constant permittivity (1) has no soliton-type solutions (satisfying (2)).
Introducing a small nonlinearity gives rise to such solution (solitary waves), and this fact was known for nonlinear
layered media with piecewise constant permittivity [2] and for the case of a weakly nonlinear variable-permittivity
film [3]. In this work, we prove the existence of solitary waves for a wide family of nonlinear media with variable
permittivity.

Constant Permittivity

In the particular case ǫf (z) = ǫs = const a solution to (1) that satisfies (2) is given [3] by

φ(z) = qsE0

[
qs cosh(qsz) + sinh(qsz)

√
q2s − 0.5afE2

0

]−1

(3)

where q2s = n2 − ǫs, q
2
s ≥

af
2
E2

0 , and E0 > 0 is a real constant. For q2s =
af
2
E2

0 , we have a well-known

soliton-type solution (solitary wave) [1] φ(z) =
E0

cosh(qsz)

√
2

af

qs
cosh(qsz)

.

Variable Permittivity

Looking for (particular) solutions of (1) and (2) subject to a physical requirement

ǫf (z)→ const, |z| → ∞, (4)
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we can obtain, e.g. for
ǫf (z) = ǫ∞ + (T0 + T1z

2)(a1z
2 + a2)

−2 (5)

[that satisfies condition (4)] simple soliton-type solutions with polynomial decay

φ(z) = a0(a1z
2 + a2)

−1, n2 = ǫ∞ (6)

where
T0 = afa

2
0 − 2a1a2, T1 = 8a1 (7)

For a given n2, (5) and (7) may be considered as a definition of (a family of) function ǫf (z) (with arbitrary
given ai, i = 0, 1, 2, and T0, T1 determined by (7)). The corresponding family of soliton-type solutions with a
polynomial decay at infinity is given by (6) (see Fig.1).

Figure 1: (a) φ(z) and ǫf (curves with two characteristic maxima) calculated by (6) and (5) with af = 1; numbers
in parentheses stand for ǫf (a0,a1,a2,n): (1) ǫf(2, 2, 1, 1), (2) ǫf(2, 1, 2, 1), (3) ǫf (2, 2, 2, 1); the corresponding
φ(a0,a1,a2) are indexed by 4–6. (b) φ(z) and ǫf calculated by (8) and (9) with af = 1 and a0 = a1 = a2 = 1;
numbers in parentheses stand for ǫf (α,β,n): (11) ǫf(1, 1,

√
2), (12) ǫf (

√
0.5, 1,

√
2), (13) ǫf (1,

√
0.5,
√

2); the
corresponding φ(α,β) are indexed by 14–16.

A wider family of such solutions with polynomial decay can be obtained for ǫf (z) being, as in (5), a sum of
a constant and a ratio of two arbitrary polynomials with positive coefficients in even powers of z satisfying (4).
One can prove that the corresponding solutions to (1) and (2) will also be a rational function with appropriately
determined coefficients.

A family of solutions to (1) and (2)

φ(z) = a0(a1e
αz + a2e

−βz)−1, n2 = ǫ∞, (8)

with exponential decay (see Fig.1) is obtained for

ǫf (z) = ǫ∞ +

[
p0 +

N1∑

i=1

p
(1)
i χiξ2−i

][ N2∑

i=1

p
(2)
i χiξ2−i

]−1

, (9)

subject to (4); here N1 = N2 = 2, χ = eαz, ξ = e−βz, α and β are positive, and one can explicitly express the

solution parameters ai, i=0,1,2, via the coefficients p0 and p
(j)
i , i = 1, 2, . . . , Nj , j=1,2. Here both ǫf (z) and

φ(z) satisfy conditions at infinity; in particular,

lim
z→+∞

ǫf(z) = ǫ∞ − α2, lim
z→−∞

ǫf (z) = ǫ∞ − β2.

We see that the solitary-wave propagation constant n2 is uniquely determined from the permittivity limiting
values at infinity and the parameters specifying the rate of decay. Note that (3) gives an example of exponentially
decaying solution (8).
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A more general family of exponentially decaying solutions

φ(z) =
N∑

n=1

(ane
αna + bne

−βnz)

[ K∑

k=1

(cke
γkz + dke

−ηkz)

]−1

, (10)

that satisfy (2) and (4) where all α, γ, β, η are positive is obtained for

ǫf (z) = ǫ∞ + ǫv(z), ǫv(z) = Ψ1(z)Ψ2(z)
−1, Ψi(z) =

Ni∑

n=1

tine
si

nz, i = 1, 2, (11)

where the variable component ǫv(z) is a rational function of exponents that satisfies (4). We show that one
can express the solution parameters in (10) via the coefficients tjn and sjn, n = 1, 2, . . . , Nj , j = 1, 2 by solving
certain nonlinear equation systems (omitted here).

Formula (11) enables one to obtain explicit solutions to (1) actually for an arbitrary bounded and continuous
ǫf (z) satisfying (4) using Padé approximation.

Explicit Spline-type Solutions

Such solutions can be used to model nonlinear layered media. Here we limit ourselves to the case of per-
mittivity function ǫf (z) modelling a layer (d1, d2) (film) filled with a cubic-nonlinear medium having a constant
permittivity ǫd1d2 and enveloped by an unbounded cubic-nonlinear medium with variable permittivity. We
specify the variable permittivity components outside the layer as a sum of exponentially decaying and rational
functions of exponents of the type (11),

ǫf(z) =





ǫ−(z) = ǫ∞ −
A−

1 α
2
1e
α1(z−d1) +A−

2 α
2
2e
α2(z−d1)

A−
1 e

α1(z−d1) +A−
2 e

α2(z−d1)
− af (A−

1 e
α1(z−d1) +A−

2 e
α2(z−d1))2,

ǫd1d2 = ǫ∞ − µ2c2,

ǫ+(z) = ǫ∞ −
A+

1 β
2
1e
β1(d2−z) +A+

2 β
2
2e
β2(d2−z)

A+
1 e

β1(d2−z) +A+
2 e

β2(d2−z)
+ af (A

+
1 e

β1(d2−z) +A+
2 e

β2(d2−z))2,

(12)

where ǫf (z) is a continuous and bounded function on the line that tends to a constant when z → ±∞ satisfying
two natural continuity condition [ǫ(z)]|z=d1,d2 = 0.

Looking for the corresponding twice continuously differentiable solution to (1) on the line with exponential
decay we obtain it explicitly, for n2 = ǫ∞, in the form

φ(z) =





φ−(z) = A−
1 e

α1(z−d1) +A−
2 e

α2(z−d1), z < d1,

φd1d2(z) = c(cosh(µcz))−1, d1 < z < d2, µ =
√

af

2 ,

φ+(z) = A+
1 e

β1(d2−z) +A+
2 e

β2(d2−z), z > d2,

(13)

subject to certain solvability conditions for A±
i µ, c, and di, i = 1, 2 (omitted here). Figure 2 shows a soliton

wave (13) for an exotic example of a constant-permittivity film surrounded by narrow boundary layers with a
rapidly varying permittivity profile (12).

Figure 2: φ(z) according to (13) for ǫd1d2 = 1.3, µ = 0.05, and c = 9. The insert shows the corresponding ǫf (z).
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Conclusion

We have shown the existence of solitary waves in unbounded nonlinear media with variable permittivity and
developed a method of their explicit determination for a wide class of permittivity functions.

REFERENCES

1. Agrawal, G., Nonlinear Fiber Optics, 2nd Ed., Academic, New York, 1995.
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Abstract

We discuss the applicability of Born (small perturbation) and WKB (quasiclassical) approximations for
one-dimensional over-barrier scattering problem with weak long-range potentials of different profiles, both de-
terministic and random. The dependence of the reflection coefficient R and the localization length ℓloc on the
amplitude and variation scale of the scattering potential is studied. It is shown that the perturbation and
quasiclassical approaches are inconsistent with each other. The quantities R and ℓloc are quite individual for
each given potential and an explicit universal condition restricting the applicability of both methods does not
exist.

Introduction

As is known, in solving the problem of electron/wave backscattering one can employ the perturbation theory
if the scattering potential is weak or the WKB (quasiclassical) approximation when the potential is smooth.
The dimensionless parameters of the weakness and smoothness of the potential are V0/k

2 and kL0 respectively,
where V0 is the amplitude of the potential, L0 is its variation scale, and k is the wave number. Therefore, for
simultaneously weak (V0/k

2 ≪ 1) and smooth (kL0 ≫ 1) potential both of the approaches seem to be applicable
with the same result. In this contribution we show that in general this is not the case.

We examine several simple potential profiles and demonstrate that in the case of small amplitude V0 and
long variation scale L0 there is no universal dependence of the reflection coefficient R(V0, L0). Estimates
of R(V0, L0) within Born and WKB approximations give different results that display, in addition, a strong
sensitivity to the shape of the potential profile. This is in contrast to the case of tunneling (V0 > k2), when
WKB approximation results in the transmission which is determined by the characteristic height and width of
the barrier and practically independent of the details of its shape. The surprising fact is that for the over-barrier
scattering (V0 < k2) even the location and shape of the line, separating the WKB and Born domains in the
(V0/k

2, 1/kL0) plane are essentially different for different potentials. In the case of a random potential the
separating line turns into a finite area where neither of two approaches is valid. The form and size of this region
depend drastically on the statistic properties of the potential.

Revealed high sensitivity of the reflection coefficient to the details of the potential is not of theoretical interest
only. It must be taken into account in processing of experimental data for their comparison with theoretical
models. In real experiments, the shape of the scattering potential is known at best in a set of discrete points
but most commonly just the typical values of V0 and L0, are available. While it is sufficient to estimate the
tunnelling transmission, for the over-barrier backscattering a small deviation in the shape of the fitting function
could give rise to a dramatic difference in the predicted value for R and its dependence on the parameters of
the problem.

Formulation of the Problem

To analyse the over-barrier backscattering problem, we start with the stationary one-dimensional Schrödinger
(or wave) equation [

d2

dx2
+ k2 − V (x)

]
Ψ(x) = 0. (1)
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The potential V (x) is supposed to be a bounded function of the coordinate x with an amplitude V0 = |V (x)|max
and a single variation scale L0 ∼ |V0/V

′|. We use the units 2m/~2 = 1 for electrons; as for electromagnetic
waves, the potential is given by V (x) = k2δǫ(x) with dielectric constant ǫ(x) = 1 − δǫ(x). The over-barrier
propagation assumes that the potential amplitude V0 is small in comparison with the energy k2, i.e. V0 < k2.

Within the perturbation approach, the reflection coefficient for the problem (1) is determined by the ampli-
tude of the 2k-harmonic in the power spectrum of the scattering potential [1],

RBorn =
1

4k2

∣∣∣∣
∫
dxV (x) exp(2ikx)

∣∣∣∣
2

. (2)

The integration runs over the system “volume”. If the 2k-harmonic (corresponding to the first resonant Bragg
backscattering) vanishes, higher terms of the perturbation expansion should be calculated.

In the quasiclassical limit, the reflectance can be evaluated by the expression [1,2,3]

RWKB = exp

(
−4Im

∫ x0

xr

dx
√
k2 − V (x)

)
. (3)

Applying Eq.(3) one should take into account that in the case of the over-barrier scattering when V (x) < k2 for
real x, all turning points, i.e. the solutions of the equation k2 − V (x) = 0, are located in the complex x-plane.
So, x0 is the nearest to the real axis complex turning point in the upper half-plane that mainly contributes to
the reflection coefficient, and xr is an arbitrary point on the real x-axis.

Both Born (2) and WKB (3) reflectances imply that the regime of the quasi-ballistic transport holds, i.e.
R(V0, L0)≪ 1.

It is commonly believed [1] that the regions of applicability of Eqs.(2) and (3) are well established when only
one of the two parameters, V0/k

2 or 1/kL0, is small. In such a case the validity conditions for Born and WKB
approximations can be written, respectively, as

V0/k
2 ≪ 1, if kL0 . 1, (4a)

kL0 ≫ 1, if V0/k
2 . 1. (4b)

In what follows we shall display that the situation turns out to be much more sophisticated when the
scattering potential is simultaneously weak and smooth,

V0/k
2 ≪ 1 and kL0 ≫ 1. (5)

In this case the inequalities (4) are irrelevant and moreover, the explicit universal conditions for the applicability
of both perturbation and quasiclassical theories do not exist.

Note that at small potential amplitude (V0/k
2 ≪ 1), the turning point x0 in the WKB reflectance (3), is

located far away from the real axis and can near the singular complex point xs where the potential V (xs) =∞.
Indeed, V (x0) = k2, and consequently, V (x0) → ∞ at V0/k

2 → 0. Since Eq.(3) takes into account only x0

and neglects the contribution of xs, its applicability under the condition (5) can be adequate only when these
two points are not too close to each other, i.e. if k|x0 − xs| ≫ 1. However, this inequality is ineffective when
the scattering potential V (x) has solely infinite singular point xs = i∞. In this case the validity condition
for quasiclassical Eq.(3) can be derived from the requirement of smoothness for WKB potential at the turning
point,

|kV (x0)/V
′(x0)| ≫ 1. (6)

The inequality (6) is rather general and, therefore, can be regarded as a simple criterion of applicability of WKB
approximation to the over-barrier scattering. The former condition, k|x0 − xs| ≫ 1, when usable, presents just
its particular case.

Over-barrier Reflectance for Deterministic Potentials

In this section we examine the perturbative and quasiclassical approaches to the reflection coefficient
R(V0, L0) and discuss the domains of their validity with tree examples of the potential profile V (x).
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(i) First, let us take the potential defined by

V (x) = V0 [1 + exp(−x/L0)]
−1
, −∞ < x <∞. (7)

The Schrödinger equation (1) with this potential can be solved exactly for the over-barrier (V0 < k2) backscat-
tering problem. As a result, the reflection coefficient is presented in the explicit form [1],

R(i)(V0, L0) =





sinh
[
πkL0

(
1−

√
1− V0/k2

)]

sinh
[
πkL0

(
1 +

√
1− V0/k2

)]





2

. (8)

One can see that under condition (5), the exact formula (8) has two different asymptotics,

R(i)(V0, L0) ≈ (πV0L0/k)
2 exp(−4πkL0), at V0/k

2 ≪ 1/kL0 ≪ 1; (9a)

R(i)(V0, L0) ≈ exp(−4πkL0), at 1/kL0 ≪ V0/k
2 ≪ 1. (9b)

On the other hand, the first asymptotic (9a) follows just from the perturbative Eq.(2), while the second one
(9b) precisely coincides with that obtained from the quasiclassical Eq.(3). Note that evaluating Eq.(9b) from
Eq.(3), one should take into account that the potential (7) has the first-order pole xs = iπL0 and the simple
complex turning point x0 = iπL0 + V0L0/k

2. In this case the condition k|x0 − xs| ≫ 1 discussed in the end of
the previous section is equivalent to that in Eq.(9b).

Thus, for the weak and long-range potential (7), the boundary between Born and WKB domains of appli-
cability lies at the curve V0L0/k ∼ 1 where both results get the same order of magnitude.

(ii) The second type of the potential,

V (x) = V0 cosh−2(x/L0), −∞ < x <∞, (10)

also allows the exact solution for the over-barrier (V0 < k2) reflectance. Specifically [1],

R(ii)(V0, L0) =
cosh2

[
(π/2)

√
8V0L2

0 − 1
]

sinh2(πkL0) + cosh2
[
(π/2)

√
8V0L2

0 − 1
] . (11)

When the requirement (5) is satisfied, Eq.(11) results in the following two asymptotics

R(ii)(V0, L0) ≈ (2πV0L
2
0)

2 exp(−2πkL0), at V0/k
2 ≪ 1/(kL0)

2 ≪ 1; (12a)

R(ii)(V0, L0) ≈ exp(−2πkL0), at 1/(kL0)
2 ≪ V0/k

2 ≪ 1. (12b)

The identical formulas are given, respectively, by Born (2) and WKB (3) expressions. In the latter, the potential
(10) has two turning points x0 = i(π/2 ± √V0/k)L0 and the closest to them second-order pole xs = iπL0/2.
Therefore, the necessary condition k|x0 − xs| ≫ 1 gives the inequality of Eq.(12b).

In contrast to the first example, for weak and smooth potential (10) the boundary separating the applicability
domains for the perturbative and quasiclassical approaches, is located at V0L

2
0 ∼ 1.

(iii) The Schrödinger equation (1) with the potential of third profile,

V (x) = V0 exp(−x2/L2
0), −∞ < x <∞, (13)

has no explicit analytical solution for the over-barrier (V0 < k2) reflection coefficient. At the same time, under
Eq.(5) the Born (2) and WKB (3) approximate expressions yield, respectively

R(iii)(V0, L0) ≈ π(V0L0/k)
2 exp(−2k2L2

0), at V0/k
2 ≪ exp(−k2L2

0)≪ 1; (14a)

R(iii)(V0, L0) ≈ exp[−kL0

√
ln(V0/k2)−1], at exp(−k2L2

0)≪ V0/k
2 ≪ 1. (14b)
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Here the simple turning point x0 = iL0

√
ln(V0/k2)−1 contributes to Eq.(14b). The condition of the applicability

of quasiclassical Eq.(14b) have been derived from Eq.(6). Others methods are ineffective. In particular, the
inequality k|x0 − xs| ≫ 1 used in the previous examples, can not be employed here since the potential (13) has
the singular point xs = i∞. The boundary between Born and WKB approximations lies at V0/k

2 ∼ exp(−k2L2
0)

where both results are of the same order of magnitude.

The foregoing examples clearly reveal that for weak and smooth (5) scattering potential the Born and WKB
regions of applicability do not overlap and are separated by a certain line determined essentially by the explicit
form of the potential.

Localization Length in Random Potentials

As is known [4], the weak over-barrier (V0/k
2 ≪ 1) scattering by a one-dimensional random (zero on average)

potential gives rise to the Anderson localization, which is governed by the ratio L/ℓloc, where L is the length
of the system, while ℓloc is the so-called localization length. Specifically, if L ≪ ℓloc the regime of quasi-
ballistic transport occurs: the disordered system is practically transparent because its average reflectance 〈R〉 is
small. Otherwise, in the localization regime, a sufficiently long system with L≫ ℓloc almost perfectly (with the
exponential accuracy) reflects the electron/wave radiation due to strong localization of all its eigenstates,

〈R〉 ≈ 2L/ℓloc, at L/ℓloc ≪ 1; (15a)

1− 〈R〉 ∼ exp(−L/2ℓloc), at ℓloc/L≪ 1. (15b)

The inverse localization length is defined by ℓ−1
loc = −(2L)−1〈ln(1 − R)〉, where the angular brackets stand for

the statistical average over all realizations of the random potential V (x).

The simplest way to derive the canonical expression for ℓloc in the weak scattering limit, is direct averaging
of the pertirbative reflectance (2). Assuming in Eq.(2) the integration over x within the interval (−L/2, L/2)
and taking into account the evident conditions L≫ k−1 and L≫ L0, one immediately obtains

ℓ−1
loc = W (2k)/8k2. (16)

Here W (kx) =
∫∞
−∞ dxW(x) exp(−ikx) is the Fourier transform of the two-point correlator W(x − x′) =

〈V (x)V (x′)〉 for the random scattering potential. From Eq.(16) it follows that within the perturbative ap-
proach the inverse localization length is proportional to V 2

0 , whereas its dependence on kL0 is determined by
the disorder power-spectrum W (kx) and can be different for different potentials.

As was shown in the previous section, at fixed V0/k
2 ≪ 1 the perturbation theory ceases to be true as the

smoothness parameter kL0 increases, and for large enough kL0 the over-barrier scattering should be analysed
within WKB approximation. According to Eq.(3), the WKB reflectance is contributed by the scattering from
the complex turning points x0, which in the case of random potential are randomly distributed in the complex
x-plane. Typical distance between them along Rex-axis is of order of L0, and therefore, at kL0 ≫ 1 single
scattering acts can be considered as statistically independent. Thus, the problem reduces to the statistical
averaging of the reflection coefficient (3) over the distribution of random turning points. This yields the following
expression for the inverse WKB localization length [5]

ℓ−1
loc ∼

1

2L

∫ ∞

0

dξM(ξ) exp(−4ξ). (17)

Here M(γ) is the probability density of the random exponent γ = Im
∫ x0

xr
dx
√
k2 − V (x), or, the same, the

average number of turning points within the range (γ, γ + dγ).

If the distribution function M(γ) has a sufficiently sharp maximum at certain γ = γmax, Eq.(17) can be
roughly estimated as ℓ−1

loc ∼ (∆x)−1 exp(−4γmax), with ∆x being an average distance along Rex-axis between
turning points with γmax [3]. It is natural to suppose that ∆x ∼ L0 and γmax ∼ kL0 if V0/k

2 . 1. As a result,
one can obtain

ℓ−1
loc ∼ L−1

0 exp(−4kL0). (18)



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 491

In general, WKB expression (17) and its estimate (18) can be used to evaluate (or at least to estimate) the
localization length ℓloc, provided the model parameters are in the validity range of the quasiclassical approxi-
mation. However, finding of this range in the case (5) of weak and smooth random potential has much more
substantial difficulties than it was for deterministic potentials. Indeed, propagation over any random realization
of the potential may be conceived as successive scattering acts by elementary barriers of different shapes (e.g.,
like those considered in the previous section). Each elementary reflectance should be calculated with Eqs.(2) or
(3), depending on which side of the separating line the parameters V0/k

2 and 1/kL0 are located. Obviously, all
these one-realization separating lines will fill out a certain area in (V0/k

2, 1/kL0) plane where both approaches
are inapplicable, and therefore both Eq.(16) and (17) are invalid.

Conclusion

A general criterion (6) of the applicability of WKB approximation has been formulated for the over-barrier
backscattering from weak and smooth potential (5). The properties of perturbative and quasiclassical reflection
coefficient for both deterministic and random potential profiles has been studied. When the perturbation theory
is employed, the quasi-ballistic reflection coefficient R and the inverse localization length ℓ−1

loc are universally
proportional to the square amplitude V 2

0 , while the dependence on variation scale L0 and the wave number k is
individual for each potential. Otherwise, WKB approximation does not predict any universal dependence of R
and ℓ−1

loc on V0, L0 and k. The regions of validity of two approaches do not overlap. Not only the explicit form
but also the location and the shape of the separating line are determined by the explicit form of the scattering
potential. When it comes to calculating the localization length, the separating line turns into a finite area
where both approximations can be invalid. Apparently, the size of this region depends on the statistics of the
potential.
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Abstract

We propose the Genetic Algorithm (GA) approach for localization of an underwater magnetic dipole target
by an airborne magnetometer. Airborne Magnetic Anomaly Detection (MAD) is used for decades to detect
underwater targets, such as sunken ships. The target is assumed as a magnetic dipole, which produces an
anomaly in the dominant Earth magnetic field. The aircraft follows a path, sampling the magnetic field and
utilizing GA to estimate target location and magnetic moment. The method was simulated on a personal
computer, obtaining promising results in the presence of noise. A scatter radius of about 60 m is achieved for
SNR value of 0.2, which is acceptable for practical needs.

Introduction

The necessity to detect underwater wrecks and sunken ships has led to several detection techniques, one of
which was the Magnetic Anomaly Detection (MAD). The MAD is based on the ability to sense the anomaly in
Earth magnetic field produced by the target. In contrast to active detection methods, the MAD is a passive
technique, with an advantage of not being discovered by the target. This work deals with an airborne 3-axis
magnetometer. An aircraft seems to be the preferred platform to carry the magnetometer, because of its ability
to rapidly cover large areas. Noise reduces MAD performance [1]. As a consequence measures should be taken in
order to compensate for the noise before localization is executed. Several methods were proposed for estimating
the noise parameters: The Least Squares method [6], Finite Impulse Response (FIR) filtering [5], and small
signal analysis [2]. These methods offer platform maneuver noise estimation, while algorithms such as LMS
[3] offer natural environmental noise prediction. After noise reduction, a localization algorithm is adopted,
such as basis functions decomposition [4] or multichannel Levinson-Durbin algorithm [7]. Genetic algorithm
was proposed for multi-source localization in magnetoencephalography (MEG) [8]. MEG applications have
the advantage of static sensors over moving sensors, which are used for the presently proposed aeromagnetic
search. The static sensors are placed around the target in order to achieve best sensitivity. On the other hand,
aeromagnetic search path dictates the measurement position, which generally is not optimal. The static sensors
are subject to a relatively constant Earth magnetic field, while the aircraft maneuvers through the position
dependent Earth magnetic field. The aircraft maneuver through Earth magnetic field produces high noise level.
Therefore, we have tested the proposed method for SNR≈0.2. In contrast, noise level in [8] is restricted to 2%,
which results in SNR≈20. We implemented GA with integer encoded chromosomes rather than binary encoding
[8].

Theory

The magnetized target produces a magnetic field, which is the physical phenomenon that enables the lo-
calization of a target by a magnetometer. A magnetic field of a target, when measured far enough can be
approximated by a dipole field. The magnetic field measured by the magnetometer ~B (~m,~r), is a sum of the

target magnetic field and Earth magnetic field ~BEarth that is assumed as a known constant,

~B (~m,~r) =
µ0

4π

[
3(~m · ~r)~r

r5
− ~m

r3

]
+ ~BEarth (1)

Consider that an aircraft carrying a magnetometer follows a search path as is illustrated in Figure 1. The
airborne magnetometer measures the magnetic field along the search path.

By taking N samples of the measured magnetic field ~B(1), ~B(2), ..., ~B(N), we get a nonlinear over-determined
set of equations (for large enough N),



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 493

Figure 1: The aircraft follows the path (dotted arc), sampling the magnetic field (solid circles).





~B(1) = ~B(~m,~r)
~B(2) = ~B(~m,~r + ∆~r2)
...
~B(N) = ~B(~m,~r + ∆~rn)

(2)

We aim to solve equation (2) for ~m and ~r, which are the target magnetic moment, and the vector from the target
to the first sample point respectively. The displacements ∆~r2,∆~r3, ...,∆~rN are the vectors from the position of
the first sample to the position of samples 2,3,. . . ,N respectively. The displacements can be measured precisely
using advanced navigation systems, therefore ∆~r2,∆~r3, ...,∆~rN are considered as known. Solving equation (2)
analytically is not trivial especially in the presence of noise. This has led us to propose a discrete approach.
The problem domain is divided into cells of predetermined resolution. Each of the vectors ~m and ~r, consists of
three Cartesian components, Hence, one can define a single six element solution vector,

~X = (~m,~r) = (mx,my,mz, rx, ry, rz)
T (3)

For each component of ~m and ~r there should be set a range according to practical considerations concerning
target possible location and magnetic dipole range. Then, for each component of ~m and ~r there should be
defined a resolution according to the needed accuracy. A short example illustrates the process. Consider a
search for a sunken ship, whose magnetic moment ranges from -100,000 A ·m2 to +100,000 A ·m2. The needed
accuracy for estimating the target magnetic field is 2,000 A ·m2. Assume that the search takes place in a cube
with a side length of 200 m, and we would like to localize the sunken ship with accuracy of 2 m. For each
element of the solution vector ~X, there are 100 possibilities, resulting in a finite solution space of a total of
1006 possible solutions, from which we have to choose the actual one. Thus we have transferred a continuous
equation set into a discrete form. As a consequence the problem becomes that of searching the (sub) optimal
solution out of a finite solution space instead of solving equation (2) analytically. The bounded range of possible
solutions and the restricted resolution result in sub optimal solutions rather than optimal solutions, but for
many applications that is sufficient. Checking all possible solutions one by one would consume enormous time,
which is not available in real time systems. For this reason we propose the Genetic Algorithm as a rapid search
method.

The Genetic Algorithm

Genetic algorithms provide an effective way to solve problems such as traveling salesman (the shortest route
to visit a list of cities). In this work we focus on GA as a search method to find the maximum of an object
function, also called fitness function. The GA mimics the evolutionary principle by employing three main
operators: selection, crossover, and mutation. As a first step we build a chromosome, which has the genotype of
the desired solution. In the case of localization of a magnetic dipole the chromosome has the form of (3). Each
element of the chromosome is called gene and may take only restricted values that were defined previously by
range and resolution as is explained in the former example. Implementing the evolutionary principle obligates a
collection of L chromosomes, which is entitled as population. At first, random values are set for each chromosome
of the population. A fitness value is calculated for each chromosome by substituting for the chromosome into the
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fitness function. The chromosomes can be arranged in a list from the fittest chromosome (with the largest fitness
result) to the least fit one. Then the selection operator is applied, selecting only the K fittest chromosomes from
the list. There are several ways to perform the selection, which would not be described here. After selection,
the crossover operator is utilized resembling a natural breeding action. Only the K fittest chromosomes of the
list are allowed to breed amongst themselves by the following mathematical operation,

~Xnew = λ ~Xi + (1− λ) ~Xj (4)

Chromosomes ~Xi, ~Xj are randomly chosen from the list of the K fittest chromosomes. λ is a crossover

parameter (usually 0.5), and ~Xnew is a newborn chromosome. The process is repeated until a population of
K newborn chromosomes is reached. Afterward mutation operator is implemented by randomly selecting a
chromosome from the newborn population, and changing a random gene to a random permitted value. The
randomness property enables the GA to overcome local minima. After mutation is applied, fitness evaluation is
performed on the mutated newborn population. The process of fitness evaluation-selection-crossover- mutation
is repeated for a predetermined number of generations or until the fittest chromosome reaches a predefined
fitness value. The convergence of the GA is expressed by increase in the average fitness of the population from
generation to generation. The chromosome with the largest fitness value is chosen as the solution, according to
‘survival of the fittest’ principle. Defining an appropriate fitness function is an important step in utilizing GA.
The following fitness function is proposed for magnetic dipole localization by a 3-axis magnetometer, without
considering noise characteristics:

fitness
(
~Xj

)
= −

N∑

n=1

[
Bx (n)−Bx

(
~Xj

)]2
+
[
By (n)−By

(
~Xj

)]2
+
[
Bz (n)−Bz

(
~Xj

)]2

B2
x (n) +B2

y (n) +B2
z (n)

(5)

Bk(n) represents the n-th sample of the magnetic field in the k direction, where k is one of the Cartesian axes x,

y, or z. Bk( ~Xj) represents the calculated magnetic field in the k direction, at the position where the n-th sample

was measured, due to a dipole with the properties of chromosome j. Bk( ~Xj) is the calculated projection of

B( ~Xj) onto the k axis. The fitness function is expressed by the squared error sum relating the actual measured
magnetic field and the calculated magnetic field. The denominator is used for normalization. The minus sign
in front of the sum sets the upper bound of the fitness function to zero. It means that the fittest chromosome
fitness value is closest to zero.

Simulation Results

The presently proposed approach has been tested by computer simulation. The simulation program permits
the setting of aircraft flight track, target position, target magnetic moment, and GA parameters. We will
introduce the reader with two concepts that served us in analyzing the results of the simulation. The first
concept is the definition of the Signal to Noise Ratio (SNR). Generally SNR is defined as the ratio between
signal power and noise power. We have, however, chosen a more severe criterion, the SNR is expressed here as
the ratio between the noise amplitude and the amplitude of the calculated dipole signal. The latter criterion
benefits from releasing SNR value from dependence on random noise raffle and search path shape. The second
concept is the scatter radius, which is intended for evaluating the quality of the results obtained by the GA.
The scatter radius is calculated as the average error in meters between simulated target position and GA
result. Figure 2 represents the scatter radius obtained by the simulation for various values of SNR. Thousand
simulations have been performed for each value of SNR. The simulated aircraft search path has been of 600
m length in the south-north direction at an altitude of 100 m. The airborne magnetometer has been sampled
every 4 m. The simulated dipole target magnetic moment was chosen to be composed of three components:
80,000 A ·m2 to the south-north, 20,000 A ·m2 to the east-west, and 40,000 A ·m2 downward. The simulated
target was positioned at Closest Point of Approach (CPA) [3] of 300 m. Random uniform noise was added to
the measured signal in order to simulate interference. The stop condition of the GA has been 2,500 generations
and the population was set to 50 chromosomes. Selection of those parameters results in execution time of 25
sec on a PC, which indicates that the proposed method can be implemented in real time. Preliminary results
show good localization characteristics in noisy environment. The scatter radius is about 60 m, for SNR=0.2,
which is acceptable for practical needs.
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Figure 2: Scatter radius around the target as a function of SNR for 3-axis magnetometer.

Conclusion

A method for localization of an underwater target employing airborne MAD using GA has been proposed.
The method has been tested by computer simulation, obtaining promising results. The present simulation is
due to a 3-axis magnetometer. Other simulations of localization by gradiometric measurements are now being
carried out. Further investigation is needed for optimization of fitness function according to noise characteristics.
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Abstract

The transformer model proposed in this paper considers the effects of the excitation levels as well as the
periodic fluctuations of ac excitation on the winding self and mutual inductances during dynamic operation. The
inductance profile is obtained from sequential FE solutions covering a complete ac cycle at various excitation
levels. The values are then used by table-look-up technique. The technical details, the creation of the inductance
tables as well as the Simulink implementation, are explained. Simulation results show that the established model
is capable of restoring the nonlinear magnetization phenomena of transformer iron core. The significance of
this model is due to its accuracy and its applicability for dynamic simulation of interconnected components in
a power system.

Introduction

Accurate electromagnetic transient studies, such as, harmonic load–flow require accurate modeling of network
elements and their components. The modeling of iron-core transformer plays an important role in the dynamic
simulation of power system transients such as inrush currents, short circuits, and fault conditions.

The key point of iron core transformer modeling is the representation of nonlinear magnetization. Two
commonly used methods are the piece-wise linear curve and the simple saturated reluctance function [1-3].
These approaches consider the effects of average excitation level on the flux/inductance but ignore the fluctuating
effects of the ac excitation itself. For cases requiring high-precision modeling, this is not adequate.

Reference [4] developed an FE based method for determining the saturated transformer inductances utilizing
energy perturbation. Reference [5] studied the transformer inductance variations with respect to the average
excitation level and the periodic fluctuations of ac excitation. The 2D profiles are used to describe each induc-
tance. Making use of such an inductance definition, we proposed our new transformer model. As an example,
a 187.8kW, 288/232V three-phase power transformer is studied. The transformer equation, inductance calcu-
lation and 2D inductance table establishment, Simulink implementation in addition to simulation results are
presented.

Transformer’s Equation and Inductances Calculation

A. Basic equation The voltage and flux linkage equations of the three-phase transformer are as follows:

[
uabc
uABC

]
=

[
R1 0
0 R2

] [
iabc
iABC

]
+
d

dt

[
ψabc
ψABC

]
(1)

[
ψabc
ψABC

]
=

[
L1 M12

M21 L2

] [
iabc
iABC

]
(2)

Where, uabc, iabc, R1, L1, and, ψabc are the voltage, current, resistance, self inductance, and the flux linkage
of the primary winding. uABC , iABC , R2, L2, and ψABC are the corresponding parameters of the secondary
winding. M12 and M21 are the mutual inductances between the primary and secondary windings.

The inductancesL1, L2, M12, and M21 are considered as magnetization status dependent so as to accurately
represent the nonlinear magnetization property of iron core. They are determined in terms of the maximum
value and the phase angle of ac excitation during a complete electrical cycle.

B. Inductance calculation and inductance table
Inductances are evaluated using the energy perturbation mehtod [4]. While performing the energy perturba-

tion algorithm, the magnetizing currents of the primary winding are assigned to iabc; zero currents are assigned
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Figure 1: waveform of rated magnetizing current Figure 2: inductance profile of Laa

to iABC . The energy of the transformer is calculated based on the nonlinear FE magnetic field analysis of the
transformer. The magnetizing currents of the primary winding is determined through circuit-FE diect coupling,
while the primary winding is fed with sinusodal voltage source and the secondary winding is open-circuited.
Fig. 1 shows the obtained rated excitation current waveform of the 187.8kW, 288/232V three-phase power
transformer.

The excitation level is represented by the magnitude of ψm. The determination of ψm is as follows:

ψm =
√

(ψ2
α + ψ2

β) (3)

Where, ψα =
∫

(uα −R1iα)dt, ψβ =
∫

(uβ −R1iβ)dt. uα, uβ, iα, and iβ are obtained by transferring the
sinusoidal voltage and magnetizing current of the primary winding from a− b − c coordinate system to α − β
coordinate system. While building the 2D inductance table, the excitation level is adjusted by changing the
magnitude of the sinusoidal voltage source.

The phase angle of the ac excitation during a complete ac cycle is identified by θ. It is calculated uding the
formulation below:

θ = tg−1(ψβ/ψα) (4)

Table 1: 2-dimentional inductance table

θ
ψm

10 20 30 · · · 3580 3590 3600

25% 0.0426 0.0425 0.0423 · · · 0.0427 0.0428 0.0431
50% 0.0430 0.0428 0.0426 · · · 0.0423 0.0425 0.0426
100% 0.0424 0.0420 0.0417 · · · 0.0417 0.0421 0.0425
150% 0.0412 0.0410 0.0405 · · · 0.0416 0.0417 0.0419

Using the primary winding self inductance Laa as an example, Table I gives the structure of the 2D inductance
table and Fig.2 shows the inductance profile.

Simulink Implementation and Simulation Results

In our previous work, two procedures were proposed to build the machine model in Simulink; equation-
based and circuit component-based [6-7]. For the implementation of the transformer equation (1), the circuit
component-based model is adopted to allow arbitrary connection (Wye or Delta) of the transformer three
phase winding. In the circuit component-based model in reference [7], an adjustable inductance component was
developed to represent the rotor position dependent self inductances. Here, a new procedure is proposed to
represent the magnetization status dependent self inductances.

A constant inductance term is separated from each varying self inductance, as shown in Fig.3. The constant
term is used to apply the initial condition of inductance. The varying term is used to reflect the inductance
variation with the iron core magnetization status. Equation (5) gives the flux equation rewritten in terms of
the separated inductances. Where L′

aa, L
′
bb, · · · are the constant inductance terms.
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Figure 3: inductance separation Figure 4: circuit diagram of phase a winding
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(5)

For simplicity, the back EMF of phase “a” is given below as an example:

ea =
dψa
dt

= L′
aa

dia
dt

+ ea
′′ (6)

 

Figure 5: Block diagram of the transformer model in Simulink
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e
′′

a =
d

dt

(
L

′′

aaia + Labib + Lacic +MaAiA +MaBiB +MaCiC

)
(7)

The circuit diagram of phase “a” winding is shown in Fig. 4. The controlled voltage source is used to
represent the back EMF term e

′′

a .
Fig.5 is the circuit diagram of the transformer model. Subsystems 1 and 2 are used to calculate the magnitude

of ψm and the phase angle θ. According to ψm and θ, the inductances are picked up from the 2D tables stored
in blocks L1, M12, L2, and M21. The flux linkage and back EMF of the primary and secondary windings are
calculated using equations (1) and (5).

Table 2
Laa=43.9 Lab=-22.1 Lac=-21.4 MaA=35.4 MaB=-17.8 MaC=-17.3
Lba=-22.1 Lbb=44.4 Lbc=-22.1 MbA=-17.8 MbB=35.9 MbC=-17.8
Lca=-21.4 Lcb=-22.1 Lcc=43.8 McA=-17.3 McB=-17.8 McC=35.4
MAa=35.4 MAb=-17.8 MAc=-17.3 LAA=28.6 LAB=-14.4 LAC=-13.9
MBa=-17.8 MBb=35.8 MBc=-17.8 LBA=-14.4 LBB=29.0 LBC=-14.4
MCa=-17.3 MCb=-17.8 MCc=35.4 LCA=-13.9 LCB=-14.4 LCC=28.6
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Figure 6: Magnetizing current waveform obtained by, (a) using inductances in Table 1, (b) using inductances
in Table 2

For comparison purpose, the mean values of the transformer winding inductances are calculated also, which
are given in Table 2. Then, the no load experiment is performed using the inductances in Table 1 and Table 2
respectively.

Fig.6 shows the magnetizing current waveform obtained from simulation. Comparison of Fig.6(a) and
Fig.6(b) indicates that the proposed transformer model restores the nonlinear magnetization phenomenon of
the iron core. Comparison of Fig.6(a) with Fig. 1 shows that the proposed FE based transformer model can be
considered as accurate as the full FE model. In addition, the FE based transformer model supports very fast
simulation speed, while the full FE model is computational cumbersome.

Conclusion

An accurate transformer model is proposed for dynamic simulation purposes. It uses the magnetization
status dependent inductances to restore the nonlinear magnetization behavior of the transformer iron core. The
inductance variations due to the excitation level and the periodic fluctuations of ac excitation are considered,
which are obtained from sequential FE solutions. The definition of 2D inductance table is given and its im-
plementation in Simulink is studied. Verification examples show the correctness and validity of the developed
transformer model. Compared with the conventional transformer models, the proposed model provides an
accurate description of the iron core magnetization behavior and its applicability to dynamic simulations.
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Analysis of a Strip Monopole Mounted Near an Edge or
a Vertex

Xiaofeng Que and Zaiping Nie
University of Electronic Science and Technology of China, China

Abstract

The strip monopole model is used in the problem of a wire attached to an arbitrary conducting surface
segmented with triangular patches. Some segmentation methods for the patches are described for the problem
when the junction is near an edge or a vertex. Only a few triangular patches on the surface are segmented to
get more equilateral triangles when the strip monopole is added on the surface. The advantages of applying
these segmentation methods are illustrated with several representative examples, which show good versatility
and efficiency for solving the problems of wire/surface junctions.

Introduction

As usual, special attachment basis functions are employed for wire to plate junctions, which enforce continuity
of current at the wire/plate junction and model the surface current density in the vicinity of the attachment
point [1][2]. Three kinds of basis functions are needed which brings on some complexity. Matthews and Cook
used the strip monopole model instead of the thin wire to analyze this problem [3]. The new attachment mode
shows significant versatility and efficiency when the wire is added or moved on the surface, avoiding the trouble
to build the different kinds of basis functions. The thin wire is modeled as a thin strip which width equals to four
times the radius of the wire. When the wire is mounted on the conducting surface, the wire/surface junction
will be modeled as a surface/surface junction as shown in Fig. 1. The problem is simplified because we can use
well-known RWG basis function to solve it easily [4]. In this paper, we introduce some segmentation methods
for the triangular patches when the wire is mounted near an edge or a vertex. Only a few triangular patches will
be segmented to smaller triangles. Some numerical results are presented to validate the segmentation methods.

 

Figure 1: A strip monopole mounted on a plate.

Segmentation Methods

For numerical purpose, the object is modeled using planar triangular surfaces patches. When the thin
wire is mounted on the surface of the conducting body, the strip monopole model can be used to analyze the
wire/surface junction problem efficiently. The width of the strip equals to four times radius of the wire. A few
patches in the vicinity of the attachment point will be segmented. Three categories were obtained according to
the position of the attachment points [3].

The width of the strip monopole is much smaller than the edge of the surface patch. It’s easy to find that
there is no difference of the solution when the strip edge rotates on the attachment point. So we can adjust the
direction of the strip edge to get more equilateral triangles. As shown in Fig.2, the same answer of impedance
or radiation properties can obtained by segmentation along the strip edges (I) and (I ′). The case that the strip
edge overlaps two surface edges of the triangles, such as (II) in Fig.2, can be avoided.
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Figure 2: Attachment points in a triangular patch.

When the wire is mounted near an edge or a vertex, the segmentation methods must be improved to get
more equilateral triangles. These attachment points are shown in Fig.1, where a and a′ are near an edge and b
is near a vertex of the plate. Segmentation methods are illustrated in Fig. 3.

Fig. 3(a-c) show the segmentation methods when the attachment point is near or on the edge of the plate.
If the point isn’t near a vertex of the triangular patch like a, only one triangular patch need to be segmented as
shown in Fig. 3(a). The strip edge is denoted as P1P2. Point A is the center of corresponding edge. One extra
point V1 is used to generate subsegment triangular patches. And the distance metric d is defined as

d =
P1V1

P1A
(1)

Fig. 3(b) and (c) illustrate two different segmentation methods for the case like a′. The triangles in the vicinity
of the attachment point which have the common vertex are all be segmented. Points A, B and C are the centers
of the corresponding edges. In order to form more equilateral triangles, extra points V1, V2 and V3 are used to
divide the patches. And

d =
P1V1

P1A
=
P2V2

P2B
=
P2V3

P2C
(2)

In Fig. 3(c), more extra points are used than that in Fig. 3(b).

 

 

Figure 3: Segmentation methods.(a-c)Attachment point on an edge of a plate;(d)Attachment point on a vertex
of a plate.

When the attachment point is near a vertex of a plate like b, Fig. 3(d) gives the segmentation which
illustrates that only the patches which have the common vertex on the corner are segmented. In Fig. 3(d),
points A, B and C denote the vertices of the triangles. This method increases the segmentation by utilizing
three extra points V1, V2 and V3 where

d =
P1V3

P1A
=
P1V2

P1B
=
P2V1

P2C
(3)
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The detailed discussion about the segmentation metric d used to position the additional triangle vertices
can be seen in [3]. In this paper, we define d = 0.2 .

Numerical Result and Comparison

Fig. 4 illustrates the current distribution near the junction of a circular cone and a monopole attached at the
vertex and inclined at an angle of 60˚to the axis. The length of the cone, the diameter of the cone base and the
length of the monopole are all a= 0.333λ. The radius of the monopole is 0.001a. The result is compared with
the current distribution obtained by [4]. Fig. 5 shows the input impedance as a function of the bend angle for a
monopole attached to the edge of a plate and fed at the attachment point. The length of the monopole is 0.25λ,
its radius is 0.001λ. The monopole is mounted on the center of the longer edge of a 0.4λ × 0.5λ rectangular
plate. Three segmentation methods shown in Fig. 3(a-c) are used. The results show good agreement with [4]
and illustrate that better result can obtained by using segmentation method shown in Fig. 3(c). At last, Fig.
6 shows the radiation patterns of a monopole attached to an edge of a square plate. The attachment point is
lying on the center of the edge. The numerical result is compared with the answer obtained by FEKO. Good
agreement validates the segmentation method.

 

Figure 4: Current density for monopole on the ver-
tex of a cone.

 

Figure 5: Input impedance for monopole on an edge.

 

Figure 6: Radiation patterns for monopole on the edge of a square plate. (a) on the YOZ plane. (b) on the
XOY plane.

Conclusion

In this paper, we have extended the segmentation methods of the strip monopole model for the problem
that thin wire is attached to the surface of the arbitrarily shaped conducting bodies, especially near an edge
or a vertex. The principle of the segmentation is more equilateral triangles should be obtained to improve
the performance of the MoM by using RWG basis function. The accuracy of the proposed method has been
established by investigating several practical examples. The strip monopole model shows significant versatility
and efficiency when the thin wire is attached to the surface of conducting body and can be combined with fast
algorithm to solve the problem of the object with large electrical sizes.
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Strip-Type AMC Structure and Analysis to Its
Band-Gap Characteristic

Dunbao Yan, Qiang Gao, Chao Wang, and Naichang Yuan
National University of Defense Technology, China

Abstract

In this paper, the patch size effect of mushroom-like Sievenpiper AMC (Artificial Magnetic Conductor)
structure to reflection phase band-gap is studied. It is observed that the reflection phase band-gap is independent
of the size in the direction perpendicular to polarization direction of incident plane wave. Consequently, strip-
type AMC structure is introduced, and it is noticed this structure has independent reflection phase property
and surface wave band-gap property. Compared with mushroom-like Sievenpiper structure, strip-type AMC
structure is easier to design and fabrication, and has many advantages in antenna applications to circular patch
antenna, plane spiral antenna and corrugated horn antenna etc.

Introduction

Over the last few years, the electromagnetic band-gap (EBG) structures have been widely studied [1]-[4].
Recently metallic arrays printed on a grounded dielectric substrate and connected to the ground through vias
have been presented as artificial magnetic conductor (AMC) [5], [6], which is named Sievenpiper AMC structure
in this paper, as shown in Fig.1. Such surfaces fully reflect incident waves with a near zero degrees reflection
phase and can suppress the propagation of surface wave. Assuming no losses and exactly 0 reflection phase,
the surface is referred to as a perfect magnetic conductor (PMC), which is complementary to a perfect electric
conductor (PEC). In practice, the reflection phase of AMC crosses zero at just one frequency (for one resonant
mode). The useful bandwidth of an AMC is in general defined as to on either side of the central frequency, since
these phase values would not cause destructive interference between direct and reflected waves. This property
can be used to achieve low profile antennas [7]-[10]. Its another property of suppressing surface wave can be
used for performance enhancement of printed antennas and circuits [11]-[16].

rε

Figure 1: Sievenpiper AMC structure

In this paper, the effect of patch size on reflection phase is analyzed. It is observed reflection phase remains
unchanged when patch size in the direction perpendicular to polarization direction of incident plane wave is
changed. Therefore, for a given incident wave, a novel strip-type AMC structure is introduced, which has
the same reflection phase property as Sievenpiper structure. Compared with Sievenpiper structure, strip-type
structure is easier to design and fabrication. And it has many advantages in practical antenna application, e.g.
circular patch antenna, plane spiral antenna, corrugated horn antenna etc.

Structure Design

Fig. 2 (a) shows a rectangular patch Sievenpiper AMC structure. When gx is zero, which is gap width in x
direction, strip-type AMC shown in Fig. 2 (b) is formed. When the strip-type AMC becomes ringed, as shown
in Fig. 3, it can be used for circular patch antenna to suppress surface wave or for plane spiral antenna to
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replace the resonant backed cavity. Therefore, the gain of circular patch antenna would be enhanced and low
profile plane spiral antenna could be achieved. Moreover, AMC structure has similar electromagnetic property
to corrugation wall in corrugated horn antenna. So corrugation can be replaced by strip-type AMC structure,
which is low profile and light, as shown in Fig. 4.

Figure 2: Rectangular patch Sievenpiper AMC structure and Strip-type AMC structure. p, w and g are
periodical length, patch size and gap width respectively. Subscript x and y indicate x and y direction respectively.

Figure 3: Strip-type ringed AMC structure, which
can be applied circular patch antenna and plane spi-
ral antenna.

Figure 4: Corrugated horn antenna. The upper is
normal corrugated horn. The lower is AMC corru-
gated horn, in which the corrugation is replaceed by
strip-type AMC structure

Results and Discussions

Finite element method with adequate absorbing boundary and periodical boundary is used to analysis
the reflection phase and surface wave band-gap properties. A substrate with a thickness 2mm and relative
permittivity 2.65 is used for all AMC structures presented in this paper. The radius of central via of AMC
structure cell is 0.4mm. And the rectangular AMC structure has other following parameters:px = py=7.2mm,
wx = wy=6.8mm, gx = gy=0.4mm.

A. Reflection phase property

To study the effect of patch size on reflection phase property, px, py, wy and gy are kept unchanged, and
wx is changed from 6.0mm to 7.2mm, which means gx changes from 1.2mm to 0mm. When the polarization
of incident wave is in x direction, the results are shown in Fig. 5 (a). It is observed when wx is increased,
the resonant frequency of rectangular AMC structure decreases. When wx is 7.2mm, which means structure
becomes strip-type in x direction, the reflection phase is 180˚, which is the same to the property of PEC. Fig. 5
(b) shows reflection phase when incident wave is y polarization. It is found that wx has little effect on resonant
frequency, even when AMC structure becomes strip-type. As a result, we can conclude the reflection phase is
independent of patch size in the direction perpendicular to polarization direction of incident wave. For a given
incident wave, normal Sievenpiper AMC structure can be replaced by strip-type structure. Farther study shows
that via has little effect on reflection phase too. As a result, when only reflection phase property is needed,
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Sievenpiper AMC structure can be replaced by strip-type structure without vias, which is easier to design and
fabrication.

Figure 5: Patch width wx effect on reflection phase property with different polarization incident wave illumi-
nating. (a) x polarization (b) y polarization

Figure 6: Surface wave dispersion diagram of square Sievenpiper AMC structure. (a) with vias (b) without vias

B. Surface wave band-gap property

In fact, vias are very important to surface wave band-gap of AMC structure. Fig. 6 shows the surface
wave dispersion diagram of square AMC structure with and without vias, in which the structure has following
parameters: px = py=7.2mm, wx = wy=6.8mm, gx = gy=0.4mm. When vias are removed, the surface wave
band-gap disappears. Therefore, in practical applications, when surface wave band-gap is needed, vias are
necessary. Surface wave band-gap property of strip-type AMC structure with vias is studied, and the results
are shown in Fig. 7. It is noticed the strip-type structure has no complete surface wave band-gap. But in Γ-X
direction, strip-type AMC structure has directional surface wave band-gap. It is obvious that the directional
surface wave band-gap is independent of reflection phase band-gap. Farther analysis shows the band-gap is
only for TM mode surface wave. In fact, TE mode surface wave can not be established when it propagates in
Γ-X direction. As a result, strip-type AMC has directional surface wave band-gap in Γ-X direction for TE and
TM mode. This constricts the application of strip-type AMC when surface wave band-gap is needed. But for
circular patch antenna, in which the surface wave propagates mainly in radial direction, strip-type AMC is still
effective.
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Figure 7: Surface wave dispersion diagram of strip-type AMC structure.

Conclusion

Patch size effect on reflection phase is studied, and it is observed via and patch size, which is in the direction
perpendicular to polarization direction of incident wave, have little effect on reflection phase. When only
reflection phase property is needed, normal Sievenpiper AMC structure can be replaced by strip-type structure
without vias. And it is easier to design and fabrication compared with Sievenpiper structure. In practical
applications, it can replace backed resonant cavity of plane spiral antenna or corrugations of corrugated horn
antenna. On the other hand, strip-type AMC has directional surface wave band-gap which is independent of
reflection phase band-gap. It can suppress the surface wave propagating in a certain direction.
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Abstract

In this paper, we propose a wavelet-based-interpolation algorithm, which improves the effect of Fourier image
reconstruction for 2 D synthetic aperture radiometer. The core idea is to get the VF (Visibility Function) data
on grid points by using the interpolation algorithm. Along with the problems that Fourier transform meets
being solved, the reconstruction precision improved. Comparing with the traditional interpolation methods,
this algorithm has the advantages to take the correlation of the whole image into account, to keep fine details
of the image, and to avoid the saw-tooth and smoothing effects associated with traditional image interpolation
techniques. Accordingly, we present experiments to demonstrate the effectiveness of the algorithm.

Introduction

As one of the key techniques for synthetic aperture radiometer, image reconstruction algorithm has two
typical ways currently, Fourier algorithm and BG algorithm [1], [2], [3]. Comparing with Fourier algorithm,
BG algorithm has better reconstruction precision, however, it’s not so easy to be put into practice due to its
demand of excessive data back up application. For this reason, Fourier algorithm is often chosen for actual
application. But, because of the antenna design technique limitation, spatial sampling frequency points are not
uniformly distributed on grids under the 2 D synthetic aperture radiometer measure, which is parted from the
requirement of Fourier algorithm transform for frequency points’ uniformly distribution on grids, and inevitably
results in errors. On the other hand, signals handled are always band limited, different from the overall field
covered by Fourier transform, which possibly results in frequency interceptive. For above reasons, we intend
to process visibility function making the spatial frequency sampling points distributed on grids, to prepare for
the application of Fourier. Interpolation is the usual way we choose to process function, however, the most
commonly used interpolation algorithms have the flaws of requiring hundreds or even thousands of iterations to
produce a smoothly interpolated surface. Thus there is a need for more efficient interpolation algorithms.

Wavelet transforms [4], [5] has been attracting attention in diverse areas, such as signal processing and
image processing. In this paper we present a more efficient interpolation method based on the use of orthogonal
wavelets to solve the problem of non-uniformly sampled points.

Theory for Synthetic Aperture Radiometer

Traditional microwave radiometer has low spatial resolution, and its spatial resolution and temperature
resolution (sensitivity) restrict each other, which is limited by the nature of remote sensing mechanism when
the radiometer is on board of an airplane or satellite. For the localization of the traditional radiometer, it is a
crucial matter about how to increase the spatial resolution of the passive microwave radiometer. Following the
trend of high-resolution microwave radiometer, the interferometric synthetic aperture technique is an effective
way to increase the spatial resolution of the passive microwave remote sensor.

Synthetic aperture radiometer uses the aperture synthetic technique originated from radio astronomy [6], [7].
It measures the spatial frequency Spectrum of the subject brightness temperature instead of directly measure
the brightness temperature of the subject, and then, does reconstruction to get the brightness temperature
image, which is the basic imaging theory for the synthetic aperture radiometer. The key technique of the
aperture synthetic is using pairs of small antennas to get the same effect of a big antenna, accordingly original
big antenna aperture can be replaced by large-scaled sparse small antenna arrays. Under ideal conditions, the
correlator output can be written as a Fourier transform of the scene [1]. The basic visibility function measured
by a baseline can be written as:
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V (u, v) =
1

4πR2

∫ ∫

visibleregion

T (x, y)G(θ(x, y), φ(x, y)) exp(jk |r1 − r2|)dxdy

=

∫ ∫

visibleregion

T (θ, φ)G(θ, φ) exp(j2π(u sin θ cosφ+ v sin θ sinφ)) sin θdθdφ

=

∫ ∫

visibleregion

TΩ(θ, φ) exp(j2π(u sin θ cosφ+ v sin θ sinφ)) sin θdθdφ

(1)

where: u = Dx/λ, v = Dy/λ λ is the wavelength Dx Dy is the projection of baseline on x and y coordinates,
separately. From the formula we can see that the easiest reconstruction method may be regarded as an inverse
Fourier transform. To solve the problems that Fourier transformation meets, we introduce a modification to
the visibility function.

The Wavelet Interpolation Algorithm

The current interpolation methods include [8] nearest neighbor interpolation, bilinear interpolation, polyno-
mial interpolation, etc. These interpolations have following flaws in common: (1) Full field basic function; (2)
The calculation work is excessive. To remedy above flaws, we recommend the Wavelet interpolation because
wavelet basic functions are usually tightly sustained, highly selective, and efficient, etc. Many tests have proved
that the bilinear interpolation works better than nearest neighbor interpolation, and the polynomial interpo-
lation work better than the bilinear interpolation, which is because they consider more of surrounding points.
The wavelet interpolation method presented in this paper [9],[10] takes all sampling points into account, which
greatly improved the interpolation precision.

Any function f(u, v) ∈ L2(R2) can be expanded as a sum of its approximate function at some scale J in
V 2
J along with subsequent detail components at scale J and higher.

f(u, v) =
∑

k,l∈Z
aJ,k,l.φJ,k(u).φJ,l(v) +

J∑

j=1

∑

k,l∈Z
bhj,k,l.ψj,k(u).φj,l(v)

+
J∑

j=1

∑

k,l∈Z
bvj,k,l.φj,k(u).ψj,l(v) +

J∑

j=1

∑

k,l∈Z
bvj,k,l.ψj,k(u).ψj,l(v)

(2)

The first term on the right hand of (2) represents the coarse scale approximation to f(u, v). The second
term represents the detail component in the horizontal direction, the third and fourth the detail in the vertical
and diagonal directions, respectively. Change (2) into vector form, it becomes

~f(u, v) = GJu ⊗GJv · ~aJ +
J∑

j=1

Hju ⊗Gjv ·~bhj +
J∑

j=1

Gju ⊗Hjv ·~bvj +
J∑

j=1

Hju ⊗Hjv ·~bdj (3)

with

~aJ = (aJ,k)k∈SJ
, ~bhj = (bhj,k)k∈Sj

, ~bvj = (bvj,k)k∈Sj
, ~bdj = (bdj,k)k∈Sj

GJu = (φJ,k(u(i)))
k∈SJ

i=1,2,...,N , GJv = (φJ,k(v(i)))
k∈SJ

i=1,2,...,N

Hju = (ψJ,k(u(i)))
k∈Sj

i=1,2,...,N , Hjv = (ψJ,k(v(i)))
k∈Sj

i=1,2,...,N

Gju = (φj,k(u(i)))
k∈Sj

i=1,2,...,N , Gjv = (φj,k(v(i)))
k∈Sj

i=1,2,...,N

⊗ is a symbol for tensor product, used to get 2-D wavelet base form 1-D wavelet base.
The idea of this interpolation method is based on scattered data which is processed with the least square

method, to get coefficients for all of the four parts, namely, coarse scale wavelet coefficients, horizontal detail
coefficients, vertical detail coefficients, and diagonal detail coefficients, ((~aJ ,~b

h
j ,
~bvj ,

~bdj )(j = 1, 2, 3, ..., J − 1, J)).
Accordingly the continuous expression of the subject is created and we can get data at random points along
with the changes of coordinates.
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Implementation

We could get the scattered visibility function data as follows:

~fa = [f(u(1), v(1)), f(u(2), v(2)), ..., f(u(N), v(N))] (4)

with, N is the number of spatial frequency sampling points.
Firstly, we can get the coarse scale wavelet coefficients ~aJ by neglecting the detailed components, give the

formula as:

~fa ≈ GJu ⊗GJv · ~aJ (5)

The regularized least squares estimate for the coarse scale wavelet coefficients from equation (5) is

~a′J = argmin
aJ

‖ f −GJaJ ‖22 +λ ‖ aJ ‖22 [10] (6)

With the usage of equation (6) we can get the coarse estimation ~f ′
a of ~fa:

~f ′
a = GJu ⊗GJv · ~a′J (7)

The difference between ~fa and ~f ′
a can then be used to approximate the wavelet coefficients ~bhJ :

ghJ = ~fa − ~f ′
a

= −GJu ⊗GJv · ~aJ
≈ HJu ⊗GJv · bhJ

(8)

Equation (8) can also be solved in the least squares sense for a regularized estimate by bhJ , and it is same

for all the other coefficients. Finally, we get the approximate continuous expression for ~f(u, v):

~f(u, v) = GJu ⊗GJv · ~a′J +

J∑

j=1

Hju ⊗Gjv · ~bhj
′
+

J∑

j=1

Gju ⊗Hjv · ~bvj
′
+

J∑

j=1

Hju ⊗Hjv · ~bdj
′

(9)

Whereas for both the efficiency of reconstruction and computational complexity, we can choose the db10
wavelet basic function [11], and put J = 4. Let (u, v) on the grid points, and finally get the visibility function
data on grid points.

Experiment Results

In this paper, we take the antenna array example of 8-element, the configuration is circular, and zero
redundant[12]. The circular array configuration is optimized by simulated annealing method. Antenna array
configuration (See Fig. 1 (a));Special frequency sampling points produced directly by imaging system (See Fig.
1 (b)); Object special frequency sampling points by the wavelet interpolation algorithm (See Fig. 1 (c)):

Figure 1: a) Antenna array configuration; b) Special frequency sampling points produced directly by imaging
system; c) Object special frequency sampling points by the wavelet interpolation algorithm ( for example).

For a simulative 2-D image, first, we can get visibility function data on the base of the measurement theory of
synthetic aperture radiometer, and then does direct Fourier transform use equation (1) and wavelet interpolation
modified Fourier transform separately. The following pictures are the results of the experiment. (Fig.2-Fig.5)
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Figure 2: Original point image (left); Directly com-
puted from equation (1) (middle); Wavelet interpo-
lated Fourier transform (right).

 

Figure 3: Original 4rectangle image (left); Directly
computed from equation (1) (middle); Wavelet inter-
polated Fourier transform (right).

 

Figure 4: Original 4 rectangle rotate (left);Directly
computed from equation (1) (middle);Wavelet inter-
polated Fourier transform (right).

 

Figure 5: Original simulated image for river and ar-
chitecture (left); Directly computed from Equation
(1) (middle); Wavelet interpolated Fourier transform
(right).

Conclusion

Relating with the direct Fourier transform, the algorithm presented in this paper can better reconstruct
the original image. The experiment results show the wavelet interpolation reduces the edge effects, improves
the effect of the contour and the visibility of the image. Accordingly, we make the conclusion that this wavelet
interpolation algorithm increases the image resolution, especially for high frequency component. Comparing with
direct Fourier image reconstruction, the Fourier image reconstruction modified by wavelet-based -interpolation
has notable dominance.

As an important application of wavelet transform, wavelet interpolation has been extensively used in many
fields [13], [14], [15]. The wavelet-based scattered data interpolation begins the usage of wavelet transform in
microwave synthetic aperture radiometer. We believe that wavelet interpolation and other wavelet transform
application will play a more important role in synthetic aperture radiometer in the future.
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Abstract

Synthetic aperture radiometer technology used nowadays in earth remote sensing is an extended development
from ground-based radio astronomy used for stellar observation. However, once the technology is further devel-
oped in the Earth remote sensing area, it can certainly be applied back in its original field or other fields. In this
paper, we discuss a rotational phased array of time-shared synthetic aperture technology application in solar
wind remote sensing. The main idea is to send a spacecraft into solar polar orbit. From this orbit, one can look
down to the ecliptic plane. In and around the ecliptic plane, the most interested and useful information of the
interplanetary solar wind is the Corona Material Ejection (CME) of the Sun since it can cause sever geo-space
storms and result man made technical system failure such as navigation positioning errors and communication
break down or even satellite failures. The main scientific initiatives and technical system conceptual design of
this application will be presented in this paper.

Introduction

Electromagnetic waves are basic nature of solar radiation [1]. However, most of the energy is paled in the
range of visible light band and above. This is due to the highly ionized solar atmosphere that low frequency
waves are totally blocked by the ionosphere of the Sun. The result is that if we are able to take an image of the
Sun at 30MHz for example, the Sun will turn out to be black.

The disadvantage is however a good feature to observe the plasma clouds that through out from the Sun,
the so-called Corona Material Ejection (CME). Once these plasma clouds left the solar ionosphere, their density
decreases and various EM waves are emitted due to the thermal movement of the electrons and the collision
between them [2,3]. These EM waves, of much lower frequency, can be observable because the plasma cloud is
already out of the solar ionosphere.

The study of solar CME and its propagation in the interplanetary space is a very hot topic in the past
ten years [4, 5]. The main reason is because the CME is the main source that affects our planet Earth space
weather. At the exception of the background solar wind, the Earth space environment is generally quite stable
and provides safe environment for human technology facilities such as man made satellite, international space
stations, etc. While the interplanetary condition changes, i.e. the background solar wind varies, the geo-
space environment is disturbed by magnetosphere storms, ionosphere storm and earth magnetism storms [6∼8].
During the storms, the free particles in space gather and move together to form a space current. At certain
space region, the flux of charged particles increases dramatically [9]. Once a satellite runs into this region, the
onboard electronics may be charged and discharged. In many cases, the electronics may fail to function normally
or even can be destroyed completely. These events are called the space weather events to imitate the disaster
weather event on the surface of the earth.

Although the interplanetary CME or plasma clouds are vital to geo-space storms and its forecast or predic-
tion, there is little progress on monitoring or observing them after they left the surface of the Sun. What we
would like to see, in fact, is the movement after it left the Sun, and track it all the way before it reaches the
Earth. Base on many observations, CME will take 1-2 days to travel from the surface of the Sun to the distance
of 1 AU [4, 10∼ 11]. Therefore, we have plenty of time to give a forecast once we can monitor it. We can also
predict how serious the storm will be by looking at the density of the clouds.

To monitor the interplanetary CME or plasma clouds by radio wave frequency that matches the density or
plasma frequency, two approaches can be taken. The first one is to listen to the emission of the CME at two
separate points, like a stereo[12], and retrieve the location of the emission source where the plasma clouds is.
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The second one is to take an image of the entire inner interplanetary space within 1 AU from above the pole of
the Sun.

In this paper, we present results of a preliminary feasibility study of a solar polar orbit radio telescope
(SPORT) that aims at taking images of CME plasma clouds. The paper mainly concentrates on the concept
design of the telescope. It is an extremely thinned array of 150 meters physical aperture but with only a few
elements.

Requirements for Solar Wind Monitoring

As described above, we must use the lower band to monitor the interplanetary CME. But in order to take an
image, the lower frequencies become an obstacle for high spatial resolution since they require very large antenna
apertures that cannot be realized in space. Therefore before proceeding, the observation frequency band must
be discussed.

Table 1 shows that plasma density of CME at different distances from the Sun calculated in inversed square
law together with its plasma frequency.

Table 1:

Distance 0.1 AU 0.3AU 0.5AU 0.7AU 1AU

Density cm−3 3.0×108 2.60×107 6.69×106 2.05×106 26.7

fp(Hz) 1.73×108 5.1×107 2.59×107 1.43×107 5.17×104

We take 15 MHz as our design input in all our discussions here after. It is obvious that this frequency cannot
be used to observe the Sun from the ground due to the Earth ionosphere.

If an image covers the entire inner interplanetary space, i.e. cross 2AU, and the resolution cell is 0.1
Au×0.1AU, the antenna beam width must be rather narrow. A number of antenna aperture sizes corresponding
different orbit aphelion are listed in Table 2.

Table 2:

Orbit Aphelion 1AU 1.5AU 2AU 2.5AU 3AU

Beam width (deg) 5.7 3.8 2.86 2.29 1.91

Antenna Aperture (m) 200 300 400 500 600

It is very clear that to realize such a physical aperture antenna in space is very difficult. We shall discuss
why it is possible to use synthetic aperture technology in replacement of the conventional technology.

An elliptical solar polar orbit is preferred. It should have its aphelion over the north pole of the Sun since
most of the ground stations on Earth are on the northern hemisphere. When the telescope running around the
aphelion of the orbit, it can gain a very long observation time. However, the perihelion should not be too close
to the Sun to avoid engineering challenges on spacecraft thermal control. To balance this, we propose to have
an orbit parameter of the mission as follows: solar inclination angle: ∼ 90 deg., aphelion: 1-1.5 AU, perihelion:
0.5-0.7 AU, long axis of the orbit ellipse should be pointed to the north pole of the ecliptic plane within ±15
degrees.

Basic Principle of Synthetic Aperture Radiometry

A black and white scene can be expressed by spatial frequency after performing a Fourier transformation.
Details of the scene are reflected in the high spatial frequency band and large scaled contrast of the scene are
reflected in the low spatial frequency band. The principle of the synthetic aperture technique is to measure the
spatial frequency (SF) image of the scene directly and take an inversed Fourier transform to get the original
one. The SF sampling is carried out by a pair of element antennas with a correlator multiplying the output
voltages they receive. This device is shown in Figure 1 (a).

The distance between the two antennas forms a baseline. In two-dimensional cases, the direction of the
baseline also plays an important role. The output of this device provides two sampling points in the SF domain
– the UV plane, as shown in Figure 1 (b), where r is the length of the baseline, α represent the direction of
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Figure 1: (a) SF sampling device, (b) sampling points on uv-plane from one baseline

the baseline. The measurement in fact was done only once. The second point is obtained as if the baseline was
rotated by 180 degrees.

It is necessary to have the whole UV plane be covered before a Fourier transformation is taken. Therefore,
more samples have to be taken with different baselines. The main difference to form a synthetic aperture array
from an ordinary array is that during the measurement, one antenna element can be used multiple times, or
so-called shared by many baselines. This is because the scene is in the far field, the sampling can be taken at
any position in the location arrangement.
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Figure 2: A zero redundant one-D thinned array

Figure 2 shows an example of a one dimensional array with 4 elements but forming 6 baselines covering from
1∆u to 6∆u continuously, where each element has been reused three times. The center of each baseline has
been slightly shifted horizontally. But as explained above, it will not affect the image at all if the object is in
the far field.

Conceptual Design of SPORT

In fact, if an array has N elements, using the above principle, the maximum number of baselines that can
be reached is

C2
N = N(N − 1)/2 (1)

Let us come back to our application problem of the solar polar orbit telescope application. If we need 20
by 20 cells image, we then need a 20 by 20 samples in the SF domain too, i.e. 400 sampling points on the UV
plane, representing 200 different sampling baselines. Substitute it into equation (1), we have N(N-1)/2 >= 200,
which yields N =21. This is to say, if we can reach a zero redundant design, a 21-element array will fulfill our
requirement. The positions of these 21 elements will be distributed in a plane and the maximum distance from
the two far most ones is 150 meters, which will sample the longest baseline and represent the highest spatial
frequency. This 150 meters aperture is in fact equivalent to a 300 meters antenna aperture if a conventional
technology is used. This is because in the SF sample, we have both amplitude and phase. The number of
unknowns is the same as in the original domain.

For space application, even for 21 elements, distributing them in a 150 meter scale is still difficult. We could
further make the array thinner by time-shared samples.

The time-shared sample scheme is based under the polar coordinate. The samples are all taken at different
modules of baselines, no mater where their directions are. The zero-redundant optimization aims to reach an
as evenly distribute baseline module as possible between 1 ∆u to C2

N ∆u. Once a group of samples are taken,
the whole system rotates by a small angle and take the second group of samples, and so on. After 180 degrees
rotation, the sampling points will cover the whole UV plane completely but in a polar coordinate system. What
we should do then is to interpolate them into a rectangular coordinate system and then carry out the Fourier
transform.
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The CME plasma clouds are traveling in the interplanetary space less than 1000 km/s, i.e. ∼0.024 AU/hour.
Therefore, if the whole telescope rotates rotation/hour, i.e. 2 images per hour, there is almost no effect to the
quality of the image.

Following this scheme, and to get a 20by20 cells image within 2 AU, what we need is 10 evenly distributed
baselines to sample in one dimension and to rotate them. In order to reach this, we actually need only 5 element
antennas since C2

5=10. To take a double redundant, we could consider a telescope system with 8-10 elements
in total. This is a feasible number to be realized in space.

Another good aspect with a rotating telescope is hidden in the spacecraft engineering side. A rotating system
is stable and easier to control then a 3-axises stabilized system or a multi-spacecraft formation fly system.

The spacecraft of SPORT should provide a supporting system to deploy 8-10 antenna/receiver elements and
rotate them during observation. A conceptual drawing is shown in Figure 3.

 

Direction of rotation antenna/rec. elements 

To the Sun 

150 meters 

Main s/c 

Figure 3: Conceptual design of Solar Polar Orbit Radio Telescope

The antenna/receiver elements are stowed inside the spacecraft during launch and cruise phase. Once it is in
the observation orbit, they are deployed from the spacecraft slowly under the constraints of maintaining a fixed
center of gravity at the spacecraft. The antenna/receiver elements are connected with the main spacecraft by
thin and un-conductive strings. They all provide themselves power with solar cells and keep the attitude stable
by a gravitational boom during rotation. In fact the boom is one of the antenna arm of a cross dipole antenna
with load. The receivers get synchronized beacon from the main spacecraft wireless and send digitized receiving
signals back by microwave link. The total weight of an antenna/receiver element can be well controlled within
2kg.

Due to the sampling theory, the maximum distance between any adjacent sampling points should be less
than the maximum sampling interval, i.e. 1∆u. It can be roughly calculated by ∆u = R/ C2

N , where R is the
radius of the rotating aperture, N is the number of antenna/receiver elements. Take R = 75, N=8, we have
∆u = 2.67 m. This means that within half revolution, we must take n = πR/∆u = 88 measurements. The
integration time of each sample is then no more than 20 seconds. We leave half of the time to communication
between the element and the main spacecraft. The integration time of each correlation measurement is then 10
seconds, which is quite feasible for a good sensitivity quality of the radiometry measurement.

Optimization of the element positions in a plane is aimed to obtain an evenly distributed baseline lengths,
while maintaining the center of gravity are close to the geometrical center of the system. It turned out that
they are distributed within the plane as shown in Figure 3. Note that the optimization solution is not unique.

Conclusion

Solar wind and CME plasma clouds monitoring is very important due to its application to space weather
forecast. Up to now there is no space mission that covers this important area. In this paper, we have described
conceptually a solar polar orbit radio telescope mission that aims to solve the long waited problem. This paper
mainly proposed and demonstrated the following points:

1. To go to the solar polar region and looking down wards, is a very effective way to have clear picture of
the interplanetary CME plasma clouds.

2. To use short wave radio is possible to observe the CME plasma clouds up to 0.5 AU and even further.
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3. To use the synthetic aperture radiometry technique can overcome the difficulties to deploy a very large
antenna aperture for taking an image over the entire inner interplanetary space

4. To use time-shared sampling and zero-redundant baseline optimization technique can further thin the
array than existing current synthetic aperture schemes

5. The present conceptual design has provided a feasible engineering path to realize this mission.

The authors thank the Chinese National High Technology Program for its support of this pre-study.
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2. Pick, M, D Maia and Ch Marqué, “Solar Radio Observations and Development of Coronal Mass Ejections,”
Advances in Space Research, Vol. 32, No. 4, 467-472, 2003.

3. Gopalswamy, N., “Coronal Mass Ejections: Initiation and Detection,” Advances in Space Research, Vol.
31, No. 4, 869-881, 2003.
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Abstract

We present a new method of digital correlation, which uses the technology of direct intermediate frequency
or radio frequency sampling and digital phase shift. Digital correlators down-sample IF or RF signals with
3-bit analog-to-digital converters and then delay one sampling interval for quadrature phase shift. Following
the same procedure as analog correlation, the digitalized I/Q pairs are processed in a FPGA chip. Analysis
and simulations show that sample delay introduces linear phase offset which is proportional to the deviated
frequency from the center of digital IF. Derived equation proves that linear phase offset can be compensated
simply by a SINC function. Flight tests conducted in April 2004 achieved image as we expected.

Introduction

Digital radiometry was first proposed by Weinreb in 1961 for use in autocorrelation spectrometers for radio
astronomy [1]. Three other applications have arisen since that time: interferometry, polarimetry, and total-
power radiometry (e.g., [2–4]). With the advances of the last 30 years, digital logic has become faster, denser,
lower power, and less expensive. The applications of digital radiometry have progressed with these advances
from the autocorrelation spectrometers of few megahertz bandwidth (B) to the multigigabit-per-second digital
correlators used in microwave polarimetry[5] and interferometry[6]. In addition to the advances in digital logic,
improvements in mixed-signal technologies have enabled the use of ultra-fast ADCs for direct sampling of
microwave signals.

Performance analysis of digital correlator by Ruf[7], Fischman[8] and Piepmeier[9] proves that digital corre-
lator offers compelling advantages for spaceborne microwave radiometry. Several ASIC’s are developed specially
for synthetic aperture radiometer(STAR), one of 14 channels by the University of New Mexico Microelectronics
Research Center[10]. ASIC spends less power consumption and faster process speed but more expensive. Much
more groups build their digital correlator on FPGA for airborne prototype with less financial venture [11]. The
microwave receiver in front of digital correlator can be a superheterodyne [3] or an LNA and band-pass filter as
in the case of a direct sampling digital radiometer[4].

We present a new digital correlator based on FPGA designed and implemented for CAS synthetic aperture
radiometer[12,13]. Sample Delay based Digital Correlation is implemented in this system. Fig.2 shows the basic
diagram of SDDC. We expect to demonstrate basic principles of SDDC.

Direct IF Sampling and Sample Delay(SDDC)

For a specific IF and B, we can simply make the phase shift with digital sample delay instead of quadrature
demodulator or analog/digital phase shifter in RF or IF. Under-sampled IF signal is digitalized and its spectrum
is down-converted to a lower digital intermediate frequency (DIF), the DIF is determined by both the IF center
frequencyfc and the sampling ratefs. If relation between fc, fs and fDIF is as following,

{
fs = 4fDIF
fDIF = mfc − nfs (1)

There are four samples for every period offDIF . For the center frequency of DIF, the interval between
subsequent samples is π/2, therefore digitalized samples and their one sample delayed version keep a quadrature
phase. This is a simple method for digital phase shift to achieve in-phase (I) and quadrature (Q) outputs from
each receiver. However, when signal spectrum deviated from center of DIF, there is a linear phase offset φ(ω)
proportional to the frequency offset ω from the center of DIF ω0. Both correlation coefficient and phase errors
will be introduced by this linear phase offset[14]. In case of the analog signals with linear phase offset, the
correlated elements are
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s1 = cos [(ω − ω0)t+ φ1] + j sin [(ω − ω0)t+ φ1 + φ(ω)]
s2 = cos [(ω − ω0)t+ φ2] + j sin [(ω − ω0)t+ φ2 + φ(ω)]

(2)

where φ(ω) =
ωπ

2ω0
. The visibility function from a sample delay correlator is

v =

∫ T

0

∫ ∆ω

−∆ω

cos[(ω0 + ω)t+ φ1] cos[(ω0 + ω)t+ φ2] + j cos[(ω0 + ω)t+ φ1]

sin[(ω0 + ω)t+ φ2 + φ(ω)]dωdt

= T ·∆ω
[
cos(φ1 − φ2) + j sin(φ1 − φ2) · SINC

(
∆ωπ

2ω0

)]
(3)

Compare to the visibility function in the condition of phase offset free,

v = T ·∆ω [cos(φ1 − φ2) + j sin(φ1 − φ2)] (4)

From (3) and (4), we found that when linear phase error existed, the imaginary part of the visibility function
is weighted by SINC function. Fortunately, this effect is only decided by relative bandwidth of DIF, thus easy to
compensate via multiplying SINC function with the imaginary part of visibility function. The maximum value

of SINC function from (2) is
π

4
when B = fDIF .

Examine the simulation results in Fig. 1, for a point target in the field of view, different methods of quadra-
ture demodulation present almost same synthetic patterns when infinite quantization resolution is achievable,
but a little difference at the side lobes when resolution is 3-bit. Note that the side lobes with SINC compensated
is always lower than that of uncompensated. It is difficult to simulate for longer integration time with personal
computer, we set 0.1ms as the integration time

(a) under-sampling with 3-bit resolution (b) under-sampling with infinit resolution

Figure 1: Comparing of different methods of demodulations for point target. Digital demodulator (solid) uses
0,1,0,-1 as sinusoid of the LO and 1,0,-1,0 as cosine. SDDC (dashed) uses digitalized signal and its one sample
delayed version as sinusoid and cosine respectively. SINC compensated (dotted) has lower side lobes than
uncompensated. IF phase shifter (dashdot) is simulated with Hilbert transform. Simulation parameters: (a)
IF=110 134MHz, sample rate=97.6MHz, DIF=24.4MHz, integration time=0.1ms, receiver noise temperature
equal to brightness temperature to antenna. All kinds of digital correlators operate at ADC resolution of 3-bit.
(b) ADC resolution is infinite.

The SDDC Prototype and Test Result

It is the first experiment for SDDC which is an independent unit and on its primary phase. Design is
restricted by keeping the original system configuration with analog correlator. We have designed a prototype
digital correlator as a proof-of-concept for sample delay. Main characteristics of SDDC are listed in Tab.1. It
is based upon the AD9054 analog to digital converter and vertex2-1000 FPGA. The sampling and processing
rate is 97.6MHz. The AD9054 was chosen in particular for easy available. 80c51-based control unit reads
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Table 1: Characteristics

Intermediate Frequency 122 MHz

B 25MHz

Digital IF 24.4MHz

Sampling frequency 97.6MHz

Factor of compensation SINC(pi/4)

Integration time 40ms

ADC resolution 3-bit

Antenna/Receiver elements 8

Complex correlators 20 or 241

Spatial resolution 2.2 or 1.9 degree

1.for two different antenna arrangement.

Figure 2: Diagram of an 8-elements digital correlator based on SDDC. Elements are configured for minimum
redundancy.

data from an LVTTL-TTL translator circuit through a preserved parallel port that is interfaced to the FPGA.
Correlation is carried out in the FPGA at a rate of 97.6Msamples/sec using a multiplication look-up table. A
32-bit accumulator for each correlator is split into a fast and a slow counter in order to save electrical power.
The 16 most significant output bits are multiplexed and dumped through the parallel interface to the control
unit. All synchronous clocks for ADC and correlation are controlled by the DCM that is inside the FPGA. Fig.2
shows the basic structure of SDDC. There is only one complex correlator presented in the diagram, in fact all
23 cross-correlators and 8 auto-correlators are packed into one chip of FPGA.

Fig.3 shows achieved image in Songhua lake with CAS synthetic aperture radiometer by SDDC. Ice has
already melted. The resolution can meet requirements, but further efforts should pay for increasing sensitivity
and eliminating stripes by SDDC.

Figure 3: Retrieved brightness image of Songhua Lake with SDDC (a) by SDDC (b) SPOT image 13 days before
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Conclusion

The demonstrator of the SDDC has met the relevant performance objectives. Correlation errors introduced
by linear phase offset of SDDC can be compensated with a SINC function, its value only decided by relative
bandwidth. SDDC saves a quadrature demodulator for each receiver, but increases sampling frequency by
a factor of 2. Results of simulations and flight tests agree with our analysis. Furthermore, SDDC can be
implemented in IF or RF.

Acknowledgment

The authors would like to thank doctor Weiguo Zhang for the help in image mosaic of the flight test.

REFERENCES

1. Weinreb, S., “Digital radiometer,” Proc. IEEE, Vol. 49, No. 6, 1099, 1961.

2. Napier, P. J., A. R. Thompson and R. D. Ekers, “The Very Large Array - Design and Performance of a
Modern Synthesis Radio Telescope,” Proc. IEEE, Vol. 71, No. 11, 1295-1320, 1983.

3. Piepmeier, J. R. and A. J. Gasiewski, “Digital Correlation Polarimetry: Analysis and Demonstration,”
IEEE Trans. Geosci. Remote Sensing, Vol. 39, No. 11, 2392-2410, 2001.

4. Fischman, M. A. and A. W. England, “Sensitivity of a 1.4 GHz Direct-sampling Digital Radiometer,”
IEEE Trans. Geosci. Remote Sensing, Vol. 37, 2172–2180, September 1999.

5. Piepmeier, J. R. and A. J. Gasiewski, “Digital Correlation Polarimetry: Analysis and Demonstration,”
IEEE Trans. Geosci. Remote Sensing, Vol. 39, No. 11, 2392-2410, 2001.

6. Doriese, WB, “A 145-GHz Interferometer for Measuring the Anisotropy of the Cosmic Microwave Back-
ground,” Ph.D. dissertation, Phys. Dept., Princeton Univ., Princeton, NJ, 2002.

7. Ruf, C. S., “Digital Correlators for Synthetic Aperture Interferometric Radiometer,” IEEE Trans. Geosci.
Remote Sensing, Vol. 33, No. 5, 1222-1229, Sept. 1995.

8. Fischman, M. A. and A. W. England, “Sensitivity of a 1.4 GHz Directsampling Digital Radiometer,”
IEEE Trans. Geosci. Remote Sensing, Vol. 37, No. 5, 2172-2180, 1999.

9. Piepmeier, J. R. and A. J. Gasiewski, “Digital Correlation Microwave Polarimetry: Analysis and Demon-
stration,” IEEE Trans. Geosci. Remote Sensing, Vol. 39, 2392-2410, Nov. 2001.

10. http://esto.nasa.gov/conferences/estc-2002/Papers/B2P1(Ruf).pdf

11. Batz, O., U. Kraft, “Design and Implementation of the MIRAS Digital Correlator,” Proceedings of the
International Geoscience and Remote Sensing Symposium IGARSS 1996, Lincoln, Nebraska, USA, 27-31,
872-874, May 1996.

12. Liu, Hao and Ji Wu, “The CAS Airborne X-band Synthetic Aperture Radiometer: System Configuration
and Experimental Result,” Proceedings of the International Geoscience and Remote Sensing Symposium
IGARSS 2004, Alaska, USA, 20-24, Sep. 2004.

13. Yan, Jingye, “Research on Multi-elements and Multi-levels Digital Complex-Correlator of Synthetic Aper-
ture Radiometer,” ACTA Electronica SINICA, Vol. 31, No. 9, 1411-1414, Sep. 2003.

14. Dong, xiao-long, “Analysis and Calibration of Effects on Complex Correlations from Mutual Coupling
and Imbalance between Channels,” ACTA Electronica SINICA, Vol. 29, No. 7, 947-949, July, 2001.



524 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Image Simulator for One Dimensional Synthetic
Aperture Microwave Radiometer

Qiong Wu, Hao Liu, and Ji Wu
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Abstract

Calibration for a one-dimensional synthetic aperture microwave radiometer is critical. A numerical image
retrieving method using an intermediate transformation matrix called the gain matrix or simply G-matrix is
considered to be a good method. This matrix takes into account all the couplings and un-uniformed amplitude
and phase between the channels. However, measuring the G-matrix is not an easy job. One has to set up a
point source in the far field and rotate the system in the fan beam direction. The difficulty is mainly due to the
incomplete test environment.

In this paper, a measurement set-up called image simulator is present. It is a circuit network composed of
a number of high accurate microwave I-Q vector modulators and a noise generator. It simulates the incoming
waves to the thinned antenna array corresponding to any image scene to be measured.

The design and test of the image simulator are presented followed with test results of G-matrix. The image
simulator can also simulate a point source in the two dimensional aperture case which discussed in the paper
too.

Introduction

Synthetic aperture microwave radiometer represents a new technology being developed for passive microwave
remote sensing [1][2]. Aperture synthesis uses interferometry technique to improve the limitations set by antenna
physical aperture while working at lower frequency. Conventional fan-beam phased array antennas form the real
aperture. Spatial resolution of the instrument is determined by the size of the antenna beam which is inverse to
the aperture of the antenna. Therefore, the size of the antenna should be huge to obtain the desired resolution.
Aperture synthesis provides an alternative to conventional radiometers because it enables high spatial resolution
at the same time minimizes the antenna size and complexity.

One-dimensional synthetic aperture microwave radiometer uses aperture synthesis across track and employs
real antenna aperture along track to attain two-dimensional images of brightness temperature. In the cross track
direction, it uses thinned arrays of antennas to form necessary pairs of interferometers. The data produced by
the instrument can be separated into the sine and cosine components known as visibility functions and is a
measure of a spatial harmonic in the brightness temperature scene.

Differ from the conventional radiometer, synthetic aperture microwave radiometer measures a complete map
of brightness temperature in a single snapshot. Thus, perfect calibration is theoretically not impossible without
the measurement of a known scene. Measuring the G matrix of the instrument need to measure the response
to the noise source with respect to the direction of incident radiation. The experiment should be conducted
in antenna chamber and need a rotation configuration to measure through the cross-track direction. Thus the
ground-based experiment is not of such convenience and require stringent experiment environment. In the paper
a configuration called image simulator is present. It could calibrate the receiver of the instrument conveniently
and reliably. We describe the structure of the image simulator after analyzing the inversion algorithm. And
then, briefly discuss one radiometric source simulation in the case of two dimensional synthetic aperture. Finally
we give the G-matrix result of the x-band synthetic aperture radiometer.

Inversion and Calibration Equations

For one dimensional synthetic aperture microwave radiometer, two antennas of each pair received radiometric
signals and the cross-correlation result can be written as

< viv
∗
j > =<

∫ π/2

−π/2

∫ π/2

−π/2
vT (θ, t)v∗T (θ

′

, t− d sin θ
′

c
)e−2πf d sin θ

′

c dθdθ
′

>

=

∫ π/2

−π/2
vT (θ, t)v∗T (θ, t− d sin θ

c
)e−2πf d sin θ

c dθ

(1)
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where vT (θ) is the voltage seen at the antenna terminals, θ is the direction of incident radiation and ω is the
observation frequency. <,> is the expectation operator. Noting that vT (θ)and vT (θ

′

) are independent since
they are generated by independent thermal sources of zero mean, the expectation collapse to a single integral.
Moreover, T (θ) is proportional to (vT (θ, t)v∗T (θ

′

, t − d sin θ
′

/c)) and separate equation (1) into its real and
imaginary components gives (where d is the baseline distance)

VI(d) =

∫ π/2

−π/2
T (θ) cos(2πfd

sin θ

c
)dθ

VQ(d) =

∫ π/2

−π/2
T (θ) sin(2πfd

sin θ

c
)dθ

(2)

VI , VQ are respectively the real and imaginary components of complex visibility functions. If it is thinned
arrays of antenna contained many pairs of interferometer viz. d = n∆u(n=0, 1, 2. . .N , N is corresponding to
maximal antenna separation) , equation (2) becomes the Fourier harmonics of the FOVs.

But this analysis assumes identical antenna patterns and identical gain and phase parameters through each
correlator channel. Actually, the instrument doesn’t meet such assumptions. Differences in correlator transfer
functions cause two correlators measuring the same visibility function to have different outputs.

In the whole, considering all the effects of the instrument, substitute a Dirac delta function for Tb(θ) to
evaluate for all values of θ [3]. The result is the impulse response of the system for a given baseline n and angle
θ.

g(n, θ0) = cij

∫ π/2

−π/2
δ(θ − θ0)p∗i (n, θ)pj(n, θ) exp(

2π

λ
nd sin θ)dθ (3)

where pi(θ) and pj(θ) are respectively antenna patterns of antenna i and j. cij = |cij | ejϕij is complex gain of
correlator between channel i and channel j. Phase errors between channels is critical in correlation radiometer
and it can be divided in two kinds. One is phase errors between channels, the other is phase errors on the
quadrature in a particular channel.To discriminately treated the effects of antenna arrays and receiver to the
visibility functions, the equation (2) becomes,

V I(n) =

∫ π/2

−π/2
ga(n, θ)g

I
r (n, θ)T (θ)dθ

V Q(n) =

∫ π/2

−π/2
ga(n, θ)g

Q
r (n, θ)T (θ)dθ

(4)

where ga(n, θ) represents antenna pattern, gr(n, θ) represents complex gain between channels, superscript I, Q
represent odd and even lines G matrix. Measuring g(n, θ) in discrete angle θ, then

V (n) = GaGrT (5)

where V is visibility function samples, T is m-d column vector, Gr = (gr1, gr2,..., grm), Ga = diag(ga1, ga2
,...gam). Variable m is determined by special sample and generally let m>2n+1, we take m>3n.

The effect of antenna arrays is invariable with time and only depend on the structure of the antenna arrays
and can be measured. So next we only consider the effect of the receiver. Rewriting equation (6) with lumping
in-phase and quadrature-phase together yields

V = GT (6)

where V is a vector with p elements, p=2n+1 is results of all correlators, T is vector with m elements, G is
(p*m) matrix.

Brightness temperature image reconstructed is as follows

∧
T = G̃−1V (7)

where G̃−1 = Gt[G̃Gt]−1 is pseudo-inverse of G and T is the estimated brightness image.
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Image Simulator

1. System Design
Image simulator has the ability of simulating one point noise source in arbitrary direction in the FOV.

Therefore the simulator can be used measuring the G matrix of the synthetic aperture radiometer.
While worked in calibration mode the system uses pre-computed simulation data to control eight RF signals

which simulates equivalent antenna signals of the point source from different angles in the far field. Then we can
get G matrix exclude the antenna effect by measuring the outputs of the radiometer. Considering the number
of reconstruction is so many as 156, so the simulator is designed working under the control of digital interface
of the synthetic aperture radiometer.

We take X band 8 channel synthetic aperture microwave radiometer for example. Figure 1 is the block
diagram of the image simulator. The system is constructed with power divider network linked to a signal
source and 8 IQ vector modulators. RFI signals from one source go through power divider to become 8 outputs
Rfin1∼Rfin8, then be input into 8 digital 12bit IQ vector modulators and shift the phase of the signal to gain 8
outputs RFO1∼RFO8 which replace antenna signals to be input into the synthetic aperture radiometer. Power
divider and digital IQ vector modulator are available. Therefore the main part of the design of the circuitry is
to generate the control word of the 8 12bit IQ vector modulators and correspond with the digital interface of
the synthetic aperture radiometer.

Figure 1: Image simulator block diagram

Digital IQ vector modulators can be calibrate to provide precision control on both amplitude and phase
of the transmitted signal simultaneously. To obtain the highest degree of accuracy, the calibration should be
performed in-situ. Calibration procedure of the device is performed using a vector network analyzer and a
generated test program which employs an iterative algorithm to achieve the utmost in accuracy. Each IQ vector
modulator has 24bit control word. Calibration program can provide amplitude accuracy of ±0.2 dB and phase
accuracy of ±2.0 degrees.

Under the calibration mode, digital manage subsystem’s MCU first send a request signal to the simulator,
then the simulator’ MCU read the control word (24bit) corresponding to one of eight antenna signal and send
to the corresponding IQ vector modulator. Finally, the simulator send back a signal to the digital manage
subsystem to inform the completed state. Digital manage subsystem collects outputs of the synthetic aperture
radiometer and transmitted to the computer and save them until all point source are simulated.

2. Test Result
Figure 2 shows interference patterns for d = n∆u(n = 0, 1, 2, 3) spacing and both I and Q channels(due

to the length limit of the paper). The data have been normalized. The frequency of the oscillations results
from the antenna separation. These visibility functions are the basis functions used to reconstruct brightness
temperature scenes and are the rows of the G-matrix. The figure visualized shown the amplitude difference
among each baseline and also shown the difference between the in-phase and the quadrature components. The
reason is that every channel and every correlator has unique transmission function.

Simulating 156 point source in the far field and reconstructing the brightness temperature scenes can produce
the spatial impulse response of synthetic aperture radiometer.
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Tδ = G̃−1G (8)

where the measured visibilities act as both the G-matrix and the visibilities that are to be inverted. The
measured result closely resembles the identity matrix shown as Figure 3. The nadir spatial impulse response is
the center row or column of the impulse response matrix. Figure 4 shows the nadir spatial impulse response of
the synthetic aperture radiometer.

3. Two Dimensional G-matrix
For two dimensional synthetic aperture microwave radiometer, the visibility function and the brightness

temperature are related as [1], [2]:

V (u, v) = K

∫∫

ξ2+η2≤1

T (ξ, η)e−j2π(uξ+vη)dξdη (9)

T (ξ, η) =
TB(ξ, η)√
1− ξ2 − η2

|Fn(ξ, η)|2 (10)

where (u, v) is the spacing between the two antennas in wavelengths; TB(ξ, η) is the brightness temperature;

T (ξ, η) will be called the modified brightness temperature; 1/
√

1− ξ2 − η2 is the obliquity factor for a thermal
source lying on a plane; Fn(ξ, η) is the normalized antenna voltage pattern; ξ = sin θ cosφ, η = sin θ sinφ,
are the directing cosines. In the same way, image simulator can also simulate a point source in ξ − η plane.
Assume there are 64 × 64 pixels in the ξ − η plane, G-matrix is G(un, vn, ξm, ηm) where n is baseline number
corresponding to spatial frequency sample; m = 64× 64 = 4096 is pixel number in the FOV, i.e. it is equivalent
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to 64 one dimensional G-matrixes, and there are 64 samples in each one dimensional direction. Hence, it is
obvious that the computation is huge.

Conclusion

Calibration of the synthetic aperture radiometer is the most important issue after the instrument is devel-
oped. It reflects the true relation between the output (visibility) and the brightness temperature at the input.
It also effects the image reconstruction algorithm. In this paper, a measurement set up called image simulator is
present. This subsystem can expediently simulate one point noise source in arbitrary direction in the FOV and
measure the G-matrix to describe the instrument exclude antenna arrays and using for image reconstruction.
The simulator was tested with X band 8 channel synthetic aperture microwave radiometer, the experiment
testify the theory in section two.
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SMOS In-Orbit External Calibration and Validation
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Abstract

SMOS is ESA’s second Earth Explorer mission with the objective of producing global maps of Soil Moisture
and Ocean Salinity over the Earth. The launch date is expected in September 2007. The only instrument
on-board SMOS is an L-band Microwave Imaging Radiometer with Aperture Synthesis (MIRAS).

This paper describes what is believed to be the optimum strategy to calibrate and validate MIRAS in-orbit
using external targets. Central to the method are the flat target response and the flat target transformation of
the Corbella equation. The paper includes the application of the technique to image reconstruction and some
illustrative simulations.

Introduction

The Flat Target Transformation (FTT) has been derived based on the Corbella equation, which correctly
describes how MIRAS works [1]. The proposed in-orbit calibration and validation approach is thus fully based
on this equation. The main objective of the FTT is to minimize the impact of antenna errors, as they are
outside the internal calibration loop.

In a markedly different way to the point target response method used to calibrate other imaging systems,
the FTT is essentially based on measuring a flat (uniform) target as the cold sky near the galactic poles. The
original motivation to deviate from the classical impulse response calibration resides on the fact that no emitters
are allowed in the protected radio-frequency band of MIRAS.

The Corbella Equation

The fully-polarimetric Corbella equation of the visibility function V was derived in [2] and reads as follows:

V pqij (u, v) = 2kB
√
BiBj αiαj ×

1√
ΩiΩj

∫∫

ξ2+η2≤1

Fα,pn,i (ξ, η)F β,q∗n,j (ξ, η)
TαβB (ξ, η) − δαβTr√

1− ξ2 − η2
r̃ij

(
−uξ + vη

fo

)
e−j 2π(uξ+vη) dξ dη

(1)

where p and q are the polarisations (in the antenna reference frame) that are selected in each of the two receivers i
and j involved in the particular baseline, (u,v) the baseline in wavelengths (λo=c/fo), (ξ,η) the direction cosines,
kB=1.38×10-23 J/K is the Boltzmann constant, B the equivalent noise bandwidth of the receiver, α the peak
voltage gain of the receiver (including antenna losses) –not to be confused with the polarisation superscript–,
Ω the solid angle of the corresponding antenna, Fnα,p the normalised voltage antenna pattern in α polarisation
when p polarisation is selected, TBαβ the brightness temperature in αβ polarisation, Tr the receiver physical
temperature (assumed the same for all receivers), r̃ the fringe-washing function and δαβ the Kronecker delta.

Eq.1 assumes Einstein’s sum convention over the repeated α and β indices, meaning implicit summation
over them as in the following example, where the same selected polarisation p is assumed in both receivers:

Fα,pn,i F
β,p∗
n,j

(
TαβB − δαβTr

)
≡

F p,pn,i F
p,p∗
n,j (T ppB − Tr) + F p,pn,i F

q,p∗
n,j T

pq
B + F q,pn,i F

p,p∗
n,j T

qp
B + F q,pn,i F

q,p∗
n,j (T qqB − Tr)

(2)

where Fnp,p and Fnq,p are the co- and cross-polar normalised voltage antenna patterns respectively, when the p
polarisation is selected.

The Corbella equation fully describes the behaviour of an aperture synthesis microwave radiometer as MIRAS
and predicts that antenna errors are critical since they scale with the temperature contrast (difference) between
the brightness temperature of the target and the receivers physical temperature. Ocean salinity retrieval in
SMOS is thus challenging.
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MIRAS Flat Target Response

A flat target is defined as follows: one which is completely unpolarised, with the same brightness temperature
in every direction and constant over time. Excellent realisations of such reference flat targets at the spatial
resolution of MIRAS are the cold sky near the galactic poles and the absorber wall of an EMC anechoic
chamber that is at a known physical temperature. In the case of the cold sky around the galactic Pole [3]

T vP = T hP = 3.5 K (3a)

T vhP = T hvP = 0 K (3b)

The visibility function of a flat target at To can be derived from Eq.1:

V pqij (u, v; To − Tr) = (To − Tr) V αα,pqij (u, v; 1) (4)

where

V αα,pqij (u, v ; 1)≡ 1√
ΩiΩj

∫∫

ξ2+η2≤1

Fα,pn,i (ξ, η)Fα,q∗n,j (ξ, η)
1√

1− ξ2 − η2
r̃ij

(
−uξ + vη

fo

)
e−j2π(uξ+vη)dξdη (5)

will be called the flat target response of the instrument from now on.

Flat Target Transformation

The impact of antenna errors would be minimized if, in the Corbella equation, the receiver temperature were
replaced by the average temperature of the scene, that is:

⌣

V
pq

ij (u, v) ≡ 2kB
√
BiBj αiαj ×

1√
ΩiΩj

×
∫∫

ξ2+η2≤1

Fα,pn,i (ξ, η)F β,q∗n,j (ξ, η)
TαβB (ξ, η)− δαβ T̄αβB (ξ, η)√

1− ξ2 − η2
r̃ij

(
−uξ + vη

fo

)
e−j 2π(uξ+vη) dξdη

(6)

The FTT achieves this objective through the following transformation

⌣

V
p q

ij (u, v) = V p qij (u, v)−∆V p qij (u, v) (7)

where

∆V xxij (u, v) ≈ T̄ xxB − Tr
TP − T ′

r

V xxij (u, v ; TP − T ′
r) (8a)

∆V yyij (u, v) ≈ T̄ yyB − Tr
TP − T ′

r

V yyij (u, v ; TP − T ′
r) (8b)

∆V xyij (u, v) ≈
T̄xx

B +T̄yy
B

2 − Tr
TP − T ′

r

V xyij (u, v ; TP − T ′
r) (8c)

∆V yxij (u, v) ≈
T̄xx

B +T̄yy

B

2 − Tr
TP − T ′

r

V yxij (u, v ; TP − T ′
r) (8d)

The FTT consists therefore in subtracting a scaled version of the visibilities acquired when looking to the
flat cold sky from the ones measured during normal operation.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 531

FTT-based Image Reconstruction Including the Alias Regions

According to Eq.7 the visibilities of the observed scene V pqij (u, v) can be split in two parts: the FTT-

transformed visibilities
⌣

V
pq

ij (u, v) plus the scaled visibilities of the galactic pole ∆V pqij (u, v). The visibilities
of the galactic pole are expressed in terms of the flat target response in Eq.4. This allows to cancel the
receiver temperature from the expression and only the flat target response times the average scene brightness
temperature remains as the second term. If IR represents the image reconstruction operator, then the modified
brightness temperature (brightness temperature multiplied by the antenna patterns over the obliquity factor)
can be recovered as follows:

T p q (ξ, η) = IR
[
V p qij (u, v)

]
+ Tr · IR

[
V αα,p qij (u, v; 1)

]

= IR
[

⌣

V
p q

ij (u, v)
]

+ IR
[
∆V p qij (u, v)

]
+ Tr · IR

[
V αα,p qij (u, v; 1)

]

= IR
[

⌣

V
p q

ij (u, v)
]

+
(
T
αα

B − Tr
)
· IR

[
V αα,p qij (u, v; 1)

]
+ Tr · IR

[
V αα,p qij (u, v; 1)

]

= IR
[

⌣

V
p q

ij (u, v)
]

+ T
αα

B · IR
[
V αα,p qij (u, v; 1)

]

(9)

Due to the linearity of the image reconstruction operator, the images of the two parts can be reconstructed
separately and only added after reconstruction in the image domain. The reconstruction of the first part, the
FTT-transformed visibilities, is insensitive to errors in the knowledge of the instrument antenna pattern due to
the small remaining difference temperature. On the other side this lack of knowledge would result in significant
errors when attempting to reconstruct the flat target response of the galactic pole.

Fortunately the image of the flat target response does not need to be obtained from the measured visibilities
of the galactic pole but can be obtained by simulation without requiring precise knowledge of the instrument.

The image of the flat target response of the real instrument V αα,p qij (u, v; 1) with the ideal image reconstruction
operator is the same as the image of the flat target response visibilities simulated with an ideal instrument
V αα,p qij IDEAL(u, v; 1) that were reconstructed with an Inverse Hexagonal Fourier Transform:

IRIDEAL
[
V pq,pqij (u, v; 1)

]
= IHFT

[
V pq,pqij IDEAL (u, v; 1)

]
(10)

This is due to the fact that the IHFT is the ideal image reconstruction operator for the ideal instrument.
Therefore Eq.(9), when expanded for the different polarizations, gives

T xx (ξ, η) = IR

[
V xxij (u, v)− T̄ xxB − Tr

TP − T ′

r

V xxij (u, v ; T−
P T

′

r)

]

+ T̄ xxB · IHFT
[
V xx,xxij IDEAL (u, v; 1)

]
+ T̄ yyB · IHFT

[
V yy,xxij IDEAL (u, v; 1)

] (11a)

T yy (ξ, η) = IR

[
V yyij (u, v)− T̄ yyB − Tr

TP − T ′

r

V yyij (u, v ; T−
P T

′

r)

]

+ T̄ xxB · IHFT
[
V xx,yyij IDEAL (u, v; 1)

]
+ T̄ yyB · IHFT

[
V yy,yyij IDEAL (u, v; 1)

] (11b)

T xy (ξ, η) = IR

[
V xyij (u, v)−

T̄xx
B +T̄yy

B

2 − Tr
TP − T ′

r

V xyij (u, v ; TP − T
′

r)

]

+ T̄ xxB · IHFT
[
V xx,xyij IDEAL (u, v; 1)

]
+ T̄ yyB · IHFT

[
V yy,xyij IDEAL (u, v; 1)

] (11c)

T yx (ξ, η) = IR

[
V yxij (u, v)−

T̄xx
B +T̄yy

B

2 − Tr
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r
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]

+ T̄ xxB · IHFT
[
V xx,yxij IDEAL (u, v; 1)

]
+ T̄ yyB · IHFT

[
V yy,yxij IDEAL (u, v; 1)

] (11d)
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Demonstration of the FTT Using the SMOS End-to-End Simulator

The following simulations demonstrate that the FTT reduces the noise in the retrieved images. For this,
the SEPS simulator developed for ESA by the Department of Signal Theory and Telecommunications of UPC
(Spain) has been used on an ocean scene.

The first step in the FTT process is the measurement of the cold sky visibilities. The visibilities of the sky
measurement are then subtracted from the measured ocean visibilities scaled with the scaling factor following
Eq.8. After inversion of these FTT-visibilities the ideal-instrument image of the sky and a flat target are added
back. The resulting brightness temperature image for the X-polarization is shown below in Figure 1.

   
Figure 1: Brightness temperature of the ocean scenario at X-polarization – with FTT (LEFT) and without
(RIGHT)

The statistical analysis of the figures above confirm an improvement factor (noise reduction in the image
due to antenna errors) between 3 and 5 due to the FTT.

Conclusion

This paper has presented what is believed to be the optimum method of external calibration for MIRAS. The
method consists in the flat target transformation of the fully polarimetric Corbella equation. This technique
minimises the impact of system errors, in particular antenna pattern errors, in the measured correlations. It
only requires cold sky views near the galactic poles, from time to time along the mission.

The paper has described the correct method of applying the FTT to the image reconstruction data processing,
where the generation of the flat target response is used within the processing without requiring a precise
knowledge of instrument deviations.

The performance of the FTT has been SEPS-simulated with noise reduction factors around 4 over ocean.
The improvement is limited to a factor about 2 in the alias regions. Additional research indicate that the FTT
could be applied in more sophisticated ways.
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Abstract

The fidelity of image reconstruction of SPORT depends on samplings in the Fourier transform domain of the
scene performed by its antennas array. Research in this paper aims at finding the optimal layout of the receiving
elements which is fitting for SPORT. Simulated annealing is applied to finding solutions for N = 8, 10, 12, 14.
The simulation results show that centers of gravity of optimized antenna arrays are situated on center of the
circle. Spatial frequency domain is covered evenly by the sampling points after rotation of the optimized antenna
array. Moreover, the redundancy of baselines is minimized. The length values of the baselines of the optimized
antenna array are also evenly distributed on the interval [0, 1].

Introduction

SPORT (Solar Polar Orbit Radio Telescope) project is a solar wind monitoring mission proposed by Center
for Space Science and Applied Research, Chinese Academy of Sciences. Large antenna aperture is required in
order to obtain adequate samplings of the spatial frequency domain for SPORT. The interferometric technique
is an attractive means of synthesizing large antenna aperture and improving angular resolution for microwave
radiometer [1 ∼ 3]. It is one of SPORT’s characteristics to adopt this technique.

The antenna aperture of SPORT is formed by a number of antenna elements. The distribution of these
antenna elements determines the samplings of radiation brightness temperature of the scene in the Fourier
transform domain. Therefore, the choice of the distribution of the antenna elements is very important for
SPORT.

The methodology used to design the element distribution for SPORT is based upon simulated annealing. It
is a good technique for solving difficult combinatorial optimization problems [4, 5] and a suitable method for
optimization of the Fourier plane coverage of antenna arrays [6 ∼ 8]. However, the optimum results in Ref. [6],
[7] and [8] either have excessive redundant baselines or can not ensure superposition of center of gravity and
geometrical center of the antenna arrays.

In the next section, design requirements of antenna arrays for SPORT are summarized. In the subsequent
section, the fundamental theory of simulated annealing is introduced and its application to optimization of
antenna elements distribution for SPORT is discussed. Finally, the optimized results for N = 8, 10, 12, 14 are
given via numerical simulation.

Design Requirements of SPORT

In order to reduce the number of antenna elements, SPORT mission adopt a time-shared sampling scheme.
In this scheme, a thinned array rotates about its center of gravity to take a complete image. Therefore, the phase
or direction of the baseline is not what we are interested. In the following discussions, we will only concentrate
on the lengths of the baselines by selecting optimal distributions of each element. The design requirements are
as follows:

• The antenna elements are situated at a circle with a unit diameter, i.e. the aperture is normalized to the
longest baseline.

• The center of gravity of the array is located in the geometrical center of it.

• In order to obtain the complete information of the scene, the spatial frequency domain should be covered
as evenly as possible by the sampling points after rotation of the array. The length values of the baselines
should also be evenly distributed on the interval [0, 1].

• The redundancy of baselines should be minimized.
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Optimization Strategy

The conventional SA algorithm is briefly described as follows [9]: in each step of the algorithm, a random
solution in the neighborhood of the current solution is generated and the resulting change in fitness of objective
function, ∆f , is computed. If ∆f ≤ 0, then the modification is accepted. The case of ∆f > 0 is treated
probabilistically. The probability that the modification is accepted is given by Eq.(1):

P (∆f) = exp[−∆f/T ] (1)

where T is the current temperature. A random number, uniformly distributed on the interval [0, 1], is selected
and compared with P (∆f), then a new assignment is accepted. Thereafter the temperature is lowed according
to the annealing schedule. This procedure is repeated until the state of the assignment completely freezes or
the termination criterion is fulfilled.

In this paper, the objective function ∆f is to be identified with the error function ∆E, which is given by
Eq.(2):

∆E = emax(n; r1, r2, ..., rN )− emax(n− 1; r1, r2, · · · , rN ) (2)

where ri is the ith baseline length of the circular arrays, emax is

emax = max([r1, r2, ..., rL]− [r1−ideal, r2−ideal, · · · , rL−ideal]) (3)

where [ri−ideal] is a matrix which consist of the ideal length values of baselines.
Furthermore, another function num, which is the number of baselines, is taken into account.
The appropriate “cooling schedule” of simulated annealing governs the convergence of the algorithm [10].

The parameters of the cooling schedule are [11]: initial temperature T0, cooling rate α, terminate temperature
Tend, and a finite length of each homogenous Markov chain Lk. In this paper, we choose T0 = 900, α = 0.9995,
Tend = 1 and Lk = 100N via a great deal numerical simulation.

The major implementation steps of optimizing the distribution of the antenna elements with SA are sum-
marized as follows:

Step (0):

Initialize T0, α, Tend and Lk.

Set iteration counter s = 1 and the maximum number of iterations send = 5× 105.

Set initial distribution of receiving elements.

Calculate num, emaxand the objective function ∆E.

Step (1):

Generate a new trail distribution.

Calculate ∆num = num(n)− num(n− 1).

Step (2):

If ∆num > 0, then calculate ∆E = emax(n)− emax(n− 1).

If ∆E < 0, accept the trail distribution. Else, decrease the temperature according to the annealing
schedule and perform the SA acceptance test.

Else, reject the trail distribution and go to step (1).

Step (3):

If num(n), emax(n) satisfy the design requirements then stop, else go to step (1).

Step (4):

If s-end or Tend is reached then stop, else go to step (1).
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Optimization Results

In this paper, by using simulated annealing, solutions are obtained for N = 8, 10, 12, 14. The array elements
are constrained to locate on a circle which radius is 0.5. An evenly distribution of the array elements on the
circle is the simplest condition which can ensure superposition of center of gravity and geometrical center of
the antenna arrays. Therefore, they are chose as the initial position angles (in degrees), which are as shown in
Table 1. The optimized locations of array elements on the circle are as shown in Table 2. The spatial frequency
spectrum and baselines of the optimized array elements are compared with those of the initial array elements,
which are as shown in Fig. 1.

It can be seen in Table 1, 2 that centers of gravity of either initial antenna arrays or optimized antenna
arrays are situated on center of the circle. All antenna arrays have beautiful crystalline structure, with bilateral
symmetry. By virtue of Fig. 1, the comparison of baselines and spatial frequency spectrums of the optimized
antenna arrays and of the initial antenna arrays are presented as follows:

a) The number of baselines of initial antenna arrays is 10, 12, 17, 37 for N = 8, 10, 12, 14, respectively.

    

    

    

    

Figure 1: Solutions for N = 8, 10, 12, 14 are plotted in diagrams. Baselines and sampling points after optimizing
are compared with those before optimizing. Scale is normalized.
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Table 1: Initial position angles of the array elements for N = 8, 10, 12, 14

N
8 0.0 45.0 90.0 135.0 180.0 225.0 270.0 315.0
10 0.0 36.0 72.0 108.0 144.0 180.0 216.0 252.0 288.0 324.0
12 0.0 30.0 60.0 90.0 120.0 150.0 180.0 210.0 240.0 270.0 300.0 330.0
14 0.0 25.7 51.4 77.1 102.8 128.6 154.3 180.0 205.7 231.5 257.2 282.9 308.6 334.3

Table 2: Optimized position angles of the array elements for N = 8, 10, 12, 14

N
8 0.00 14.86 113.33 140.23 180.00 194.86 293.33 320.13
10 0.00 28.41 105.85 125.33 170.50 180.00 208.41 285.85 305.33 350.50
12 0.00 3.50 21.94 33.22 88.23 138.53 180.00 183.50 201.94 213.22 268.23 318.53
14 0.00 38.72 48.89 54.59 82.44 153.69 175.39 180.00 218.72 228.89 234.59 262.44 333.69 355.39

Correspondingly, the redundancy of baselines is 65.5%, 73.9%, 74.6%, 59.8%, respectively. The length values
of baselines are not evenly distributed on the interval [0, 1]. Moreover, although sampling points in spatial
frequency domain of initial element distributions are relatively even, the intervals of sampling points with
various radiuses are relatively distant after rotation of the array. Consequently, high spatial resolution of the
scene can not be obtained.

b) The number of baselines of the optimized antenna arrays is 25, 41, 57, 78 for N = 8, 10, 12, 14, respectively.
Correspondingly, the redundancy of baselines is 13.8%, 10.9%, 14.9%, 15.2%, respectively. The reduction of
redundancy is 51.7%, 63.0%, 59.7%, 44.6%, respectively. The simulation results also show that, the length values
of the baselines of each optimized antenna array are also evenly distributed on the interval [0, 1]. Moreover,
it can be seen that spatial frequency domain is covered evenly by sampling points with various radiuses of
optimized antenna arrays after rotation of the arrays. Moreover, the intervals of sampling points with various
radiuses are relatively close after rotation of the array. Consequently, high spatial resolution of the scene can
be obtained.

Conclusion

In this paper, simulated annealing is used for optimization of the antenna elements distribution. Numerical
simulation is performed on N = 8, 10, 12, 14. It is observed from the simulating results that all optimized
antenna arrays have beautiful crystalline structure, with bilateral symmetry. The length values of the baselines
of each optimized antenna array are also evenly distributed on the interval [0, 1]. Spatial frequency domain is
covered evenly by sampling points with various radiuses after rotation of the arrays. Design requirements of
SPORT are satisfied.
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Abstract

Interferometric synthetic aperture radiometry is a relative new technique in the area of microwave earth
observation to measure the brightness temperature distribution of the earth. It can enhance the spatial resolution
of the passive microwave remote sensing effectively. Steady progress of this technology have been achieved in
both one dimensional and two dimensional cases since 1990’s. The typical instruments are ESTAR and MIRAS,
developed by NASA (and umass) and ESA respectively.

Relative research has also been conducted in China, mainly by National Microwave Remote Sensing Labo-
ratory (NMRS Lab), Center for Space Science and Applied Research (CSSAR), Chinese Academy of Sciences
(CAS), since the middle of 1990’s. A C-band and an X-band instrument has been developed. In this paper, re-
search activities on synthetic aperture radiometry in CSSAR/CAS will be reviewed and summarized, including
the development of the instruments. Finally, further plans in synthetic aperture radiometry in CSSAR/CAS
will also be prospected.

Introduction

As a passive remote sensor, microwave radiometer is one of the most important earth observation instruments
for many applications [1]. The conventional radiometer is essentially a high sensitive superheterodyne receiver
designed to measure the brightness temperature distribution of the earth, by scanning its real aperture antenna
across the field of view (FOV). It is obvious that the spatial resolution is directly determined by the physical
antenna size. Since the applicable antenna size is always limited, especially in the satellite-borne use, the
spatial resolution of the traditional total-power microwave radiometer is also limited. The application fields of
traditional microwave radiometer are restricted by low spatial resolution.

Since the middle of 1980’s, the concept of interferometric aperture synthesis technique in radio astronomy is
introduced in passive microwave observation to solve this problem [2][3]. Unlike the traditional radiometer, the
synthetic aperture radiometer maps the brightness temperature distribution of the earth indirectly, by measuring
the Fourier transform of the brightness temperature distribution over the FOV. This kind of measurement in
Fourier frequency domain is accomplished by the complex correlation among a set of antennas/receivers arranged
in particular positions.

ESTAR, developed by NASA and the University of Massachusetts, is the first airborne instrument designed
to demonstrate this technology [3][4]. It operates in L-band and uses aperture synthesis only in the cross-track
dimension. ESTAR had done many flying experiments in 1990’s, most of which were made to measure the soil
moisture and ocean salinity [5]∼[8]. All of these experimental results provided convincing proof to support the
feasibility of the synthetic aperture radiometer.

MIRAS is much more complicated and ambitious, using aperture synthesis in two dimensions, containing
69 antenna/receiver units arranged in Y-shape arms and more than 5000 correlators in central hub. MIRAS
is the only payload for the SMOS mission proposed by ESA, which planned to be launched in 2007 [9]. To
ensure the success of the space mission, several universities participated in the research under the support and
coordination of ESA. UPC has done lots of work on imaging algorithm research, system performance analysis
(such as spatial resolution, radiometric resolution, etc), and end to end system simulation [10]∼[13]; HUT has
developed a NIR for calibration, and a U-shape airborne demonstrator [14][15]. All of these detailed research
work drive the development of synthetic aperture radiometry effectively.

In China, under the support of the National High Technology Research and Development Program of China
(863 Program), NMRS/CSSAR/CAS started its own preliminary research on this topic from the middle of
1990’s. A C-band instrument was developed for demonstrator in 2001, which can achieve 4 degree spatial
resolution with 6 channels and 11 analog correlators [16][17]. Experiences and lessons were both achieved in
this progress. After that, NMRS/CSSAR/CAS developed an airborne X-band 8 channel synthetic aperture
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radiometer during 2002∼2004, which can achieve higher spatial resolution about 2 degrees. Both analog and
digital correlation schemes were adopted in the X-band system design to permit the direct comparison between
them. The X-band instrument performed well in its first flying experiment in April, 2004 [18]. Furthermore,
by utilizing different antenna array arrangement and digital correlation design, this one-dimensional X-band
instrument can even be switched to a two-dimensional experimental system.

Fundamental Research on Imaging Principle

As mentioned above, the imaging principle of synthetic aperture radiometer is totally different from tra-
ditional radiometer. Since the raw measuring results of synthetic aperture radiometer are a set of frequency
domain samples of the scene, transform algorithms are needed to produce the original brightness temperature
image. Fourier transform is the most common method to image retrieving. But it often does not perform well
enough on real application occasions. NMRS/CSSAR/CAS started its research on image retrieve algorithm
in the early term of C-band system developing. The most general situation of aperture synthesis was consid-
ered, and corresponding numerical image retrieving algorithm rather than Fourier transform was investigated
[19][20][21].

 

Figure 1: Effects of Channel’s imbalance (left: amplitude imbalance, right: phase imbalance)

 

(a) (b) (c)
Figure 2: Effects of Channel’s mutual coupling (a: original image; b: retrieved image with mutual coupling; c:
retrieved image after calibration)

From the imaging principle of synthetic aperture radiometer, it is obvious that to retrieve the image of
an extended target in FOV, the frequency domain must be sampled adequately and exactly. These frequency
domain samples obtained by correlation of specific pairs of receiving channels are so called visibility functions.
The ideal Fourier relationship between the complex visibility functions and the true brightness temperature dis-
tributions requires the balance and incoherence among all receiving channels. However, ideal channel properties
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are impossible in practical implementation, imbalance (both amplitude and phase) and mutual coupling always
exist among different channels. In this situation, numerical retrieving algorithm should be used, based on the
calibration procedure measuring the real system response.

The effects of unideal channels on image retrieving are investigated in [22], where a calibration approach is
also presented: using digital I-Q vector modulators to simulate the point source in the antenna range to get the
system response G-matrix. Computer simulation results are presented here. Fig.1 shows the different effects of
amplitude and phase imbalance. Fig. 2(b) illustrates the retrieved image corrupted by mutual coupling effects,
compared with Fig. 2(c), the retried image after calibration.

Instrument Development: C-band and X-band

Either of these two C-band or X-band synthetic aperture radiometer is one-dimensional ESTAR-like hybrid
system. Some basic specifications of the C-band and X-band instruments are listed in Tab. 1. The X-band
analog and digital correlation systems are listed separately.

Table 1: Instrument specifications

Center Frequency 9.398 GHz 9.398 GHz 6.6 GHz
(analog correlation) (digital correlation)

Bandwidth 25MHz 25MHz 25MHz
Integration time 25ms 25ms 25ms
The least spacing

between antenna elements 0.735λ 0.735λ 0.72λ
Antenna/Receiver elements 8 8 6

Complex correlators 20 24 11
Weight 66kg 52kg 35kg

Power Consumption 80w 85w 60w
Spatial resolution 20 20 40

 

Figure 3: Truck-borne experiment result: retrieved image of Baiyi Road, Beijing

 

(a) (b) (c) (d)

Figure 4: The comparison of X-band synthetic aperture radiometer image (a, d) and SPOT multi-spectral image
(b, d): (a) Jingpo Lake, Heilongjiang Province, 2004.04.16; (b) Jingpo Lake, 2004.04.14; (c) Songhua Lake, Jilin
Province, 2004.04.14; (d) Songhua Lake, 2004.04.11;
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The C-band system was developed during 1999∼2001. Some initial imaging experimental results were
achieved [17][24].

The X-band system was developed during 2002∼2004. A series of ground-based, truck-borne and air-borne
imaging experiments were conducted from the end of 2003. Fig. 3 and Fig. 4 show some imaging results of
these experiments.

Prospect

The success of the X-band instrument’s flight experiments provides us a solid foundation to pave the way for
future work. CSSAR/CAS is now investigating the space-borne application feasibility of the aperture synthesis
technique in China, either in the area of micro/millimeter wave earth observation or radio space exploration.
Several space-borne plans have been proposed, including the plan of Solar Polar Orbit Radio Telescope (SPORT).

Conclusion

After a long term development period of more than ten years, the aperture synthesis technology has become
more and more mature and ready for practical applications in the world. NMRS/CSSAR/CAS had developed
two synthetic aperture radiometers at C and X band for airborne use. The experiences and lessons achieved in
the past will help us in the future.
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Abstract

The two-dimensional interferometric synthetic aperture radiometer measures the brightness temperature
distribution using two-dimensional antenna array without scanning. It has been reported that Y-type array
configuration with equally spaced antennas is optimal in terms of a narrow 3dB beamwidth and wide synthe-
sized field-of-view (FOV). The sub-Y-type array was suggested to improve the spatial resolution than that of
conventional Y-type array with the same number of antenna elements. To evaluate it, 37 GHz two-channel
interferometric radiometer demonstration model is implemented. The angular resolution of sub-Y-type array
was compared with that of Y-type array with the same number of antennas. In this paper, the performance
of sub-Y-type is evaluated under the some two-dimensional targets such as the contiguous square objects. The
images of sub-Y-type and Y-type array were simulated. The imaging features were compared. The sub-Y-type
has higher spatial resolution than Y-type in case of the contiguous target as well as a single point source.

Introduction

Interferometric synthetic aperture radiometer was suggested in the 1980s for earth observation at low mi-
crowave frequency with an advantage of high resolution [1]. It was proposed as an alternative to the real
aperture radiometer. It can obtain high resolution images without mechanical scanning. In two-dimensional
interferometric radiometer, an antenna configuration is one of the important design considerations. It settles
the sampling type of visibility function and the minimum number of visibility samples required for a determined
aliasing level. It has been reported that Y-type array with equally spaced antenna is optimal in terms of a
narrow 3dB beamwidth and wide synthesized field of view [2]. This is applied to develop MIRAS (Microwave
Imaging Radiometer by Aperture Synthesis) by the European Space Agency. MIRAS has large Y-type array
with 43 antennas per arm spaced 0.89λ(λ: wavelength) at 1.4 GHz in order to obtain 3dB beamwidth of 0.77◦.
The requirement for many antennas to get a high spatial resolution is one of the controversial points, because
it causes problems such as system complexity and system cost.

A new type of array configuration, the sub-Y-type array is proposed by SSL(Sensor System Laboratory)
at GIST [3][5]. The 37 GHz two-channel interferometric radiometer demonstration model was implemented to
evaluate the performance of sub-Y-type array configuration. The visibility samples for interferometric aperture
synthesis are measured by spacing two antenna elements sequentially in required pairs of positions. Using the
reference noise source, the radiometric characteristics of sub-Y-type array configuration were examined. To
compare the theoretical results of proposed type, two contiguous noise sources were tested with sub-Y-type and
Y-type. The detailed architecture and experimental results are discussed in the following sections.

Figure 1: Sub-Y-type array with 136 antennas. Figure 2: Visibility samples for sub-Y-type.
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Sub-Y-Type Array Configuration

In this section, the sub-Y-type array configuration is explained. This configuration is suggested to achieve
the two dimensional high angular resolution images. The antenna array configuration is important because
the array shape affects the synthesized beam pattern of the interferometric synthetic aperture radiometer.
Several array types have been proposed such as T-, L-, and Y-type array. Among these, Y-type array has been
evaluated as the most efficient configuration that has a large alias free field of view and a narrow synthesized
beamwidth compared with other array types under the same number of antenna elements[2]. The sub-Y-type
array configuration is devised to obtain the wider visibility coverage area than the Y-type array keeping the
hexagonal sampling characteristic under the fixed number of antenna element. However, it is at the expense
of incomplete spatial sampling. It is based on sub-array groups where four antenna elements are arranged by
d1 like Y shape. It is based on antenna groups, which consist of two sub-arrays spaced by d2. The distance
d2 is set to 4 d1 to obtain a complete sampling on the principle axes. The grouping of sub-arrays in Fig.1 is
intended to extent the arm of sub-Y-type array keeping a complete sampling on the principle axes. The spacing
between two groups is represented by d3. The detailed description of sub- Y-type array antenna configuration
is presented in [5].

The antenna array configuration of interferometric radiometer affects on the imaging characteristics because
the brightness temperature image is reconstructed from the sampled visibility functions by the inverse Fourier
transform [1][4]. The visibility function is

V (u, v) =

∫ ∫

ξ2+η2≤1

TB(ξ, η) exp[−j2π(uξ, vη)]dξdη (1)

where u = Dx/λ, v = Dy/λ, ξ = sin θ cosφ, and η = sin θ cosφ. The reconstructed brightness temperature
is

T̂B(ξ, η) =
∑

u

∑

υ

V (u, υ) exp[j2π(uξ + υη)] (2)

The wider the sample coverage of the visibility function is, the narrower the synthesized 3dB beamwidth is.
The visibility sample coverage is shown in Fig.2. The visibility samples are not completely sampled.

Simulation

The simulation is performed as following conditions:

1. Antenna configuration: the Y-type array with 136 antenna elements and the sub-Y-type array with 136
antenna elements are used.

2. Test input images: a single point source target, contiguous square targets are used.

1) Single point source target

The first simulation is performed under a single point source target. The object is to get the radiometer
system response. It represents the point spread function (PSF). It is important to analyze the imaging per-
formance of the radiometer because its characteristics such as main beamwidth and sidelobe level are relevant
to the imaging performance. In Fig. 3 and Table 1, the beamwidth of Y-type and sub-Y-type are different
although the number of used antennas is same. Sub-Y-type array has narrower beamwidth than Y-type array.
However, the sidelobe of sub-Y-type array is higher than that of Y-type.

2) Contiguous square targets

This simulation is executed under the contiguous square targets. Each target is spaced with different
distances. The results of this are shown in Fig.4. Fig.4(a) is the contiguous multiple square targets image. The
background value in the image is zero. Fig.4(b) is the reconstructed image using Y-type array with 136 antennas.
Fig.4(c) is the reconstructed image using sub-Y-type array with 136 antennas. In the top left in Fig.4(b), targets
seem like a big square with a hole. They are not distinguished clearly. Square images are blurred. In Fig.4(c),
the targets are distinguished clearly. The edges of them are sharp. However, the background is brighter. It
results from the high sidelobe level.
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Figure 3: One dimensional profile.

Table 1: Estimated characteristics of Y-type and
sub-Y-type

Antenna array type

Y-type
(136 antennas)

Sub-Y-type
(136 antennas)

Beamwidth 0.74◦ 0.52◦

Sidelobe -7.62 dB -5.54dB

Figure 4: Simulation of the contiguous square targets. (a) Original image. (b) Reconstructed image using
Y-type array. (c) Reconstructed Image using sub-Y-type array.

Experiment Results

37 GHz two channel interferometric synthetic aperture radiometer demonstration model was developed to
experiment the performance of sub-Y-type array. The system specification and experiment environment are
listed in Table 2. The visibility samples are measured by spacing the two patch antennas sequentially in
required pairs of positions on the antenna mounting structure. A hot noise source is used as imaging target
to evaluate the angular resolution of proposed interferometric synthetic aperture radiometer. This noise point
source consists of a matched load, an amplifier, and a 4×4 linear polarization patch antenna. The point source
is located at the center of the image plane. The sub-Y-type array is designed with 40 channels. The distance of
two antennas, d1 is fixed 0.89λ to compare with Y-type array and also d2=4d1 and d3=8d1 are decided to obtain
optimum angular resolution [5]. The measured point response of sub-Y-type is affected by phase error because
the measurement range is not satisfied with the far field region. In order to keep the same phase error for Y-type
and sub-Y-type, the Y-type is constructed with 52 antennas for experiment so that the same visibility coverage
of sub-Y-type with 40 antennas is achieved. The point source responses of Y-type array and sub-Y-type antenna
configuration are reconstructed from visibility samples of 52 and 40 antennas respectively as shown in Fig.5.
Although the antenna number of sub-Y-type array antenna configuration is reduced by 12 than that of Y-type
antenna configuration, but their responses are similar. That is, the angular resolution is improved by 23%.

Table 2: System Specification and Experiment Environment.

Measurement
distance

3.6 m Noise
Bandwidth

96.65 MHz Receiver gain 80 dB

Center
frequency

37 GHz I/Q
demodulator

Software
based

Channel
isolation

> 40 dB

Correlation
bandwidth

100 MHz Complex
correlator

Software
based

RF image
suppression

> 30 dB

Integration time 0.65µs SNR 30 dB
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Figure 5: Response of a noise source. (a) Y-type array. (b) sub-Y-type array.

Conclusion

First, the image performance of sub-Y-type array configuration with 136 antennas was evaluated by sim-
ulation. Compared with Y-type array with the same number of antennas, it has narrower 3dB beamwidth.
However, since it has higher sidelobe level, the reconstructed image quality is degraded. 37GHz interferometric
radiometer demonstration model is implemented to evaluate it. The performance of the angular resolution is
evaluated by using a point noise source. As a result, the sub-Y-type array with 40 antennas has the same
angular resolution with Y-type array with 52 antennas. It means that its performance is improved by 23% in
terms of angular resolution. However, in the experiment result, its high sidelobe level affects the degradation of
the reconstructed image quality.
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Abstract

On 26 December 2004 a tsunami generated by an earthquake with its epicentre in the Indian Ocean West
of Indonesia caused a real human and material catastrophe in the region. After the event some proposals to
establish a network of sensors for tsunami detection were put forward.

This paper presents an alternative concept that can be applied from satellite, aircraft or from the coast,
and which can complement such a network of sensors for fast tsunami detection. The concept makes use of
GNSS signals reflected from the ocean’s surface to perform mesoscale ocean altimetry. The technique, designated
PARIS (Passive Reflectometry and Interferometry System), aims at capturing fast topographic events happening
on the ocean surface such as eddies and fronts.

The paper includes details of some aircraft experiments whereby a PARIS altimeter was used to map a
topographic signature with amplitude and wavelength similar to a tsunami in open ocean.

Introduction

“Our mastery of major technology projects must lead us to reflect on how we can place our expertise and
technology at the service of all the world’s citizens, in particular those who are suffering today or who may one
day suffer from the various scourges that afflict our Earth. There are of course limits to what we can do but we
must do whatever we can. . . .

. . . this plan will concern both the reconstruction phase in South-East Asia and a further phase devoted to
the detection and prevention of such events.”

J.J. Dordain, ESA DG, “Letter to all staff”, 15 of January 2005.

Need for a Global Tsunami Detection System

On Boxing Day 2004, the entire world was shocked to hear of the sub-oceanic earthquake off the coast of
Sumatra and the subsequent tsunamis which devastated shoreline communities from Indonesia to Thailand and
from Sri Lanka to Somalia. Since then, worldwide, governments and policymakers have looked to seismologists
and oceanographers for at least the means to provide a substantiated warning in the event of any such occurrence
happening again in the future. In fact, the principle for such a global warning system already exists. It requires
only that it be fully developed and exploited for the benefit of all coastal regions around the globe.

The PARIS Concept

Since 1993 ESA and later European industry have been working on an idea to make use of GNSS signals
reflected from the ocean’s surface in order to perform altimetry [1]. The technique, designated PARIS (Passive
Reflectometry and Interferometry System), has been proven first through experiments over a pond at ESTEC,
then from the Zeeland bridge (NL) and most recently from an aircraft flying over the Mediterranean near
Barcelona. In all these experiments, the results have been convincing suggesting that a spaceborne PARIS
instrument would be capable of detecting sea surface height with a precision in the order of some centimetres.

PARIS is a very wide swath altimeter, capable of reaching 1000 km swath or even more, depending on orbital
altitude, as it picks up ocean-reflected (and direct) signals from several GNSS satellites (typically 6 GPS and
6 Galileo when available). This wide swath means that a constellation of 10 PARIS satellites with an orbital
inclination of 45◦ could cover the most populated central part of the Earth (from 45◦S to 45◦N in latitude)
with a revisit time of less than an hour. A 30-60 cm 100 km wavelength tsunami wave in this region would be
observable as the typical resolution of PARIS is 5-10 cm in height and 20-50 km in spatial resolution.
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Figure 1: The PARIS Concept

Global and Long Term Coverage

The beauty of PARIS for tsunami detection is that it is passive resulting in a relatively low cost instrument
and, unlike conventional altimeters, it can measure and monitor the sea surface height at a large number
of locations simultaneously depending on the availability of GNSS signals within the antenna’s field of view.
Current ideas for a space-based PARIS sensor envisage the antenna having 12 independently tracking beams.
This means that coverage of the world’s oceans is already improved by a factor of 12, compared to a conventional
altimeter, for a single instrument.

The development of GNSS systems in the future also guarantees the “transmitter segment” for decades
-an important feature for tsunami detection-with assured continuous improvement in capabilities (transmitted
power, bandwidth and frequencies).

PARIS Airborne Demonstrations

On 25 September 2001, within the PARIS-Alpha contract with ESA, the Institute of Space Studies of
Catalonia (IEEC), Spain, carried out a flight of a PARIS altimeter off the Costa Brava [2]. In this region of the
Mediterranean Sea, a trench in the sea floor (Palamos Canyon) disturbs the water current and produces a 30
cm dip about 100km long in the mean sea level. The amplitude and wavelength of such a topographic feature
are similar to those of a tsunami in open ocean.

The aircraft over-flew a Topex track which provided the reference sea level profile. Several GPS-buoys were
deployed to provide some ground truth points. GPS stations were installed at several places along the coast as
well, and kinematic differential GPS was used to retrieve the plane’s trajectory. The C/A code was processed
by IEEC, whereas the encrypted P-code (Y-code) processing was done by JPL-NASA for IEEC.

Valid data was recorded for the full path when flying north, but only during part of it when returning south.
The results of the C/A and P-code processing are shown on the left of Figure 2: besides some offset which
appears depending on the flight direction (north or south) for the C/A code solution, the Palamos Canyon
30cm dip is observed in both C/A and P-code derived profiles. The topographic profile due to the continental
platform is also recovered. The closeness of the P-code solution to the Topex profile is remarkable.

The same flight was repeated one year later, on 27 September 2002, using the same PARIS altimeter over an
extended track [3]. This time, it was within the PARIS-Gamma ESA contract with Starlab (Barcelona, Spain)
and thus, using a fully independent data processor. Only the C/A code was processed and the results are shown
on the right of Figure 2. The retrieved profile looks very similar to the one obtained in PARIS-alpha showing
the robustness of the PARIS technique. The Palamos Canyon dip is again observable, as are the gentle surface
slopes above the continental shell. The deviation between the PARIS and Jason-derived sea surface heights is
below 10 cm rms.
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Figure 2: Left: PARIS-Alpha aircraft test – retrieved sea surface height from 1000 m altitude over the Palamos
Canyon using the GPS C/A code (triangles) and the P-code (squares) -courtesy of IEEC and JPL- Right:
PARIS-Gamma aircraft test – same result but over an extended track and using only the GPS C/A code:
dashed-black is Jason sea surface height, blue and red are the ascending and decending track PARIS-derived
topography and green is a buoy tie-point.

UK-DMC: towards a Satellite Demonstration

In September 2003 the UK-DMC (Disaster and Monitoring Constellation) satellite was launched into a 685km
sun-synchronous orbit to provide imaging in quick response to disaster situations such as the earthquake and
tsunami that devastated Southeast Asia. The satellite included a pioneering experiment of PARIS, realized by
Surrey Satellite Technology Limited with support from the British National Space Centre: a downward looking
medium gain antenna (12dBic), a link to an onboard data recorder and enhanced delay-Doppler mapping
processing. Even at this high altitude and with a modest gain antenna the results to date have been very
promising with ocean-scattered signals found in every ata collection under a wide range of ocean conditions.
Figure 3 shows two signals detected under very different ocean conditions [4]: on the left is a strong sea reflected
signal (PRN 28, 12-3-2004) when the wind speed was 2.5m/s (derived indirectly from wind models), whereas
the much weaker signal on the right (PRN 29, 24-5-2004) corresponds to a QuickSCAT measured wind speed
of 11 m/s. The signals will be processed for altimetric applications and by extension, for Tsumani detection.

Figure 3.

Tsunami Phenomenology

A tsunami is a wave train generated in a body of water by an impulsive disturbance such as an earthquake,
which vertically displaces a water column. Tsunamis were historically referred to as tidal waves because as they
approach land they take on the characteristics of a violent onrushing tide. The tsunami is generated when the
vertically displaced water mass moves to regain its equilibrium and radiates across the mass of water. The size
of the resultant tsunami waves is determined by the quantum of the deformation of the sea floor. The larger
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the vertical displacement, the greater the size of the waves will be. As the tsunami crosses the deep ocean its
wavelength may be a hundred kilometres or more and its amplitude will be in the order of 30-60 cm typically.
Since a tsunami has an extremely large wavelength (> 100 km), tsunamis act as a shallow-water wave even in
deep oceanic water (5 km) and their speed v depends only on gravity and water depth D:

v =
√
gD

So a tsunami travels slowly (tens of meters per second) in very shallow water and fast in deep water (hundreds
of km per hour).

Tsunami Early Warning Satellite System

The physical characteristics of a tsunami and the capabilities of a PARIS altimeter match each other perfectly.
The PARIS concept allows a synoptic view of an extremely large portion of ocean surface to be obtained. In
150 seconds an area of 1000 km×1000 km is swept by typically 12 quasi-parallel tracks (reflection points) with
random spacing between them. In that amount of time a tsunami may have travelled some 30km, which is of
the order of the spatial resolution of PARIS i.e. it will look almost like a static wave in the ocean during a
satellite overpass. A constellation of 10 PARIS satellites should be able to detect a tsunami with a time to first
alarm of less than 45min (half the orbital period). The key issue of the system is real time on-board processing
and data downlink.

The strength of the concept resides in that, by providing a synoptic view of the ocean surface, the probability
of false alarm of such a system will be low, i.e. the wave structure in the ocean will clearly reveal itself as a
tsunami rather than an artefact due to other reasons (instrument error, ionospheric delay, etc). Low false-alarm
rate in tsunami detection is important to prevent population from relaxing when an alarm is raised.

As tsunamis happen only very seldom, the proposed constellation of PARIS altimeters should serve other
oceanography scientific purposes during normal operation, but the tsunami early warning function should be
the real and ultimate driver of such -hopefully and expectedly- international effort.

Conclusion

From work already performed in the areas of theory, experimentation and processing it is clear that a con-
stellation of satellites equipped with PARIS altimeters could provide a tsunami early warning system. Tsunamis
and PARIS match each other quite perfectly, the former comprising high-amplitude (> 10 cm) mesoscale fast-
development ocean features and the latter being an extremely wide-swath altimeter system than can provide
synoptic views of the ocean surface. The probability of false alarm of such a system would be very low, a key
parameter in a tsunami early warning system. Challenges ahead are the on-board real-time processing and
the data downlink to ground and dissemination to the population. These areas will be covered by future ESA
studies.
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Abstract

Two novel wide-angle and broadband 2D photonic crystal polarization splitters (PCPS) which are the multi-
layer wavy films (MWF) structure and arrow-head like structure are designed based on the autocloning method.
Plane wave expansion (PWE) method is used to calculate the band structure and explain the reason for the
wide-angle and broadband polarization splitting effect. In order to verify the result derived from PWE method,
finite-difference time-domain (FDTD) method is employed to test and measure the polarization splitting effect
for the MWF structure, finding that it is in the angle range from 25 to 65 degree that the results are perfect.
Outside this angle range, the results are unacceptable due to the rapid decay of TM mode power.

Introduction

Photonic crystal (PC) has the optical characteristics of photonic bandgap [1], strong anisotropy and negative
refraction [2, 3], so is expected to be useful for novel optical devices [4-6]. However, the severe requirement
that the spatial period should be approximately half a wavelength in the medium makes it difficult to find a
reproducible and flexible technique to produce high quality multidimensional PCs for the optical wavelength
region. A new method named autocloning technique [7] which is based on stacking multilayer wavy films (MWF)
onto a substrate with periodically-arrayed holes or grooves by a combined process of sputter deposition and
sputter etching overcomes the problem. This technique has been successively applied to fabricate polarization
selective grating [8] and polarization splitter [9] for the wavelength of visible region.

Unlike the conventional polarizing beam-splitter which utilizes the Brewster angle, the novel 2D photonic
crystal polarization splitter (PCPS) fabricated by the autocloning method has been demonstrated experimentally
that it can effectively split TE and TM mode as the field is incident normally, owing to the overlapping of the
partial bandgap of TE mode and the passband of TM mode for the wavevector from Γ to X in Brillouin zone
(BZ). This is considered as an opening to the wide-angle and broadband 2D PCPS. Wide-angle corresponds to
such an band overlapping existing for a continuous range of wavevector direction inside the PC. In this paper,
two kinds of wide-angle and broadband 2D PCPS are designed with the materials of SiO2 and a-Si. The first one
is MWF structure for the wavelength from 1.48µm to 1.52µm. The second one called arrow-head like structure
is the deformation of MWF structure, and designed for the wavelength from 1.28µm to 1.31µm. The theory of
plane wave expansion (PWE) method which is useful for band structure analysis is given in Section 1 first.

1. Plane Wave Expansion

Considering electromagnetic wave in materials with source-free space, lossless medium and magnetic uniform,
E and H will satisfy the following eigen value equations:
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is a highly discontinuous function, E is also discontinuous consequently. Therefore, the H eigen value

equation is chosen to solve the problem. According to Bloch theorem, in periodic structure the complex-valued
magnetic field can be expressed as: ⇀
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where
⇀

Rl is lattice vector, êk is an unit vector perpendicular to the vector k and parallel to the H vector. Any

periodic function can be expanded using Fourier series, so is for ε
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Substituting (3)∼(6) into equation (2), the final equation is:
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This is a standard eigen value problem which can be implemented by numerical method.

2. Band Structure Analysis

2.1 Multilayer Wavy Films

We have made a systematic examination of the band structures as a function of filling ratios for MWF
structure. In all the cases, lattice constants Lx, Lz and the slope angle θ were kept constant, the thickness ratio
of two materials was varied to change the filling fraction, finding that when the refractive index of SiO2 and
a-Si were fixed at 1.5 and 3.5 respectively, the complete bandgap of TE mode exists over a wide region of filling
ratio. The optimized value of the parameters are:

Lx = 0.56µm, Lz = 0.45µm, T = 0.15µm, θ = 44◦ (8)

where T is the thickness of a-Si. Lx, Lz and θare defined in Fig. 1. The Fourier transformation [10] of ε
(

⇀
r
)

which is of great importance to PWE method is given as follows:
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Figure 1: Geometrical configuration of MWF. (a) The overall structure. (b) The unit cell of MWF.
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The complete bandgap of TE mode lies at Lz/λ = 0.295 ∼ 0.305 (see Fig. 2) corresponding to the wavelength
from 1.48µm to 1.52µm. Focusing on the second band of TM mode, when the wavevector moves along the edge
X−M−X′ of BZ, the values of this band are all below the complete bandgap, above which the value of Γ point
lies simultaneously. This situation indicates that for the wavevector of any direction there must be passband of
TM mode that traverses through the complete bandgap because of the continuity of band structure. Examples
such as passbands in ΓX , ΓM and ΓX′ directions have been showed in Fig. 2. Since the splitting of TE/TM
modes can be achieved inside the PC for all the wavevetor directions, the field outside can be omnidirectionally
incident. For the configuration described in Fig. 1, omnidirection means the unpolarized field can be incident
at an arbitrary angle to the interface in the XZ plane.

 

Figure 2: Band structure of MWF. Complete bandgap of TE mode is plotted with shadow. The marks 1, 2
and 3 represent the first, second and third band of TM mode.

2.2 Arrow-head Like Structure

Based on the MWF structure, arrow-head like 2D PC (see Fig. 3) requires an additional fabrication process
called Reactive Ion

 

Figure 3: Geometrical configuration of arrow-head like 2D PC based on the MWF structure.

Etching for the a-Si layer causing it to be discontinuous [11]. The complete bandgap of TE mode appears at
Lz/λ = 0.341 ∼ 0.354(see Fig. 4) corresponding to the wavelength from 1.28µm to 1.31µm,if the values of the
parameters are set as follows:

Lx = 0.72µm Lz = 0.45µm L = 0.17µm T = 0.19µm θ = 50◦ (13)

where L is the lateral extension length of a-Si and T is the central thickness. The other parameters remain the
same as MWF. Again, focusing on the second band of TM mode in Fig. 5, along the partial edge A−M−B of
BZ, the values of this band are all above the lower bound of the complete bandgap. So is the value of Γ point
showed in Fig. 4. This time we can’t make sure that there must be passband of TM mode which traverses
through the complete bandgap when the direction of wavevector lies in the region painted with gray color in the
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inset of Fig. 5. Only for the wavevector direction outside the gray region, can TE and TM modes be splitted
as TM mode passes through the PC and the propagation of TE mode is forbidden when the frequency is within
the complete bandgap. So, arrow-head like PC can still realize wide-angle polarization splitting.

 

Figure 4: Band structure of arrow-head like 2D
PC. Complete bandgap of TE mode is plotted with
shadow.

 

Figure 5: Enlarged view of the band structure of
arrow-head like 2D PC. Wavevetor moves along the
edge of BZ. Frequency region is selected from 0.22 to
0.47.

3. Numerical Results

The analysis with PWE is just qualitative. In this section, numerical results based on FDTD are presented
for MWF structure. We consider a structure of 14 lateral periods located between free space. The grid size used
in both directions is 20nm, and the size of the computational domain is 6.74µm by 10.2µm. Periodic boundary
conditions are used at the top and bottom boundaries. Absorbing boundary conditions are used for the side
boundaries. A time dependence of sinusoidal plane wave source is used to generate the incident field. Fig. 6
shows the electromagnetic wave propagation from the left side of MWF to the right side with oblique incidence
angle for TM mode. The gray levels are in one-to-one correspondence with the field amplitudes.

 

Figure 6: “Snapshot” of field amplitudes within the computational domain.

The wavelength 1.48µm, 1.50µm and 1.52µm are selected to calculate the transmittance against the incidence
angle. The results are shown in Fig. 7. For TE mode the transmittance are below 3% except for the angle near
0◦, and even below 1% in some angle region. The transmittance of TM mode is not so ideal as expected. It is
in the angle range from 25◦ to 65◦ that the values are acceptable. Outside this range, the decay of power is so
obvious that it is unsatisfactory for practical applications.
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Figure 7: Transmittance of TE and TM mode as a function of incidence angle.

Conclusion

We have designed two wide-angle and broadband 2D PCPS which are the MWF structure and arrow-
head like structrue based on the autoclonig method. Particularly, MWF structure has the potential to realize
omnidirectional polarization splitting effect. For MWF structure, numerical results calculated with FDTD
method are given, which indicates that the characteristic of omnidirection is hardly achiedved due to the rapid
decay of power for TM mode within some angle range, however the wide-angle polarization splitting effect is
still feasible. The device designed in this paper may be useful for optical communication systems in the future.
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Abstract

An effective design of frequency Selective Filter in a two-dimensional (2-D) photonic-crystal (PC) was pro-
posed. At first, a branch-missing-line photonic-crystal waveguide by inserting three different PC materials to
the crotch was investigated. By analyzing band gaps of the filter, the characteristics of a frequency selective
filter were discussed. Second, by choosing different radii of PC rods in the crotch of a branch waveguide, we
could similarly obtain the required frequency of the electromagnetic wave. Finally, by using Thermo-optical
effect to change dielectric constant, the operating wavelength of the device could be tuned.

1. Introduction

Photonic crystals, which are materials consisting of the spatially periodic variation of the dielectric constant
[1, 2], have raised considerable interest due to the large range of potential applications for the optoelectronic
communications industry [3∼4]. As a promising candidate for realizing large integration scale devices for all-
optical networks, PCs are able to form a photonic band gap (PBG), which can lead to a range of forbidden
wavelength for the propagation of electromagnetic wave, when appropriate geometry is selected. In addition,
by introducing artificial defects in the crystal, defect states can be formed in the PBG [5∼7]. In the last few
years the architectures proposed for optical filters, satisfying the particularly channel width requirements, have
their great limits in the dimensions of the device (in the order of mm) and in the achievable separation between
channels. An attractive approach to overcome such limitations is based on the use of Photonic-Band Gap
structures, which introduce a spectral range for which the propagation of the electromagnetic wave is inhibited
[8∼10].

In this paper, a maneuverable structure filter is presented in Section 2. The photonics crystal with branch
waveguide consists of different dielectric material. The device will realize the frequency selection of electromag-
netic.

Then in Section 3, according to the band structure of the PC with different material and with different
structure using Finite-Difference Time-Domain methods [11], the bandwidth of transmission frequency can be
properly achieved, and the field distribution of device is given in details by Beampro software by Rsoft.

In Section 4, when the radii of PC rods in selective frequency area are changed, the frequency is also needs to
change. By calculating the PC band structure of the different rods radii, the desired frequency is also selected.
The field distribution of device is given in details similarly. The dependence of its transmission spectrum with
only transverse electric (TE)-like modes on radius, refractive index and 2 position of the defects in the structure
is discussed.

Finally, in Section 5, by investigating the characteristics of wavelength tuned by Thermo-optical effect,
another tunable filter with similar structure is presented and compared with the above one.

2. Device Modeling Based on PC

The geometrical structure of frequency selective filtering devices considered was schematically shown in Fig.1.
The 2-D PC consisting of hexagonal lattices with the refractive index of dielectric rods nd = 2.51 (Material is
CdS) and background index n0 = 1 was constructed. The dimensionless variable a/λ is introduced, with the
lattice period a and the wavelength λ. Here, a

λ = ωa
2πc , ω is angle frequency, c is the velocity of light. For such

structure, if a = 300µm, r = 54µm(0.18a) and the refractive index nd = 2.51 without any defect, the PC gap
in a TE mode is around 0.4 THz.

Then a branch waveguide formed as the transmission channel of electromagnetic wave
along ΓK direction is introduced into the PC. Two kinds of PCs with refractive index 3.42(Si) and 4.45(TiO2)
are embedded respectively into the crotch of a branch waveguide, as shown in Fig. 1.
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Figure 1: The top view of sketch map of Frequency Selective Filter, The Black circles show CdS rods, the gray
circle show TiO2 rods, and the hollow circle show Si rods. the waveguide output port: A and B, input port:C.

TE wave (Magnetic field H orthogonal to xy-plane) is injected into the input Port C of the branch waveguide
and will leave the structure through either waveguide output Port A or B.

Two-dimensional simulations are carried out here assuming that is infinitely long along the third dimension.
This limitation can be overcome by using an equivalent index for the guided waves in the 2D-plane deduced
from 3D calculated band structures which includes extended defects.

The studies including mode analysis and transmission loss are presently carried out to estimate frequency
of transmission wave and will be reported elsewhere.

3. PC Characteristic for Different Dielectric Material

In this section, we shall first calculate the band gaps of an ideal photonics crystal, and then examine in
detail the PC characteristic of our proposed filter as shown in figure 1 for different dielectric material.

By calculating the band gaps of three refractive index 3.41, 2.51 and 4.45, respectively, in ideal photonics
crystal (a = 300µm, r = 60µm), the spectrum was achieved, As illustrated in Fig. 2. Full electromagnetic
wave calculations indicate that TE band gaps are in the interval [0.3684∼0.5144] and [1.1234∼1.1402] for
refractive index 2.51(CdS), [0.2791∼0.4493] and [0.5720∼0.5960] for refractive index 3.42(Si), [0.2178∼0.3764],
[0.4480∼0.5269] and [0.6997∼ 0.7270] for refractive index 4.45(TiO2), respectively. Here all gaps are in units of
a/λ.

To enable to realize frequency selection, the photonic crystal of Si rods and TiO2 was embedded in the crotch
of branch PC waveguide as shown in Fig. 1, where the Si PC is put on the left side, and TiO2 PC is put on the
right side.

Figure 2: The band gap and transmission of PCs composed with different dielectric rods. (a)is Si, (b) is CdS
and (c) is TiO2.

According to the structure of band gaps in Fig. 2, the desired frequencies in the spectral range 0.4493 <
ωa/2πc < 0.5144 permitted for Si PC and forbidden for TiO2 PC and Cds PC, is well output from the waveguide
Port A, while another frequencies in spectral range 0.3764 < ωa/2πc < 0.4480 permitted for TiO2 PC and
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forbidden for Cds PC and Si PC, then it will output from the waveguide Port B. In addition, the mode of
transmission needs to be considered.

In the spectral range 0.4493 < ωa/2πc < 0.5143, we took the free space wavelength λ1 = 2.151a as injection.
Fig. 3(a) shows the field distribution of electromagnetic wave of this wavelength (using Beampro by Rsoft).
The result indicates that the power transfer ratio of output Port A to input Port C is around 55%, while the
power output of Port B is 0.

If choose free space wavelength λ2 = 2.31a in spectral range 0.3764 < ωa/2πc < 0.4480, which is in Area II
of Fig. 2, the power transfer ratio of output Port B to input Port C is around 54%. While the power of Port A
is 0. As shown in Fig. 3(b), it is obvious that this kind of PC waveguide can well realize frequency selection.

(a) The input wavelength λ1 = 2.151a (b) The input wavelength λ2 = 2.465a

Figure 3: The field distribute of selective frequency filter for different wavelength input. The rod index in the
left hand frequency selective area of device is 3.42, the right index is 4.45, and the rest rods index is 2.51, Lattice
constant a = 300µm, all rod radii r = 60µm.

4. PC Characteristic of Different Rods’ Radii

In the following, by changing the radii of rods in the frequency selective area in Fig. 1, we can also obtain
a similarity result. In this section, all material of the rods is Si, whose refractive index is 3.42. By inserting
the rods with radii of 0.22a in the left frequency selective area and 0.30a in right frequency selective area into
the crotch of PC waveguide branch, where the rod radii of the basic PC r = 0.15a, we can achieve another
Frequency Selective Filter.

Figure 4: The band gap and transmission spectral of
the PCs with different rod radii, Therein (a)0.16a,
(b)22a, (c)0.30a, respectively.

We calculate the band gaps of the PCs with dif-
ferent radii, the result shows that the band gaps are,
in the interval [0.3295∼0.5266] for radii 0.15a, in the
interval [0.2644∼0.4170] and [0.5274∼0.5932] for radii
0.22a, in the interval [0.2274∼0.3157], [0.4184∼0.5336]
and [0.6371∼0.7470] for radii 0.30a, where all gaps are in
units of a/λ. The transmission spectra of these PCs are
shown in Fig. 4.

According to Fig. 4, the output frequency range from
Port A is 0.4184 < ωa/2πc < 0.5266. Because electro-
magnetic waves traveling in the waveguide are confined
by the mode of transmission, two waves with wavelength
λ1 = 2.050a and λ2 = 2.160a can be output from Port A.
When the free space wavelength λ is 2.050a (in II area
of In Fig. 4), the power transfer ratio of output Port
A to input Port C is around 80%, while the power of
output Port B is 0. The field distribution of electromag-
netic wave is demonstrated in Fig. 5(a). If the free space
wavelength λ is 2.160a, the power transfer ratio of output
Port A to input Port C is around 95%, while the power



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 559

of output Port B is 0.
In order to obtain the output electromagnetic waves from Port B, The frequencies must be selected in the

range of 0.3295 < ωa/2πc < 0.4170 (in I area of Fig. 4). As affected by above-mentioned mode, two kinds of
electromagnetic waves(wavelength λ1 = 2.715a and λ2 = 2.555a), which can output from Port B. When the
electromagnetic wave of wavelength λ1 is injected into input Port C, the power transfer ratio η of output Port
B to input Port C is around 85%, while the Power of output Port A is 0, Its field distribution was shown in Fig.
5(b). And corresponding to free space wavelength λ2, η = 40%,the power of output Port A is still 0.

(a) The input wavelength λ = 2.147a (b) The input wavelength λ = 2.715a

Figure 5: The field distribute of selective frequency filter for different wavelength input, all rod index nd=3.42,
In the left frequency selective area of device, the rod radii is 0.22a; in the right selective frequency area of device,
the rod radii is 0.30a, the rest rod radii is 0.16, Lattice constant a = 300µm.

5. Tunable Research Using Thermo-optical Effect

By changing the refractive index of frequency selective area online, we can realize the frequency tuning of
the filter. Generally, thermo-optical effect, carrier plasma effect, optical Kerr effect, Stark effect, etc., can be
utilized to induce the refractive index change of a material [12∼13]. By irradiating onto the crotch PCs using
a control light to induce a temperature increase, we can simulate a wavelength tuning of the device mentioned
above via thermo-optical effect. According to reference [14], the spot size of the control light (GaN-laser, 406nm)
was about 2.5mm in radius, which completely covers frequency selective area (crotch PCs) with a size of about
1.5 × 0.8mm, considering the absorption coefficient of Si, the slab thickness, and the surface reflection effect.
If temperature increase of cavity is estimated to be 100K, the refractive index of Si will change by 0.0185 due
to the fact that temperature dependence of the refractive index of Si is +1.85× 10−4/K at room temperature.
The first band gap of Si rod PC (r = 0.30a) changes into [0.2261 ∼ 0.3147] in units of a/λ. The maximum
wavelength shift has been 6.8GHz(1.7% variation) for Fig. 5(b) and the response time of the tuning is as fast
as 20µs.

6. Conclusion

In summary, a Frequency Selective Filter using branch channel in 2D triangular lattices PC has been pre-
sented. By embedding PC with different rods material in crotch, the requested electromagnetic waves with
certain frequencies will be output from the corresponding ports. By embedding the different rod radii PC in
crotch, similar good result has been obtained. The system can realize band tuning here by utilizing thermo-
optical effect to change dielectric constant. For silicon material, it has been shown that a 2.5µW change in the
control light power yields 6.8GHz variation in the pass-band frequency; about a 1.7% variation in the signal
frequency is realized. It shows the potential of this type of photonic crystal waveguide structures as compact
integrated optical, terahertz and electromagnetic wave filter.
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Abstract

For the sake of achieving remarkable superprism effect, we investigate in thin film Fabry-Perot filter which
possess drastic change in phase and large group delay around wavelength of peak transmittance. The group
delay and spatial dispersion shift are simulated numerically; while the device is fabricated and tested with the
maximum spatial separation shift reach to 65µm. We also analyze Gaussian beam propagating in the device
to give the interpretation of the spot splitting phenomenon in this experiment. Compared with the traditional
prism, the total thickness of our structure is only 3.3µm, and shows a very large deflection angle about 30◦/nm.

Introduction

Superprism effect[1,2] makes it possible to use photonic crystals (PCs) in light deflection, filtering or de-
multiplexing system and so on[3,4]. Nowadays, many research demonstrate that PCs present highly dispersive
phenomena. It is said that PCs possess anomalous dispersion and anisotropy properties near the bandgap,
which leads PCs work as the prism. And the group velocity in PCs depends sensitively on the incident angle
and wavelength when light propagate in PCs under certain conditions. Compared with conventional prism’s,
the effect of a huge deflection in PCs can achieve more than 500 times stronger than it[5] . That’s why we call
it superprism.

Conventional one-dimensional(1-D) film stacks act as PCs, it is easily deduced by Wentzel- Kramer-Brillouin
(WKB)-type approximation that spatial dispersion shift caused by superprism effect is proportional to the
temporal dispersion throughout the stack with different wavelength[6]. Thus, we can obtain film structures
with spatial separation by designing suitable temporal dispersion. But it is a pity that superprism effect in
periodic one-dimensional film stack such as high reflectance coatings is not obvious enough, which lead the shift
hardly detected. In addition, we can not achieve linear spatial shift for poor degrees of freedom limited by the
periodic structure. To compensate the two defects, people have to increase the number of periods, with the price
of hard fabrication. Finally, we decided to select the non-periodic structure—Fabry-Perot filter(FPF), which
occur large group delay around the wavelength of peak transmittance while be more easy to design and fabricate
than 2-D, 3-D photonic crystal structures, to get the high and linear spatial shift. In this paper, simple FPF
structure is designed and fabricated to realize superprism effect. We experimentally observe remarkable and
linear spatial shift in excellent agreement with theory. Besides, analyze the Gaussian beam propagating in the
device by Fourier decomposition in angular field and give the interpretation of the spot splitting phenomenon
of the incident Gaussian beam.

Principle

To analyze the practical wavelengths by the relationships between the spatial dispersion and the temporal
dispersion, We operated the 1-D dielectric film stack as depicted in Fig.1.

The laser ( s-polarization Gaussian beam) is incident obliquely on the glass substrate of the film stack, z-axis
is the propagation direction while x is the direction perpendicular to the propagation direction. As the result
of anomalous dispersion effect in PCs, the beam with different wavelengths which propagated throughout the
stack twice to accumulate different temporal dispersion and finally exit the dielectric stack at different positions
along the x-direction. Here we assume ni as the refractive index of the ith layer, di as the physical thickness of
the ith layer,ω as the frequency, β as the tangential component of wave vector, c as the light speed in vacuum.
Now the approximate phase upon transmittance for incident light can be given by (1)[6]:

φt (β, ω) ≈ −
∑

i

(√(ω
c
ni

)2

− β2 · di
)

(1)

Then we can get approximate expression for tangential component of the group velocity vgx
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1

vgx
≈ (

∂β

∂ω
)appr =

−∂φt/∂ω
∂φt/∂β

=
1

sin (θ)
·

∑
i

(
n2
i di/

[
n2
i − sin (θ)

2
]1/2)

∑
i

(
di/
[
n2
i − sin (θ)

2
]1/2) (2)

It is obviously deduced from formula (2) that vgx depends only on the incident angle and physical structure
of the stack but not on the wavelength, it is approximately constant for certain incident angle and film stack.
Now, the exit position along the surface of the dielectric stack in the x direction is given:

s (λ, θ) = vgx (θ) · τg (λ, θ) (3)

We can get the final spatial separation after exiting the stack. Here λ is the incident wavelength, while τg
is the group delay. As spatial and temporal dispersion are approximately proportional, existing structures with
temporal dispersion can be modified to obtain structures with spatial dispersion. In our case of FPF, we utilize
the group delay on transmittance. From the definition of group delay τg = ∂φt

∂ω , we know the only question left

is to get the phase change upon transmittance φt = arctan Im(t)
Re(t) , t is transmittance coefficient which is easily

calculated by the characteristic matrix method [7] which being widely used in optical thin film theory, And
finally get the distribution of group delay together with spatial dispersion.

 

S 

Figure 1: Sketch of superprism effect Figure 2: Transmittance (left) and Group delay on
transmittance (right) of the designed thin film Fabry-
Perot filter

Design and Experiment

We design FPF consisting of alternating layers of SiO2 (n=1.435 at 850 nm) and TiO2 (n=2.06 at 850nm)
on a quartz substrate (n=1.46). All the layers have an optical thickness of one wave quarter for 850nm, the
whole thin film stack is Sub |(HL)5 H 4L H(LH)5| Air. For this regular quarter-wave thin film stacks, spatial
shift Sx can be easily calculated from formula (3). Calculation is performed when the incident laser is in s-
polarization state and the incident angle is 23.5 degree on the glass-film stack interface. The transmittance and
transmittance group delay of the device are got as shown in Fig.2.

The experimental setup for measurement of superprism effect in FPF is shown by Fig.3. The beam from
source (tunable laser) first attenuated by the multi-reflection of the group of prisms, attenuated light beam
focused by lens is incident obliquely on our FPF, then computer processes the images obtained by CCD, that
is used for recording the position information of the light spot after exiting the thin film stack with Gaussian
fitting method. To achieve large beam spatial separation, the CCD is arranged in the same side of incident
beam, so the shift caused by superprism effect is twice of the design, for the beam propagates thin film stacks
two times. After get the value of measured shift Smeas, the spatial shift can be calculated by using formula
Sx = (Smeas − S0)/ cos(θi). In which S0 is the shift of beam reflection off the front of the dielectric stack. The
spectrum of tunable laser is from 782nm to 787nm in our experiment, and detected images of the output spots
at different wavelengths are shown in Fig.4.
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Figure 3: Experimental setup Figure 4: Image detected by CCD arrays for the out-
put light spots at different wavelengths (nm)

Analysis and Discussion

As depicted in Fig.4, CCD detect one spot when beam exist the structure at incident wavelength of
782.2nm,With the wavelength increasing slowly, one can find that the light spot is splitting into two spots
and the distance between them is increasing gradually. After the distance achieve maximum at 784.54nm, the
wavelength of peak transmittance with maximum group delay, the distance and wavelength present inverse vari-
ation trend and finally return one spot again. Here, we give the interpretation of the spot splitting phenomenon
by analyzing the Gaussian beam propagating in the device by Fourier decomposition in angular field[8,9].

Figure 5: Relationship of transmitted energy and incident energy with different incident angle at (a) λ =
782.2nm and (b) λ = 784.54nm

For s-polarized gaussian beam, we know it is a light cone with incident angles range but not parallel beam,

the incident intensity can given by |A(α)| = W
2
√
π

exp(− (α−α0)2W 2

4 ) with α = k sin θ, α0 = k sin θ0, k = 2π/λ,

the variable θ0 is the mean angle of incidence and equal to 23.5 degree under our case. Now we discuss the
difference respectively at λ = 782.2nm and λ = 784.54nm and shown by Fig.5. In Fig.5(a) we have plotted the
transmitted band(the real line) as well as the spectral profile of the incident gaussian beam(the dashed line)
when λ = 782.2nm. Obviously, the incident beam locates away from the transmittance peak angle. As referred
in the previous, the superprism effect in FPF is very sensitive to the incident angle, here the incident light
cone depart from the large group delay curve, thus, the related spatial separation is too small, we can get only
one unmoved spot. With increasing of wavelength, some part of incident light cone close to the incident angle
overlap with the group delay of the structure, which is proportional to the beam spatial separation as the moved
spot we observed. When λ achieve 784.54nm, i.e. the peak transmittance wavelength in our experiment, from
Fig.5(b), we can find central part of incident light overlap well with the group delay curve, hence, the distance
between two spots reach to its maximum, lead to the maximum spatial separate shift as seen in fig.4, that
consistent well with the relative theory. This phenomenon is similar to the result discussed by some researchers.
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Fig.6 give the comparison of theoretically calculated and experimentally observed shift. The spatial dis-
persive shift reach to 65µm at the wavelength of 784.54nm, that is in excellent agreement with theoretically
expected shift along the x-direction, and the shift decrease gradually the wavelength remove away from peak
transmittance. Some difference between the experimental curve and the numerically simulated one, as depicted
in Fig.6, are caused by the unstableness of the light density in tunable process of the laser, which could introduce
the error as calculating the center position of light spots by Gaussian fitting method, simultaneity the pixel of
CCD may affect the minimum resolution of detected spatial shift. Also, we can get from Fig.6 that in the band
of 782nm to 784.5nm, together with 784.5nm to 787nm the shift of beam spatial separation is proportional to
the wavelength, which means that this device can be used as demultiplexer. While the device has higher spatial
resolution than the conventional component, such as grating and prism. For example, from 784.54 nm to 786.5
nm, and it’s easy to know the angular resolution can achieve to 1.8 degree/nm, which is two orders of magnitude
stronger than that of the conventional component.

Figure 6: Comparison between the measured shift curve (+) of exiting position for different wavelengths and
the theoretically simulated curve

Conclusion

In this paper, FPF is designed and fabricated based on the relationship between spatial dispersion and tem-
poral dispersion. Be differ from generic research, we discuss the remarkable superprism effect in this structure
under the case of oblique incidence, analyze the Gaussian beam propagating in the device by Fourier decomposi-
tion in angular field and give the interpretation of the spot splitting phenomenon of the incident Gaussian beam.
Finally the spatial shift caused by superprism effect we observed is approximately in agreement with theory.
In comparison to some other complex structures, our design is more simple but with linear and remarkable
spatial shift achieve 65µmat peak transmittance. Moreover, the device shows stronger angular resolution which
reaches to 30 degree/nm but smaller size with only 3.3µm of thickness than the conventional component, such
as grating or prism. So our design is valuable in demultiplexer and other optical communication system.
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Unification of Gap Soliton Classes
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We introduce a generalized nonlinear Schrodinger equation valid throughout the photonic gap region for a dielectric
nonlinear system with a periodic linear background. The equation is derived using a transfer matrix approach and a
local Bloch wave description characterized by a universal dimensionless band-structure parameter λ. This single equation
provides a unified interpretation and novel insight into three classes of gap solitons. The analytical solutions compare
very well with “exact” numerical calculations.

PACS numbers: 42.70.Qs, 42.65.Tg

The interplay between nonlinearity and periodicity has been studied extensively in the last twenty years
both theoretically and experimentally [1,2]. One of the most interesting results is the existence of standing
solitary waves in the gap frequency range, termed “gap solitons” by Chen and Mills[3,4]. Several approaches,
such as the coupled-modes method [5] and multiple-scale method [6], have been used to obtain an analytical
description of gap solitons [7-16]. Although these methods have been quite successful in predicting many soliton
properties, the multiple-scale method has difficulties in exploring soliton solutions that may lie deep within the
gap, and the complexity of the coupled-mode approach does not lend itself to a simple physical interpretation
of soliton solutions. Indeed, there remain several unanswered fundamental questions, involving the interplay
between material nonlinearity and linear periodicity. These include: How does this interplay lead to different
characteristic forms of solitons, e.g. at mid-gap and band-gap edge [8]? Is this interplay sufficient to lead to
various types and orders of effective nonlinearities that dominate the systems nonlinear behavior? If so, how do
the various effective nonlinearities compete with each other in the full gap range and lead to asymmetry between
the upper and lower gap regions? To answer these and other questions, we introduce a generalized nonlinear
Schrodinger equation (GNSE), in terms of parameters having simple physical interpretation, that provides a
unified description of soliton behaviors throughout the entire gap. Three different frequency regimes identify
three corresponding classes of standing gap solitons from this single equation.

For simplicity we assume a periodic system in 1D (lattice constant L) consisting of alternating layers of
nonlinear material of type a (thickness a) and type b (thickness b) with, na = n0

a + 2χ(3)|ϕ|2/n0
a and nb = n0

b +
2χ(3)|ϕ|2/n0

b respectively. In the slow varying envelope approximation (SVEA), the field ϕ in every cell, n, can be
described simply in terms of the local field parameters in layers a and b: ϕ = A+

n e
ika,n(x−x0) +A−

n e
−ika,n(x−x0);

and ϕ = B+
n e

ikb,n(x−x0) + B−
n e

−ikb,n(x−x0) respectively. Generalized transfer matrices (M(ka,n, kb,n))2×2 that
depend on the field amplitudes can still be employed in the usual way to give:

{A+
n−1, A

−
n−1}T = (M)n−1,n{A+

n , A
−
n }T (1)

or {B+
n−1, B

−
n−1}T = (M)n−1,n{B+

n , B
−
n }T . Either one of these equations may now be used to determine

the field ϕ throughout the system. The four elements of (M)n−1,n are M11 = M∗
22 = (e−i(ka,na+kb,nb) +

rs1abr
s2
bae

−i(ka,na−kb,nb))/ts1abt
s2
ba and M12 = M∗

21 = (rs2bae
−i(ka,na+kb,nb) + rs1abe

−i(ka,na−kb,nb))/ts1abt
s2
ba where tsm

ij =
2nsm

i /(nsm

i + nsm

j ) and rsm

ij = (nsm

i − nsm

j )/(nsm

i + nsm

j ) are the transmission and reflection coefficients from

layer i to layer j at interface sm(two interfaces over a cell). The wave-vectors ki,n = n̄i
ω
c = (n0

i +
3
4χ

(3) |ψ|2 /n0
i )
ω
c

in (M)n−1,n depend on the local intensity of the field where n̄iis the average index in layer i (i is a or b) and
ψ is the field profile function. The SVEA will be valid for the whole gap region as long as the linear index
difference ∆n/n̄ = (n0

a − n0
b)/(n

0
aa/L+ n0

bb/L) is small. Eq. (1) is quite different from coupled-mode theory in
that it is based on the “exact” local solution to order ∆n2/n̄2. Keeping only terms of order ∆n/n̄ in (M)n−1,n,
yields M11 = M∗

22 = ei(ka,na+kb,nb)and M12 = M∗
21 = ∆n/n̄. The main physical effects of such systems are

clearly contained in this simplified form of transfer-matrix whose diagonal terms give propagating phases to the
forward and backward waves while the off diagonal terms give the scattering effect of interfaces. Note, that the
diagonal phases include both a linear detune phase component ∆l = n̄L(ω − ωc)/c, where ωc is the gap central

frequency, a “nonlinear detune phase” component ∆n = 3χ(3) |ψ|2 ωL/2n̄c. Since there is no energy current
in the system, the field can be chosen to be real so that {A+

n , A
−
n }T = {Aneiθn , Ane

−iθn}T . In the continuous
limit An → A(x) and θn → θ(x). Eq.(1) can be solved because of a spatially conserved value ∂xC2 = 0 where
C2 = (∆l + ∆n/2 + ∆n cos(2θ))A2. When C2 = 0 the solution is the GS. In this case we have:
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cos(2θ) =
√
λ2
n − 4/2M21 (2)

In the Eq. (2) we introduce the local band-gap parameter λn = 2 cos(nloc(x)ωL/c)−∆n/n̄ sin(n0
aωa/c) sin(n0

bωb/c),

where nloc(x) = n̄+ 3χ(3) |A(x)|2 /4 is the effective local index with the nonlinear change. Substituting Eq. (2)
back to original Eq. (1), we obtain an equation for An:

(L∂xA)
2

= (λn − 2)A2 (3)

Let us now give a physical interpretation of Eq.(3). Without nonlinearity, λn = λ = 2 cosKL and K is the
usual Bloch wave vector. If inside the gap, λ − 2 = κ2L2 and κ = Im(K) is the decay rate(the decay length
ld = 1/κ = L/

√
λ− 2). But with nonlinearity turned on, λn is a local variable depending on the local field

intensity. Nevertheless, it is useful to view λn as arising from a local Bloch vector Kn, as in λn = 2 cosKnL.
To derive an equation in terms of the field envelope function A(x), we expand λn about λ to obtain λn =

λ+ δω∂ωλ |ψ|2 + δ2ω(∂2
ωλ) |ψ|4 /2 where δω = 3χ(3)ω/4n̄2.Substituting into Eq.(3) and taking ∂x gives:

L2∂2
xψ = (λ− 2)ψ + 2δw∂wλ|ψ|2ψ +

3

2
δ2w(∂2

wλ)|ψ|4ψ (4)

So the envelope equation is a generalized nonlinear Schrodinger equation |(GNSE). Eq.(4) is valid for BZ center
gaps (K = 0, λ > 2).In the case of BZ edge gaps (K = π/L, λ < −2), because of eiKL = −1, we need to replace
λ by −λ (or |λ|) in Eq.(4). Without losing generality, the studies in next sections are done for K = 0 gaps and
χ(3)>0.

To understand the nature of gap soliton solutions based on Eq. (4), consider first a scenario where the

nonlinear |ψ|4 term is negligible. Eq. (4) then becomes a traditional nonlinear-Schrodinger equation except
that the sign of the effective Kerr coefficient δw∂wλ is now frequency-dependent. The factor δω represents the
nonlinear response of the material, but the factor ∂wλ has a more complex physical meanings. If the frequency
lies inside band of linear background, this factor is inversely proportional to the group velocity ∂Kω; if at the
band-gap edge, it is inversely proportional to the group-velocity dispersion ∂2

Kω; and if inside the gap it is
proportional to ∂wk. Since λ achieves its maximum at the gap center frequency (see the inset of Fig. 1), the
factor ∂wλ is negative above the gap center and positive below. Thus, the Kerr coefficient δw∂wλ must have
opposite sign above and below midgap as well. Without |ψ|4 term, only negative δw∂wλ can lead to so-called
bright solitons, but as we shall see in what follows, the GNSE of Eq. (4) leads to bright solitons both in the
negative Kerr (nK) and positive Kerr (pK) regimes of the photonic band gap. Of particular interest is the nature
of soliton solutions near gap center (mid-gap regime) where the Kerr coefficient approaches zero since ∂wλ ≈ 0.
Inside the gap, Bloch waves are characterized by λ (or by κ) which gets to its maximum in the mid-gap regime
where it is insensitive to the local nonlinear shift in dielectric constant. Thus, to first order of nonlinearity
(Kerr term) is almost zero. Interestingly, even if only one of the type-a or type-b layers is nonlinear, such a
first-order zero regime still exists, albeit at a slightly shifted frequency away from mid-gap. Consider now the
last term of Eq. (4). The nonlinear term δ2w(∂2

wλ)|ψ|4 is a result of the induced coupling between the nonlinear
Kerr material and linear periodicity. Thus, different types (positive or negative Kerr types) and different orders

(|ψ|2 and |ψ|4) of the effective nonlinearity can readily arise from the interplay between the nonlinearity and
the periodicity. The competition between all three (linear and nonlinear) terms on the right side of Eq. (4)
can help us, for the first time, to predict the evolving trends through the gap directly from the equation itself
without the need to solve it explicitly. Finally, we note that since the factor ∂2

ωλ of |ψ|4 term is negative and

nearly constant throughout the gap, the higher order nonlinear terms (such as |ψ|6) are almost zero.
Let us now proceed to analyze the nature of gap soliton solutions in the nK, mid-gap, and pK frequency

regimes. These regimes are shown schematically in the inset of 1. We shall find that these regimes lead to the
three typical classes of gap solitons.

Near the top of nK regime (λ−2 is small), the Kerr term dominates the competition with the (λ−2)ψ term

in Eq. (4), while the |ψ|4 term is much smaller and neglected. The soliton solution is then given by:

ψ(x) = ψnK sech(x/lnK) (5)

where lnK = L/
√
λ− 2 = ld is the characteristic width of the soliton and ψ2

nK = 2/(δw|∂wλ|l2nK). Gap solitons
described by the functional form sech are very well known [1], but the present formulation in terms of Eq.(3)
provides new insight. First, at the central part of the soliton (ie. x = 0), the local variable λn = 2 cos(KnL) = 2,
so the local Bloch vector Kn=0 and the local field is like at band-edge Bloch state. This is a result of a shift of the
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band structure by the local nonlinearity. As one moves away from x = 0 to x≫ ld, Kn = iκ which means the
field decays with the rate κ = 1/ld. As we shall see later, both the band-edge x ∼ 0 and the κ-decay property
(x≫ ld) are present simultaneously for all gap solitons. For completeness, we provide in Fig. 1 the comparison
between the analytic form Eq.(5) and an “exact” numerical solution [17]. The agreement is excellent. As we
move down in frequency (Kerr term becomes weaker because |∂wλ| decreases), the form of the soliton will change
when 3δ2w(∂2

w)|ψ|4/2 is comparable with 2δw∂wλ|ψ|2ψ, gradually crossing over to the mid-gap regime.

Figure 1: Analytical (black line) and numerical
(green line) calculations of the amplitude ψ(V/m)
of an nK soliton as a function of x/L. The re-
sults correspond to the following choice of param-
eters: a = 1.2µm, b = 1µm, 300 unit cells, ε01 = 2.0,
ε02 = 2.2, and χ(3) = 1.25× 10−4. The inset we plot
λ = 2 cosKL vs ω through the gap. The system
has a gap of size 0.09 × 1014Hz and a midgap fre-
quency of 2.9615× 1014Hz. The red, blue and green
regions correspond respectively to pK, mid-gap, and
nK regimes as dicussed in the text.

Figure 2: Analytical (black line) and numerical (blue
line) calculations of the amplitude ψ(V/m) of a mid-
gap soliton as a function of x/L. Same choice of
parameters as in Fig. 1. For comparison a sech
functional form is also shown as a dashed line. In
the inset we plot calculations of transmission (out-
put magnitude 2.18× 10−2V/m) as a function of ω.
Note that a mid-gap region with T ≈ 1 can be easily
identified.

In the mid-gap (mg) region, the Kerr term in Eq. (4) can be neglected and one obtains gap soliton solutions
of the form: ψ(x) = ψmg sech1/2(x/lmg) (6)

where lmg = ld/2 and ψ4
mg = 1/[2δ2w(∂2

wλ)l
2
mg]. In Fig.2. we compare solution (6) to an “exact” numerical

calculation for a frequency at gap center. Clearly, the form sech1/2 is in excellent agreement with the numerical
results. This form of gap solitons has been predicted previously from coupled-mode theory [8]. The distinction
of our work is that now it is just one solution of the universal GNSE Eq.(4) and consequently we can provide
a deeper understanding of the nature of these solitons. First, the physical origin of such a functional form is
one unsolved question [8]. The key is the subtle interplay between the nonlinearity and linear periodicity. It is
generally believed that strong dispersion associated with a periodic system tends to amplify the effect of Kerr
nonlinearity. This is certainly true for band-gap edge solitons, but in the mid-gap frequency region, the first
order effects of nonlinearity are almost zero, so that the mid-gap soliton solutions derive from the high-order
nonlinear term. Second, we find that the high-order nonlinear term dominates over a mid-gap frequency range,
not just at a single frequency point. From the numerical calculation, we find that the percentage of mid-gap
frequency range in the whole gap width seems to increase when the linear index difference ∆n increases (the
gap becomes wider). This suggests that even in the case of a wide gap when the SVEA is not strictly valid,
such a mid-gap range could survive. Third, unlike gap solitons in other frequency regimes, the amplitude,
characteristic width, and total energy of mid-gap solitons remain virtually unchanged throughout the mid-gap
frequency region. Thus, all mid-gap solitons resemble the properties of a particle with fixed characteristic width
and mass (energy). Because of this property, the field with a chosen magnitude can resonantly transmit through
the system in the full mid-gap frequency range, and this is evident in the numerical transmission calculations
shown in the insert of Fig. 2. Finally, the mid-gap frequency range ends when 2δω∂ωλ |ψ|2 becomes comparable

to 3δ2ω(∂2
ωλ) |ψmg|4 /2.

leading again to a first order nonlinearity term that is almost zero and a soliton whose form is similar to
Eq. (6). Fourth, unlike gap solitons in other frequency regimes, the amplitude, characteristic width, and total
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Figure 3: (a) Logarithm of analytical (black line) and numerical (red line) calculations of the amplitude ψ(V/m)
of a pK soliton as a function of x/L. Same choice of parameters as in Fig. 1. (b) Plot of Q′ = dwQvsω. Note
the divergence of Q′ on either side of the mid-gap. This divergence is a direct result of a divergence of dλω.

energy of mid-gap solitons remain virtually unchanged throughout the mid-gap frequency region. Thus, mid-gap
solitons resemble the properties of a particle with fixed characteristic width and mass (energy). Because of this
property, the field with a chosen magnitude can “resonantly” transmit through the system in the full mid-gap
frequency range, and this is evident in the numerical transmission calculations shown in the insert of Fig. 2.
Finally, the mid-gap frequency range ends when 2δw∂wλ|ψmg|2 becomes comparable to 3δ2w(∂2

wλ)|ψmg |4/2. From
this criterion we get the mid-gap range is at least one tenth of whole gap even if 2δw∂wλ|ψmg|2 is one order of
magnitude smaller than 3δ2w(∂2

wλ)|ψmg |4/2.
In the pK region, the gap Eq.(4) becomes:

L2∂2
xψ = k2ψ + 2|δw∂wλ||ψ|2ψ −

3

2
δ2w|∂2

wλ||ψ|4ψ (7)

For this case, it is important to retain the |ψ|4 term so it can overcome the first two (linear and Kerr) terms to
provide soliton solutions. The soliton solutions of Eq.(7) are of the form:

ψ(x) = (1/(β + α cosh(x/lpK)))1/2 (8)

where lpK = ld/2, α = δωΛl2pK , β = −2δw(∂wλ)l
2
pK and Λ2 = (2∂wλ)

2 + 2L2|∂2
wλ|/l2pK . In Fig. 3 we compare

Eq.(8) with an “exact” numerical calculation of pK solitons. This form of gap soliton has been obtained from
coupled mode theory [5,10] and it is also the most general form for all gap solitons. Again, from the GNSE
Eq.(7), more the physical nature of pK solitons emerges. As the frequency moves down in the gap, out of the
mid-gap region, |∂wλ| will increase while |∂2

wλ| will remain essentially unchanged. Thus the magnitude of the

soliton must increase so that the |ψ|4 term can win the competition with first term and Kerr term. When the
frequency is near the bottom of gap, the first term can be neglected near the central part of the soliton and the
field has the form of an algebraic soliton [18]. As we move further away (x ≈ lpK) from the soliton center the
nonlinear term in Eq.(7) becomes very small quickly, and one can combine the first two terms as κ2

locψ where
κloc = (κ2 + 2|δw∂wλ||ψ|2)1/2. This κloc can be interpreted as leading to a local exponential decay of ψ (or the
slope of − lnψ). The field at x ≈ lpK is still so strong that κloc can obviously be larger than κ. Thus, the decay
rate near the shoulder of the soliton should be greater than that in the tails. This property is clearly evident in
Fig. 3.

Finally, the form of the GNSE Eq.(4) is also convenient for investigating the nature of stability of the gap
soliton solutions. One can easily generalize the well-established theory [10, 18] to obtain a stable criterion given
by Q′ ≡ dλQ = dwQ · dλw > 0 where Q =

∫
dx|ψ|2. From the general form of Eq. (8), one immediately

has dwQ since Q decreases monotonically from the lower-gap to the upper-gap (i.e. from pK regime to nK
regime). Because of dwQ > 0 in the lower part of gap and dλQ < 0 in the upper part, the gap solitons in the
lower-gap frequency range (pK side) are unstable, while those on the other side (nK side) are stable. This result
is consistent with coupled-mode investigations of stability using much more complex mathematical derivations
[11]. Unlike the conventional soliton-stable threshold defined by Q′ = 0 (the Vatkhitov Kolokolov criterion) and
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some cases in [18], the stable threshold of gap solitons of GNSE Eq.(4) is described by an abnormal behavior
of Q′. This is illustrated in Fig.3(b) where Q′ diverges to positive or negative infinity at the upper or lower
side of mid-gap respectively, and is undefined at the threshold point (gap center). This could lead to interesting
behavior in the evolution of perturbations (internal modes) as one sweeps through the threshold.

In conclusion, we have demonstrated how three classes of solitons and new physical properties can emerge
from a single GNSE. The advantage of our model is that all factors of nonlinear terms are the parameters of
the linear periodic background, so that one can get direct insight into the interplay between periodicity and the
nonlinearity. Unlike Bloch vector, the band-gap parameter λ has no singularity in all frequency ranges (bands
and gaps) so that it is very suitable for gap soliton studies. The mathematical simplicity and physical clarity of
this model allow straightforward extensions [19] to the time-domain; to systems with larger gaps; and to a more
complete theory involving a more detailed description of the field. We expect that in extending this model to
2D and 3D periodic nonlinear systems, the local-Bloch-wave picture is still essential and should lead to quite
different soliton (or vortex) solutions from traditional nonlinear systems. Although this GNSE is based on an
optical system, similar equations could be readily derived for a variety of other nonlinear periodic systems. These
include Heisenberg (antiferromagnetic or two-sublattice ferromagnetic) systems [14]; Bose-Einstein condensates
in an optical lattice [15]; nonlinear bi-atomic systems [9, 14]; and χ(2) nonlinear optical systems.

This work has been supported by the NNSFC (Grant No. 10374096d), SFMSBRP (Grant No.2001CC
A02800), and the CAS-BaiRen program.
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Abstract

The photonic crystals with two-dimensional chirped structure and with apodized structure were analysed,
and their transmission characteristics were studied by FDTD method and PML technique. The photonic band
gap can be made wider with different chirped coefficient or apodized function. This can provide an effective
method for controlling the photonic band gap in the photonic crystal applications.

Introduction

Fiber grating is an important device in the fields of total optical communication and fiber sensor. In order to
satisfy the huge capacity and high speed needs in modern fiber communication, the non-symmetrical fiber grating
was introduced, such as chirped fiber grating, apodized fiber grating and so on. Chirped fiber grating exhibits
features of wide reflected band, high reflectivity and high dispersive compensation. And the apodized fiber
shows the characteristics of avoiding the wastage of short wave and restraining the vibrating of the adjacency
of the reflected spectra [1, 2].

One of the main interesting characteristics of photonic crystal devices is the photonic band gap [3, 4]. Much
work has been done in order to make the photonic band gap wider and more suitable for application including
using different material and changing the photonic lattice [5, 6].

In this paper, chirped and apodized structures were introduced in the photonic crystal to change the photonic
band gap. Chirped structure was to change the distance of the dielectric cylinder, and apodized structure was
to change the dielectric constant of the dielectric cylinder. With different chirped coefficient and apodized
function, the photonic band gap appeared in different frequency range.

The characteristics of the photonic crystal with different chirped coefficient and apodized functions were
simulated by FDTD [7] method and perfect matched layer (PML) technique [8].

Numerical Methods

The chirped or apodized photonic crystal is not periodic, and in this analysis the whole photonic crystal
structure will not be a lattice. As the number of mesh grids’ increases, the simulation will be time-consuming.
FDTD method is an effective numerical model, for its computational time is proportional to the number of
discretization points in the computation domain, whereas the plane wave expansion method is of order N3.

TM wave in the 2-D photonic crystal was analysed as follows, for the photonic band gap is easier to achieve in
the structure of high dielectric cylinder in the reference medium. From the Maxwell equations, 2D discretization
equations for TM wave are in succession.

Hx|n+1/2
i,j = Hx|n−1/2

i,j − ∆t

µi,j

(
Ez|ni,j+1 −Ez|ni,j

∆y

)
(1)

Hy|n+1/2
i,j = Hy|n−1/2

i,j − ∆t

µi,j

(
Ez|ni+1,j −Ez|ni,j

∆x

)
(2)

Ez|n+1
i,j = Ez|ni,j +

∆t

εi,j

(
Hy|n+1/2

i,j −Hy|n+1/2
i−1,j

∆x
−

Hx|n+1/2
i,j −Hx|n+1/2

i,j−1

∆y

)
(3)

In the above, ∆t is the time step, ∆x is the cell size along x, ∆y is the cell size along y, the index n
denotes the discrete time step, and indexes i, j denote the discrete grid point in the x-y plane, and ε, µ are the
permittivity, and permeability of the corresponding material, respectively.
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If one knows all necessary information at each grid point, such as permittivity, permeability, conductivity,
and the initial distribution of the fields, one can obtain the time evolution of the fields by these time-stepping
formulas.

In order to obtain a finite-sized calculation, the number of grid points should be finite. At the spatial
boundaries of the calculation domain, the electromagnetic fields should satisfy the non-reflection. For standard
photonic crystal, the structures are periodic, where the periodic boundary can be introduced.

When the chirped or apodized structures are introduced in the standard photonic crystal, the structure
will not be periodic any more and the periodic boundary is not suitable. The best known solution is the
perfect matched layers (PML) technique introduced by Berenger. In this paper, we use PML for the boundary
treatment. Figure 1 shows the cross section of the photonic crystal surrounded with the PML. The field source
is applied to the interface between the computational region and the scattered-field region. The incident wave
propagates along the x direction and passes through the photonic crystal structure, which the transmitted wave
is observed at the transmission surface.

Figure 1: The schematic figure of two-dimensional computational domain surrounded by PML.

Numerical Example

The photonic crystals with one dimension chirped and with two dimensions chirped are analysed separately.
The dielectric cylinder is composed of Si with a dielectric constant of 11.6 and a radius of 0.2α, α is the lattic
constant of the basic structure.

The chirped structure in one dimension (x direction) was studied first in the following. The distance of two
cylinders in x direction is ∆di = α(A + B · i2), where α is the lattice constant, A is the linear coefficient, B is
the chirped coefficient, and i is the cylinder position in x direction. When A and B are both zero, ∆di = a,
the structure is just the standard photonic crystal. The transmission characteristic is shown with the black
line in Figure 2. When A=1, B=0.004, the distance of the two adjacent cylinders is increased nonlinearly, the
transmission spectra is also shown in Figure 2 with the red line.

From the figure, the photonic band gap was made between 0.254-0.431(ω/ω0) for the standard photonic
crystal, where ω0 is 2πc/α, c is the light speed in vacuum. The width of the band was 0.177(ω/ω0). When
the chirped structure was introduced in the x dimension, the photonic band gap changed to 0.196-0.439(ω/ω0),
that is the width of the band was 0.243(ω/ω0), an increase of 0.066(ω/ω0), or about 37%.

For a periodic photonic crystal of fixed lattice constant, the position and width of the photonic band gap
are certain. When the chirped structure was introduced, the distances of the cylinders were gradually changed,
so were the adjacent distances. The whole system looked like the combination of different periodic structure,
and the photonic band gap united, so the photonic band gap extended.

The chirped structure in two dimensions (x and y direction) was studied in succession. The modal was
presented in Figure 1. M point is the center of the photonic crystal structure. The distance of the (i)th and
(i+1)th dielectric cylinders in the x direction was ∆di,i+1 = d1 +w(i)∗d2, where d1 is the basic distance, whose
value is 0.4α, and d2 is the tunable range, whose value is 0.6α. And w(i) is a window function controlling the
tunable coefficient, i is the cylinder position in the x direction. The same is true in the y direction.

The transmission characteristics of the two dimensional chirped structure with Hamming windows w(i) was
given in the following Figure 3. Eleven dielectric cylinders in both x direction and y direction were used to
construct the photonic crystal, with corresponding Hamming windows function shown in Figure 3(a).
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Figure 2: The transmission characteristics of the photonic crystal with chirped functions only in x dimension.

Form the transmission characteristics as shown in Figure 3(b), the photonic band gap appeared in the range
of 0.221-0.552(ω/ω0). Compared with the basic photonic band gap in Figure 2, the width of the band was
extended markedly, with an increase of about 100%. The reason for the band gap extension is similar to that of
the chirped structure in one dimensional photonic crystal. However in the band gap spectra, there were some
ripples. The possible reason for producing the phenomenon is that the number of the cylinders is not many
enough, and the whole structure was limited in size.

Figure 3: The transmission characteristics of the photonic crystal with hamming windows functions.(a) is the
hamming windows, (b) is the transmission characteristic.

The effect of distances of the cylinders on the transmission characteristics has been studied hereinbefore.
And how about the transmission characteristic of the photonic crystal structure with the dielectric constant will
be changed gradually?

The distance of the dielectric cylinders α is unaltered. The dielectric constant of the cylinder is ε(i, j) =
ε+C(i− iM )∗∆ε1 +D(j− jM )∗∆ε2, where i, j is the cylinder position in the x and y direction. C(i) and D(j)
are envelope functions embodying the varying regular of the dielectric constant. ∆ε1 is the value of varying
constant in the x direction and ∆ε2 in the y direction.

In the following, the apodized structures with C(i− iM ) = |(i− iM )|, D(j− jM ) = |(j− jM )|, ∆ε1 = ∆ε2 =
0.02 (the dielectric constant was changed linearly) were studied. The transmission characteristic was given in
Figure 4.

From the figure, the photonic band gap was in the range from 0.248(ω/ω0) to 0.425(ω/ω0), that is the width
of the band gap does not change, whereas the central frequency of the band gap decrease a little. In the fiber
grating design, λD = 2neffΛ, where λD is the central wavelength, neff is the effective refractive index, Λ is
the period of the fiber grating. When Λ is constant, λD is proportional to neff , λD increases as neff increases,
and the central frequency decrease correspondingly. This principle is suitable for the apodized photonic crystal.
As the dielectric constant is changed periodically, the average neff increased, and the central frequency of the
band gap decrease.
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Figure 4: The transmission characteristics of the photonic crystal with apodized in both x and y dimensions.

Conclusion

The concept of chirped and apodized from fiber grating was applied to construct the photonic crystal. With
the chirped structure, the photonic band gap was effectively extended. With the apodized structure, the central
frequency of the band gap moved. This can provide an effective method for controlling the photonic band gap
in the photonic crystal applications.
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Abstract

Communication signals travelling in space with different modulation types and different frequencies fall
in a very wide band. Usually, it is required to identify and monitor these signals for many applications.
Some of these applications are in civilian purposes such as signal confirmation, interference identification and
spectrum management. this paper described the new original configuration of subsystems for the automatic
modulation recognition of digital and analog signals. The signal recognizer being developed consists of five
subsystems: (1) adaptive antenna arrays, (2) pre-processing of EM signals, (3) key features extraction, (4)
modulation recognizer and (5) output stage. The choice of maximum value of spectral power density of the
normalized-centred amplitude, standard deviation of the absolute value of the centred non-linear component
of the instantaneous phase, standard deviation of the absolute value of the normalized-centred instantaneous
amplitude, standard deviation of the absolute value of the normalized-centred instantaneous frequency, spectrum
symmetry measure as key features for the digital and analogue modulation recognizer based on the artificial
neural networks (ANNs). The new original structure of the recognizer of digital and analogue signals is described.
The modulation recognizer uses two ANNs with two hidden layers. The results are summarized for real EM
signals.

Introduction

Automatic modulation recognition of communication signals is a rapidly evolving area of signal analysis. In
recent years, the interest of the academic research institutes has focused on the research and development of
modulation recognition algorithms.

this paper described the classifier of analogue and digital modulated signals on the basis of the artificial
neural networks (ANNs). Section 1 deals with key feature extraction. Section 2 describes described the new
original configuration of subsystems for the automatic modulation recognition of digital signals. Section 3
summarizes results of experiments for real signals. The analogue and digital modulation types that can be
classified by the recognizer based on artificial neural networks are: AM, DSB, LSB, USB, FM, ASK2, PSK2,
PSK4, FSK2 and FSK4.

Key Feature Extraction

In the proposed modulation classifiers (MC), tthe key extracted features in the author’s method are derived
from the instantaneous phase, amplitude, and frequency.

The first key feature, γmax, is defined by [1], [2]

γmax = max |DFT (acn (i))|2 /NS (1)

where NS , is the number of samples per segment and acn(i) is the value of the normalized-centred instantaneous
amplitude at time instants t = i

fs
, (i = 1, 2, . . . , NS).

γmax represents the maximum value of the spectral power density of the normalized-centred instantaneous
amplitude of the intercepted signal.

The second key feature, σap, is defined by [1], [2]

σap =
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where ΦNL (i) is the value of the centred non-linear component of the instantaneous phase at time instants
t = i

fs
, C is the number of samples in {ΦNL (i)} for which an (i) 〉at and at is a threshold. ΦNL (i) are the

values of phase characteristic without the contributions of the carrier frequency, i.e.
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ΦNL (i) = Φuw (i)− 2πfc
fs

where Φuw (i) is the unwrapped phase sequence, fc is the carrier frequency and fs is the sampl frequency.
σap is the standard deviation of the absolute value of the centred non-linear component of the instantaneous

phase.
The third key feature, σdp, is defined by [1], [2]

σdp =
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σdp is the standard deviation of the centred non-linear component of the direct (not absolute) instantaneous
phase.

The fourth key feature σaa is defined by [1] , [2]

σaa =
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σaa is the standard deviation of the absolute value of the normalized- centred instantaneous amplitude of a
signal segment.

The fifth key feature, σaf ,is defined by [1] , [2]

σaf =
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where fN is the normalized-centred instantaneous frequency. σaf is standard deviation of the absolute value
of the normalized-centred instantaneous frequency. The four key features, used for the AMRAs (Analogue
Modulation Recognition Algorithms), are also used for the ADMRAs.

Two of the key features used for the DMRAs (Digitally Modulation Recognition Algorithms) are also used
here in the ADMRAs, they are:

σaa – the standard deviation of the absolute value for normalized-centred instantaneous amplitude of a
signal,

σaf – the standard deviation if the absolute value of the normalized-centred instantaneous frequency evalu-
ated over non-weak interval of a signal segment.

Furthermore, the choice of σa, µ
a
42 and µf42 as key features for the proposed ADMRAs is based on the

following facts:
σa- is used to discriminate between the DSB and PSK2 signals as well as to discriminate between the

combined (AM-FM) and PSK4 signals. The PSK signals have no amplitude variation except at the transition
between the successive symbols,

µa42 − is used to discriminate between the AM signals as one subset and the MASK signal as the second
subset. This key feature is used to measure the compactness of the instantaneous amplitude distribution,

µf42 − is used to discriminate between the FM signals as one subset and the MFSK signals as the second
subset. This key feature is used to measure the compactness of the instantaneous frequency distribution. The
key features are used as an input layer for the MC based on the ANN. The MC will be described in next section.

Original Configuration of Subsystems for the Automatic Modulation

Recognition of Analogue and Digital Signals

The modulation classifier being developed consists of five subsystems: (1) adaptive antenna arrays, (2) pre-
processing of signals, (3) key features extraction, (4) modulation recognizer and (5) output stage. Fig. 1 shows
the original configuration of subsystems for the automatic modulation recognition.
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Figure 1: The subsystem for the automatic modulation recognition of ADMRAs

2.1 Adaptive Antenna Arrays and Pre-processing of the Real Signals

The adaptive antenna arrays are used for the capture of real signals. Generally, the planar, circular or
cylindrical antenna arrays are applied. The real signal inputs into the subsystems for the pre-processing, then
it is filtered and segmented. Every segment has 4096 samples. The segments of real signals are stored in a
database.

2.2 Subsystem for Key Features Extraction

This subsystem is designed by the author in the Matlab. The original algorithm for the key features
extraction of the real signal can utilize either the off-line key features extraction or the on-line key features
extraction. The algorithm processes the segments of the real signals from the database.

2.3 Modulation Classifier Based on ANN

This original software system in Matlab V6.5, Release 13 and NN-Toolbox, ver. 4 for Windows 98, 2000 and
XP is presently under construction. This system serves for the automatic recognition of analogue and digital
modulated signal.

The modulation classifier is composed of two ANNs based on the algorithm of the backward propagation.
The first ANN has 8-nodes in the input layer, 12-nodes in the first hidden layer, 10-nodes in the second hidden
layer and 8-nodes in the output layer. The second ANN has 3-nodes in the input layer, 6-nodes in the first and
second hidden layers and 3-nodes in the output layer. The architecture of the ANNs is shown in Fig. 2.

Figure 2: Two ANNs are used in the MC structure
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Experimental Results

The performance evaluations of the proposed MC (see Fig. 1) are introduced for five digital modulated
and five analogue signals. We have classified 40 000 segments of real modulated signals. The results of the
performance are summarized in Table 1.

Table 1: Performance for the two hidden layers of ANN

Real
signal

ASK2 PSK2 PSK4 FSK2 FSK4 UNK AM DSB USB LSB FM
ASK2 80.2 11.2 - - 7.4 1.2 - - - - -
PSK2 - 86.1 - - - 13.9 - - - - -
PSK4 - - 81.9 - - 18.1 - - - - -
FSK2 - - - 83.8 6.2 10.0 - - - - -
FSK4 - - - 7.3 87.3 5.4 - - - - -
AM - - - - - 2.0 78.0 20.0 - - -
DSB - - - - - 12.0 3.8 84.2 - - -
USB - - - - - 11.4 - - 76.2 12.4 -
LSB - - - - - 3.1 - - 21.8 75.1 -
FM - - - - - 5.0 - - - - 95.0

In Table 1, the ASK2 and FSK2 signals are classified as FSK4. The results in this paper show that the
classifier has 75% probability of correctly recognizing real signals.

Conclusion

This paper describes the original classifier based on the ANN for the recognition of analogue and digital
modulated signals. Experimental results show that modulation classifier is capable of recognizing real signals
correctly with more than 75 % probability.

Better results and effectivity of classification can be reached by using combination methods for the modula-
tion recognition but also by detection of other key features.

More details about other modulation classifiers are presented in [1], [2], [3], [4].
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Abstract

This paper presents models that can be used in the design of microstrip antennas for mobile communications.
The antennas can be triangular or rectangular. The presented models are compared with deterministic and
empirical models based on artificial neural networks (ANN) presented in the literature. The models are based
on Perceptron Multilayer (PML) and Radial Basis Function (RBF) ANN. RBF based models presented the best
results. Also, the models can be embedded in CAD systems, in order to design microstrip antennas for mobile
communications.

1. Introduction

The most important applications of computational intelligence systems appeared from around 1980 and
subsequent years in several areas of the human knowledge. These systems were based on Artificial Neural
Networks (ANN), fuzzy modeling and Genetic Algorithms (GA). The expression Computational Intelligence
(CI) was created to distinguish this class of models from those created from the traditional Artificial with
Intelligence (AI), which represents and reproduce the knowledge by means of a set of rules that are automatically
processed. Computational intelligence methodologies have characteristics like: learning (ANN), approximate
human reasoning (Fuzzy Logic) and intelligent search (GA). In the area of microstrip antennas for mobile
systems the applications arose from around 1990, according to references [1] and [2].

The resonance frequency of rectangular and triangular antennas for mobile communications must be deter-
mined with high precision because they operate in a very narrow bandwith. So, within a fabrication process of
such kind of antennas, ANN based models trained with experimental data of the same class, previously collected,
can preliminary estimate the resonance frequency, reducing the number of real prototypes to be constructed,
saving time and resources.

In an ANN model no formula is necessary to estimate the resonance frequency of the antenna, due to its
empirical nature, based on the observation of a physical phenomenon.

According to reference [1] the parameters used to estimate the resonance frequency of a rectangular antenna
are: W - width, L - length h - height and e, permittivity of the substrate. According to reference [2], the
parameters used to estimate resonance frequency of a triangular antenna are: a - lateral length, h - height, e
permittivity of the substrate, m and n, modes of the TMmn wave.

The models can be used in a reasonable range of widths, heights, and substract permittivities, and are
very adaptable to CAD systems. The mathematical formulation used in determinist methods involves extensive
numeric computation and are subject to errors, like truncation errors, for example. Beyond this, this kind of
analysis also requires experimental adjustments in relation to theoretical results preliminarly obtained, are time
consuming, and are not adaptable to CAD systems.

2. Methodology and Mathematic Foundations

The resonance frequency of microstrip antennas is a phenomenon driven by laws whose behavior can be
determined from previously known input/output samples. Empirical models like ANN, permit to estimate the
resonance frequency for similar cases by interpolation, within the range where the samples were obtained.

Feedforward Perceptrons Multilayer (PML) and Radial Base Functions (RBF) models were developed, using
experimental data presented in references [1] and [2], and compared with the deterministic results presented in
[3] through [6] and the empirical results presented in [1] and [2].
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In general, PML networks are valid alternatives, but their training is done using the backpropagation al-
gorithm, which can present typical difficulties of the optimization algorithms based on gradient descendent
methods. The major difficulties are velocity of convergence and susceptibility to local minima, increasing the
computational effort and decreasing the interpretability/transparency of the results [8]. Good alternatives to
the PML networks are the RBF ones.

Many different algorithms can be used with the feedforward architecture. A classical algorithm used for
the training of PML neural networks is the gradient conjugate, a heuristic method. The Newton analythical
method is an alternative to the gradient conjugate method, for a rapid convergence. The basic equation for the
Newton method is

xk+1 = xk −H−1
K gk (1)

where H is a Hessian matrix (second partial derivatives) of the performance index at the current values of the
weights and biases. Newton’s method often converges faster than conjugate gradient methods. Unfortunately,
it is complicated and expensive to compute the Hessian matrix for feedforward neural networks. There is a class
of algorithms that is based on Newton’s method, but it doesn’t require calculation of second derivatives. These
are called quasi-Newton (or secant) methods. They update an approximate Hessian matrix at each iteration of
the algorithm. The update is computed as a function of the gradient. The quasi-Newton method that has been
most successful in published studies is the Broyden, Fletcher, Goldfarb, and Shanno (BFGS) update, described
in reference [9], whose basic equation is:

?x = [JT (x) · J(x)]−1JT (x) · e(x) (2)

where J(x) is Jacobian matrix and e(x) represents the errors. BFGS algorithm was used for rectangular antennas.
For triangular antennas, the algorithm that presented best results was the Rprop - Resilient Propagation,

described in reference [10]. In the Rprop algorithm the weights and learning rates are modified only once in
each training epoch. Each weight wji has its own variation rate (△ji), which depends of the time t, in the
following way:

△ji(t) =





η+△ji(t− 1), se
∂E

∂wji
(t− 1) · ∂E

∂wji
> 0

η−△ji(t− 1), se
∂E

∂wji
(t− 1) · ∂E

∂wji
< 0

△ji(t− 1), otherwise

(3)

where0 < η− < 1 < η+.
Changes on the weights occur only when the sign of the partial derivatives with respect to the weights

change, and are independent of their magnitudes.
For triangular antennas, PML networks with Rprop algorithm was more efficient than those based on con-

jugate gradient method [11] or those based on second order gradient, like Levemberg-Marquardt [12].
However, in the applications of this paper, RBF models presented the best results for both, rectangular and

triangular antennas. The basic equation for the RBF network is:

ŷ(n+ 1) =
i∑

k=0

wk(n) ∗ ϕ(‖u(n)− zk‖) (4)

where ϕ(‖u(n) − zk‖) is a scalar function radially symmetric with zk as its center. The operator ‖ · ‖ is the
euclidian norm and gives the modulus of the argument vector. Further details about the training of this kind
of network can be found in references [12] and [15].

3. Simulations

Firstly, a PML ANN with backpropagation and BFGS algorithms was used to adjust the model for rect-
angular antennas. The training of the network was done with regularization methods. The values for W, L, h
and ε, are the inputs of the network, and the resonance frequency (fmn) is the output. The best results were
obtained using 2 hidden layers with 25 and 51 neurons. After this, an ANN based on RBF algorithm was used
to the same input data. Table I presents the results and demonstrates the superiority of the models using RBF
neural networks.
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Table 1: Comparison between empirical and deterministics models C rectangular antennas.

Resonance Frequency
Method Sugested RBF Sugested PML fmn [1] fmn [3] fmn [4]

Sum of the square errors 10−8 598 749 31.436 108.707
Epochs 75 3.741 200.000 - -

Time of training 1 min. 3 hours - - -

For triangular antennas the best results were obtained using an ANN with two hidden layer with 50 and 101
neurons. The better algorithm for this type of antenna was the “Resilient propagation”, Rprop. Table 2 shows
the results and compares them with those presented in the literature. Once more, the superiority of the RBF
models is demonstrated.

Table 2: Comparison between empirical and deterministics models C triangular antennas

Resonance Frequency
Method Sugested RBF Sugested PML fmn [2] fmn [5] fmn [6]

Sum of the square errors 10−8 20,3 23 326 424
Epochs 75 105.000 25.000 - -

Time of training 1 min. 30 min - - -

4. Conclusion

The results obtained using the models presented in this paper are very close to the experimental values
presented in the literature. RBF based networks presented very good results, with a short time of processing.
The models can be embeded in CAD systems for the design of microstrip antennas.
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Abstract

We present a novel asynchronous RSFQ digital circuit, Test-Timed RSFQ digital circuit and system(TT),
in this paper. With this asynchronous approach, data is transferred in a delay-insensitive fashion to avoid the
overhead of global clock distribution and the timing uncertainty. According to the scheme, the timing signal
of the logic module is generated by a test logic module. The delay module can be removed from our circuit
which should be used in previous asynchronous circuits. Finally, the simulation results for the Test-Timed data
processing pipeline based on TT scheme are presented.

1. Introduction

With the increasing needs for the higher computation ability in many high-tech areas, the high performance
computer remains its importance in computer industry. However, according to the most authoritative industrial
forecast, to achieve a petaflops scale computer with the standard CMOS technology will lead to a total power
consumption of the order of 10MW[1].

With the ps order gate delay and the extremely low power consumption, superconducting RSFQ digital
circuits have showed strong possibility in the applications for the high performance super-computer investiga-
tions. In RSFQ digital circuit, data are represented by a very short voltage pulse’s presence (logic “1”) and
absence (logic “0”) in a clock window. Up to present, many achievements based on RSFQ to construct the
high-performance computer system have been made in projects such as HTMT[2], FLUX[3], and etc.

If we construct the RSFQ digital circuit directly using the conventional synchronous circuit theory, we will
face many difficulties and only achieve little performance improvement with respect to the modern supercom-
puter. The RSFQ circuit needs a very accurate clock timing to produce a right result. In RSFQ digital circuit,
a clock distribution tree over a 1-cm×1-cm chip may accumulate timing uncertainty on the order of 100 ps[6].
During the RSFQ chip programming, we have to pay much attention to the clock distribution, otherwise we
will obtain the unexpected logic function with a lot of uncertainties. To conquer the difficulties in synchronous
RSFQ circuit design, the RSFQ asynchronous circuit structure has been adopted these years. The RSFQ asyn-
chronous circuit will be driven by the handshake signals instead of the global clock timing. There are many
improvements in these kinds of investigations, such as PDDRL[4][5] circuit and DDST[6][7]circuit. These two
models can remove the global clock and avoid the problems lead by the global clock. However, PDDRL requires
double amount of hardware as a common single-rail logic circuit. Its realization will be limited by the low
integrating extent of the currently superconducting RSFQ circuit fabricating technics. For the DDST module,
people should pay more attention to the logic cell and the timing signal transmission delay. If the timing signal
arrives at the DFFC unit before the data of the logic unit, the DFFC will output a wrong data.

This paper presents a delay-insensitive asynchronous RSFQ model, Test-Timing model. With proper com-
bination of the Test-Timing cell and logic cell, we can ensure the right arrival order of clock pulse and data
pulse, and the right operation.

2. Test-Timing Model

In synchronous RSFQ circuits, data are encoded with the presence or absence of an SFQ pulse within a
timing window . The timing signal is the periodic clock signal from the global clock. The clock period must be
larger than the largest cell delay in a synchronous RSFQ circuit. For timed RSFQ logic cell, the data pulses
must arrive before the timing pulse, otherwise we will obtain unexpected results.

In our TT model, we use a proper combination of a timed logic cell and a modified timed logic cell to ensure
that the data pulses arrive first. The modified logic cell has the same function as the timed one, but outputs the
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result pulse as soon as the computation is completed without needs of further external timing clock. Fig.1(a) is
the circuit diagram of the TT combination.
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Figure 1: (a) TT model (b) TT based OR cell

In Fig. 1(a), the test logic cell is the Test-Timing cell to produce timing signals. The logic cell is the logic
function cell to carry out a logic computation. The “At” and “Bt” are the test pulse inputs to the test logic cell
to produce the CLK pulse whenever the logic computation is completed. “Ai” and “Bi” are the data pulses.
Whatever the “Ai” and “Bi” are, we need a CLK pulse outputted from the test logic. So we should specify the
value of “At” and “Bt” to meet this requirement. Usually we set the “At” and “Bt” as logic “1” , and modify
the connection of the test logic according to the logic cell.

In this way, we can ensure a CLK pulse appears in the test logic output port every data input.

We can easily get the changed logic cell by adding an asynchronous branch in the timed logic cell. An
example is presented in [5]. We can also get the test logic cell through removing the timed output port and a
few changes in the circuit parameter of the timed logic cells.

The logic function of the test logic cells and logic cells is the same, so the computed delay is the same.
When the computation of test logic cell is completed and a CLK pulse appears, the logic cell must finish its
computation, and the result is ready. So the CLK will generate a right result pulse in the logic cell output port.

Fig. 1(b) presents a TT based OR cell. The upper is test OR cell[5]. The low is timed OR cell to carry
out the OR logic function. When the input port “Ati”,“Bti”,“Ai”and “Bi” coming pulses, the test OR cell and
timed OR cell will carry out a logic OR operation immediately. When the computation is completed, the test
OR cell will output a pulse in asynchronous port right away. The timed OR cell will save the result in the
J6 − L6 − J7 loop and wait for a pulse input to the CLK port “L7 − J8”. After the OR cell logic computation
delay, the result will output in “or data output” port of timed OR cell.

In contrast with other handshaking schemes, this approach can substantially reduce the connection wire
delay and circuit complexity with respect to the synchronous circuit. The timing signals are distributed without
any extra delay. The junction amount needed in TT scheme is a bit larger than conventional single-rail logic
circuits, but with this scheme we can construct an efficient and robust asynchronous system without any timing
problems and delay modules. With the increasing of the bits to be processed, this is ignorable.

3. TT Data Process Pipeline

A very excellent data processing pipeline is presented in [8]. It consists of 7 elastic pipeline stages with
DR2 cell used for data storage. When a stage is in passive mode, the delay module is determined by the DR2
read-out time. In active mode, the delay is larger by the time necessary for a logic cell to produce the result.

To ensure a proper operation of the elastic pipeline, we have to make the precise estimation of the logic
cell compute delay. It is very difficult to obtain precise delay estimations of several different logic cells on the
layout level, a small estimated error may lead to extra delay or wrong operations. In this paper, we present a
delay-insensitive data processing pipeline based on our TT scheme. This pipeline will no longer need the delay
modules and guarantee proper operations.
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Fig. 2 shows the cell-level data processing pipeline. It is also an elastic pipeline similar to the [8] in structure,
but the significant difference is that there is no delay modules in our pipeline. In our pipeline, the active or
passive mode of a stage is selected by DR2 cell, “Ati” and “Bti” always input “1”. The pulses in “Ati” and
“Bti” will store in DR2 cell. When active mode select signal comes, two pulses will import “andt” cell.
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Figure 2: TT data process pipeline

When the computation of “andt” completed, a result pulse will appear at the “andt’s” output. The output
pulse will be the clock signals of this stage to generate a right result from timed cell. The output pulse will be
a REQ signal in next stage. Next section, we will provide the simulation result of pipeline.

4. Logic Simulation

There are several kinds of software which in junction level to simulate the RSFQ circuit, such as JSIM,
WRspice, etc. It is convenient to use such software to verify the function and timing of RSFQ logic gates.
But with the increasing scale of RSFQ digital circuits, the computation time consumption will no longer be
tolerable.

 

Figure 4: TT data process pipeline logic simulation

We should find another way to simulate the large scale RSFQ circuit in the logic level. The hardware
description languages, such as verilog HDL and VHDL, have been adopted to simulate a RSFQ circuit in logic
level[8][9]. With these languages, the RSFQ basic gates including of timing parameters (such as hold time, setup
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time, minimum separation time, etc.) can be written as functional models. A large RSFQ circuit consisting of
thousands of gates can be simulated using standard semiconductor CAD tools such as cadence, verilog HDL,
etc.

Therefore, the precise HDL description model to RSFQ gate is the basis of achieving the correct RSFQ
logic simulations and right time domain simulations. In this paper, we use verilog HDL to describe RSFQ gate.
For logic simulation, what we are concerned is the SFQ pulses’ presence (absence) and its center position, the
transfer delay of the logic gate. We don’t need to concern the pulse length and its exact shape. To simplify
the description, we set pulse width and delay 2 ps. In fact, these might be changed according to the actual cell
parameters.

From the above discussion, we write all the cells in verilog HDL, and specify the delay of all modules at first.
Then we link them according to actual connections. The simulated result of data process pipeline is shown in
Fig.4, in which we selected “and” operation of the pipeline. We can find that the input data is 8’b11010111 and
8’b10000111 and the result is 8’b10000111, small time later, an ACKO signal is output from the module.

Conclusion

This paper presents a novel RSFQ asynchronous digital circuit model, and TT model. As an example, we
construct a data process pipeline based on TT model and present its logic simulation results. In TT model
structure, the arrival order of the data pulse and clock pulse will be ensured by TT model circuit. The problems
caused by global timing are avoided. The simulation results show that the RSFQ TT model has significant
advantages in the RSFQ supercomputer layout designs.

REFERENCES

1. Mikhail, Dorojevets, Dmitri Zinoviev, Konstantin Likharev, “Cool-0: Design of Rsfq Subsystem for
Petaflops Computing,” IEEE Transactions on Applied Superconductivity, Vol. 9, No. 2, 3606-3614, June,
1999.

2. Dorojevets, M., “Cool Multithreading in Htmt SPELL-1 Processors,” International Journal of High Speed
Electronics and Systems, Vol. 10, No. 1, 247-253, 2000.

3. Paul, Bunyk, Mike Leung, John Spargo, Mikhail Dorojevets, “Flux-1 Rsfq Microprocessor: Physical
Design and Test Results,” IEEE Transactions on Applied Superconductivity, Vol. 13, 433-436, 2003.

4. Kameda, Y., S. Polonsky, M. Maezawa, T. Nanya, “Primitive-Level Pipelining Method on Delay-
Insensitive Model for Rsfqpulse-Driven Logic,” Advanced Research in Asynchronous Circuits and Systems,
1998. Proceedings, 262-273, 1998.

5. Maezawa, M., I. Kurosawa, M. Aoyagi, H. Nakagawa, Y. Kameda, and T. Nanya, “Pulse-Driven Dual-Rail
Logic Gata Family Based on Rapid Single Flux Quantum Devices for Asynchronous Circuits,” Proc.2nd
Int.Symp.Advanced Research in Asynchronous circuits and Systems, 134-142, March 1996.

6. Deng, Z. John, Nobuyoki Yoshikawa, Stephen R. Whiteley, Theodore Van Duzer, “Self-Timing and Vector
Processing in Rsfq Digital Circuit Technology,” IEEE Trans.Appl.Supercond, Vol. 9, 7-17, March 1999.

7. Deng, Z. J., Yoshikawa, N, “Data-Driven Self-Timed Rsfq Digital Integrated Circuit and System,” IEEE
Trans.Appl.Supercond, Vol. 7, 3634-3637, June 1997.

8. Bunyk, P., Kidiyarova-Shevchenko, A. Yu, P. Litskevitch, “Rsfq Microprocessor: New Design Approaches,”
IEEE Transactions on Applied Superconductivity, Vol. 7, 2697-2704, June 1997.

9. Kris Gaj, Chin-Hong Cheah, “Functional Modeling of Rsfq Circuits Using Verilog HDL,” IEEE Transac-
tions on Applied Superconductivity, Vol. 7, 3151-3154, 1997.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 587

Characterization of a Quasi-Optical NbN
Superconducting Hot-Electron Bolometer Mixer

L. Jiang, W. Zhang, Q. J. Yao, Z. H. Lin, and S. C. Shi
Purple Mountain Observatory, NAOC, CAS, China

Y. B. Vachtomin, S. V. Antipov, S. I. Svechnikov, B. M. Voronov, and G. N. Gol’tsman
Moscow State Pedagogical University, Russia

Abstract

In this paper, we report the performance of a quasi-optical NbN superconducting HEB (hot electron bolome-
ter) mixer measured at 500 GHz. The quasi-optical NbN superconducting HEB mixer is cryogenically cooled by
a 4-K close-cycled refrigerator. Its receiver noise temperature and conversion gain are thoroughly investigated
for different LO pumping levels and dc biases. The lowest receiver noise temperature is found to be approxi-
mately 1200 K, and reduced to about 445 K after correcting the loss of the measurement system. The stability
of the mixer’s IF output power is also demonstrated.

Introduction

Superconducting HEB mixers have demonstrated good performance at terahertz frequencies. The DSB
noise temperature of phonon-cooled superconducting HEB mixers is approaching eight times the quantum limit
(8hv/k) and the required LO power is as low as one microwatt. Some ongoing projects (including ground-based
TREND [1], airborne SOFIA [2], and spaceborne Herschel [3]) will benefit from the technology of superconduct-
ing HEB mixers.

To suit long-period operations such as astronomical and atmospheric observations, it is of particular interest
to investigate the behaviors of superconducting HEB mixers cooled by a close-cycled 4-K refrigerator. It has
been indeed demonstrated that phonon-cooled NbN superconducting HEB mixers can survive such a cooling
circumstance [4]. In this paper, a quasi-optical NbN superconducting HEB mixer is measured at 500 GHz with
a close-cycled 4-K refrigerator and its performance is thoroughly investigated for different LO pumping levels
and dc biases. In addition, the stability of IF output power of the quasi-optical NbN superconducting HEB
mixer is examined.

Experimental Setup

As shown in Fig. 1, the quasi-optical NbN superconducting HEB mixer we measured is made up of a log
spiral antenna and an ultra-thin NbN film bridge across the antenna’s feed point. The log spiral antenna couples
the RF and LO signals to the thin NbN film bridge, where mixing happens via some heat exchanges (electron
and phonon). The thin NbN film, measuring about 3.5-nm thick, was deposited by dc magnetron sputtering
on a heated high resistivity silicon substrate, while its bridge area, measuring 0.2-µm long and 2.4-µm wide,
was fabricated through e-beam lithograph. The thin NbN film bridge had a normal resistance of 100 Ω and a
critical current of 190 µA at 4.2 K. And its critical temperature and transition width were 9.6 K and 0.9 K,
respectively.

The quasi-optical NbN superconducting HEB mixer was firstly glued onto a hyper-hemispherical silicon lens
(of a diameter 12.7 mm, with no anti-reflection layer). The silicon lens with the superconducting HEB mixer
was then put into a copper mixer block, which includes a 50-Ω microstrip line with its one port connected to
the HEB mixer chip (via Indium) and the other to the IF output port. The whole mixer was mounted onto the
4-K cold plate of the close-cycled cryostat.

We used the conventional Y-factor method to measure the noise performance of the quasi-optical NbN
superconducting HEB mixer. The measurement setup is shown in Fig. 2. A beam splitter made of a 15-µm
thick Mylar film couples the RF signal from a chopper (indeed a 295-K and 77-K blackbody) and the LO signal
from a 500-GHz LO source (Gunn plus x6 multiplier). The RF and LO signals are incident onto the hyper-
hemispherical silicon lens through a vacuum window (100-µm Mylar film on the 300-K shield of the close-cycled
cryostat) and an IR filter (two layers of Zitex G108 on the 40-K shield). The hyper-hemispherical lens focuses
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the RF and LO signals to the HEB mixer chip. The IF output signal goes through a bias-tee, a 1.2-1.8 GHz
cooled HEMT low noise amplifier (including an isolator on the 4-K cold plate), a room-temperature amplifier
(45-dB gain), a bandpass filter (1.55±0.085 GHz), and is finally detected by a square-law detector of a sensitivity
of 1 mV/µW.

Figure 1: Photograph of a quasi-optical NbN superconducting HEB mixer chip. The NbN bridge measures
2.4-µm wide, 0.2-µm long, and 3.5-nm thick.

 

 (a)  (b) 

Figure 2: Photograph of the measurement setup, with (a) inside the cryostat and (b) outside view.

Measurement Results and Discussion

We measured the receiver noise temperature (DSB, Trec) of the quasi-optical NbN superconducting HEB
mixer for different LO pumping levels and dc biases. The measurement results (with no corrections) are plotted
in Fig. 3a. Obviously, the lowest receiver noise temperature in the stable region appears 1200 K at 500 GHz
(biased at 0.7 mV and 25µA) and the area giving similar noise performance is quite large. The LO power
absorbed by the HEB device was estimated to be 366 nW by an isothermal technique [5].

We also evaluated the total conversion loss (Ltotal) of the quasi-optical NbN superconducting HEB mixer
using a U-factor technique [6]. This U-factor technique assumes that HEB devices in the superconducting state
have a zero IF impedance at zero dc bias. With this assumption, the U factor, defined as a ratio between the
IF output powers at its operating point (P295) and zero dc bias (Psc), is written as

U =
P295

Psc
=
T295 + Trec
Tbath + Tif

2

Ltotal
(1)

where T295 and Tbath are effective radiation temperatures derived from Callen-Welton formula for the physical
temperatures of 295 K and 4.2 K at the measurement frequency, respectively, and Tif is the equivalent input
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noise temperature of the IF chain (assumed to be 7 K here). The total conversion loss is therefore given by

Ltotal =
2(T295 + Trec)

U(Tbath + Tif )
(2)

 

 (a) 
 

(b) 

Figure 3: Uncorrected receiver noise temperature (a) and conversion loss (b) for different LO pumping levels
and dc biases.

Figure 4: Measured IF output power for a 295-K and 77-K load chopped at 0.1 Hz.

Table 1: Loss and equivalent noise temperature of the quasi-optical components.

Component Loss (dB) Physical Temp. (K) Noise Temp. (K)
Beam splitter 0.2 295 14.5

Vacuum window 1.25 295 102.4
Zitex filter 0.2 40 2

Si lens, reflection 1.55 4

7.7Si lens, absorption 0.1 4
Lens antenna 0.5 4

Fig. 3b shows the calculated mixer conversion losses (with no corrections) of the quasi-optical NbN supercon-
ducting HEB mixer corresponding to different LO pumping levels and dc biases.

To understand how good the intrinsic performance of the quasi-optical NbN superconducting HEB mixer
is, we calculated or estimated the losses and noise contributions of individual quasi-optical components. The
results are summarized in Tab. 1. Clearly the vacuum window has considerable loss and noise contribution.
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We indeed found that after correcting the losses and noise contributions of individual components before the
quasi-optical NbN superconducting HEB mixer, the lowest receiver noise temperature was only 445 K.

Finally, we studied the stability of IF output power of the quasi-optical NbN superconducting HEB mixer
cooled by a 4-K close-cycled refrigerator. We recorded the IF output power when doing the Y-factor measure-
ment. As displayed in Fig. 4 (for 5 minutes), it is rather stable, giving fluctuation of 1.2% for the 295-K load
and 1.4% for the 77-K load.

Summary

We have investigated the performance of a quasi-optical NbN superconducting HEB mixer at 500 GHz,
when it is cooled by a 4-K close-cycled refrigerator. This HEB mixer demonstrates a fairly large range of good
mixer performance for both LO pumping and dc bias. The lowest receiver noise temperature is about 1200
K with no correction and reduced to 445 K after correcting the losses and noise contributions of individual
components before the HEB mixer. Furthermore, this HEB mixer exhibits fairly good stability even working
with a close-cycled cryocooler. It will be very beneficial to real applications.
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Study of Flicker Noise for Zero-IF Receiver

Jun Gao, Jinsheng Tang, and Kemin Sheng
Southwest Jiaotong University, China

Abstract

Zero-IF receiver has some advantages, such as small factor, low cost and easily integrated on a chip. They
make it competitive of RF receivers. However, DC Offset and flicker noise, etc., have profound effects in zero-IF
receiver, which need not be considered in super-heterodyne receiver. Following a major study of flicker noise,
possible solutions are given, especially those based on the passive mixer.

Introduction

Wireless communication becomes more and more important with the tendency of personal communication.
Because wireless communication becomes digital, networking, small and intelligent, radio system will be changed
from analog, digital to software. Accordingly, large translation will happen to the receiver architecture. [1]

The receiver may usually be realized by super-heterodyne architecture. For super-heterodyne receiver, RF
modulated signal can be shifted to easily processed IF and IF modulated signal can be handled: amplification,
filtration and demodulation. Particular gain control, noise figure and narrow-band selection may be realized
in super-heterodyne architecture, but there are some inherent disadvantages, such as complicated architecture,
difficult coordination, bulk, and large power consumption. As a result, new receiver architecture appears.

There are digital IF receiver, zero-IF receiver (also called direct-conversion receiver), etc., meeting the
demands of high performance, low power consumption, agility and convenience. Because zero-IF receiver is
similar to software-radio receiver in many ways, this paper presents flicker noise based on zero-IF receiver.

1. Zero-IF Receiver

The architecture of zero-IF receiver is shown as Figure 1.The zero-IF receiver employs only one stage mixing
to down-convert the RF signal directly to the desired base-band signal.

Figure 1: zero-IF receiver architecture

Because of no IF stage, zero-IF receiver has following merits: [2][3][4]

(1) There is no image problem, so the image reject filter is not needed. The receiver architecture is simplified.

(2) Because IF=0, only LPF is needed. LPF is easily integrated; low power and small chip proportion are
needed.

(3) Signal amplification happens at base-band (BB), which reduces energy consumption once more.

However, there are some drawbacks on zero-IF architecture [2][3]. First, LO signal is the same frequency
as the carrier, so the parasitism LO signal leaks from the receiver to the antenna, which interferes with other
same frequency-band receivers. Second, even-order distortions fall into the base-band and cannot be filled.
Third, flicker noise from any active device, which is close to DC in the spectrum, can contaminate low frequency
base-band signal. Forth, DC offset, which comes from the self-mixing of LO leakage, is able to deteriorate the
SNR (Signal Noise Rate) seriously.

As a result, zero-IF receiver is not widely used previously. But when all of the above-mentioned problems
are solved or largely mitigated, zero-IF retains its beauty of simplicity and thereby low costs as well as low
power dissipation. This paper presents specially flicker noise of above-mentioned problems.
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2. Study of Noise and Flicker Noise

With an important 1/f character, meaning that the noise spectral density is inversely proportional to the
frequency, the flicker noise is also called 1/f noise. Although there is no unifying mechanism for flicker noise,
measurement on CMOS device (surface device) shows that it has much higher flicker noise than bipolar device
(bulk device), possibly due to the random trapping in the oxide-silicon conduction of CMOS. [5]

There is, on the other hand, an empirical formula, which is adopted by the TSMC 0.18um MM CMOS
BSIM3V3 model[6][7]:

V 2
n =

KfI
af
ds

CoxL2
eff

1

fef
(1)

where Coxis the unit capacitance of oxide, Kf is a device-specific constant, Leff is the length of the device, Af is
the channel bias current. And ef are current and frequency index. It is impressive to know that the corner
frequency of flicker and thermal noise for 0.18um NMOS can be as high as 100MHz. PMOS has lower flicker
noise density (corner is below 10MHz) than NMOS, possibly due to the channel in PMOS is a little bit further
away from the surface.

Because flicker noise is associated with the nature of CMOS device, there is no outstanding solution to
decrease it so far.

[8] introduces increasing RF gain to make signal voltage value high enough. No-DC coding is used to
eliminate flicker noise through HPF.

[9] presents a point that mixer is designed not only to define gain but also to reduce flicker noise. Transmitter
M1 and M2 of Harmonic mixer shown as figure 2 are driven by RF difference signal Vrf+ and Vrf-. M1 and M2
are primary sources. Transfusing current Io reduces current of M1 and M2. As a result, noise is reduced.

Figure 2: CMOS Harmonic Mixer

[10] uses two-stage down-converters instead of a direct down-converter: RF signal is down-converted to a
higher IF, which is then down-converted to base-band. LO frequency used for the second down-converter is low
and static, so the leakage is little and DC distortion can be easily eliminated. On the other hand, flicker noise
is also reduced accordingly.

This paper hereinafter presents superiority of canceling flicker noise based on single balance mixer.

3. Flicker Noise Based on Single Balance Mixer

Although the passive mixer itself does not generate any flicker noise (strictly speaking, it will generate a
small amount of flicker noise by DC offset during both switches half-on or off), the following base-band buffer
could do so. Therefore special design is still required for the purpose of low flicker noise. Fortunately, with
the frequency beating down to base-band, more methods can be applied in the base-band buffer to reduce the
flicker noise, unlike the mixer, where the device length and current are limited due to the string RF performance
requirement.

Our solution to the flicker noise is involved with adopting the passive mixer to remove flicker noise during
frequency transfer and the special low-flicker noise op-amp as post-buffer. The reason to the former is straight-
forward that zero DC current results in zero flicker noise and RF current has no effect on flicker noise as it far
away from the thermal-flicker noise corner. As shown in Figure 4, the latter utilizes PMOS (M1 and M2) as the
input stage and long channel NMOS device (M3 and M4) as the current source, which are usually the major
flicker noise contributors. In this way, the flicker noise can meet the specifications quite well.
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Figure 3: Flicker Noise Contributors in the base-band post-buffer

Figure 4: Filcker noise simulations of Mixer and its following buffer

Figure 4 shows the spot noise figure simulation comparison results between passive mixer and active mixer,
also between with backend circuit and without backend circuit. Without active backend circuit, the NF shows
the contribution from the passive mixer and its biasing and loading, almost flicker noise free. With active parts
(post-buffer) as the loading, flicker noise shows up, but moderate magnitude. The 100 KHz spot noise figure is
only 2.5dB higher than 1MHz. When referred to the input of LNA, the discrepancy becomes negligible, only
0.1dB.

Conclusion

With a mayor study of flicker noise, possible solutions are given, especially those based on the passive mixer.
When active mixer is used as a reference, which is a normal low bias active mixer, the advantage of using passive
mixer becomes prominent. At 100KHz, active mixer has already 5dB higher noise figure than the passive one,
It will further go to 20dB higher at 10KHz. Therefore, using passive mixer is an effective method to reduce
flicker noise in CMOS technology.
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Abstract

The paper presents a model which describes the stage circuit of Distributed MEMS Transmission Line
(DMTL) phase shifter at Ka band and an approach for DMTL design utilizing the saw-shaped coplanar waveg-
uide(CPW). The result of circuit simulation and full wave analysis prove that the model is in good agreement
with theoretical analysis. The model can effectively simplify the design complexity after optimization. Simula-
tion results show that the S11 and S21 can achieve -20 dB and -2.5 dB, respectively, and the phase shift arrives
at −180◦ at Ka band. Comparing with literature data, it has been predicted that S11 improves about 8 dB and
the phase shift can increase about 100◦ in the same condition.

Introduction

Millimeter wave phased array is widely used in radar, missile guidance, satellite communication and so on.
High isolation and low loss phase shifters are required for millimeter wave applications. Microelectromechanical
system (MEMS) phase shifter is very popular for its good properties, such as small size, low weight, wide
frequency-band, low insertion loss, are particular easy integrated with microwave circuits, where the performance
of DMTL topology and phase shifter is beyond others at Ka band applications. The idea of DMTL phase shifter
is to load a t-line periodically with MEMS bridges and control bridge height with DC voltage, so the distributed
capacitance on the line, phase velocity and phase shift can be varied. According to result of S11 and S21 were
respectively achieved to -12 dB and -5 dB at 35 GHz [1]. However, the discontinuity is introduced after loading
the MEMS bridges on the normal CPW transmission line for adding the shunt capacitance, so that the reflection
is higher. This paper proposed a design method with saw-shaped CPW for the improvement of S11 and S21 and
the phase shift. But the improvement is at the cost of Bragg frequency, so it narrows the bandwidth, however,
the bandwidth is wide enough in the millimeter wave communication system.

Design Considerations

As shown in Fig.1, the effect of capacitance produced by MEMS bridges will be offset by the effect of
discontinuity caused by saw-shaped CPW [2]. w1 and g1 are the width of signal trace and gap, respectively,
in narrow part of saw-shaped CPW transmission line, and w2 and g2 are the corresponding wide part, s is the
periodic spacing of the bridges. For better performance, S11 and S21 parameters are required to be optimized.
To do so, we modeled the equivalent circuit of each stage of saw-shaped CPW transmission line to establish
mathematical expressions by using ABCD matrix analysis, and then S matrix of the completed saw-shaped CPW
transmission line topology is obtained in order to find the optimized value w1. Open-circuit stubs are equivalent
to shunt capacitance and short-circuit stubs are equivalent to series inductance [3]. The saw-shaped CPW
DMTL phase shifter is modeled by the equivalent circuit parameters composed of inductance and capacitance,
as shown in Fig. 3, where, Lt and Ct are the per unit length of inductance and capacitance of the unloaded
transmission line, respectively.

Ct =
√
εr,eff/cZ0 and Lt = CtZ

2
0 (1)

Where the εr,eff and Z0 are the effective dielectric constant and characteristic impendence, respectively, of
the unloaded transmission line and c is the velocity of light in free space. Z0 can be achieved by conformal
mapping to be[4]:

Z0 =
η0K(k′)

4
√
εr,effK(k)

(2)
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Figure 1: Saw-shaped DMTL phase shifter Figure 2: The equivalent circuit of unite saw-shaped
CPW DMTL with MEMS bridges

Figure 3: step capacitance C’ vs g1 Figure 4: The equivalent circuit of saw-shaped
DMTL with MEMS

where εr,eff = (εr + 1)/2, k = w/(w + 2g) and k′ =
√

1− k2. η0 is the free space impendence and K(k) is the
complete elliptic integral of the first kind.

The inductance produced by the discontinuity of saw-shaped CPW transmission line, L′ is given by:

L′ = (w + 2g)Lt/4 (3)

Accordingly, the capacitance C′, the capacitance produced by the discontinuity of saw-shaped CPW trans-
mission line, can be derived as follows: The capacitance per unite length of each coplanar line is found by
conformal mapping to be:

c(k) = ε0εeff

( K
K ′ (k3) +

K

K ′ (k)
)

(4)

where k3 =
tanh(πk(w+2g)

4H )

tanh(π(w+2g)
4H )

and εeff = 1 + (εr − 1)
K
K′

(k3)
K
K′

(k3) + K
K′

(k)
with K

K′
(k) is the elliptic integral ratio and

H is the height of the substrate. Therefore, for capacitance per unit length equivalence is:

ε0x1/g1 = c(k1) and ε0x2/g2 = c(k2)

For the discontinuity capacitance per unit width of a step in height w1 to w2 is reasonable approximation to
the CPW step as in the CPW majority of the field is between the inner and outer conductors with some fringing
fields, it is estimated that the fringing capacitance will take up about 25%-40% in the total capacitance, and
can not be ignored. The capacitance is

Cu(α) =
ε0
π

[(
α2 + 1

α
) ln(

1 + α

1− α )− 2 ln(
4α

1− α2
)] (5)

where α = g2/g1 and α < 1. Therefore, the actual saw-shaped CPW step capacitance is given by:

C′ =
x1 + x2

2
· Cu

(g2
g1

)
(6)

The function relationship of (6) is shown in Fig.3, where quartz (εr = 3.8) is chosen as the substrate and
H=500 µm. Comparing with Cb, the loading capacitance due to the MEMS bridge [5], we find that the step
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capacitance C′(< 1fF ) is negligible. Therefore the model shown in Fig.2 can be modified as the new model
shown in Fig4.

Simulation and Discussions

Fig.5 shows the reflection S11 and the insertion loss S21 (after neglecting the step capacitance C′ as functions
of w1, based on Cb=20 fF, hu=1.5 µm, hd=1.2 µm, s=100 µm, w=25 µm, f=35GHz and the number of sections
is n=31, the total length is found to be 3100 µm, and Cb is the capacitance introduced by MEMS bridge, hu
and hd are the height of up and down states of MEMS bridges, s is the periodical space between MEMS bridges
and w is the width of MEMS bridge. We can get the optimal value, when w1 = 66 µm, S11 = − 48, S21 = −
0.000058, theoretically. Fig.6 and Fig.7 show the results of circuit simulation with Aglient ADS and full wave
analysis with Ansoft HFSS. Fig.8 shows that the relationship between the phase shift and frequency and we
can arrive at −180◦ at 35GHz, it increases about −10◦ phase shift. It has been shown that the result of circuit
simulation is in good agreement with the theoretical analysis. For the result of full wave analysis, it appears
that the center frequency drifts because we neglect the dielectric loss, radiation loss and the loss of MEMS
bridges in the process of analysis. However, it has been predicted that all of the losses are allowed at Ka band
application. From Fig.7, we can see that S11 and S21 achieved -20 dB and -3 dB from 35-37 GHz, and improved
about 8 dB and 2 dB, respectively, comparing with previous results[1]. As for the Bragg frequency, which is
given by:

Figure 5: S11 S21 vs w1 Figure 6: The result of circuit simulation

(a) The result of up state (b) The result of down state

Figure 7: The results of full wave analysis.

fBragg =
720√

(sLt + L)(sCt + Cb + C′)
(7)
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Figure 8: phase shift vs f

We can get the conclusion easily that the fBragg will be lowed, and for the fBragg decides the bandwidth, so
the bandwidth will be narrowed, however, from the simulation result it is wide enough in the millimeter wave
system.

Conclusion

In this paper, modeling and design of a novel DMTL phase shifter are discussed. The inductance caused by
the discontinuity of saw-shaped CPW offsets the capacitance caused by MEMS bridges so that the reflection S11

has greatly improved about 8 dB. In addition, the fabrication technology is easy to realize. The improvement
of S11 is active approach to better performance for the Ka band phased shifter design.
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Improving Design of Symmetrical Six-Port Microstrip
Coupler
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Abstract

It is possible to broaden the bandwidth of the symmetrical six-port microstrip coupler by incorporating
various elements into the original structure. A consolidated eigenmode-based model has also been developed to
predict the performance of such a coupler (when implemented in various novel forms). Laboratory tests have
confirmed that the prototype coupler thus obtained is able to meet all the design specifications over a 44%
bandwidth.

Introduction

After Riblet [1] reported the use of a symmetrical six-port coupler as a five-way power divider, other re-
searchers [2]-[4] have demonstrated that this new coupler can also be utilized as the core component of a six-port
reflectometer capable of yielding optimum measurement performance. For the latter application, analysis [3]
has shown that the coupler’s characteristics may be represented by the following scattering matrix [5]:

S =




γ α β τ β α
α γ α β τ β
β α γ α β τ
τ β α γ α β
β τ β α γ α
α β τ β α γ




(1)

where for the ideal case [3] we need to impose the following design specifications for the four scattering coefficients
defined in Eqn. 1:

|β| = |γ| = 0 (2)

|α| = |τ | = 1/
√

3 (3)

arg(α/τ) = ±2π/3 (4)

In practice, it is difficult to design a microstrip coupler that is able to stringently meet all of these ideal-case
specifications over a sufficiently broad bandwidth. We have found from the experience accrued during our study
that we should impose the following optimization goals when designing the prototype coupler so as to ensure
that the resulting reflectometer will continue to operate satisfactorily:

GoalA : |β|dB ≤ −20dB (5)

GoalB : |γ|dB ≤ −20dB (6)

GoalC :
∣∣|α|dB − |τ |dB

∣∣ ≤ 6dB (7)

GoalD : 900 ≤| arg(α/τ) |≤ 1500 (8)
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Analysis and Design

For the modeling of the microstrip coupler, we have adopted the eigenmode approach as it allows us to take
advantage of the six-fold rotational symmetry of the various structures depicted in Fig. 1. Such a coupler will
support only four (instead of six) eigenmodes. For the eigenmode of order m(where m = 0,1,2,3), the eigen-
admittance Ŷm looking into any of the coupler’s six external arms is related to the corresponding eigen-reflection
coefficient λm via the following equation [4]:

λm =
Y0 − Ŷm
Y0 + Ŷm

(9)

where Y0 is the characteristic admittance of the microstrip lines that connect the coupler to the external circuitry.
Once we have obtained the values of λm, the various entries of the coupler’s scattering matrix (Eqn. 1) can
then be computed from the following equations [4]:

λ = 1/6(λ0 + 2λ1 + λ2 + λ3) (10)

τ = 1/6(λ0 − 2λ1 + λ2 + λ3) (11)

β = 1/6(λ0 + λ1 + λ2 + λ3) (12)

γ = 1/6(λ0 − λ1 + λ2 + λ3) (13)

As depicted in Fig. 1(a), the basic structure of the symmetrical six-port coupler comprises a ring with six
external arms. A first-order eigenmode model of this rudimentary structure has already been developed in [4].
However, we have since found it difficult to improve the performance of this simple design beyond a certain
level in view of the limited number of adjustable variables at our disposal: although the optimization software
(based on a combination of algorithms) is able to satisfy Goal B relatively easily, our efforts at designing a
prototype that stringently meets Goal A and Goal B over a broad bandwidth have not been successful if we
insist on retaining the single-ring structure depicted in Fig. 1(a).

 (a) (b) 

(c) (d) 

(e) 

 

Figure 1: Symmetrical six-port coupler implemented in different forms: (a) ring structure, (b) double-ring
structure, (c) ring-with-star structure, (d) double-ring-with-star structure and (e) final design.

The alternative we attempted next is the double-ring structure depicted in Fig. 1(b) – following the design
approach reported in [6] by Kim et al (who employed such a scheme to match a different coupler). The
eigenmode model developed in [4] for the single-ring structure allows us to readily incorporate additional closed-
form expressions to account for the presence of the second ring. The dimensions of the double-ring coupler
design returned by the optimization software are listed in Table I. Alongside the scattering-coefficient plots
generated by our eigenmode model in Fig. 2, we also present the corresponding results obtained from the
commercially-available Momentum software purchased from Agilent. It is evident from a comparison of the
two sets of plots in Fig. 2 that we can reliably utilize our eigenmode model to predict the performance of the
double-ring coupler (which has a bandwidth of approximately 15% for the design given in Table I).
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Figure 2: Scattering-coefficient magnitude plots for
coupler structure depicted in Fig. 1(b) with design
data listed in Table I

Figure 3: Scattering-coefficient magnitude plots for
prototype coupler depicted in Fig. 1(e) with design
data listed in Table II

If we progressively reduce the radius of the inner ring to nearly zero, the six ring-to-ring links will in the limit
function as six spokes radiating from a central hub as depicted in Fig. 1(c). For this ring-with-star structure,
the optimization software has not been able to yield a design with a bandwidth broader than that for the
double-ring coupler. Judah et al had already fabricated such a coupler (with extended-length spokes) and the
measured bandwidth they reported in [2] was only 7% (based on Goal B). Hence, the ring-with-star structure
depicted in Fig. 1(c) does not appear to be particularly promising.

Table 1: Dimensions for Coupler Depicted In Fig. 1(b)

Element Dimension Setting

outer ring radius of 1206 mil and width of 17 mil

inner ring radius of 620 mil and width of 69 mil

ring-to-ring links length of 543 mil and width of 11 mil

external arms width of 57 mil

We may improve coupler performance by adopting the composite structure depicted in Fig. 1(d) which
combines the double-ring and central-star elements introduced in Fig. 1(b) and Fig. 1(c) respectively. However,
we have found from the scattering-coefficient data collected for various preliminary designs of the double-ring-
with-star structure depicted in Fig. 1(d) that the agreement between the numerical results computed by our
eigenmode model and Agilent’s Momentum software is not as good as what we obtained for the two sets of plots
presented in Fig. 2 for the double-ring-without-star structure depicted in Fig. 1(b); the minor deterioration in
accuracy is possibly due to the additional complexities we incorporated into the coupler structure.
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Table 2: Dimensions for Coupler Depicted In Fig. 1(e)

outer ring radius of 947 mil and width of 142 mil (wider part) and 121
mil (narrow part)

inner ring radius of 778 mil and width of 10 mil

ring-to-ring links length of 109 mil and width of 10 mil

central star length of 773 mil and width of 154 mil

tapers length of 177 mil and width of 57 mil and 106 mil

links from outer ring to tapers length of 530 mil and width of 106 mil

external arms width of 57 mil

Prototype Coupler

Fig. 1(e) depicts the final design we adopted after the simulation results produced by our consolidated
eigenmode model indicate that we need to incorporate the following additional modifications (whilst retaining
the six-fold rotational symmetry of the coupler structure):

• different characteristic admittances for sections of the outer ring

• angular displacement of 36o for the six ring-to-ring links

• tapers in the six external arms.

Table II lists the dimensions of the coupler design we selected for in-house fabrication and laboratory testing.
Fig. 3 shows reasonably good agreement between measured results (taken by HP8510C network analyzer) and
predicted data (computed by our own model) for this prototype coupler. The measured plots also confirm that
the prototype coupler is able to meet all four optimization goals (Eqns. 5-8) over the 1.04-1.62 GHz range. The
44% bandwidth we measured is, to the best of our knowledge, the broadest bandwidth reported thus far in the
literature for the symmetrical six-port coupler when implemented in microstrip form.

Conclusion

We have demonstrated how the bandwidth of the symmetrical six-port coupler may be broadened by incor-
porating a variety of additional elements - second ring, central star, link displacement, adjustable line-widths
and matching tapers. The final design we obtained for the microstrip coupler, as depicted in Fig. 1(e), yields a
measured bandwidth of 44% which is broader than the other prototypes already reported in the literature.

In view of paper-length requirements, we have not reproduced the closed-form expressions we derived to
account for the presence of the various elements incorporated into the coupler structure. Any reader who
requires these equations may request for a copy of the eigenmode-model derivation by sending an e-mail to
eleyeosp@nus.edu.sg.
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Abstract

This paper proposes a novel fuzzy neural network model based on fuzzy clustering method. The model can
accept continuous and discrete inputs together; the discrete input to the model is divided into several clusters by
using fuzzy c-mean clustering algorithm (FCM). A fuzzy clustering neuron (FC-neuron) is designed to calculate
a membership degree value belonging to one cluster for each discrete input. A four-layer hybrid neural network
is constructed; fuzzy-neurons and FC-neurons construct the antecedent part of fuzzy rules. A multi-input multi-
output hybrid neural network was designed by the novel modeling method and applied to vision-based sensors.
Simulation results show this method is superior to the traditional neural network model in vision-based sensors.

1. Introduction

Traditional neural network models usually only accept continuous inputs and the discrete inputs, for example,
scenario A, B, C, etc., should be transferred or quantified to continuous value. But in some applications, the
discrete inputs cannot be quantified because scenarios are complicated and important. How to use these discrete
inputs to neural network modeling has no good way yet. Some researchers proposed FCM algorithm to cluster
discrete inputs, then classify these inputs to some groups and weight them as inputs of neural network[1][2]. In
this paper, a novel fuzzy neural network model based on fuzzy clustering method was proposed. Vision-based
sensor used in intelligent vehicles system to recognize road status is taken as the application of new modeling
way. Because many road statuses are hard to quantify and haven’t been taken as the patterns or features before,
by the proposed method we try to transfer these statuses as neural network’discrete inputs and give a more
accurate results to recognition.

2. Fuzzy C-mean Clustering Algorithm

Fuzzy c-means (FCM) is a method of clustering which allows one piece of data to belong to two or more
clusters. This method (developed by Dunn in 1973[3] and improved by Bezdek in 1981[4] is frequently used in
pattern recognition. It is based on minimization of the following objective function:

Jm =

N∑

i=1

C∑

j=1

umij ||xi − cj ||2 (1)

where m is any real number greater than 1, uij is the degree of membership of xi in the cluster j, xi is the ith
of d-dimensional measured data, cj is the d-dimension center of the cluster, and || ∗ || is any norm expressing
the similarity between any measured data and the center.

Fuzzy partitioning is carried out through an iterative optimization of the objective function shown above,
with the update of membership uij and the cluster centers cj by:

uij =
1

C∑
k=1

(
||xi − cj ||2
||xi − ck||2

) 2

m− 1

, cj =

N∑
i=1

umijxi

N∑
i=1

umij

(2)

This iteration will stop when maxij
{
|u(k+1)
ij − u(k)

ij |
}
< ε, where ε is a termination criterion between 0 and

1, whereas k are the iteration steps. This procedure converges to a local minimum or a saddle point of Jm.
The algorithm is composed of the following steps:
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a. Initialize U = [uij ] matrix, U (0);

b. At k-step: calculate the centers vectors C(k) = [cj ] with U (k);

cj =

N∑
i=1

umijxi

N∑
i=1

umij

(3)

c. Update U (k), U (k+1),

uij =
1

C∑
k=1

(
||xi − cj ||2
||xi − ck||2

) 2

m− 1

, (4)

d. If ||U (k+1) − U (k)|| < ε then STOP; otherwise return to step 2.

Using FCM algorism, the samples will be clustered into some classes. The degrees of membership of samples
are calculated by (4).

3. Hybrid Fuzzy Neural Network Using FCM

In this paper, a four-layer fuzzy neural network proposed in [5] was adopted as the prototype of new hybrid
fuzzy neural network. As shown in Fig.1,

 

x1
w1
w2

wk

yk

yj

yi

2

1

xi

xn

Π

Π

Π

Π

Σ
yw3

3

Figure 1: a four-layers structure of FNN

the fuzzy neural network is an n-input, 1-output, and m-rule fuzzy neural network, which has four layers: input
layer, fuzzification layer, fuzzy reasoning layer and output layer. Each node of the fuzzification layer performs
a Gaussian membership function. The fuzzy reasoning layer performs IF-condition reasoning by a product
operation. Each linguistic variable has just one linguistic value allowed to connect one rule node. The output
layer computes the overall output as the summation of all incoming rule activation intension and performs the
defuzzification. The node function of each layer was expressed by:

y1
i = x1

i ; y2
j = exp[−(x2

i −mij)
2/σ2

ij ]; y3
k =

∏

i

x3
i ; y4

o =
∑

k

w4
kx

4
k (5)

Train the FNN to adjustmij and σij by Kohonen’s self-organizing feature maps and make the FNN fit the test
pairs obtained. Choose fuzzy rules by competitive learning algorithm, and eliminate redundant rules that have
less weight between rule nodes and output node. Adjust membership function and weights by back-propagation
algorithm until meet the error function:

E = [y(t)− ŷ(t)]2/2 (6)

where y(t) is the desired output, and ŷ(t) is the current output.
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For constructing new modeling way to accept continuous and discrete inputs together, we proposed a new
structure of neural network modeling. It was named Continuous- Discrete Hybrid Inputs Fuzzy Neural Network
(for short, HybridINP-FNN). The structure of HybridINP-FNN is like the four-layer FNN, also named input
layer, fuzzification layer, fuzzy reasoning layer and output layer, shown in Fig.2:

1) Input layer: input layer nodes transfer the input directly to next layer, some nodes receive continuous
inputs, other nodes receive discrete inputs:

net1i = x1
i , y1

i = f1
i (net

1
i ) = x1

i , i ∈ [1,m] (7)

x1
i , y

1
i , net

1
i and f1

i denotes the input, output, net input and activation function of ith node of input layer
respectively (the symbols of other layer by parity of reasoning).

2) Fuzzification layer: there are two kinds of nodes, one kind is Gaussian membership function node to
calculate a membership for continuous inputs:

net2i = − (xi −mj)
2

2σ2
j

,

y2
j = f2

j (net
2
i ) = exp(net2i ), i ∈ [1, n] (8)

Another kind is fuzzy clustering node to calculate the membership for discrete inputs based on a mem-
bership matrix which is the result of fuzzy clustering to discrete inputs. These nodes are named as
FC-neurons. The parameter of fuzzy clustering nodes are fixed so that there is no need to change in
neural network training. We got the membership matrix of ith discrete input based on FCM algorithm:

Ui = (uIJ )ci×Ni
(9)

where ci is the cluster number of discrete input xi(I = 1, 2, · · · , c1), also is the fuzzy clustering nodes
number; Ni is the number of discrete elements of discrete input xi J = 1, 2, · · · , Ni; the matrix element
(uIJ)i denote the degree of ith input belong to Ith cluster (ωI)i, the membership function of the jth FC-
neurons is:

net2j = xi,

y2
j = f2

j (net2j) = (uIJ )i, i ∈ [n+ 1,m] (10)

By this way, the output of second layer are all fuzzificaiton value to the input of the first layer.

3) Fuzzy reasoning layer: The fuzzy reasoning layer performs IF-condition reasoning by a product operation.
Each linguistic variable has just one linguistic value allowed to connect one rule node.
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Figure 2: Modified hybrid FNN

net3k =
∏

i

x3
i , y3

k = f3
k (net3k) = net3k (11)

4) Output layer: The output layer computes the overall output as the summation of all incoming rule
activation intension and performs the defuzzification.
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4. Application

In our vision-based sensor project, a negative model was constructed by proposed hybrid FNN for accepting
discrete inputs - environments changes except continuous digital vision signals. An experiment was designed
to compare the new hybrid FNN method to four layer FNN method. There are 1200 input-output parameters
sampled or computed in each sampling period (100ms). A database composed of 89554 observation pairs is
gained in the end. Some data are set as training pairs, and other data as test pairs. For designing hybrid
FNN, we began to compute using the training pairs. 56 fuzzy rules was predefined respectively to continuous
and discrete inputs, the parameters of the initial hybrid FNN were selected by the on-line initialization method
proposed. After the first network training, a few fuzzy rules were eliminated respectively because of their
low weight. So 34 fuzzy rules was kept down in the end. After secondly adjusting network parameters, the
assessment of the generalization performance of the hybrid FNN was done by the test pairs. The experimental
results are desirable. The average prediction error is less than 4%. For assessing the advantage of the hybrid
FNN, the four-layer FNN are used to compare with hybrid FNN on training. The result is that the hybrid FNN
obtains higher accuracy with less training time than four-layer FNN methods in vision-based sensor application.

5. Conclusion

This paper presented a novel neural network modeling method based on fuzzy clustering algorithm to train
continuous and discrete inputs. Firstly, FCM algorism was adopted to cluster input samples into classes, then
corresponding cluster neuron was design to give fuzzy values to different discrete inputs. Based on the fuzzy
cluster neuron and Gaussian neuron, a hybrid FNN structure was proposed. To vision-based sensor, we designed
a new way for statues alternation based on new modeling method. A few key patterns are therefore selected as
the inputs of hybrid FNN. The advantage of the hybrid FNN and its train methods is that it has more accuracy
than contrastive RBFN and FNN algorithm.
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M. Ohtsu and Y. Okuno
Kumamoto University, Japan

T. Matsuda
Kumamoto National College of Technology, Japan

Abstract

An efficient method of solution is presented for solving a large-sized least-squares problem with a block-
diagonal Jacobian. The method is based on the QR decomposition accompanied with a technique called se-
quential accumulation and is able to solve a problem with thousands of unknowns on a personal computer.
As a numerical example, the least-squares problem that appears in the numerical analysis of diffraction by a
layered dielectric grating is solved. Comparison with a conventional QR method in storage requirement and in
computation time shows the effectiveness of the present method.

Introduction

Least-squares boundary matching is often employed in solving electromagnetic boundary-value problems.
For example, in Yasuuras modal expansion [1, 2] we define an approximate solution in terms of a finite modal
expansion and fit the solution to the boundary condition in the sense of least-squares. Let the numbers of modal
functions and sampling points on the boundary be N and M (> N ). Then we have a set of M linear equations
with respect to N expansion coefficients. We solve this overdetermined set of equations by the least-squares
method using the QR decomposition. We can solve a wide class of problems in this way provided the set of
equations can be solved without much trouble.

In handling a class of problems that requires a huge number of modal functions, however, we face problems
of lack of computer storage and increment of computation time. This includes the problem of diffraction by a
multilayered or a deep dielectric grating.

Fortunately the Jacobian in that problem (and also in some other problems that require large number of
modal functions) has a block-diagonal structure. Making use of the structure, we can employ a computational
technique called sequential accumulation (SA) [3] to save a big amount of computational cost, which is defined
by computer storage times computation time.

Least-squares Problem with a Block-diagonal Jacobian

Here we formulate a least-squares problem in an M T dimensional complex-valued vector space. Let Φ, A,
and b be an MT ×NT matrix (Jacobian), an N T dimensional solution vector, and an M T dimensional vector,
where MT > NT. We assume that Φ has a block-diagonal structure

Φ =




Φ11 Φ12 0 · · · 0

0 Φ22 Φ23
. . .

...
...

. . .
. . .

. . . 0
0 · · · 0 ΦLL ΦLL+1




(1)

Here, Φℓq(q = ℓ, ℓ+ 1; ℓ = 1, 2, · · · , L) is a partial matrix whose size is (mℓ × nq) and

MT =

L∑

ℓ=1

mℓ, NT =

L+1∑

ℓ=1

nℓ (2)

Let the solution vector A be decomposed into nℓ dimensional column vectors:

A = [A1
T A2

T · · · AL
T AL+1

T]T (3)
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Likewise, the vector b is decomposed into mℓ dimensional column vectors:

b = [b1
T b2

T · · · bL
T]T (4)

We assume further that Φ is a full rank matrix (rank(Φ) = NT), i.e., the NT column vectors of Φ are linearly
independent.

The least-squares problem is stated as follows:

LS 1. Find the solution vector A that minimizes the mean-square error

I ≡ ||ΦA− b||2MT
(5)

|| · ||MT : MT dimensional Euclidean norm

Method of Solution

Here we describe methods of solution for LS 1. First, we introduce a conventional QR method for readers’
convenience. Then we explain a method with SA.
A conventional QR method Let us decompose Φ as [3]

Φ = QR̃, R̃ =

[
R
0

]
}NT

}MT −NT
(6)

Here, Q is an MT×MT unitary matrix and R is an NT×NT upper triangular matrix. Because of the full-rank
assumption, R is a regular matrix having nonzero diagonal elements.

Because a unitary transformation does not change the norm of a vector,

||ΦA− b||2 = ||QR̃A− b||2 = ||R̃A−Q∗b||2 (7)

where Q∗ denotes an Hermitian conjugate of Q(= Q̄
T
). Let us put

Q∗b =

[
g
e

]
}NT

}MT −NT
(8)

Then, we can find the solution vector by solving

RA = g (9)

by back substitution. The mean-square error is given by Imin = ||e ||2MT−NT
.

A QR method with SA Now we consider the case where Φ has a band structure given in (1) and explain
how to obtain a QR decomposition. We can do that following the steps below:
Step 1. We take partial matrices Φ11 and Φ12 from Φ and b1, the corresponding right-hand side, to define

Φ(1) =
[
Φ11 Φ12

]
(m1 × (n1 + n2)), b(1) =

[
b1

]
(m1 × 1) (10)

We then decompose Φ(1) to obtain

Φ(1) = Q(1)R̃
(1)

= Q(1)




R
(1)
11 R

(1)
12

0 R
(1)
22

0


 (11)

Hence, if we operate Q(1)∗ to a combination
[
Φ(1) b(1)

]
from the left, we have

Q(1)∗
[
Φ(1) b(1)

]
=




R
(1)
11 R

(1)
12

0 R
(1)
22

g
(1)
1

g
(1)
2

0 e(1)


 (12)

Step 2. We take partial matrices R
(1)
22 from R̃

(1)
, Φ22 and Φ23 from Φ, g

(1)
2 , and b2, the corresponding right-hand

side, to define
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Φ(2) =

[
R

(1)
22 0

Φ22 Φ23

]
((n2 +m2)× (n2 + n3)), b(2) =

[
g

(1)
2

b2

]
((n2 +m2)× 1) (13)

We then decompose Φ(2) to obtain

Φ(2) = Q(2)R̃
(2)

= Q(2)




R
(2)
22 R

(2)
23

0 R
(2)
33

0


 (14)

Operating Q(2)∗ to a combination
[
Φ(2) b(2)

]
from the left, we have

Q(2)∗
[
Φ(2) b(2)

]
=




R
(2)
22 R

(2)
23

0 R
(2)
33

g
(2)
2

g
(2)
3

0 e(2)


 (15)

Step ℓ. We take partial matrices R
(ℓ−1)
ℓℓ from R̃

(ℓ−1)
, Φℓℓ and Φℓℓ+1 from Φ, g

(ℓ−1)
ℓ , and bℓ−1 to define

Φ(ℓ) =

[
R

(ℓ−1)
ℓℓ 0
Φℓℓ Φℓℓ+1

]
((nℓ +mℓ)× (nℓ + nℓ+1)), b(ℓ) =

[
g

(ℓ−1)
ℓ

bℓ

]
((nℓ +mℓ)× 1) (16)

We obtain Q(ℓ)R̃
(ℓ)

by decomposing Φ(ℓ). Then, operating Q(ℓ)∗ to
[
Φ(ℓ) b(ℓ)

]
, we have

Φ(ℓ) = Q(ℓ)R̃
(ℓ)

= Q(ℓ)




R
(ℓ)
ℓℓ R

(ℓ)
ℓℓ+1

0 R
(ℓ)
ℓ+1ℓ+1

0


 (17)

Q(ℓ)∗
[
Φ(ℓ) b(ℓ)

]
=




R
(ℓ)
ℓℓ R

(ℓ)
ℓℓ+1

0 R
(ℓ)
ℓ+1ℓ+1

g
(ℓ)
ℓ

g
(ℓ)
ℓ+1

0 e (ℓ)


 (18)

Step L. We take partial matrices R
(L−1)
LL from R̃

(L−1)
, ΦLL and ΦLL+1 from Φ, g

(L−1)
L , and bL−1, the corre-

sponding right-hand side, to define

Φ(L) =

[
R

(L−1)
LL 0
ΦLL ΦLL+1

]
((nL +mL)× (nL + nL+1)), b(L) =

[
g

(L−1)
L

bL

]
((nL +mL)× 1) (19)

We then decompose Φ(L) and obtain

Φ(L) = Q(L)R̃
(L)

= Q(L)




R
(L)
LL R

(L)
LL+1

0 R
(L)
L+1L+1

0


 (20)

Operation of Q(L)∗ to a combination
[
Φ(L) b(L)

]
yields

Q(L)∗ [Φ(L) b(L)] =




R
(L)
LL R

(L)
LL+1

0 R
(L)
L+1L+1

g
(L)
L

g
(L)
L+1

0 e(L)


 (21)
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Figure 1: A multilayer-coated bi-
grating.

Step L + 1. If R
(ℓ)
ℓℓ+1, R

(ℓ)
ℓℓ and g

(ℓ)
ℓ are obtained, Aℓ’s are found by solving

simultaneous linear equations, which have upper triangle coefficient matrices,
by backward substitution:

{
R

(L)
L+1L+1AL+1 = g

(L)
L+1

R
(ℓ)
ℓℓ Aℓ = g

(ℓ)
ℓ − R

(ℓ)
ℓℓ+1Aℓ+1 (ℓ = L,L− 1, · · · , 1)

(22)

The above is an algorithm of QR method with SA. We can prove that the
solution vector A composed of Aℓ’s obtained from (22) agrees with A found
by the conventional method (9). The minimized error is given by (appendix
A)

Imin = ||e(1)||2m1−(n1+n2) +

L∑

ℓ=2

||e(ℓ)||2mℓ−nℓ+1
(23)

Numerical Analysis

(a) Memory size.

(b) CPU time.

Figure 2: Comparison in mem-
ory size and CPU time.

Let us consider the problem of diffraction by a multilayer-coated bigrating
shown in Fig. 1, which is a stack of L− 1 dielectric layers laminated on a di-
electric or a metal grating (VL+1). Each boundary is corrugated sinusoidally
with a period d in X and Y. Hence, the boundaries can be represented as

z = (h/4)(cos(2πx/d) + cos(2πy/d)) + eℓ (ℓ = 1, 2, · · · , L) (24)

where eℓ denotes the averase Z coodinate of Sℓ. In the coating region high-
index (H) and low-index (L) dielectric are layered alternately. This is repre-
sented as /(HL)n/, where n is the namber of H-L pairs. We assume a normal
incidence

(
E i

H i

)
(P) =

(
e i

h i

)
exp(−in1kZ − iωt) (25)

with h i = (1/ωµ0)k
i × e i, k i − [0, 0,−n1k], and k = 2π/λ.

We analyze this problem by applying Yasuura’s method [1, 2]. LS 1 that
apperars in this problem is solved by both the conventional QR method
and the present method. Numerical computation is carried out on a IBM
RS/6000 Model 270.
Numerical Results Table 1 shows a comparison between the conven-
tional QR method and the present method in memory requirement and CPU time. The parameters are L = 5
(i.e., Vacuum/(HL)2/H), λ/d = 0.83, h/d = 0.5, and N = 7 (the number of trancation in modal expansion).
In the conventional method the computer must store the Jacobian Φ whose size is MT ×NT = 18000× 4500.
While in the present method Φ(ℓ) will be in the memory and the size is (nℓ +mℓ)× (nℓ + nℓ+1) = 4500× 1800.
Consequently, the memory requirement is redused by 1/6 as shown in Table 1. Although we decompose Φ(ℓ) five
times, the CPU time also is reduced by 1/6. This is becaouse the size of Φ(ℓ) is much smaller than that of Φ.
In the same table we show a comparison in the results of numerical computation: the minimized mean-square

error and a modal coefficient A
TE+

100 (the (0,0)-th order coefficient in region V1). We observe 10-digits agreement
of the solutions, which means that the present method is equivalent to the conventional QR method in solving
LS 1.

Fig. 2 shows the memory size and CPU time as function of the truncation number N. Other parameters
are the same as in Table 1. We observe that the memory size and CPU time are reduced to about 1/6 by SA.
Therefore the computational cost, which is defined by the product of memory size and CPU time, is reduced to
about 1/36.

Conclusion
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Table 1: Comparison of between the conventional QR method
and the present method.

conventional QR present
Memory [MB] 1236.767758 210.5724831

CPU time [min] 48.0047 7.4255
Imin 1.554169259 D-03 1.554169259 D-03

Re(A
TE+

100 ) -7.535628552 D-02 -7.535628552 D-02

Im(A
TE+

100 ) -6.245979050 D-02 -6.245979050 D-02

An efficient method of solution is presented
for a large-sized least-squares problem with a
blockdiagonal Jacobian. As one can easily un-
derstand, the efficiency of the method increases
with increment of the number of submatrices in
(1). In fact, in the problem of a deep dielectric
grating, we employed 198 ∼3366 modal func-
tions by introducing a set of fictitious bound-
aries, and have solved an overdetermined set of
792∼13464 equations without any trouble. In that case, the computational cost was reduced by 1/180∼1/1000
[4].

This work was supported in part by a grant-in-aid 15310079 from Japan Society for the Promotion of Science.
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Appendix A. Derivation of Imin and R by QR Method with SA
The squared norm I of LS 1 is represented by

I =
LX

ℓ=1

Iℓ, Iℓ = ||ΦℓℓAℓ + Φℓℓ+1Aℓ+1 − bℓ||
2
mℓ

(26)

Employing (12), we have

I1 = ||R
(1)
11 A1 + R

(1)
12 A2 − g

(1)
1 ||2n1

+ ||R
(1)
22 A2 − g

(1)
2 ||2n2

+ ||e (1)||2m1−(n1+n2)

(27)

If we apply (15) to I1 + I2, we obtain

I1 + I2

= ||R
(1)
11 A1 + R

(1)
12 A2 − g

(1)
1 ||2n1

+ ||e (1)||2m1−(n1+n2)

+ ||R
(1)
22 A2 + R

(2)
23 A3 − g

(2)
2 ||2n2

+ ||e(2)||2m2−n3

+ ||R
(2)
33 A3 − g

(2)
3 ||2n3

(28)

Adding I1, I2, · · · , IL and making similar modification, we
finally have

I =
LX

ℓ=1

||R
(ℓ)
ℓℓ

Aℓ + R
(ℓ)
ℓℓ+1Aℓ+1 − g

(ℓ)
ℓ

||2nℓ

+ ||R
(L)
L+1L+1AL+1 − g

(L)
L+1||

2
nL+1

+ ||e (1)||2m1−(n1+n2) +

LX
ℓ=2

||e (ℓ)||2mℓ−nℓ+1

(29)

The right-hand side of (29) can be represented alternatively
as

I = ||RA − g ||2NT
+ Imin (30)

where

R =

2666666664R
(1)
11 R

(1)
12 0 · · · 0

0 R
(2)
22 R

(2)
23

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . . R
(L)
LL

R
(L)
LL+1

0 · · · · · · 0 R
(L)
L+1L+1

3777777775 (31)

Imin = ||e(1)||2m1−(n1+n2) +
LX

ℓ=2

||e (ℓ)||2mℓ−(nℓ+1) (32)

We, hence, confirm that R of (31) is equivalent to R in (6)
and Imin is given by (23).
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Efficient Computation of Z-parameter for the
Rectangular Planar Circuit Analysis

Ping Liu and Zhengfan Li
Shanghai Jiao Tong University, China

Abstract

The conventional eigen-mode expansion method is a commonly used approach to compute Z-parameter of
a rectangular planar circuit. However a double infinite series in the method limit its computation efficiency.
This paper develops a novel convergence-accelerating algorithm to improve the efficiency, which is based on a
trigonometric Fourier series formula and the η-algorithm. The trigonometric Fourier series formula transforms
the double infinite series into a single one and the η-algorithm can accelerate the convergence of the single
infinite series. The technique has high efficiency and good accuracy, which are testified by a numerical example.

I. Introduction

With the operating frequencies increasing and working voltage decreasing in high-speed digital systems, the
model and design of Power/Ground (P/G) planes are becoming more and more critical. In order to develop a
systematic P/G design strategy, the fundamental properties of P/G plane structures need to be explored.

The conventional eigen-mode expansion method is a commonly used approach to compute Z-parameter of
a rectangular planar circuit. However the formula in the method involves a summation of a double infinite
series, which may consume much time and computer storage to obtain sufficiently good accuracy. To improve
the computation efficiency, this paper proposes a new convergence-accelerating algorithm, which is based on a
trigonometric Fourier series formula [1] and the η-algorithm [2][3]. The formula was first applied to the eigen-
mode expansion method in paper [4], but it adopted another accelerating technique. The η-algorithm was first
used to compute the Z-parameters of planar circuits in paper [5][6], but it was directly applied to the 2-D case,
which was difficult to be comprehended, and its computation efficiency was limited by the two series. In this
paper, the double infinite series is first transformed into a single one by the trigonometric Fourier series formula
and then the η-algorithm is adopted to accelerate the convergence of the single infinite series. The technique is
easy to catch on and has high efficiency and good accuracy, which are testified by a numerical example.

The organization of this paper is as follows. The eigen-mode expansion method is introduced in Section II.
Section III presents the new convergence-accelerating algorithm in detail. To prove its efficiency and accuracy,
in Section IV the new technique is adopted to a example. Section V draws a conclusion.

II. Eigen-mode Expansion Method

Consider a plane pair structure, which consists of two metal planes of equivalent dimensions p×q and
conductivity “σ”, separated by a dielectric of thickness ”h”, permittivity “ε”, permeability “µ” and loss angle
“δ”. Since p, q≫h and h≪ λ (the wavelength), the major field components are Ez , Hx and Hy where “E” is
the electric field, “H” the magnetic field and the subscripts represent the field directions. Since the edges of
the plane pair can be treated as a magnetic wall, the impedance matrix at arbitrary ports on the plane can be
obtained as

Zij(ω) = jωhµ

∞∑

u=0

∞∑

v=0

{
σuσv

cos(
uπxi
p

) cos(
vπyi
q

) cos(
uπxj
p

) cos(
vπyj
q

)

pq
[
(
uπ

p
)2 + (

vπ

q
)2 − k2

]

× sin c(uπtxi
/2p) sin c(vπtyi

/2q) sin c(uπtxj
/2p) sin c(vπtyj

/2q)

}
(1)

where k = k′ − jk′′ with k′ = ω
√
εµ and k′′ = ω

√
εµ(tan δ + 1/h

√
πfµσ)/2; σu, σv = 1 for u,v=0 and 2,

otherwise; u and v are propagation modes; (xi,yi) and (xj ,yj) are coordinates of the port locations; (txi,tyi)
and (txj ,tyj) are dimensions of the ports [7]-[12].
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In the eigen-mode expansion method, it can be seen that the eigen-mode expansion method involves numer-
ical summation of the double infinite series in Eq.(1), which may lead to low calculation efficiency. To improve
the computation efficiency, a new technique to accelerate the convergence of Eq.(1) is developed, which will be
introduced in the next section.

III. Convergence-accelerating Algorithm

As stated in Section II, in the eigen-mode expansion method, in order to obtain precise results, the modes
number should be included as many as possible, which need much calculation time and computer storage. In
this section, a new technique is introduced to greatly improve the computation efficiency of Eq.(1) by changing
the equations form and applying an extrapolation technique.

Since the dimension of ports has little impact on the results of Eq.(1), we can neglect them in the following
discussion. According to the different value of σu and σv with different u and v, Eq. (1) can be decomposed
into several parts as follows.

Zij(ω) =
−jωµh
pqk2

+
jωµhq

pπ2

∞∑

v=1

cos
( (yi + yj)π

q
v
)

+ cos
((yi − yj)π

q
v
)

v2 −
(qk
π

)2

+
jωµhp

qπ2

∞∑

u=1

cos
((xi + xj)π

q
u
)

+ cos
((xi − xj)π

q
u
)

u2 −
(pk
π

)2

+
j2ωµhq

pπ2

∞∑

u=1

cos
(πxi
p
u
)

cos
(πxj
p
u
) ∞∑

v=1

cos
( (yi + yj)π

q
v
)

+ cos
( (yi − yj)π

q
v
)

v2 +
(q
p
u
)2

−
(qk
π

)2
(2)

Literature [1] mentioned a Trigonometric Fourier series formula (3), which is not an approximate equation
but a precise one.

∞∑

m=1

cos(mx)

m2 − α2
=

1

2α2
− π

2

cos[α(π − x)]
α sin(απ)

(0 ≤ x ≤ 2π, α is not an integer) (3)

Using Eq.(3), let m=u or v, Eq.(2) can be transformed into the following equation.

Zij(ω) =
jωµh

pqk2
− jωµh

2pk

cos
[
qk
(
1− yi + yj

q

)]
+ cos

[
qk
(
1− |yi − yj |

q

)]

sin(qk)

− jωµh

2qk

cos
[
pk
(
1− xi + xj

p

)]
+ cos

[
pk
(
1− |xi − xj |

p

)]

sin(pk)
+
j2ωµhq

pπ2

∞∑

u=1

Su (4)

where

Su = cos(
πxi
p
u) cos(

πxj
p
u)

[
1

α2
u

− π

2

cos
[
αuπ

(
1− yi + yj

q

)]
+ cos

[
αuπ

(
1− |yi − yj|

q

)]

αu sin(αuπ)

α2
u = (

qk

π
)2 − (

q

p
u)2

It can be seen that the double infinite series has been changed to a single one without deteriorating the
accuracy. Su in Eq.(4) is a slowly convergent series whose convergence can be accelerated by an extrapolation
techniqueη algorithm [2][3][5][6].
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The η algorithm is realized by transformation from one given series
∞∑
u=0

Su =
∞∑
u=0

η
(u)
0 to a new series

∞∑
i=0

η
(0)
i

with faster convergence speed through rhombus rules which is described as follows. Figure 1 presents the
algorithm more clearly.

Figure 1: The η algorithm table

η
(u)
−1 =∞ u = 0, 1, 2 . . . (the first column)

η
(u)
0 = Su u = 0, 1, 2 . . . (the second column)

1

η
(u)
2i+1

=
1

η
(u+1)
2i−1

+
1

η
(u+1)
2i

− 1

η
(u)
2i

(i = 0, 1, 2 . . .)

(the other columns)

η
(u)
2i = η

(u+1)
2i−2 + η

(u+1)
2i−1 − η

(u)
2i−1 (i = 1, 2, 3 . . .)

(5)

IV. Numerical Results

Fig.2 and Fig.3 testify the speed and accuracy of the new accelerating algorithm. Both figures come from
the same plane pair structure whose dimension and parameters are shown in Fig.1. The “terms number” in
Fig.2 indicates “u” of Su for the new accelerating algorithm, while for Eq.(1) it denotes “u” or “v” (here u=v).
It may be noted that, for the accuracy of 0.302 percent, the new accelerating algorithm needs only 21 terms for
the frequency point 2.3GHz. However, to reach the same accuracy for the same frequency, u=v=365 (366×366
terms) is required for Eq.(1) at least. On the same computer (CPU 2.00GHz, 256MB of RAM), to compute
the impedance magnitude at 491 frequency points from 100MHz to 5GHz, the new technique with 21 terms
costs 0.813 seconds while the Eq.(1) with u=v=365 spends 275.313 seconds, which means that the proposed
technique needs only about 0.3 percent of the computation time of Eq.(1) for the same accuracy. Fig. 2 shows
that the results of the new accelerating algorithm agree well with those of Eq.(1) with u=v=500. In fact, the
results of u=v=500 in Eq.(1) are very accurate since they are coincident with those of u=v=2000. Therefore,
the new accelerating algorithm not only has high efficiency but also possesses good accuracy.
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Figure 2: Comparison of two methods for conver-
gence speed

Figure 3: Comparison of two methods for input
impedance results

V. Conclusion

To improve the efficiency of the eigen-mode expansion method, this paper develops a new convergence-
accelerating algorithm for faster computations of the Z- parameter of the rectangular P/G plane pair. By
comparing with the direct eigen-mode expansion method, an example shows that the proposed technique can
yield not only good accuracy but also a dramatic increase in computation efficiency.
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Abstract

Backscattering enhancement phenomenon in a random medium is studied by numerically analyzing a bistatic
radar cross-section of a circular cylinder, under the condition that the spatial coherence length of the incident
waves around the cylinder is larger enough than the size of the cylinder. The numerical analysis shows that the
phenomenon may occur not only in the backward direction but also in other directions.

1. Introduction

When a body is embedded in a random medium, the radar cross-section (RCS) of the body may be re-
markably different from that in free space. This special phenomenon is called backscattering enhancement, and
has been one of the important subjects for radar engineering, remote sensing, astronomy and bioengineering.
Backscattering enhancement has been investigated from an academic point of view [1, 2, 3] and thereby been
said to be a fundamental phenomenon in a random medium and to be produced by statistical coupling of inci-
dent and scattered waves. If the body is regarded as a single point and the backscattering enhancement occurs
prominently, RCS of the body has generally been taken to be nearly twice as large as that in free space.

On the other hand, when the average scattered intensity is enhanced in the backward direction, it is possible
to predict that the intensity decreases in the neighborhood of the backward direction from the law of energy
conservation and the statistical independency of scattered waves at points separated widely from each other [1].

To make clear numerically the prediction as well as the RCS characteristics for a practical body scattering,
we analyzed a bistatic RCS of a conducting body in a random medium. Our approach [4, 5] is based on
general results of both independent studies on the surface current on a conducting body in free space and on
the wave propagation and scattering in a random medium. A non-random operator, called current generator, is
introduced to get the surface current from any incident wave. The operator depends only on the body surface
and can be constructed by Yasuura’s method. On the other hand, the wave propagation in a random medium is
expressed by use of Green’s function in the medium. Here, a representative form of the Green’s function is not
required but the moments are done for the analysis of average quantities concerning observed waves. We apply
a two-scale asymptotic procedure [3, 6] to get the fourth moment of Green’s functions. As a result, we have
obtained numerically results agreed with the law of energy conservation, and shown some interesting behaviors
of bistatic RCS caused by statistical coupling between incident and scattered waves [7, 8, 9].

Recently, our new numerical results show that the scattering enhancement phenomenon may not occur in
the backward direction but in the other directions in some cases. Here we discuss the new phenomenon by
analyzing a bistatic RCS of a conducting circular cylinder embedded in a random medium.

2. Formulation

Consider a two-dimensional problem of electromagnetic wave scattering from a perfectly conducting circular
cylinder embedded in a continuous random medium, as shown in Fig.1.

Here L is the thickness of the random medium layer surrounding the cylinder and is assumed to be larger
enough than the size of the cylinder cross-section. The random medium is assumed to be described by the
dielectric constant ε, the magnetic permeability µ and the electric conductivity σ, which are expressed as

ε = ε0[1 + δε(r)], µ = µ0, σ = 0 (1)

where ε0, µ0 are constant and δε(r) is a random function with

〈δε(r)〉 = 0, (2)
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Figure 1: Geometry of the scattering problem from a conducting cylinder surrounded by a random medium.

〈δε(r1) · δε(r2)〉 = B(r1 − r2). (3)

Here the angular brackets denote the ensemble average and B(r1− r2) is the correlation function of the random
function. For numerous cases, it can be approximated as

B(r1 − r2) = B0 exp

[
−|r1 − r2|2

l2

]
, (4)

B0 ≪ 1, kl≫ 1, (5)

where B0, l are the intensity and scale-size of the random medium fluctuation, respectively, and k = ω
√
ε0µ0

is the wavenumber in free space. Under the condition (5), depolarization of electromagnetic waves due to the
medium fluctuation can be neglected; and the scalar approximation is valid. In addition, the forward multiple
scattering approximation is valid, and hence the backscattering by the random medium becomes negligible. In
the present analysis, consequently we do not need to consider the re-incidence of backscattered waves by the
random medium on the cylinder [4, 5].

Suppose that the current source with the time factor exp(−jωt) suppressed throughout this paper is a line
source, located at rT , far from and parallel to the cylinder. Then the incident wave is expressed by Green’s
function in a medium containing the random medium and free space G(r, rT ) whose dimension coefficient is
understood. Using the current generator Y that transforms any incident wave into the surface current on the
cylinder, we can give the average intensity of scattered waves us as follows [4, 5]: for E-wave incidence,

〈
|us|2

〉
=

∫

S

dr1

∫

S

dr2

∫

S

dr′1

∫

S

dr′2

{
YE(r1; r

′
1)Y

∗
E(r2; r

′
2)

〈G(r; r1)G(r′1; rT )G∗(r; r2)G
∗(r′2; rT )〉

}
, (6)

and for H-wave incidence,

〈
|us|2

〉
=

∫

S

dr1

∫

S

dr2

∫

S

dr′1

∫

S

dr′2 {YH(r1; r
′
1)Y

∗
H(r2; r

′
2)

∂

∂n1

∂

∂n2
〈G(r; r1)G(r′1; rT )G∗(r; r2)G

∗(r′2; rT )〉} , (7)

where S denotes the cylinder surface, ∂/∂ni (i=1,2) does the outward normal derivative at ri on S, and the
asterisk the complex conjugate. The YE and YH can be calculated by Yasuura’s method [4, 5] and expressed in
an infinite series for a circular cylinder [10]:

YE(r; r′) =
j

π2a2

∞∑

n=−∞

exp{jn(θ − θ′)}
Jn(ka)H

(1)
n (ka)

, (8)
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YH(r; r′) =
j

kπ2a2

∞∑

n=−∞

exp{jn(θ − θ′)}
Jn(ka){∂H(1)

n (ka)/∂(ka)}
, (9)

where Jn is the Bessel function of order n and Jn(ka) 6= 0; that is, the internal resonance frequencies are

excepted. The H
(1)
n is the Hankel function of first kind.

The fourth moment of Green’s functions in (7) can be written as

〈G(r; r1)G(r′1; rT )G∗(r; r2)G
∗(r′2; rT )〉 =

G0(r; r1)G
∗
0(r; r2)G0(r

′
1; r1T )G∗

0(r
′
2; r2T ) ·ms (10)

where G0 is Green’s function in free space [2]. The ms includes multiple scattering effects of the random medium
and can be obtained by two-scale method [3, 6, 7, 8]; as a result, it is

ms =
k

2πk

∞∫∫

−∞

dηdρ exp

{
− jk
z
η[ρ− (x− xT )]

}
P (ρ, η), (11)

where

P (ρ, η) = exp

{
−
√
πk2lz

8

∫ L/z

0

dt
(
D[a(sin θ′1 − sin θ′2)t+ ηt]

+D[a(sin θ1 − sin θ2)t+ ηt]

−D[a(sin θ′1 − sin θ1)t− ρ(1− t) + ηt]

−D[a(sin θ′2 − sin θ2)t− ρ(1− t)− ηt]
+D[a(sin θ′1 − sin θ2)t− ρ(1− t)]

+D[a(sin θ′2 − sin θ1)t− ρ(1− t)]
)}

(12)

D(x) = 2B0

[
1− exp

(
−x

2

l2

)]
. (13)

3. Numerical Results

We calculated the bistatic RCS of a conducting circular cylinder (ka=1) with different parameters of the
random medium by using (6) and (7), and illustrated the numerical results to study the effects.

3.1 Bistatic RCSs in Random Media with Different Fluctuation Intensity
The fluctuation intensity B0 is set to 10−8, 10−7, 10−6, 10−5 and 10−4, where the scale-size and thickness

of the random medium are fixed at kl = 2× 102π and kL = 8× 104π. we calculate the bistatic RCS of cylinder
σ for E-wave and H-wave incidences, and normalize it to that in free space σ0. When we plot the normalized
bistatic RCS as functions of β that is the angle between incidence and observation directions, as shown in Fig.1,
then the results for E-wave and H-wave incidence coincide with each other, as shown in Fig.2. Both σ and σ0

depend certainly on the polarization of incident wave: however, σ/σ0 for H-wave incidence is almost the same
as obtained for E-wave incidence because the spatial coherence length of incident wave at the cylinder is much
larger than the size of the cylinder.

We find that there are backscattering enhancement peaks at β=0 and depressions outside the peaks where
σ/σ0 is less than one. For all the cases, σ/σ0 tends to one if β is large enough, and the integral value of σ/σ0 with
respect to β becomes almost one. This fact means that the results agree with the law of energy conservation.

The backscattering enhancement peak goes up as B0 increases from 10−8 to 10−7 at first, and then goes
down. The effect of multiple scattering is certainly proportional to the fluctuation intensity, but the multiple
scattering has affected not only the backscattering but also the scattering in the other directions. In the case of
B0 = 10−4, the normalized RCS at β=0 becomes almost one, and the depression region in the neighborhood of
the backward direction becomes wider. The least value of the normalized RCS becomes much lower (Fig.2(b)),
but a new wide enhancement region appears just outside the depression (Fig.2(a)), where the largest value
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Figure 2: (a) Normalized bistatic RCS of the cylinder in random media with different fluctuation intensity for
E-wave and H-wave incidences. (b) Enlargement of (a) about the backward direction.

becomes about 1.2. This result hints that the scattering enhancement phenomenon may occur not just in the
backward direction but in the other directions.

3.2 Bistatic RCSs in Random Media with Different Layer Thickness
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Figure 3: Normalized bistatic RCS of the cylinder in random media with different thickness for E-wave and
H-wave incidences.

Figure 3 shows the normalized bistatic RCS σ/σ0 for three cases of layer thickness of the random medium:
kL = 8 × 103π, 1.4 × 105π and 6 × 105π, where B0 = 2 × 10−6 and kl = 1.6 × 103π are assumed. The σ/σ0

becomes almost one in the case kL = 8 × 103π because the layer thickness is thin and the effect of multiple
scattering is much weak. On the other hand, we can see a strong backscattering enhancement peak in the case
of kL = 1.4 × 105π, and the peak value goes down while the enhancement in the other directions becomes
remarkable in the case of kL = 6× 105π.

4. Conclusion

We discussed the scattering characteristic of a conducting circular cylinder embedded in a random medium
by changing the fluctuation intensity and thickness of the medium. The numerical results of bistatic radar cross
section (RCS) show that sometimes the scattering enhancement phenomenon may not occur in the backward
direction but in the other directions, where a scattering depression region may exist in the neighborhood of



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 619

backward direction and scattering enhancement may be observed outside the depression region. The region
of the enhancement may be much wider than that of the well known backscattering enhancement, although
the enhancement peak is not so high. The complicated oscillation of bistatic RCS is considered to be caused
by statistical interference of incident and scattered waves. For all numerical results, the integral value of the
bistatic RCS with respect to β is almost equal to that in free space, which fact shows that the results agree
with the law of energy conservation.
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A Nonlinear Eigenvalue Hybrid FEM Formulation for
Two Dimensional Open Waveguiding Structures
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Abstract

A non linear hybrid finite element formulation, for the two dimensional eigenvalue analysis of open waveguides
is proposed. The infinite solution domain of this kind of problems is divided into two region using a fictitious
cylindrical surface-C. Inside the surface-C the finite element method is employed. Outside the surface-C the
infinite domain is modeled through an infinite sum of cylindrical harmonics. The two solutions are coupled
considering the continuity of the tangential field components along the surface-C. The overall procedure ends
up to a nonlinear eigenvalue problem of the form A(β) ·x = 0 where β is the propagation constant along the axis
of the waveguide. For the solution of the nonlinear eigenvalue problem the Regula Falsi method is considered.
The solution procedure is based on the initial values provided from a linear approximation of the problem.
Finally, the validity of the method is verified by comparison with measurements presented in the bibliography.

Introduction

During the last years a particular research effort is directed towards the solution of the eigenvalue problem
of arbitrary cross-section waveguiding structures in a unified and general way.

All of the numerical techniques developed towards this direction try to convert the open-radiating problem
to an equivalent closed one and in that way truncating the solution domain. This can be achieved either by
making use of an artificial boundary transparent to the solution or by combining the Finite Element Method
(FEM) with methods, such as the method of moments, capable of modeling the unbounded region. When
the artificial boundary is considered one method to truncate the solution domain is to impose on it either the
Absorbing Boundary Conditions (ABCs) or employ the Perfect Matching Layer (PML). An alternative method
is to express the field in the unbounded region as an expansion of solution satisfying both the Maxwell equations
and the radiation condition. However, for the two dimensional (2D) open waveguides, the performance of the
already proposed techniques in the solution of the corresponding eigenvalue problem, is very poor. In particular,
while PML is quite efficient in the estimation of the field distribution generated by a specific source, when this
is used in the solution of eigenvalue problem leads to spurious (or corrupted) solutions.

In the present work a hybrid finite element method capable of handling problems involving open arbitrary
shaped waveguides is described. The problem at a first stage is approximated by means of a linear eigenvalue
formulation. The formulation is derived by combining the finite element method and an approximate expansion
in cylindrical harmonics [1]. Namely, the radial wavenumber in the unbounded media is considered approxi-
mately equal to that of free space. This is a reasonable approximation for the spectral region only around cut-off.
The eigenvalues calculated using this approach were in good agreement with experimental results. However,
aiming at a more generally valid method, the present effort considers the accurate radial wavenumber, which
unfortunately (as it is already expected) yields a non-linear eigenvalue problem. The final nonlinear algebraic
system is formulated employing a full electric field FEM formulation discretized by mixed edge/node triangular
elements. The final nonlinear system is solved using the Regula Falsi technique [2] and employing the solution
of the first linear approach as an initial guess.

Formulation of the Problem

The general geometry of our analysis is shown in figure 1. It is indeed an open waveguide with arbitrary
cross section but uniform along the propagation axis (z-axis). The wave propagation is assumed along the z
axis e−jβz and the time dependence is of the form ejωt. Our goal is to derive a hybrid finite

element (FEM) formulation able to estimate the proper guided and evanescent modes as well as the so called
improper or leaky wave modes propagation constants.
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Figure 1: Geometry of the problem.

The overall analysis is based on the electric field vector wave equation after its separation into transverse
and longitudinal field components:

∇t × (
1

µr
× ~Et)−

1

µr
(jβ∇tEz − β2 ~Et) = k2

0εr ~Et (1)

− 1

µr
[∇t · (∇tEz + jβ ~Et)] = k2

0εr
~Ez (2)

First the semi-infinite solution domain of Figure 1 must be truncated. This is achieved by introducing the
fictitious cylindrical surface-C, which separates the solution domain into two subregion S1 and S2 as it is also
shown in Figure 1.

In subregion S1 the Galerkin method is applied to yield the following weak formulation:

1

µr

∫∫

S1

[(∇t × ~Tt) · (∇t × β ~Et) + (β2 ~Tt · ∇t(−jEz) + β2 ~Tt · (β ~Et)]ds

= k2
0εr

∫∫

S1

~Tt · (β ~Et)ds−
1

µr

∫

C

~Tt · (n̂×∇t × β ~Et)dl

︸ ︷︷ ︸
A

(3)

1

µr

∫∫

S1

{∇tTz · ∇t(−jEz) +∇tTz · β ~Et}ds = k2
0εr

∫∫

S1

Tz(−jEz)ds

+
1

µr

∫

C

Tz
∂(−jEz)

∂n
+ Tzn̂ · (β ~Et))dl

︸ ︷︷ ︸
B

(4)

For the other part of the solution domain (region S2) the field is expressed by the expansion of Ez and Hz

components in an infinite sum of cylindrical harmonics. Namely, considering equivalent non-uniform electric
and magnetic line sources oriented along the z-axis and located at the center (ρ = 0) of the structure. This field
expansion can be written as:

Eez(ρ)|ρ≥ρc
=

+m∑

−m
Am · e−jmφ · H(2)

|m|(kρρ) (5)

He
z (ρ)|ρ≥ρc

=

+m∑

−m
Bm · e−jmφ · H(2)

|m|(kρρ) (6)
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Where kρ =
√
k2
0 − β2, k0 = ω/c and Am, Bm are unknown weighting factors.

These unknown coefficients can be evaluated by applying the continuity of the two field expressions (FEM
and cylindrical harmonics expansion) along the fictitious boundary C at ρ = ρc. So, Considering the tangential
electric field continuity on the surface-c and exploiting the orthogonality property of the functions e−jmφ and
ejmφ:

Am =

∮
c

Ecz · ejmφdl

2πρcH(2)
|m|(kρρc)

(7)

Bm =
1

jωµ
·

∮
c

(k2
ρ
~Ect · φ̂+ 1

ρc
· jβ ∂E

c
z

∂φ ) · ejmφdl

2πρckρH′(2)
|m| (kρρc)

(8)

Where the superscript C denotes the field values (e.g. from FEM) along the contour-C, at ρ = ρc.

The Am, Bm coefficients of equation (7),(8) are then substituted back into the field expansion for the un-
bounded region Eez , H

e
z in equations (5),(6). Through the equations:

Eeφ =
1

(k2
0 − β2)

[jωµ
∂He

z

∂ρ
− 1

ρ
· ∂

2Eez
∂φ∂z

] and Eeρ =
1

k2
0 − β2

· {− jωµ
ρ
· ∂H

e
z

∂φ
− jβ ∂E

e
z

∂ρ
} (9)

the transverse field expression ~Eet = Eeρ ρ̂ + Eeφφ̂ is also obtained. In turn these expressions are used for the
evaluation of the contour integrals A and B involved in the weak formulation (3),(4). These integrals serve also
as the coupling of the two field expression. The resulting expressions is as follow:

∫∫

S

(∇t × ~Tt) · (∇t × ~Et)ds− k2
0εrµr

∫∫

S

~Tt · ~Etds+ β2

∫∫

S

~Tt · ∇tEzds+ β2

∫∫

S

~Tt · ~Etds

+ k2
ρ ·

+m∑

−m

H(2)
|m|(kρρc)

2πρckρH′(2)
|m| (kρρc)

·
∮

~Ect · φ̂ · ejmφdl ·
∮
~T ct · φ̂e−jmφdl

− 1

ρc
· β2 ·

+m∑

−m

H(2)
|m|(kρρc)

2πρckρH′(2)
|m| (kρρc)

·
∮
∂Ecz
∂φ
· ejmφdl ·

∮
~Tt · φ̂e−jmφdl = 0

(10)

∫∫

S

∇tTz · ∇tEzds+

∫∫

S

∇tTz · ~Etds− k2
0εrµr

∫∫

S

TzEzds

− (1 +
β2

k2
ρ

) ·
+m∑

−m

kρH′(2)
|m| (kρρ)

2πρckρH(2)
|m|(kρρc)

·
∮

c

Ecz · ejmφdl ·
∫

C

e−jmφ · Tzdl

− 1

k2
ρρc
·

+m∑

−m
jm ·

H(2)
|m|(kρρ)

2πρckρH′(2)
|m| (kρρc)

∮

c

k2
ρ
~Ect · φ̂ · ejmφdl ·

∫

C

Tz · e−jmφdl

+
1

k2
ρρc
·

+m∑

−m
jm ·

H(2)
|m|(kρρ)

2πρckρH′(2)
|m| (kρρc)

∮

c

1

ρc
· β2 ∂E

c
z

∂φ
· ejmφdl ·

∫

C

Tz · e−jmφdl = 0

(11)

Following the standard FEM discretization process this final formulation is transformed to a generalized
nonlinear eigenvalue problem:

A(β) · Ė = 0 (12)

Where the eigenvalues are the wave propagation constants β along the axis of the open waveguide, and the
corresponding eigenvectors are the electric field distribution inside region (S1).
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Solution Procedure of the Nonlinear Eigenvalue Problem

The major difficulty of the presented technique is the solution of the nonlinear eigenvalue problem (12).
In our case the final nonlinear eigenvalue problem is treated by means of the regula falsi technique presented
in [2] in combination with the Implicitly Restarted Arnoldi Method [3]. The regula falsi algorithm linearly
interpolates the nonlinear eigenvalue problem between two given points σ and µ. Subsequently, this new
“linearized” eigenvalue problem is solved and the eigenvalue with the smaller magnitude provides us with a
new µ. This procedure is repeated until a convergence is reached. The regula falsi algorithm can find with
acceptable precision only the eigenvalue and its corresponding eigenvector that is closer to µ. Also if the
unknown eigenvalue is not close to the interval spanning for σ to µ the procedure is quite slow, as it needs a
lot of iterations to reach convergence. To overcome the above draw backs, it would be very convenient if an
initial guess of the eigenvalue spectrum was available. This initial guess of the spectrum is provided by the
linear approximation of the formulation given by the equations (10) and (11), which was presented in [1]. This
is based on the assumption that near cut-off β ≃ 0 we can approximate the radial propagation constant kρ with
the propagation constant of the free space ko.

kρ |(β/k0)2≪1=
√
k2
0 − β2 |(β/k0)2≪1≈ k0 (13)

Strictly speaking the nonlinearity is due to the presence of the unknown eigenvalue β in the arguments of the
Hankel functions. So, the approximation kρ ≃ k0 is only used within these arguments.

Figure 2: The analysed leaky wave guide antenna (a′ = b = 11.95mm, a = 23mm, c = 15.65mm and d =
4.55mm, F1 = 21.5mm, F2 = 15mm)

Concluding, the solution procedure of the nonlinear eigenvalue problem presented in Eqs. (12) can be
summarized in the following steps. First the approximate linear eigenvalue problem presented in [1] is solved
for a given geometry. The solution provides as with a first approximation of the geometries eigenvalue spectrum
in a given frequency range. Subsequently these approximate solutions are utilized in the definition of the guess
intervals [σ, µ] needed by the Regula Falsi algorithm to solve the nonlinear eigenvalue problem (10), (11). Thus
for every approximate eigenvalue found in the first step a guess interval is defined and the regula Falsi technique
is applied. In that way we are able to calculated the correct spectrum of eigenvalues in the originally defined
frequency range. The computational resources needed are approximately three to four times greater than that
for the solution of the approximate linear eigenvalue problem in [1], but still remains affordable.

Figure 3: Real And Imaginary Part of The Longitudinal Propagation Constant (along the z-axis)
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Numerical Results

The validity of the method was tested against experimental results given by Lambariello et al. [4]. In this
reference a leaky waveguide antenna was analyzed and measured. The cross section of the measured antenna,
which works in the X-band, is presented in Fig.2.

The dispersion curves obtained from the solution of the generalized eigenvalue problem are shown in Fig.3,
for both the imaginary and the real part. The linear eigenproblem is first solved and the resulting eigenvalues
are in turn finetuned using the exact non-linear formulation. An excellent agreement is observed between our
calculated results, especially for the nonlinear case, and the experimental results (continuous line) [4]. At this
point we have to point out that the method is more accurate and effective when the center of the fictitious
surface-C is placed near the opening of the waveguide. When this condition is satisfied the results form the
linear approximation are more close to the correct solution even for wavenumbers away from cut off. This is an
important observation, since the equivalent line sources generating the field expansion in the unbounded region
are assumed to be located at the center. Namely, the formulation is more accurate when the equivalent sources
obey the “Field Equivalence Principle”. Finally, results for various types of open waveguides, including printed
lines, will be presented at the symposium.

Conclusion

A non-linear eigenanalysis scheme for 2D Open-radiating Structures based on a hybrid FEM and a cylindrical
harmonics expansion is formulated and solved. The method is validated through comparison with measurements
available in the bibliography. The proposed method is found to be very sensitive from the equivalent sources
location (center ρ = 0) with respect to the radiating aperture (or apertures). An alternative formulation based
on this observation constitutes an important extension of this method.
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Abstract

We consider electromagnetic fields excited by spatially bounded, arbitrary given sources in the presence of
a gyrotropic cylinder surrounded by a homogeneous gyrotropic background medium. The axis of symmetry of
the considered cylindrical structure is assumed to coincide with the gyrotropic axis. The total field is sought
in terms of the vector modal solutions of source-free Maxwell’s equations. By demanding completeness of the
modal spectrum and using a continuity argument, we determine the content of the modal spectrum and obtain
an eigenfunction expansion of the source-excited field in terms of discrete- and continuous-spectrum modes. We
discuss representations of source-excited fields for particular cases of interest.

Introduction

Gyrotropic structures capable of guiding electromagnetic waves have been an important research topic for a
long time because of many applications including, in particular, those related to the characteristics of whistler-
mode waves in density ducts in laboratory and space plasmas, helicon waves in magnetized metals and semicon-
ductors, waves in ferrites, modes of gyrotropic fibers, etc. The theory of excitation of closed waveguides filled
with gyrotropic media has received much careful study, and there are many accounts of it (see, e.g., [1, 2] and
references therein). Open gyrotropic waveguides surrounded by an isotropic outer medium have been discussed
in [3]. Recently, open gyrotropic guiding structures located in a gyrotropic background medium have attracted
considerable interest [4, 5]. Several authors have discussed representations of the dyadic Green’s functions for
such structures [5]. Another approach is to obtain eigenfunction expansions of source-excited fields without
preliminary calculations of the dyadic Green’s functions [4].

In this paper, we present a rigorous and concise formulation of the complete eigenfunction expansion of the
source-excited field in a cylindrically stratified gyrotropic medium. To illustrate the application of the general
expressions obtained, we consider special cases of cylindrical guiding structures immersed in a gyroelectric
medium.

Formulation of the Problem and Basic Equations

Consider time-harmonic (∼ exp(iωt)) given electric and magnetic currents with densities je(ρ, φ, z) and jm(ρ,

φ, z), respectively, in a gyroelectric medium described by a dielectric tensor in the form ε = ǫ0(ερ̂0ρ̂0−igρ̂0φ̂0+

igφ̂0ρ̂0 + εφ̂0φ̂0 + ηẑ0ẑ0), where ρ, φ, and z are cylindrical coordinates and ǫ0 is the electric constant. Such
a tensor is typical of, e.g., a magnetoplasma with a superimposed static magnetic field parallel to the z axis.
Let the elements of the dielectric tensor be functions only of the radial coordinate ρ for ρ < a and constant for
ρ > a, where a is the radius of a core of the cylindrical structure considered. In what follows we denote the
elements of the dielectric tensor in an inner region (ρ < a) and in an outer medium (ρ > a) by ε̃, g̃, and η̃ and
εa, ga, and ηa, respectively.

Solutions of source-free Maxwell’s equations in such a cylindrically stratified medium can be sought in terms
of the vector functions

[
Em,s,α(r, q)
Hm,s,α(r, q)

]
=

[
Em,s,α(ρ, q)
Hm,s,α(ρ, q)

]
exp[−imφ− ik0ps,α(q)z], (1)

where k0 is the wave number in free space, q is the normalized (to k0) transverse wave number in the outer
medium, m is the azimuthal index (m = 0,±1,±2, . . .), the functions ps,α(q) describe the dependence of p,
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the axial wave number normalized to k0, on the transverse wave number q for the “ordinary” (α = o) and
“extraordinary” (α = e) normal waves of the outer medium, the subscript s denotes the wave propagation
direction (s = − and s = + denote waves propagating in the negative and positive directions of the z axis,
respectively), and Em,s,α(ρ, q) and Hm,s,α(ρ, q) are the vector functions describing the radial distribution of
the field of an eigenwave corresponding to the transverse wave number q and the indices m, s, and α. The
functions ps,α(q) obey the relation p+,α(q) ≡ pα(q) = −p−,α(q), where

pα(q) =

[
εa −

1

2

(
1 +

εa
ηa

)
q2 + χαRp(q)

]1/2
, Rp(q) =

[
1

4

(
1− εa

ηa

)2

q4 − g2
a

ηa
q2 + g2

a

]1/2

, (2)

and χo = −χe = −1 [4]. It is assumed that ReRp(q) > 0 and Im pα(q) < 0. To find the eigenvalues q,
it is required that the functions Em,s,α(ρ, q) and Hm,s,α(ρ, q) obtained as a result of solution of Maxwell’s
equations be regular on the z axis and satisfy both the boundary conditions, which consist in the continuity
of the components Eφ;m,s,α(ρ, q), Ez;m,s,α(ρ, q), Hφ;m,s,α(ρ, q), and Hz;m,s,α(ρ, q) at the discontinuity points of
the dielectric-tensor elements, and the following boundedness conditions at ρ→∞ [4]:

ρ1/2 |Em,s,α(ρ, q)| < R(1)
m,α, ρ1/2 |Hm,s,α(ρ, q)| < R(2)

m,α, (3)

where R
(1)
m,α and R

(2)
m,α are certain constants. It can be shown that the total field yielded by summing (inte-

grating) eigenwaves over the found values of q satisfies the radiation condition at infinity. We emphasize that
conditions (3) turn out to be sufficient for finding the eigenvalues q and the corresponding eigenwaves in contrast
to the case of a nongyrotropic background medium (ga = 0) where, along with the boundedness conditions,
certain additional conditions should be imposed on the desired fields of eigenwaves [3].

The transverse components of the vector functions Em,s,α(ρ, q) and Hm,s,α(ρ, q) are readily expressed in
terms of their axial components Ez;m,s,α(ρ, q) and Hz;m,s,α(ρ, q). In the outer homogeneous medium (ρ > a),
these components are written as follows:

Ez;m,s,α(ρ, q) =
i

ηa

[ 2∑

k=1

C(k)
m,s,α(q)n(1)

s,αqH
(k)
m (k0qρ) + Cm,s,α(q)n(2)

s,αqαH
(2)
m (k0qαρ)

]
,

Hz;m,s,α(ρ, q) = −Z−1
0

[ 2∑

k=1

C(k)
m,s,α(q)qH(k)

m (k0qρ) + Cm,s,α(q)qαH
(2)
m (k0qαρ)

]
. (4)

Here, C
(1)
m,s,α, C

(2)
m,s,α, and Cm,s,α are coefficients to be determined, H

(1)
m and H

(2)
m are Hankel functions of the

first and second kinds, respectively, of order m, and Z0 is the impedance of free space. Other quantities in (4)
are given by the formulas

n(1,2)
s,α (q) = −εa

[(
q(1,2)α

)2

+ p2
α(q) +

g2
a

εa
− εa

] [
gaps,α(q)

]−1

,

q(1)α = q, q(2)α = qα(q) =

[
εa − p2

α(q)− ga
εa

(
ga −

ηaps,α(q)

n
(1)
s,α(q)

)]1/2

. (5)

In the above expressions, we put Im qα(q) < 0. Because of such a choice of the branches of qα(q), we rejected the

solution comprising H
(1)
m (k0qαρ) to ensure that the functions Em,s,α(ρ, q) and Hm,s,α(ρ, q) do not contradict

the boundedness conditions (3).
If the medium in the inner region is homogeneous, then the axial field components for ρ < a can be written

as

Ez;m,s,α(ρ, q)=
i

η̃

2∑

k=1

B(k)
m,s,α(q)ñ(k)

s,αq̃
(k)
α Jm(k0q̃

(k)
α ρ), Hz;m,s,α(ρ, q)=−Z−1

0

2∑

k=1

B(k)
m,s,α(q)q̃(k)α Jm(k0q̃

(k)
α ρ). (6)

Here, Jm are Bessel functions of the first kind of order m, B
(1)
m,s,α and B

(2)
m,s,α are coefficients to be determined,

and q̃
(1)
α and q̃

(2)
α are the transverse wave numbers in the inner region, which correspond to the axial wave
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number pα(q):

q̃(1,2)α (q) =
1√
2

[
ε̃− g̃2

ε̃
+ η̃ −

(
η̃

ε̃
+ 1

)
p2
α(q)− χ(1,2)Rq(pα(q))

]1/2
, χ(1) = −χ(2) = 1,

Rq(p) =

{(
η̃

ε̃
− 1

)2

p4 + 2

[
g̃2

ε̃

(
η̃

ε̃
+ 1

)
− ε̃

(
η̃

ε̃
− 1

)2
]
p2 +

(
ε̃− g̃2

ε̃
− η̃
)2
}1/2

. (7)

The quantities ñ
(1,2)
s,α are obtained from the formulas for n

(1,2)
s,α in (5) if we replace εa, ga, ηa, and q

(1,2)
α by ε̃, g̃,

η̃, and q̃
(1,2)
α , respectively.

Calculating the transverse components of the field and satisfying the continuity conditions for the tangential
field components on the boundary ρ = a, we arrive at the system of linear equations for unknown coefficients

B
(1,2)
m,s,α, C

(1,2)
m,s,α, and Cm,s,α. This system can thus be represented in matrix form:

S ·G = C(1)
m,s,αF . (8)

The elements of the matrix S and the column vectors F and G are written as follows:

S1k = Q̃(k)
α Jm(Q̃(k)

α ), S13 = −QH(2)
m (Q), S14 = −QαH(2)

m (Qα),

S2k = η̃−1ñ(k)
s,αQ̃

(k)
α Jm(Q̃(k)

α ), S23 = −η−1
a n(1)

s,αQH
(2)
m (Q), S24 = −η−1

a n(2)
s,αQαH

(2)
m (Qα),

S3k = Q̃(k)
α Jm(Q̃(k)

α )J (k)
m , S33 = −QH(2)

m (Q)H(2)
m , S34 = −QαH(2)

m (Qα)Hm,
S4k = ñ(k)

s,αQ̃
(k)
α Jm(Q̃(k)

α )Ĵ (k)
m , S43 = −n(1)

s,αQH
(2)
m (Q)Ĥ(2)

m , S44 = −n(2)
s,αQαH

(2)
m (Qα)Ĥm,

F1 = QH(1)
m (Q), F2 = η−1

a n(1)
s,αQH

(1)
m (Q), F3 = QH(1)

m (Q)H(1)
m , F4 = n(1)

s,αQH
(1)
m (Q)Ĥ(1)

m ,

G1,2 = B(1,2)
m,s,α, G3 = C(2)

m,s,α, G4 = Cm,s,α. (9)

Hereafter,
Q̃(k)
α = k0q̃

(k)
α a, Q = k0qa, Qα = k0qαa, k = 1, 2,

J (k)
m =

Jm+1(Q̃
(k)
α )

Q̃
(k)
α Jm(Q̃

(k)
α )

+m
ã
(k)
α(

Q̃
(k)
α

)2 , Ĵ (k)
m =

Jm+1(Q̃
(k)
α )

Q̃
(k)
α Jm(Q̃

(k)
α )
−m b̃

(k)
α(

Q̃
(k)
α

)2 ,

H(1,2)
m =

H
(1,2)
m+1(Q)

QH
(1,2)
m (Q)

+m
a
(1)
α

Q2
, Ĥ(1,2)

m =
H

(1,2)
m+1(Q)

QH
(1,2)
m (Q)

−mb
(1)
α

Q2
,

Hm =
H

(2)
m+1(Qα)

QαH
(2)
m (Qα)

+m
a
(2)
α

Q2
α

, Ĥm =
H

(2)
m+1(Qα)

QαH
(2)
m (Qα)

−mb
(2)
α

Q2
α

,

ã
(1,2)
α =

(
q̃(1,2)α

)2 1− ps,α/ñ(2,1)
s,α

p2
s,α − ε̃+ g̃

, b̃
(1,2)
α =

(
q̃(1,2)α

)2 (ε̃− g̃)/ñ(2,1)
s,α − ps,α

ñ
(1,2)
s,α (p2

s,α − ε̃+ g̃)
,

a
(1,2)
α =

(
q(1,2)α

)2 1− ps,α/n(2,1)
s,α

p2
s,α − εa + ga

, b
(1,2)
α =

(
q(1,2)α

)2 (εa − ga)/n(2,1)
s,α − ps,α

n
(1,2)
s,α (p2

s,α − εa + ga)
. (10)

The coefficients B
(1,2)
m,s,α, C

(1,2)
m,s,α, and Cm,s,α are determined up to a factor independent of spatial coordinates.

It is convenient to put C
(1)
m,s,α = det|S|. Then the other coefficients are easily calculated. Their expressions are

not presented here for brevity.
In the case of an inhomogeneous inner region, two independent sets of solutions should be found numerically

instead of those represented by Bessel functions in (6). The solutions of the two sets are distinguished by their
behavior near the axis ρ = 0, in the vicinity of which they are described by Bessel functions with the arguments
k0q̃1ρ or k0q̃2ρ, where q̃1,2 correspond to the parameters of the medium at ρ = 0. Next, satisfying the boundary
conditions at ρ = a, we again arrive at an equation in form (8).

If the medium in the region ρ < a is perfect conductor, then the field should be considered only for ρ > a.
The boundary conditions requiring that the tangential electric-field components are zero at ρ = a yield the
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matrix equation of previous form (8) with a 2 × 2 matrix S and two-dimensional vectors F and G. Their
elements are written as

S11 = n(1)
s,αQH

(2)
m (Q), S12 = n(2)

s,αQαH
(2)
m (Qα), S21 = QH(2)

m (Q)H(2)
m , S22 = QαH

(2)
m (Qα)Hm,

F1 = −n(1)
s,αQH

(1)
m (Q), F2 = −QH(1)

m (Q)H(1)
m , G1 = C(2)

m,s,α, G2 = Cm,s,α. (11)

In this case, the coefficients C
(1,2)
m,s,α and Cm,s,α can again be found using the above-described procedure.

Field Expansion in Terms of Discrete- and Continuous-spectrum Modes

The obtained field representation allows us to find the spectrum of eigenvalues q and the corresponding
eigenfunctions of the guiding structure. First, it is easy to verify that the field (4) satisfies the boundedness
conditions (3) for all real transverse wave numbers q. Next, based on the results of the analysis performed in [4],
it can be shown that Em,s,α(ρ, q exp(±iπ)) = Em,s,α(ρ, q) and Hm,s,α(ρ, q exp(±iπ)) = Hm,s,α(ρ, q), whence it
follows that the negative values of q can be excluded from the analysis. Thus, all positive values of q constitute
the continuous eigenvalue spectrum.

Along with the continuous spectrum of the values of q, conditions (3) can also be satisfied for certain discrete

complex values q = qm,n (n = 1, 2, . . .) which are roots of the equation C
(1)
m,s,α(qm,n) = 0 for Im qm,n < 0 or the

equation C
(2)
m,s,α(qm,n) = 0 for Im qm,n > 0. With allowance for the properties of Hankel functions, it can easily

be verified that roots of the latter equation do not yield new solutions for the field and can therefore be rejected.
It is evident that the waves corresponding to the discrete values qm,n are localized eigenmodes (discrete-spectrum
modes) of the considered guiding structure. The eigenmode fields are obtained by putting q = qm,n in (1) and
will further be denoted as Em,ns

(r) and Hm,ns
(r), where the indices n+ = n > 0 and n− = −n < 0 mark

discrete-spectrum modes propagating in the positive and negative directions of the z axis, respectively.
Since the set of discrete- and continuous-spectrum modes is complete, the total field outside the source region

can be expanded in the form

[
E(r)
H(r)

]
=

∞∑

m=−∞

(
∑

ns

am,ns

[
Em,ns

(r)
Hm,ns

(r)

]
+
∑

α=o,e

∫ ∞

0

am,s,α(q)

[
Em,s,α(r, q)
Hm,s,α(r, q)

]
dq

)
, (12)

where am,ns
and am,s,α are the expansion coefficients of the discrete- and continuous-spectrum modes, respec-

tively. In (12), one should put ns = n > 0 and s = + for positive z and ns = −n and s = − for negative z
outside the source region. The field expansion inside the source region is not given here for the sake of brevity.

The discrete- and continuous-spectrum modes entering expansion (12) satisfy some general conditions under
which orthogonality relations for these modes can be established. In the considered case, the orthogonality
relations have the same form as that obtained for magnetized plasma channels in [4]. Using the orthogonality
relations and the well-known method developed for finding the expansion coefficients of modes of closed and
open waveguides and based on Lorentz’s theorem (see, e.g., [2–4]), we obtain the formulas

am,±n =
1

Nm,n

∫ [
je(r) ·E(T)

−m,∓n(r)− jm(r) ·H(T)
−m,∓n(r)

]
dr, (13)

am,±,α(q) =
1

Nm,α(q)

∫ [
je(r) ·E(T)

−m,∓,α(r, q)− jm(r) ·H(T)
−m,∓,α(r, q)

]
dr. (14)

Here, integration is performed over the region occupied by currents, the superscript (T) denotes fields taken in
an auxiliary (“transposed”) medium described by the transposed dielectric tensor εT, and the normalization
quantities for the corresponding modes are given by the formulas

Nm,n = 2π

∫ ∞

̺

[
Em,n(r)×H(T)

−m,−n(r)−E(T)
−m,−n(r)×Hm,n(r)

]
· ẑ0 ρ dρ, (15)

Nm,α(q) = −16π

k2
0

(
dpα(q)

dq

)−1 [
1 + η−1

a

(
n(1)
s,α

)2
]
C(1)
m,s,α(q)C(2)

m,s,α(q). (16)

Here, ̺ = 0 if the inner region is filled with a gyrotropic medium. If the inner region is filled with a perfectly
conducting medium, then ̺ = a. Note that in the latter case, the external tangential electric field Eext is often
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specified on the surface of a perfectly conducting cylinder when considering its excitation. This is equivalent to
specifying the magnetic current jm(r) = (Eext× ρ̂0) δ(ρ− a), where δ is a Dirac delta function. This magnetic
current should then be substituted into formulas (13) and (14).

Conclusion

In this paper, we presented the complete eigenfunction expansion of the total electromagnetic field excited by
spatially bounded given sources in a cylindrically stratified gyrotropic medium. The field has been expanded in
terms of modes whose spectrum comprises both the discrete and continuous parts and the expansion coefficients
of discrete- and continuous-spectrum modes have been calculated. Our analysis generalizes the well-known
theory of excitation of open waveguides in an isotropic medium to the case of open guiding structures located
in a background gyrotropic medium. It was shown that the developed approach makes it possible to immedi-
ately obtain the source-excited field for such structures without preliminary calculation of the dyadic Green’s
functions.
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Education and Science of the Russian Federation (project No.UR.01.01.176), and the Program for the State
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Abstract

This paper proposes a novel theoretical equivalent circuit model to characterize the split ring resonator
(SRR), based on the analysis of the individual SRR geometry configuration and the distribution relationship of
the electric field in it. Then it becomes very desirable to analytically calculate the corresponding inductances
and capacitance of the equivalent circuit, which determine the resonance frequencies of the SRR. Numerical
simulations are used to verify the proposed equivalent circuit model. It has been proven that the results obtained
by the equivalent circuit model are in good agreement with the numerical simulation tools. Furthermore, the
SRR has more than one resonance frequencies according to the equivalent circuit model, which indicates that
there may be more than one frequency region with the negative effective permeability.

Introduction

The negative value of effective permeability was first reported using an array of the metallic geometry
called Split Rings Resonators (SRRs) [1], which function as electrically small resonant particles. Many research
works have been conducted to characterize the performances of the SRRs by using numerical methods and
experimental tools [2∼6]; however, there are still some aspects to be improved. Firstly, either numerical methods
or experimental tools are demanded too much, it is disadvantage to popularize in applications. Secondly, either
numerical methods or experimental methods are not accomplished in improving performances or designing
a new geometry, although they are efficient enough to analyze a prepared geometry. Lastlypresent methods
always demand the incident wavelength to be more larger than the SRR dimensions, which restricts the applied
frequency region.

Equivalent model methods, especially the equivalent circuit models based on transmission line theory de-
scribed here are promising to probe the micro electromagnetic effects of the individual SRR or counterpart by
equivalent models, and its geometry improvement according to RF theories. This paper proposes an approach
to analyze an individual SRR by a novel equivalent circuit model.

The Equivalent Circuit Model

Due to the periodicity of the SRRs arrays, we will look into the performances of an individual SRR, instead of
investigating the entire SRRs arrays effective behaviors. Fig.1 shows the distribution relationship of the electric
charge and electric current in the individual SRR, while an incident plane wave magnetic field H i is penetrating
through it. According to the distribution of the electric charge and electric current, we develop the corresponding
equivalent circuit model described in Fig.2, Ax, Ay and Az mean the dimensions along x, yandzdirections,
respectively. And then the constitutive parameters can be deduced and extracted further from it, which have
been proposed in [7]. Because of the complex nature of the SRR, which produces effective permeability through
producing strong magnetic material-like responses, the sticking points of the equivalent circuit model are to
estimate the resonance frequencies and characterize electromagnetic properties in the frequency region with
negative effective permeability. Here we will propose how to analyze and calculate the parameters in the
equivalent circuit model. In the model, inductance Lx and capacitance Czrespectively means the distributed
inductance and capacitance per unit length of the equivalent transmission line segment, and can be expressed as
Lx = µ0a

l and Cz = ε0l
a [8]. Here ε0 and µ0 are vacuum permittivity and permeability, respectively, and a and l

mean the lattice constant and the layer constant between the investigated SRR with others, respectively. There
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are still several inter-parameters in the above model, namely R1, R2, L1, L2, M , C1, C2. The SRR structures
considered here consists of two concentric rings, each with gaps, and the gaps appearing on opposite sides. The
parameters C1 and C2 represent the capacities with the outer gap and the inner gap, respectively. Cc means the
capacity between the outer ring and the inner ring. L1 and L2 represent the self inductance of the outer split
ring and the inner split ring, respectively, and the L2 could be divided into two equal parts namely L21 and L22

for balance considerations. M means the mutual inductance between L1 and L2. Their values are dependent on
the physical model of the individual circle SRR, and can be respectively estimated as followed by a quasi-static
approach [9∼11]:

 

Figure 1: The geometry configuration of the individ-
ual SRR

 

Figure 2: The equivalent circuit model of the indi-
vidual SRR developed from Fig. 1

R21 = R22 = 1
2R2 (2a)

L21 = L22 = 1
2L2 (2b)

R1(2) = 2πrout(in)σ/dAy (2c)

L1(2) = µ0rout(in)[ln(
2rout(in)

d ) + 0.9 +
r2out(in)

20d2 ] (2d)

ρ = 2d+g
(rout+rin) (2e)

M = µ0(
rout+rin

2 [ln( 1
ρ)− 0.6 + 0.7ρ2 + (0.2 + 1

12ρ2 ) d2

(rout+rin)2 ]) (2f)

C1(2) = 2.2ε0dAy/p (2g)

Cc = [0.06 + 3.5 ∗ 10−5(rout + rin)] (pF ) (2h)

Numerical Simulations and Discussions

Two numerical simulations are used for comparison from both CST Microwave Studio (MWS) and Advanced
Design Systems (ADS) package in order to validate the equivalent circuit model. Firstly, CST Microwave Studio
simulation tool is used to consider prediction of the resonance frequency of the individual SRR. The simulation
model consists of a two-port waveguide filled with air, and the individual SRR is centered in the waveguide.
The geometry parameters of the SRR are set the same as reference [1] for convenience: r= 2.0 mm, d = 1.0
mm, g = 0.1 mm, p= 0.5 mm, a=10 mm, l=2 mm. The input wave is lunched in free space toward the SRR
at normal incident from each port. A variety of Reflection and Transmission coefficient results are given for the
scattering from the SRR showed in Fig.3, which can be interpreted in terms of the SRR having effective negative
permeability. It indicates that the effective permeability becomes negative, when the medium embedded with
a SRR becomes reflective at some frequency regions according to presented theories.

The special resonance frequency of the SRR which leads to negative permeability can be determined by the
magnitude and phase of the S21. Because on the one hand the wave cant propagate in the air waveguide with
SRR, while the effective permeability is negative; and on the other hand there will be discontinuity in the phase
of the S21 while the resonance leads to negative permeability. From Fig.3(a) one can see strong reflectivity
at two frequency regions, and their center frequencies are near 2.5 GHz and 13.5GHz respectively. Fig.3(b)



632 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

demonstrates the phases of the S parameters predicted by MWS, and note that the phase of S11 goes through
Zero at both center frequencies, hence the SRR is responding like a PMC at the two frequencies points.

(a) MWS-predicted S parameters for the individual
SRR

(b) MWS-predicted S parameters phases for the indi-
vidual SRR

(c) The equivalent circuit model-predicted S param-
eters for the individual SRR simulated by ADS, the
line with additional marks is S11 .

(d) The equivalent circuit model predicted S parame-
ters phases for the individual SRR simulated by ADS,
the dash line is phase (S11 ).

Figure 3: (a)-(d)

Then ADS is applied to simulate the equivalent circuit model showed in Fig.2. The series parameters in
the equivalent circuit model can be calculated through the approach demonstrated in expressions (2). The
corresponding scattering results and phases are plotted in Fig.3(c) and Fig.3(d), one can see strong reflectivity
at two frequency regions too, and their center frequencies are near 1.8 GHz and 13.5GHz respectively. And
the phase of S11 goes through Zero at both center frequencies too, hence the SRR is responding like a PMC at
above two frequencies points too. These simulation results show that there is very good agreement between the
CST Microwave Studio simulations results and the equivalent circuit model values.

Lastly, we apply the Pendry et al ’s model developed in reference [1], which expressed as equation (3) to
characterize the SRR, we can get only one resonance frequency at 13.5 GHz which equal to the second resonance
frequency of above simulations, and the resonance does produce the negative effective permeability.

µeff = 1−
πr2

a2

1 +
2lσ

ωrµ0
i− 3lc20

πω2 ln
2d

g
r3

(3)

Above all, we can extracted from the simulation results that the individual SRR has more than one resonance
frequency, and becomes reflective at more than one frequency regions, which has more information than the
results presented in reference [1]. Whether about 2 GHz is another special resonance frequency needs exper-
imental tools to confirm. Nonetheless, simulations results have demonstrated the efficiency of the equivalent
circuit model.
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Conclusion

The equivalent circuit model is developed from the distribution of the electric field in the individual SRR, and
straighter to probe roots of producing the negative effective permeability. The novel equivalent circuit model
is valid and can provide enough precision to predicate the resonance frequencies of the individual SRR, which
demonstrates that it is feasible to analytically calculate the parameters from the SRR geometry in the equivalent
circuit model. Simulation results indicate that the SRR has more than one resonance frequency; whether they
are both special resonances which produce the negative value of effective permeability needs experimental tools
for further test.
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Abstract

We have studied the optical transmission properties of planar metallic films closely coupled to diffraction
gratings and we show here that this can give rise to plasmon-enhanced transmission. The coupling between
two optically excited surface plasmon (SP) modes on opposite interfaces of the metal film gives rise to a high-
transmission feature in the spectral transmittance. The overall transmission is a result of the coupling between
the incident light and the SP modes, as well as waveguide modes in the dielectric spacer between the diffraction
grating and the planar metal film. The spectral locations of the transmission peaks agree well with rigorous
coupled wave analysis (RCWA) calculations.

1. Introduction

Surface plasmons (SPs) arise from the interaction of light with a dielectric/metal interface. Under certain
conditions the free electrons on the metal surface oscillate in resonance with the incident light wave, resulting
in SPs, propagating along the interface. The exciting potential of controlling the interaction of light and
SPs was discovered by Ebbesen et al in 1998 [1]. By introducing periodic subwavelength structures onto the
optically thick metallic films, light can be coupled to the SP modes, which brings about the extraordinary optical
transmission efficiency of the films [1-5]. Much attention in this field has been devoted to metal films perforated
with subwavelength structures, such as hole arrays [1, 2], single aperture surrounded by periodic textures [3]
and metallic gratings with subwavelength slots [4, 5]. We present here a study of the optical transmission
properties of planar metallic films closely coupled to diffraction gratings, showing that this can also give rise
to plasmon-enhanced transmission. Compared to an early experiment [6] on high transmission efficiency of a
smooth metal film, which required identical prisms arranged on opposite side of metal surface, our configuration
shows much greater flexibility in terms of tuning the optical properties of the device.

2. Simulations

Figure 1: Schematic diagram of the
structure studied.

A schematic of the structure used in this study is illustrated in Fig-
ure 1. It consists of a thin silver (Ag) film and a dielectric layer with a
rectangular transmission grating on top. The grating and the dielectric
layer provide the required transverse momentum and metal/dielectric
interface respectively for optical excitation of surface plasmons. The
zeroth order transmission properties of such structures have been anal-
ysed using a commercial grating analysis tool, G-Solver [7], which is
based on the rigorous coupled-wave analysis (RCWA) [8]. The dielec-
tric functions of Ag are taken from Ref [9]. The thickness of the Ag film
used in the simulation is 30 nm, which is considerably larger than its
skin deep in the visible region. BK7 glass (n=1.52) and SiO2 (n=1.45)
are used as the dielectric layer and substrate in the simulations. The
incident light is TM-polarized at normal incidence. The parameters fixed in simulations below include: Ag film
thickness = 30 nm; Ag grating height = 40 nm; and grating duty cycle = 0.8.

Figure 2 shows the transmission spectra of structures for three different grating periods: 450 nm, 500 nm
and 550 nm. It is clear that three distinct transmission peaks appear, which are grating-period dependent
and related to SPs. For optical excitation of SPs using this grating coupling method, the following dispersion
relation must be satisfied:

ksp(ω) =
ω

c

√
εdε(ω)

ε(ω) + εd
=

2π

λ
sin θ +m

2π

d
(1)
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where ksp is the momentum in the direction parallel to the dielectric/metal interface, c is the speed of the light
in vacuum, ω is the angular frequency, ε(ω) is the frequency dependent dielectric constant of the metal, εd is
the dielectric constant of the dielectric, λ is the wavelength of the incident light in vacuum, θ is the incident
angle, m is the diffraction order and d is the grating period. In the case of m = 1, the required wavelengths
for optical excitation of SPs at a flat Ag /SiO2 interface for d = 450 nm, 500 nm and 550 nm are 688 nm, 758
nm and 827 nm, respectively. The positions of the transmission peaks in simulations for three grating periods
closely match these numbers.
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Figure 2: Transmission spectra of SiO2 substrate-Ag film-SiO2 layer-Ag grating structures. The grating periods
are 450 nm (solid lines), 500 nm (dashed lines) and 550 nm (dotted lines). In all the simulations: Ag thickness
= 30 nm, Ag grating height = 40 nm and grating duty cycle = 0.8. The thickness of SiO2 layer varies in each
simulation, range from 180 nm to 220 nm (see key).

The simulation results also reveal that with appropriate arrangement, the transmission efficiency of the
structure can exceed 70% with bandwidth (FWHM) narrowed down to less than 10 nm. This exceptional
optical transmission is related to the excitation of two SPs on opposite interfaces of the metal film [6], [10]. The
thickness of the Ag film in this study is thin enough to allow the two modes to interact.

The small peak appearing at shorter wavelengths in each transmission spectrum is caused by the excitation
of a waveguide mode within the dielectric layer and that at longer wavelength is more likely related to the
interaction between adjacent elements of the gratings [4]. In general, waveguide modes are much less sensitive
to the angle of incidence than SP modes, which has been confirmed by simulation (results not shown here); a
small (<5 degrees) variation in the angle of incidence has little effect on the position and amplitude of the first
peak, whereas it dramatically modifies the other two.

Figure 3: Effects of changing dielectric and substrate materials on transmission efficiency of the structure.

Figure 3 shows the effects of changing dielectric and substrate materials on the transmission efficiency of the
structure (grating period = 500 nm, grating height = 40 nm, duty cycle = 0.8, Ag thickness = 30 nm). The
solid line presents one of the optimal configurations, using a BK7 substrate and a 210-nm thick SiO2 dielectric
– the transmission efficiency reaches 74% at 771 nm. Modifying the material on either side of the Ag film
interrupts the optimal resonance between two SP modes, reducing the transmission efficiency and shifting the
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peak position. As the overall transmission is a result of couplings between light, SP modes and waveguide
modes, the transmission efficiency of the modified structure can be recovered by adjusting its geometry.

3. Experiments

The fabrication process starts with RF sputtering 30 nm of Ag followed by a layer of SiO2 on to a 22 mm×
22 mm 185 um-thick BK7 glass substrate. The thickness of the SiO2 layer is subject to the required period
of the diffraction gratings in the structure. Thereafter, a four-layer imaging scheme (150 nm PMMA, 150 nm
anti-reflection coating (ARC), 50 nm SiO2, 150 nm g-line photoresist) is deposited on the SiO2 layer. The
grating patterns are firstly defined onto the photoresist layer by means of interference lithography (IL) and then
transferred onto the sample through a lift-off process. The spatial period and the line width of the grating
patterns can be controlled by varying the exposure conditions during the IL process. Following exposure and
development of the photoresist, grating patterns are transferred through the four-layer stack via two separate
reactive ion etching (RIE) process for SiO2 and ARC/PMMA. Subsequently, a layer of 40-nm thick Ag film is
thermally evaporated onto the sample and lifted off. In general, lift-off requires only a tri-layer resist scheme.
The purpose of the additional PMMA bottom layer is for easy stripping of the ARC during the final lift-off
step.

Figure 4: Transmission spectra of a sample on BK7 substrate with configuration: Ag film - 30 nm, SiO2 dielectric
layer - 215 nm, Ag grating height - 30 nm and duty cycle - 0.6. Solid lines represent TM-polarized incident light
and dotted lines represent TE-polarized incident light. (a) Experimental results, (b) Simulation results.

The zeroth order transmission spectra of the samples are then recorded in a Cary photospectrometer at
normal incidence. Figure 4(a) and 4(b) show the measured and simulated transmission spectra of a fabricated
sample, respectively. The solid lines represent transmission under TM-polarized incident light and, for com-
parison, the TE transmission spectra are also displayed as dotted lines. The thickness of the SiO2 dielectric
layer within the sample is 215 nm and the period of Ag grating is 500 nm. Measurements from atomic force
microscopy (AFM) and scanning electron microscopy (SEM), as shown in Fig. 5 and 6 respectively, confirm that
the actual grating height is around 30 nm and its duty cycle is around 0.6. In figure 4(a), three transmission
peaks appear at around 680 nm, 780 nm and 810 nm, which are consistent with the positions of three peaks,
(690 nm, 773 nm and 824 nm) in the simulated transmission spectrum.

The discrepancy in the transmission efficiency between experimental results and the simulation for the SP
related peak is likely caused by the surface and line-edge roughness of the diffraction gratings. which can be seen
in Figures 5 and 6; we use the ideal rectangular transmission gratings in our simulation. However, as the sample
fabrication involves optical lithography and thermal evaporation, the profile of the gratings is not perfectly
rectangular. The roughness on the top surface and the sidewall of the gratings will cause additional scattering.
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This not only decreases the optical transmission efficiency, but also changes the shape of the transmission
spectrum. As illustrated in Fig. 4(a), there is an extra broad peak that appears in the transmission spectrum
of at wavelengths above 800 nm as a result.

 

Figure 5: An AFM image of metallic gratings on the
sample.

 

Figure 6: A SEM image of metallic gratings on the
sample.

Conclusion

We have presented simulation and experimental results from a study of the optical transmission properties
of planar metallic films closely coupled to subwavelength diffraction gratings. The results confirm that surface-
plasmon-enhanced optical transmission can be achieved in this configuration. The spectral location of the
transmission peak agrees with the wavelength calculated from dispersion relation of surface plasmons. The
exceptional transmission is due to coupling between two optically excited surface plasmon modes on opposite
interfaces. The optical properties of the device are dominated by the geometric factors as well as the dielectric
constants of the materials. The overall transmission is a result of the couplings between light, SP modes and
waveguide modes. Potential applications lie in the area of designing surface plasmon based optical devices
include narrowband filters and sensors.
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Abstract

Our group has since 1988 studied the effects of different intensities and modulations of 915MHz RF in a rat
model where the exposure takes place in a TEM-cell during various time periods and post exposure recovery
times. The power fed into TEM-cells was 0.125, 1.25, 12.5 or 125mW corresponding to whole body SAR
(determined experimentally): 0.2, 2, 20 or 200mW/kg.

The rats were awake and not restrained during exposure and after the recovery period the animals were
anaesthetized and sacrificed by perfusion-fixation with 4% formaldehyde. Paraffin embedded 5 µm. thick brain
slices were stained for albumin by applying albumin antibodies (Dakopatts), by which albumin is revealed as
brownish discolorations. Dark neurons were revealed by staining for RNA/DNA with cresyl violet.

In series of more than 1800 Fisher rats, we have proven that sub thermal power levels from both pulse-
modulated and continuous RF fields – including those from real GSM mobile phones - have the potency to
significantly open the BBB for the animals’ own albumin (but not fibrinogen) to pass out into the brain and to
accumulate in the neurons and glial cells surrounding the capillaries. Albumin extravasations are most prominent
at the lower SAR values. This dose-response behaviour suggests some kind of energy or electromagnetic field
strength windowing effect. A linear dose-response relationship for dark neurons was found at 50 days after
exposure, with most prominent occurrence at SAR 200mW/kg.

Introduction

Since 1988 we have studied the permeability of BBB to endogenous albumin and fibrinogen during exposure
to various electromagnetic fields. For more than 10 years we have studied the effects from exposure to electro-
magnetic fields used in GSM mobile communications on the rat brain and found increased permeability of the
blood brain barrier (BBB) to endogenous albumin [1-4]. The BBB has the function to regulate transport of
substances between the blood and the brain in mammals and is of utmost importance for the protection of the
brain from harmful compounds. Pronounced leakage was seen at the lowest power depositions (SAR<2mW/kg),
while at SAR values at 200 – 2000mW/kg the albumin leakage was less pronounced.

Opening of the BBB by mobile phone radiation has been confirmed by other researchers. In two studies
albumin leakage was found after exposure of rats with microwaves both in thermal and non-thermal SAR regions
[5,6]. One study exposing only 12 animals, with microwaves at high SAR (2000 mW/kg) reported no significant
albumin leakage [7]. Our findings that low intensity GSM 900 MHz electromagnetic fields influence the BBB is
also supported by other findings in the in-vitro proteomic studies on a human endothelial cell line [8,9]. Recent
findings show that microwave radiation with SAR values of 15-20 mW/kg induces albumin denaturation and
promote amyloid fibril formation [10]. Those findings are most relevant to explain the mechanism of protein
transfer through the BBB at low SAR levels. Albumin is toxic to neurons and may furthermore, as a transport
protein, carry other harmful molecules into the brain parenchyma. We have also studied albumin uptake into
neurons and has recorded occurrence of damaged neurons as well [11]. This new knowledge about the effects of
low level microwave exposure on the brain should be considered in the foundation of exposure limits that take
into account non-thermal biological effects of microwaves radiation from mobile telephones and base stations.

Material and Methods

A transverse electromagnetic transmission line chamber (TEM-cell) used for the exposure of rats was de-
signed by dimensional scaling to fit 915 MHz from previously constructed TEM-cells at the National Bureau of
Standards [12]. The outer conductor is made of brass-net and is attached to the inner walls of a wooden box
and the centre plate, or septum, is made of aluminium.
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In each TEM-cell two animals were placed in Perspex boxes above and below the central plate. They
were awake during the exposure and could move and turn around within the exposure chamber. At the end
of exposure they were anaesthetized and sacrificed by perfusion-fixation with 4% formaldehyde. Each brain
was sectioned coronally in 1-2 mm thick slices, which all were embedded in paraffin and cut at 5 micrometer.
Albumin was demonstrated with the IgG fraction of rabbit anti rat albumin (Cappel Research Products, Organon
Teknika, Västra Frölunda, Sweden) diluted 1:16 000. Biotinylated swine anti rabbit IgG was used as a secondary
antibody. Then avidin, was peroxidase conjugated to the biotin and visualised with DAB (diaminobenzidine),
counterstained with Meyer-HTX (Dakopatt AB, Älvsjö, Sweden). Albumin and fibrinogen leakage is revealed
as brownish spotty or more diffuse discolorations. Cresyl violet staining of RNA/DNA was used to reveal
dark neurons which are regarded as damaged and appear shrunken, densely and darkly stained neurons. The
occurrence of blood-brain barrier leakage and damaged (dark) neurons in different parts of the brain is judged
blindly in a semi-quantitative way by the neuropathologist by given ranking values of increasing degree of
albumin leakage: 0 (for no leakage); 0.5; 1.0 (for weak leakage); 1.5; 2.0 (for moderate leakage); 2.5 and 3.0 (for
severe leakage).

Results

The results of BBB-permeability of albumin in rats exposed to 915 MHz microwaves of continuous

Figure 1: The histogram show the average rank val-
ues (“AB”) for BBB albumin leakage in Fischer 344
rats exposed to 915 MHz microwaves modulated at
various number of pulses per s (Hz). The p values
represents the significance in difference from the con-
trols. The upper line represent the ratios of the aver-
age rank values between exposed and controls. The
modulation frequency and number of rats in each
group are displayed below the axes.

Figure 2: The histogram show the average rank val-
ues (“AB”) for BBB albumin leakage in Fischer 344
rats exposed to 915MHz microwaves at SAR values.
The number of rats in each group is displayed next to
the bars. The upper line represents the ratio of the
average rank values between exposed and controls.

wave and with different modulation frequencies at various SAR values (4·10−4 -8· 10−3W/kg) are displayed
in Fig.1 The average score values of albumin leakage in Fischer 344 rats (controls and exposed with 915 MHz
microwaves at various modulation frequencies) are displayed in the histogram at the bottom of Fig.1 The ratio
between exposed and controls shown by the line is larger than 1. There is no pronounced difference between the
various modulations frequencies other than the effect of CW seems to be more effective in opening the BBB.
This is surprising since the common opinion is that modulated microwaves would be more biologically effective.
The histogram in Fig.2 shows the average rank values (“AB”) for BBB albumin leakage in Fischer 344 rats
exposed to 915 MHz microwaves at various SAR values. The number of rats in each group is displayed next
to the bars. The upper line represents the ratio of the average rank values between exposed and controls. The
SAR dependence is very similar to that previously reported by Oscar and Hawkins (1977) for the microwave
alteration of the blood-brain barrier system of rats [13].

The appearance of dark neurons in a cresyl violet staining, clearly more frequent in exposed than unexposed
animals, is used as an indicator of neuronal damage, both within the nucleus and the soma, in the long run
resulting in neuronal shrinkage. Albumin leakage was still more evident at the lower SAR-values (2mW/kg),
but the occurrence of dark neurons was most significant at 20 and 200mW/kg [11]. This finding might indicate
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that different mechanisms might be responsible for albumin leakage and neuronal damage. We consider albumin
leakage to be a sensitive and reproducible model for studying the interaction of electromagnetic fields with cell
membranes. BBB-leakage is an active, vesicle mediated, transport through the blood vessels endothelial cells
(pinocytosis) [14].

Relevance to Society

The possible risks by radiofrequency electromagnetic fields exposure of the human body, is a major concern
for the society. A new, third generation of mobile communication is becoming increasingly important, but the
health impact of this radiation modality is largely unknown [15]. Epidemiological studies will not be able to
answer this question until after 10 – 15 years of exposure [16,17]. It is therefore of greatest importance to study
in the laboratory biological effects that can lead to health impairment [18]. It is of great importance both to
quantify the leakage of albumin through the BBB and to study the toxicological effects of this leakage. This new
knowledge can be used as a foundation for new exposure limits that take into account non-thermal biological
effects of microwaves radiation from mobile telephones and base stations.
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Abstract

This paper presents a methodology for radiometric cross-calibration of the solar reflective spectral bands of
Moderate Resolution Imaging Spectroradiometer (MODIS) and Chinese Moderate Resolution Imaging Spectro-
radiometer (CMODIS) sensors based on analysis of two difference time image pair for Dunhuang test site on
July 27, 2002. With the well-calibrated MODIS as a reference, we derive top-of-atmosphere(TOA) reflectance
using MODIS data and then use these TOA reflectance to compute TOA radiance for CMODIS taking into
account the effect of spectral band different and the changes in solar zenith angle due to any temporal differ-
ences in the overpass times as well as differences in the view angles between the sensors. This TOA radiance,
which is correlated with the sensor digital number (DN) output, determines the in-flight calibration coefficients
of CMODIS. The relatively error between the cross-calibration and the reflectance-based method calibration
results is within 9%.

1. Introduction

With the enhancement of launching, China launched meteorology and earth resource satellite in recent years.
Launched on March 25,2002, the first Chinese Moderate Resolution Imaging Spectroradiometer (CMODIS)
aboard the ShenZhou-3 (SZ-3) spacecraft has 34 bands with wavelength in the range of 403∼12500 nm. CMODIS
stopped operating in September 2002, after 6 months of operation. CMODIS is mainly applied to aspect and
so on land utilization, land cover, water pollution monitor and resources investigation research. In-flight period
CMODIS had obtained the massive data. In-flight radiometric calibration is imperative to quantities the data
with higher accuracy and enable wide application.

Many methods have been proposed and used for the in-flight radiometric calibration of satellite sensors. The
typical method for sensors calibration is the reflectance-based approach in which ground-based measurements
of surface reflectance and atmospheric propertied are used in a radiative transfer model to predict an at-sensor
radiance[1,2]. New methodologies continue to evolve [3]. The objective of in-flight cross-calibration is to provide
a comparison between the in-flight calibration of imaging sensors that cover part or all of the same spectral
region. By providing such a comparison, the extent to which calibration differences between well-characterized
sensors producing the same data products at different scales will be known.

This paper describes a cross-calibration methodology applicable to two different time image pair for Dun-
huang test site on July 27, 2002. The main results consist of CMODIS calibration coefficients in the seven solar
reflectance spectral bands referenced against well-calibrated MODIS calibration coefficients in corresponding
spectral bands.

2. The Dunhuang Test Site

The Dunhuang test site used in this work is located in 20 km northwest of Dunhuang in Gansu province.
The coordinates of it are 40.08◦N latitude and 94.38◦E longitude. It has been in use for vicarious calibration
since the mid-1990s. The overall size of the playa is approximately 20 km×30 km, and it is located at an
elevation of approximately 1.19 km in a geographical region with reasonably high expectations of clear weather
and typically low levels of aerosol loading. The test site has preferable stability of surface reflectance because
very homogeneous of surface in Fig.1. Fig.2 illustrates the measured surface reflectance.

3. Cross-calibration Approach

3.1 Radiometric formulation
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Figure 1: The component of Dunhuang test site. Figure 2: The measured ground reflectance of Dun-
huang test site.

Figure 3: The cross-calibration approach.

TOA radiance Li [in W/m2 sr µm] are related to image data by Eq.1

Li = AiDNi (1)

where Ai is band-averaged sensor responsivity (in counts per unit radiance) andDNi is the sensor digital number
output (in count). TOA reflectance is related to TOA radiance by Eq.2

ρi =
π · Li · d2

s

E0icosθ
(2)

where E0i is the exo-atmospheric solar irradiance in spectral band i [in W/(m2µm)] based on the Modtran-3
spectrum, θ is the solar zenith angle, and ds is the Earth-Sun distance in astronomical units. A combination of
Eqs.1-2 yields

ρi =
π · Ai ·DNi · d2

s

E0icosθ
(3)

Figure 4: The test site common of MODIS data. Figure 5: The test site common of CMODIS data.

There are two advantages to using reflectance instead of radiances [4]. One advantage is to remove the cosine
effect of differences solar zenith angles due to the 111 min time difference between data acquisitions. The other
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advantage is to compensate for different values of exo-atmospheric solar irradiance arising form spectral band
differences.

Figure 6: Spectral response of MODIS spectral band 4 and CMODIS spectral band 8

3.2 Cross-calibration
MODIS is a key instrument aboard the Terra satellite. Terra’s orbit around the Earth is timed so that

is passes from north to south across the equator in the morning. Terra MODIS is viewing the entire Earth’s
surface every 1 to 2 days, acquiring data in 36 spectral bands ranging in wavelength from 400 nm to 14400 nm.
These data will prove our understanding of global dynamics and processed occurring on the land, in the oceans,
and in the lower atmosphere.

Table 1: The derived TOA reflectance of MODIS

Spectral band Band 1(620-
670nm)

Band 2(841-
876nm)

Band 3(459-
479nm)

Band 4(545-
565nm)

Exo-atmospheric
Solar Irradiance

1602 9903 2017.5 1860.5

Ai 0.0273426 0.0104566 0.0212364 0.0182111

DNi 4373 7166 6458 6943

TOA reflectance 0.234 0.244 0.219 0.219

Table 2: The derived TOA reflectance and calibration coefficient of CMODIS

Spectral band Band 4
(473 nm)

Band 8
(553 nm)

Band 9
(573 nm)

Band 11
(613 nm)

Band 13
(653 nm)

Band 18
(753 nm)

Band 22
(853 nm)

TOA refelctance 0.219 0.219 0.22 0.222 0.225 0.236 0.248

Exo-atmospheric
Solar Irradiance

2003 1865.8 1824.8 1728.5 1575.5 1252.9 1016

DNi 1568 1925 1937 2493 2394 1649 975

Ai 0.0563 0.0429 0.042 0.031 0.0299 0.0362 0.0522

As already mentioned, MODIS and CMODIS have similar spectral bands and spectral range. MODIS data
is used here calibration to the CMODIS data. Fig.3 illustrates this approach. Philosophically, the approach is
similar to that described by Teillet et al[3,5].

The first step in the cross-calibration process is to select the test site common to the two sensors. Ideally,
the data from both sensors would be coincident in time with identical view and solar geometries. The near-
coincidence in view geometry and 111 min in time two sensors leads to some uncertainties for the Dunhuang
test site. The specific area of the test site common described Fig.4 and Fig.5. The DNi for use in Eq.3 was
obtained from large areas in common between MODIS and CMODIS data pairs.
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There are significant differences in relative spectral response profiles between corresponding MODIS and
CMODIS spectral bands. The effects these spectral band differences have on measured TOA reflectance depend
on spectral variations in the exo-atmospheric solar illumination. The TOA reflectance derived from Eq.3 of
CMODIS are spectral registration using the results of MODIS. Fig.6 describes an example that is a different
spectral response between MODIS spectral band 4 and CMODIS spectral band 8.
3.3 Results

Though Eq.3 and correlate parameters, TOA reflectance of MODIS can be obtained. Table.1 gives the
derived TOA reflectance for four the bands of MODIS. Used these TOA reflectance and spectral registration
compute TOA reflectance for CMODIS, which are correlated with DNi, determine the in-flight calibration
coefficients (Ai) of CMODIS, which are listed in Table. 2.

Table 3: The relatively error between cross-calibration approach and reflectance-based approach

Spectral band Band 4
(473 nm)

Band 8
(553 nm)

Band 9
(573 nm)

Band 11
(613 nm)

Band 13
(653 nm)

Band 18
(753 nm)

Band 22
(853 nm)

Ai by reflectance-
based approach

0.052 0.04 0.0389 0.029 0.0289 0.0332 0.0488

Ai by crosscali-
bration approach

0.0563 0.0429 0.042 0.031 0.0299 0.0362 0.0522

Relatively error 0.0827 0.0725 0.0797 0.069 0.0346 0.09 0.0697

4. Conclusion

A cross-calibration methodology has been formulated and implemented to used image pairs to radiometrically
calibrate CMODIS with respect to MODIS. The use of large areas common to both MODIS and CMODIS image
data successfully reduce uncertainties due to image misregistration. The most limiting factor in the approach
is the need to adjust for spectral band differences between the two sensors, which require knowledge about the
spectral content of the scene. Rangeland, grassland, sand, playa, and snow are potentially good candidates for
radiometric cross-calibration.

Table.3 shows that the relatively error between the cross-calibration approach and reflectance-based approach
calibration results is within 9%. The present study indicates that the cross-calibration approach can provide
a valuable “contemporary” calibration for CMODIS in visible and near-infrared spectral bands based on the
excellent radiometric performance of MODIS.
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Abstract

We show the nonlocal nature of the effective electromagnetic response of a colloidal system with large
particles and derive closed expressions for both, the effective nonlocal electric permittivity and the magnetic
susceptibility.

Introduction

The effective-medium concept has been extremely useful for the electromagnetic treatment of colloidal and
granular systems when the size of the inclusions is much less that the wavelength of the incident radiation [1].
When particles are not small compared to this wavelength the system becomes optically turbid. That is, in
addition to the coherent field there is also a diffuse field. In this case there have been attempts [2] to derive
an effective refractive index of a system consisting of randomly located identical spheres, in order to describe
the propagation of the coherent beam. This effective refractive index turns out to be complex, in general,
and the imaginary part takes account of both, optical absorption by the colloidal particles and scattering off
the incident beam. One of the main assumptions in this derivation is that in case of nonmagnetic colloidal
particles embedded in a nonmagnetic matrix, the effective medium is also nonmagnetic. In this case the full
electromagnetic response of the system will be given only in terms of the effective electric permittivity εeff , or
equivalently, in terms of its square root: the effective index of refraction ñeff .

Here we consider a boundless colloidal system composed by nonmagnetic identical spheres embedded in a
nonmagnetic matrix and show, that in the case of particles whose size is comparable or larger that the wavelength
of the incident radiation (large particles), the corresponding effective medium has a magnetic response. Thus,
the full description of the electromagnetic response of the system for the coherent beam requires of both, the
effective electric permittivity εeff and the effective magnetic permeability µeff . Besides providing explicit
expressions for these quantities we show first that the effective medium is nonlocal (spatially dispersive), that is,
the effective response functions εeff and µeff depend not only on the frequency of the incident beam but also on
its wavevector. The importance of the results derived on this paper lies on the fact that in many applications in
colloidal systems with large particles one finds that the concept of an effective medium is used rather carelessly.

Formalism

We consider a boundless colloidal system made of identical spherical nonmagnetic particles characterized by
a radius a and frequency-dependent electric permittivity εS(ω). We also assume that on the average the system
is homogeneous and isotropic. For simplicity in the presentation we will assume that the embedding matrix is
vacuum. Our starting point is the equation for the electric field

∇×
(
∇× ~E

)
− k2

0
~E = iω µ0

~J ind (1)

where i =
√
−1, k2

0 = ω2ε0µ0 and ~J ind is the total current density induced in the colloidal system by an external
electromagnetic field oscillating with a single frequency ω. By total we mean all possible induced currents, and
this includes not only conduction and polarization currents but even those closed currents that give rise to
magnetic effects. We are using the SI system of units, thus ε0 and µ0 correspond to the permittivity and
permeability of vacuum.

If one considers that the currents are induced in each of the N spheres of the colloidal system, the above
equation can be written as

~E(~r;ω) = ~Eext(~r;ω) + iωµ0

N∑

p=1

↔

G0(~r, ~r
′;ω) · ~J indp (~r ′;ω) d3r′ (2)
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where ~E is the total electric field (coherent plus diffuse),
↔

G0 is the free dyadic Green’s propagator and the sum

over p runs over all the particles in the system. The transition (dyadic) operator
↔

T (T-matrix ) is now defined
as

~J indp (~r;ω) =
1

iωµ0

∫
↔

T (~r − ~rp, ~r′−~rp;ω) · ~EEp (~r ′;ω) d3r′ (3)

where ~rp is the position vector of the p-th sphere and ~EEp is the field that excites it (exciting field). This field
is defined as the external field plus the field scattered by all other particles but the p-th particle. We now
use the effective-field approximation (EFA) in which the exciting field at each particle is approximated by the

total average field, that is, ~EEp ≈
〈
~E
〉
, where 〈...〉 denotes configurational average. The EFA is valid when the

colloidal system is dilute.

The average induced current density within the EFA can be written as

〈
~J ind

〉
(~r;ω) =

N

iωµ0

∫
〈T 〉(~r − ~r ′;ω)

〈
~E
〉

(~r ′;ω) d3r′ (4)

where
〈

↔

T
〉

(~r − ~r ′;ω) ≡
〈

1
N

N∑
p=1

↔

T (~r − ~rp, ~r ′ − ~rp;ω)

〉
is a function of |~r − ~r ′| because we have assumed that

the system is, on the average, homogeneous and isotropic. Let us recall that in this context
〈
~E
〉

is also called

the macroscopic electric field. Eq. (4) shows explicitly the nonlocal nature of the electromagnetic response of
the colloidal system; one of the main results of our work. Eq. (4) looks like a nonlocal Ohm’s law with the

kernel (N/iωµ0)
〈

↔

T
〉

(~r − ~r ′;ω) playing the role of an effective nonlocal conductivity.

We now transform the above relation into the momentum representation ( p-representation), and write

〈
~J ind

〉
(~p;ω) =

1

iω µ0
n0

↔

T (~p, ~p;ω) ·
〈
~E
〉

(~p;ω) (5)

Here ~p is the wavevector associated to the Fourier transformation in the momentum representation,
↔

T (~p, ~p ′) =∫
d3r

∫
d3r′ exp[−i~p · ~r]

↔

T (~r, ~r ′) exp[−i~p ′ · ~r ′] , we have taken
∑

p → (N/V )
∫
d3rp in the calculation of the

configurational average, where V is the total volume of the system, and n0 ≡ N/V . Note that in the EFA the
average induced current density depends only on the transition operator of a single, isolated sphere. Also, we
will be using the same symbol for quantities in the r- and p-representation, the difference being only in the
arguments.

The transition operator
↔

T (~p, ~p;ω) can be decomposed as

↔

T (~p, ~p;ω) = TL(p, ω)p̂p̂+ T T (p, ω)[
↔

1 − p̂p̂] (6)

where the scalar functions TL(p, ω) and T T (p, ω) are called the longitudinal and transverse projections of
↔

T .
Here p̂ ≡ ~p/p is a unit vector along ~p , thus p̂p̂ corresponds, in the momentum representation, to the longitudinal
projection operator.

We now split the total induced current density as ~J ind = ~JP + ~JM where ~JP = −iω ~P and ~JM = i~p × ~M
are defined in terms of the usual polarization and magnetization fields, ~P and ~M . Then, the effective nonlocal
electric permittivity and magnetic susceptibility of the colloidal system εeff (p, ω) and µeff (p, ω) are defined

through ~P = (εeff − ε0)
〈
~E
〉

and ~M = (µeff/µ0 − 1) ~H , where ~H is the usual H-field that obeys i~p × ~H =

~Jext − iωεeff
〈
~E
〉
. Note that all quantities here are in the p-representation. It is straightforward to show that

the relationship between the pair of functions εeff (p, ω) and µeff (p, ω), and TL(p, ω) and T T (p, ω) is given by

ε̃eff (p, ω) = 1 +
n0

k2
0

TL(p, ω) and µ̃eff (p, ω) =
1

1− n0

p2

[
T T (p, ω)− TL(p, ω)

] (7)
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Thus a legitimate, bona fide magnetic response appears in the colloidal system whenever T T (p, ω) 6= TL(p, ω).
The idea that a colloidal system with nonmagnetic components might have a magnetic response was first pointed
out by Bohren [3].

Calculation of the Transition Operator

In this section we calculate the longitudinal and transverse components of the transition operator. Although

a calculation procedure for solving the integral equation for
↔

T (~p, ~p ′;ω) in a spherical basis has been devised

by Tsang and Kong [5], here we calculate
↔

T (~p, ~p ′ = ~p;ω) directly by using an alternative procedure. We do
this by considering in Eq. (3) a single, isolated sphere excited by a plane wave with wavevector ~p, that is,
~EEp (~r ′;ω) = ~Eext = ~E0 exp[i~p · ~r]. Then it is possible to show that in the p-representation one can write

~J ind(~p;ω) =
1

iω µ0

↔

T (~p, ~p;ω) · ~E0 (8)

where
↔

T (~p, ~p;ω) is given at once in terms of ~J ind(~p;ω) . Note that the external plane wave is not a free
electromagnetic wave but rather a plane wave that has associated, in general, an external charge density and
an external current density.

Therefore, in order to calculate ~J ind(~p;ω) we start by exciting a single, isolated sphere with an electromag-

netic field ~Eext (and Hext), and then calculate the fields within the sphere (internal fields) using a spherical
basis. In this calculation, the external and scattered fields are expanded in the usual way [4] but the appropriate

expansion for the internal electric field, ~EI , looks like

~EI(~r;ω) =

(
k2
S − k2

0

k2
S − p2

) ∞∑

n=1

En

(
cn ~M

(1)
o1n − idn ~N

(1)
e1n

)
+
k2
0 − p2

k2
S − p2

~Eext (9)

with a similar expression for the internal H-field. Here En = inE0(2n+ 1)/n(n+ 1), the vector functions ~M
(1)
α

and ~N
(1)
β are the vector spherical harmonics [5], kS = ω

√
εSµ0, and the coefficients cn and dn are determined

by imposing boundary conditions at the surface of the sphere, yielding

cn =
jn(xi) [x0hn(x0)]

′ − hn(x0) [xijn(xi)]
′

jn(xS) [x0hn(x0)]
′ − hn(x0) [xSjn(xS)]′

; dn =
xijn(xi) [x0hn(x0)]

′ − x2
0hn(x0)

1

xi
[xijn(xi)]

′

xSjn(xS) [x0hn(x0)]
′ − x2

0hn(x0)
1

xS
[xSjn(xS)]

′
(10)

where xi ≡ pa, x0 ≡ k0a, and xS = kSa are dimensionless variables and the prime denotes derivative with
respect to the argument. The last term in the rhs of Eq. (9) takes account of the presence of the external
sources associated to the external fields.

Since the induced current density within the sphere is given by ~J ind = (εS/ε0 − 1) ~EI , where εS is the
frequency-dependent electric permittivity of the sphere, one can use Eq. (8) to write

↔

T (~p, ~p;ω) · ~E0 = k2
0

(
εS(ω)

ε0
− 1

)∫
d3r ~EI(~r;ω) exp[−i~p · ~r] (11)

We now perform this integral by using the expression of ~EI(~r;ω) given by Eq. (9) and expand the exponential

exp[−i~p · ~r] in a spherical basis in the usual way. By choosing ~E0 first perpendicular and then parallel to ~p one
obtains directly T T (p, ω) and TL(p, ω), respectively. After a long but straightforward algebra we obtain for the
transverse projection

T T (p, ω) =
4π

3
x2

0a

(
εS(ω)

ε0
− 1

)
(1− ξ) + 2πx2

0a

(
εS(ω)

ε0
− 1

)
ξ

×
∞∑

n=1

(2n+ 1)

{
cn I2(n, n) + dn

[
n+ 1

xi
I1(n, n− 1) +

n

xi
I1(n+ 1, n)− I2(n+ 1, n− 1)

]} (12)

where
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I2(n,m) ≡
1∫

0

x2jn(xix)jm(xSx) dx; I1(n,m) ≡
1∫

0

xjn(xix)jm(xSx) dx

I2(n, n) ≡ 1

x2
i − x2

S

[xSjn(xi)jn−1(xS)− xijn−1(xi)jn(xS)] and ξ =
k2
S − k2

0

k2
S − p2

(13)

Following the same procedure, we obtain for the longitudinal projection

TL(p, ω) =
4π

3
x2

0a

(
εS(ω)− ε0
εS(ω)

)[
1 +

(
εS(ω)

ε0
− 1

) ∞∑

n=1

3n(n+ 1)(2n+ 1)dLn
jn(xS)

xS

jn(xi)

xi

]

where

dLn =
−x2

0hn(x0)
1

xi
jn(xi)

xSjn(xS) [x0hn(x0)]
′ − x2

0hn(x0)
1

xS
[xSjn(xS)]′

(14)

By inserting Eqs. (12)-(14) into Eq. (7) one obtains closed expressions for εeff (p, ω) and µeff (p, ω).

Conclusion

We showed that the effective medium for the electromagnetic response for the coherent beam of a colloidal
system with large inclusions is nonlocal (spatially dispersive), and that a colloidal system with nonmagnetic
components has a (nonlocal) magnetic response. The physical origin of this response are the closed currents
induced within the spheres. We also derive explicit closed expressions for both, the effective nonlocal electric
permittivity εeff (p, ω) and the magnetic susceptibility µeff (p, ω). A detailed numerical analysis of the spectral
and nonlocal dependence of εeff (p, ω) and µeff (p, ω), for a variety of colloidal and granular systems, will be
presented elsewhere.
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Abstract

We consider the coherent reflection of light from a dilute polydisperse random system of particles. We focus
our attention on the effects of the variation of the size distribution function induced near a flat solid interface.
We also present a comparison of the theory with experimental results of the coherent reflectance of light in an
internal reflection configuration.

Introduction

The coherent reflection and transmission of light in random systems of particles is potentially a useful tool
to characterize highly scattering particles, colloids and composite materials. By coherent we mean the wave
corresponding to the average electromagnetic field which is obtained by averaging over all possible configurations
of the system (configurational average). The coherent transmission of electromagnetic waves through random
systems of particles has been studied by several authors since long ago [1]. More recently, the coherent reflection
of an electromagnetic wave from a half space of randomly located particles has been studied using a very intuitive
approach [3], which turned out to be closely related to the so called effective-field approximation [4] and valid only
for a dilute suspension of particles. We will call this approach the coherent-scattering model. For relatively dense
systems a more elaborate procedure, called the quasi-crystalline approximation [2], has been also developed.
This latter approximation is rather intensive numerically, and since we are exploring here the importance of
surface effects on the reflectance, we will restrict ourselves to dilute colloidal systems where the inversion of
experimental data can be easily done. We should also add that we have performed already experiments to
test and to validate the coherent-scattering model finding that it can reproduce well the experimental data [5].
However, when dealing with polydisperse systems of particles in the presence of a flat interface between the
matrix material and a homogeneous medium, the mere presence of the interface changes the density and size
distribution over a region of the order of the width of the size distribution function. This region of variable
density and size distribution may be called the surface region. In this paper we propose an iterative procedure
to take into account in the reflectance calculations the presence of the surface region and compare its effects with
the ones of a simpler approximation that we call the “sharp-surface” approximation. Finally, we also present a
comparison between reflectance calculations using the coherent-scattering model and experimental data of light
reflectance from a polydisperse colloidal suspension of latex particles, in an internal-reflection configuration.

Coherent Reflection Coefficient from a Polydisperse Random

System of Particles with a Flat Matrix Interface

In Refs.[3,5] we obtained an approximate model for the coherent reflection coefficient from a half-space (rhs)
of identical spherical particles randomly located within a homogeneous boundless matrix with a real refractive
index nm. For polydisperse random systems of particles with the same refractive index np, we must average
over the particle sizes. We get,

rhs =
β

i(keffz + kmz ) + α
(1)

where

keffz =
√

(kmz )2 − 2iαkmz + β2 − α2 (2)

α = − 2π

k3
m

∞∫

0

ρ(a)Sa(0)da and β = − 2π

k3
m

∞∫

0

ρ(a)Sa,j(π − 2θm)da (3)
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Here kmz = kmcos(θm) is the z-component of the incident wavevector, km = 2πnm/λ, θm is the angle of incidence,
and ρ(a)da is number density of particles with radii between a and a + da and is given by ρTn(a), where ρT
is the total number density of particles and n(a) is the dimensionless size distribution function. In the latter
expressions, the functions Sa are the components of the amplitude scattering matrix of an isolated particle of
radius a embedded within the matrix material, as defined in Ref. [6]. For the forward scattering amplitude we
have Sa(0) = Sa,1(θ = 0) = Sa,2(θ = 0); and for the scattering amplitude in the specular direction Sa,j(π−2θm)
we have that j = 1 or 2 for a TE or TM polarized incident wave, respectively. For a slab of the random system
of particles of width L, the coherent reflection and transmission coefficients can be shown to be given by the
well known formulas of continuum electromagnetics [3]. The expression in Eq. (1) is limited to dilute systems
of particles but it is valid for all angles of incidence.

Assuming that ρ(a) follows a log-normal distribution function, as it is usually the case,

ρ(a) =
ρT

a
√

2π lnσ
exp

(
− ln2(a/a0)

2 ln2 σ

)
(4)

where a0 is the most probable radius, and σ is the width parameter of the distribution. In the experiments,
however, the control is over the volume fraction occupied by the spheres. In this case, ρT in Eq. (4) is given

by, ρT =
(
3f
/
4πa3

0

)
exp[− 1

2 (3 lnσ)2].
In actual experiments, light is incident on the system of particles from a medium different from that of the

matrix. To model this situation we must introduce an additional interface in our model, namely that between
the incident medium of real refractive index n0 and the matrix. This can be done by using the well known
three media reflection formula taking into account that the center of all particles must lie at least one radius
away from the interface [3,5]. We must recall that the position of the particles is specified by the coordinates of
their centers. However, when dealing with a polydisperse colloid, we have that the density and size distribution
function must be different near the interface with respect to that of the bulk because smaller particles can
approach closer the interface than larger ones. Assuming there is no correlation between spheres but there is
an excluded-volume correlation between the spheres and the interface, we have,

ρ(a, z) = U(z − a)ρ(a) (5)

where U is the unit step function, that is, U(x) = 0 if x < 0 and U(x) = 1 if x > 0.

Figure 1: Illustration of the surface region and slab subdivision.

We may solve for the reflection coefficient of the random system of particles with a variable size distribution
near the surface with an iterative procedure. First, let us consider a thin slab of particles from z = 0 to z = ∆z
located at an infinitesimal distance, δ, in front of a uniform random half-space that occupies the space from
z = ∆z + δ to z = ∞. At this point we suppose there is no matrix interface. Let us consider that a linearly

polarized plane wave,
−→
E+
m = E0 exp(i

−→
k m+ · −→r )ê+m, is incident at an angle θm. The reflected coherent wave can

be expressed as
−→
E−
m = r1E0 exp(i

−→
k m− · −→r )ê−m where r1 is the coherent reflection coefficient of the random slab

/ half-space. The subscript ‘1’ stands for slab ‘one’. The coherent electric field at the gap in-between the slab
and the uniform half-space consist of a right and a left propagating plane wave and is of the form,

−→
E g
m = E0

[
A exp(i

−→
k m+ · −→r ) +B exp(i

−→
k m− · −→r )

]
ê (6)
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where A and B are unknown complex coefficients. It is not difficult to show that the following relations hold,

A = t
(1)
l E0 +Br

(1)
l exp(−2ikmz ∆z), B = Ar0 exp(2ikmz ∆z), r1E0 = t

(1)
l B + r

(1)
l E0 (7)

where r
(1)
l and t

(1)
l are the coherent reflection and transmission coefficients of the slab of width ∆z, r0 ≡ r(0)hs

is the coherent reflection coefficient of the uniform half-space, and we let δ → 0. rl and tl are of the form [3],

r
(1)
l =

r
(1)
hs [1− exp(2ik

eff(1)
z ∆z)][

1−
(
r
(1)
hs

)2

exp(2ik
eff(1)
z ∆z)

] and t
(1)
l =

[
1−

(
r
(1)
hs

)2
]

exp
[
i
(
k
eff(1)
z − kmz

)
∆z
]

[
1−

(
r
(1)
hs

)2

exp(2ik
eff(1)
z ∆z)

] (8)

where r
(1)
hs and k

eff(1)
z are the coherent reflection coefficient of a uniform half-space and the z component of the

effective propagation vector of a random system of particles of the same characteristics of the slab. Solving for
r1 from Eqs. (7) yields,

r1 =

(
t
(1)
l

)2

r0

1− r(1)l r0
exp(−2ikmz ∆z) + r

(1)
l (9)

We may add a second slab to the system and apply Eq. (9) again by changing on the right hand side r0 → r1,

r
(1)
l → r

(2)
l , and t

(1)
l → t

(2)
l , to obtain r2 on the left hand side. We may repeat the procedure N times to

model the surface region of the random system of particles. We can take N as large as necessary to model
accurately a continuous size distribution function and denote the result as rN . Now, we must introduce an
incident medium different than the matrix of the actual random system. Then, one can show that the reflection
coefficient r between the incident medium and the half-space matrix with randomly located colloidal particles,
can be written as,

r(θi) =
rm(θi) + rN (θm)

1 + rm(θi)rN (θm)
(10)

where rm is the Fresnel reflection coefficient of the incident medium - matrix interface, θi is the angle of incidence,
and θm is given by Snell’s law at the matrix interface: θm = sin−1 [(nm/n0) sin θi]. Note that rN takes account
of the effects of the surface region as it was described above. The iterative procedure proposed here to model
the surface region makes the numerical evaluation of the reflection coefficient rather slow. It is of interest to
see whether a simpler approximation, in which we evaluate the reflection coefficient of a polydisperse system of
particles using Eqs. (1)-(4), but considering the system of particles as monodispersed, with a particle radius
equal to the most probable radius a0. In this case we may simply displace the uniform half-space of particles
by ∆z = a0 and introduce the matrix interface at z = 0. The half space reflection coefficient acquires the
phase factor exp(2ikmz a0) and the compound reflection coefficient is given by Eq. (10) with rN replaced by

r
(0)
hs (θm) exp(2ikmz a0). We will refer to this approximation as the “sharp surface” (SS) approximation.

Numerical Results and Comparison with Experiment

We evaluate the coherent reflectance, R = |r(θi)|2 , of a polydisperse half-space of particles with a matrix
interface using the iterative procedure described above, as well as with the SS approximation. We compare
the SS approximation with the iterative formulation in two examples assuming that the volume fraction of the
particles, f , is small compared to one: (i) Highly scattering TiO2 (rutile) particles assuming a refractive index
of 2.8 and a0 = 112.5 nm, and (ii) large latex-particles with a0 = 233.5 nm and refractive index np = 1.48.
Both examples were analyzed in an internal reflection configuration (n0 > nm) and around the critical angle of
the incident-medium / matrix interface, where the contribution of the particles to the coherent reflectance is
expected to be largest. For the TiO2 particles, we found that the iterative method and the SS-approximation are
very close to each other for σ less than about 1.25. For larger values of σ the difference starts to be noticeable
and increases as σ increases. We found that using 10 slabs to model the surface region was sufficient for the
iterative method to converge. In Fig. 2a we show plots of the reflectance of a TM polarized wave for σ = 1.23
and 1.6 for for TiO2 particles. For the latex particles with np = 1.48, the difference was unnoticeable up to
σ = 2; suggesting that the surface effects are stronger the more efficient the particles scatters light. In Fig.
2b we compare theory with and experimental data obtained by reflecting a laser beam (λ = 633 nm) from a
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glass-colloid interface around the critical angle. In this case the colloid was a polydisperse suspension of latex
particles (np = 1.48) in water. The experimental setup and method are described elsewhere [5]. The particle size
distribution was previously characterized by dynamic light scattering measurements, obtaining a0 ≈ 233.5 nm
and σ ≈ 1.43. In Fig. 2b we adjusted f and nm to fit best the coherent-scattering model with the experimental
data. The adjusted values are within the experimental uncertainty. We can appreciate that although the volume
fraction of the particles in the colloid is rather large, the theory reproduces well the experimental data.

Figure 2: (a) The iterative method (ItM) versus the sharp surface (SS) approximation for TiO2 particles in
water for two different values of . (b) Comparison of the coherent-scattering model with experimental data with
latex particles in water. Parameters for each graph are shown in the inset.

Conclusion

When calculating the coherent reflectance of light from a dilute polydisperse colloid, if the width of the size
distribution function is in the order of the wavelength of radiation or smaller, a “sharp surface” approximation
using the most probable radius, is valid. We provide an example showing that the coherent-scattering model
reproduces well the experimental results.
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Improving the Fourier Modal Method for Crossed
Gratings with C4 Symmetry by Use of a Group-theoretic

Approach

Benfeng Bai and Lifeng Li
Tsinghua University, China

Abstract

Using a group-theoretic approach that we developed recently we reformulate the Fourier modal method
for crossed gratings with C4 symmetry, i.e. the two-dimensionally periodic structures that are invariant after
rotations about the normal of the grating plane through angles nπ/2 where n is any integer. With this approach
we decompose a crossed-grating problem in some Littrow mountings into four symmetrical basis problems whose
field distributions are the symmetry modes of the grating. Then the symmetrical basis problems are solved with
symmetry simplifications, whose solutions are superposed to get the field of the original problem. Theoretical
and numerical results show that the reformulation improves the computation efficiency effectively: the memory
occupation and time consumption are reduced to 1/4 and 1/16 of the original formulation, respectively; for
normal incidence, the time-saving ratio is further reduced to 1/32.

1. Introduction

The Fourier modal method (FMM) [1] is known as one of the simplest and most versatile numerical meth-
ods for solving diffraction problems of crossed gratings. However to date, like the other methods, it is too
time-consuming and memory-hungry to meet the increasing application demands because of the third-power
dependence of computation cost on the number of unknowns. Recently we established a group-theoretic ap-
proach [2] which utilizes the structural symmetry of the grating to reduce the number of unknowns in numerical
computation, thereby to improve the computation efficiency. As the first application of it, we have used this
approach to reformulate the FMM for crossed gratings with a two-fold rotation symmetry [3]. With the same
methodology of [3] we take up a more complex symmetry case in present work. The symmetry of the grating
pattern is described by point group C4 which consists of four elements: identity operation e that keeps the
pattern unchanged; rotations c14, c2 and c34 that rotate counterclockwise the pattern about the normal of the
pattern plane through angles π/2, π and 3π/2, respectively. A representative pattern with C4 symmetry is
shown in Fig. 1.

2. Statement of the Problem

A crossed-grating problem is depicted in Fig.2, where the grating layer is a slab embedded with square cross-
section pillars. The grating periods in x and y directions are both d and the width of the pillars is w. Strictly
speaking, this grating has a higher symmetry of group C4v which contains four more reflection operations [2].
However, for the convenience of treatment, we still take it as a C4 symmetry case at present.

The permittivities of the upper space and the substrate are ε+1 and ε−1, respectively; the grating layer has
a thickness h and its permittivity ε(x, y) is a piecewise-constant, z-independent function taking two values εa
and εb. A plane wave of amplitude a impinges on the grating with a polar angle θ, an azimuthal angle ϕ and
a polarization angle ψ. The unit vector p̂ is in the plane of incidence and ŝ is perpendicular to it, both being
orthogonal to the incident k vector. According to [2], such an incident mounting is denoted by S[θ, ϕ, ψ], which
in general does not possess the symmetry of the grating.

3. Problem Decomposition

According to the group-theoretic approach [2], a general problem should be firstly decomposed into a super-
position of several so-called symmetrical basis problems.

First of all, we apply the symmetry operations of C4{e, c14, c2, c34} on the original incident mounting S[θ, ϕ,
ψ], thereby get four new mountings S1[θ, ϕ, ψ], S2[θ, π/2 + ϕ, ψ], S3[θ, π + ϕ, ψ] and S4[θ, 3π/2 + ϕ, ψ] (in
fact, S1 is identical to S), whose amplitudes are denoted by a1, a2, a3 and a4, respectively. Define an amplitude
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Figure 1: A plane periodic pattern with C4 symme-
try. The periods of the pattern in its two principal
periodic directions are both d.

 

Figure 2: Schematic illustration of a crossed grating
with C4 symmetry under an asymmetric incidence.

vector a = (a1, a2, a3, a4), then the original problem is represented as a0 = (a, 0, 0, 0). Consulting a handbook
for point groups (e.g., [4]), we know that group C4 has four inequivalent irreducible representations all of which
are of order one, and their 1× 1 unitary matrices can be directly derived from the character table of group C4

[4]. Then with Eq. (11) of [2], the canonical basis vectors of the four-dimensional amplitude vector space are
constructed as

a[1] =
1

2
(1, 1, 1, 1), a[2] =

1

2
(1,−1, 1,−1), a[3] =

1

2
(1,−i,−1, i), a[4] =

1

2
(1, i,−1,−i) (1)

where i is the imaginary unit. a[j] gives the incident amplitude arrangement for the symmetrical basis problem
SPj. These new problems are special because their fields are the symmetry modes of the grating. So according
to Eqs. (14) and (15) of [2], we can decompose the field of the original problem into a superposition of four
symmetry modes:

E0(r) =
1

2
a[E[1](r) +E[2](r) +E[3](r) +E[4](r)] (2)

Furthermore, according to Eq. (9) of [2], we can derive the symmetry relations of the electromagnetic fields
in the symmetry modes as

M(g)E[j][M(g)−1r] = Tjj(g)E
[j](r) (j = 1, 2, 3, 4; g ∈ C4) (3)

where T (e) = I, T (c14) = 1⊕ −1⊕ i⊕−i, T (c2) = 1 ⊕ 1 ⊕−1⊕ −1, T (c34) = 1 ⊕−1⊕ −i⊕ i are the diagonal
canonical matrices; and

M(e) = I,M(c14) =

[
0 − 1
1 0

]
⊕ 1,M(c2) = −1⊕−1⊕ 1,M(c34) =

[
0 1
−1 0

]
⊕ 1

are the representation matrices of group C4 in the rectangular coordinate system. The symmetry relations of
the magnetic field can be derived just by replacing E by H in Eq. (3). Now we can solve the symmetrical basis
problems with symmetry simplifications.

4. Reformulated Fourier Modal Method

Since solving the four symmetrical basis problems are quite similar, we just take SP4 as an example in the
following derivation. In SP4, the incident amplitude vector is a[4] = 1

2 (1, i,−1,−i), meaning that there are four
incident waves at mountings S1, S2, S3 and S4 with amplitudes 1/2, i/2, −1/2 and −i/2, respectively. So in
the periodic region, the Floquet-Fourier expansions of the total electric field components are

E[4]
ρ (x, y, z) =

∑

m,n

E[4,1]
ρmn(z)exp[i(αmx+ βny)] +E

[4,2]
ρ(−n)m(z)exp[i(−βnx+ αmy)]

+ E
[4,3]
ρ(−m)(−n)(z)exp[i(−αmx− βny)] +E

[4,4]
ρn(−m)(z)exp[i(βnx− αmy)]

(4)
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Figure 3: Two cases of truncated reciprocal lattices with C4 symmetry. In each case a set of symmetrical points
are indicated by dashed circles.

where E
[4,j]
ρmn are the Fourier coefficients, the superscript [4, j] indicates the field excited by incident wave Sj

in SP4, αm = α0 + mK, βn = β0 + nK, K = 2π/d, α0 = k(+1) sin θ cosϕ, β0 = k(+1) sin θ sinϕ, k(+1) =
2π(ε+1µ)1/2/λ and λ is the vacuum wavelength.

The number of Fourier coefficients in Eq. (4) is four times of that in the original problem because three
additional incident waves are introduced. So in order to substantially reduce the number of unknowns the
four reciprocal lattices (αm, βn), (−βn, αm), (−αm,−βn) and (βn,−αm) should coincide with each other. This
requires the truncated reciprocal lattice of the original problem (αm, βn) to also have C4 symmetry. There are
no more than the two cases shown in Fig.3. Therefore, the incidence of the original problem should be at the
(−2s,−2t)th or (−2s−1,−2t−1)th Littrow mounting [i.e., α0 = sK, β0 = tK; or α0 = (s+ 1

2 )K, β0 = (t+ 1
2 )K],

where s and t are both integers. The truncation is represented as n ∈ [L−
2 , L

+
2 ] and m ∈ [L−

1 , L
+
1 ], where

L±
1 = ±N − s, L±

2 = ±N − t (N > 0) for case (a), and L−
1 = −N − s, L+

1 = N − s − 1, L−
2 = −N − t,

L+
2 = N − t− 1(N > 0) for case (b). The symmetry relations between the lattice points, e.g., in case (a), are

αm = −α−2s−m = βs−t+m = −β−s−t−m, βn = −β−2t−n = −α−s−t−n = α−s+t+n (5)

Without loss of generality, we only consider the incident case (a) in the following. Substituting Eq. (5) into
Eq. (4) and making the corresponding truncation, we have

E[4]
ρ (x, y, z) =

L+
1∑

m=L−

1

L+
2∑

n=L−

2

E[4]
ρmn(z)exp[i(αmx+ βny)] (6)

where E
[4]
ρmn(z) ≡ E[4,1]

ρmn(z)+E
[4,2]
ρ(s+t+m)(−s+t+n)(z)+E

[4,3]
ρ(2s+m)(2t+n)(z)+E

[4,4]
ρ(s−t+m)(s+t+n)(z) are the new Fourier

coefficients. According to the symmetry relation of Eq. (3), we can derive the symmetry relations among the
new coefficients:

u[4]
xmn(z) = −iu[4]

y(−s+t+n)(−s−t−m)(z) = u
[4]
x(−2s−m)(−2t−n)(z) = −iu[4]

y(−s−t−n)(s−t+m)(z),

u[4]
ymn(z) = iu

[4]
x(−s+t+n)(−s−t−m)(z) = u

[4]
y(−2s−m)(−2t−n)(z) = iu

[4]
x(−s−t−n)(s−t+m)(z)

(7)

where u stands for E or H .
Now we can use the symmetry relations of Eq. (7) to reformulate the FMM [1] so as to reduce the number

of unknowns. For example, the reduced eigenvalue equation is

(FG− µk2
0γ

2)

[
Ẽ

[4]
xj

Ẽ
[4]
yj

]
= 0 (8)
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where the column vector Ẽ
[4]
ρ , constructed by concatenating the columns of the field amplitude matrix [E

[4]
ρmn],

takes only the terms with m ∈ [−s + 1, N − s], n ∈ [−t,N − t] and the term (−s,−t) as its components.

Thus with symmetry consideration, the order of Ẽ
[4]
ρ is reduced from (2N+1)2 to N2 +N+1. Accordingly, the

matrices F and G are

F =

[
Ũ11(i, j) µk2

0δij + Ũ12(i, j)

−µk2
0δij + Ũ21(i, j) Ũ22(i, j)

]
, G =

[
−αiβiδij + Ṽ11(i, j) α2

i δij + Ṽ12(i, j)

−β2
i δij + Ṽ21(i, j) αiβiδij + Ṽ22(i, j)

]
(9)

where





Ũ11(i, j) = U11(i, j) + U11(i, j2) + iU12(i, j1) + iU12(i, j3)

Ũ12(i, j) = U12(i, j)− iU11(i, j1)− iU11(i, j3) + U12(i, j2)

Ũ21(i, j) = U21(i, j) + U21(i, j2) + iU22(i, j1) + iU22(i, j3)

Ũ22(i, j) = U22(i, j)− iU21(i, j1)− iU21(i, j3) + U22(i, j2)

,





Ṽ11(i, j) = iV12(i, j1) + iV12(i, j3)

Ṽ12(i, j) = V12(i, j) + V12(i, j2)

Ṽ21(i, j) = V21(i, j) + V21(i, j2)

Ṽ22(i, j) = −iV21(i, j1)− iV21(i, j3)

(10)

U11(i, j) = αi [[ε]]
−1
ij βj, U12(i, j) = −αi [[ε]]−1

ij αj , U21(i, j) = βi [[ε]]
−1
ij βj , U22(i, j) = −βi [[ε]]−1

ij αj , V12(i, j) =

−µk2
0 ⌈⌊ε⌋⌉ij , V21(i, j) = µk2

0 ⌊⌈ε⌉⌋ij ; i and j are the row and column indices for each sub-matrix of F and G;
j1, j2 and j3 correspond to (−s+ t+n,−s− t−m), (−2s−m,−2t−n) and (−s− t−n, s− t+m), respectively,
when j corresponds to (m, n). An exception is that when j corresponds to (−s,−t), Wσρ(i, jn) (W = U ,V ;
n = 1, 2, 3) do not appear in Eq. (10). The other notations in above equations have the same meanings as those
in [1].

After solving the four symmetrical basis problems, we can get the solution of the original problem with Eq.
(2). In the new FMM, the number of unknowns is reduced to 1/4, meaning that the memory occupation is
saved by 3/4 and the total computation time is reduced to 4 × 1/64 = 1/16 of the old FMM. For the normal
incidence, the time can be further reduced to 1/32 because only SP3 and SP4 are excited and need to be solved.

5. Numerical Example

We used the reformulated FMM to solve a crossed-grating problem with the structure as depicted in Fig.2.
The grating parameters are ε+1 = εb = 1, ε−1 = 2.25, εa = (1.0 + i5.0)2, d = 3λ and h = w = λ. The grating
is at the (−4,−2)th Littrow mounting, i.e., θ = 48.190⋄ and ϕ = 26.565⋄. The polarization angle is arbitrarily
selected as ψ = 30⋄.

 

Figure 4: Diffraction efficiencies of three reflected
orders computed by NA and OA.

 

Figure 5: Computation-time comparison of NA and
OA.

Figure 4 gives the convergence of three reflected orders computed by both the new and old algorithms
(denoted by NA and OA). It is shown that NA has the same results as OA, but increases the maximum adoptable
truncation number for 4 times and achieves better convergence. The computation times of two algorithms are
given in Fig.5. Obviously, NA is more efficient than OA and their time ratio tends to 1/15.7 with increase of
truncation number. Furthermore, we consider a normal incident case with ψ = 47⋄. The grating parameters
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remain the same as above except for d = 2.5λ and the computation is performed with truncation number equal
to 625. By solving only SP3 and SP4, we still get the same results as OA, but the total computation times
consumed by NA and OA are 81 and 1911s, respectively, both including 22s for computing the Toeplitz matrices
of permittivity function in the grating layer. If we exclude this part of time, then the time ratio of NA to OA
is 1/32 which agrees very well with the theoretical prediction.

Conclusion

The FMM for crossed gratings with C4 symmetry has been reformulated by use of a group-theoretic approach.
The reformulation reduces the memory occupation and time consumption by factors of 4 and 16, respectively,
provided that the grating is at some Littrow mountings. For normal incidences, the time ratio is further reduced
to 1/32.
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Abstract

Yasuura’s mode-matching method is employed in the investigation of plasmon resonance-absorption in a
metal grating with a gold over-coating and the results are compared with experimental data. Enhancement
of TM-TE mode conversion accompanying the plasmon resonance-absorption is examined. When a TM wave
is incident on a metal grating, enhanced TM-TE mode conversion occurs at angles of incidence at which the
surface plasmons are excited. The strength of the mode conversion depends strongly on the azimuth angle of
the mounting. This is verified by experiment and an application for refractive-index measurement is suggested.

Introduction

A metal grating has an interesting property known as the resonance absorption [1] : partial or total absorption
of incident light occurs in TM incidence (p polarization). This is related to excitation of surface plasmons and
an abrupt change of efficiency caused by the excitation is termed the resonance anomaly.[1, 2, 3]

For a grating placed in planar (or classical) mounting (the plane of incidence is perpendicular to the grooves)
this phenomenon can be seen in TM incidence alone. While in conical mounting (the plane of incidence is not
perpendicular to the grooves) the absorption is observed in both TM and TE incidence; and the absorption is
accompanied by enhanced TM-TE mode conversion[4, 5]. Although the mode conversion always occurs in conical
mounting, it is enhanced by the excitation of surface plasmons. A ratio of the reflection efficiency (ρTE

0 /ρTM
0 ),

which will be defined later, is a practical measure in finding a resonance angle: the angle of incidence at which
the absorption occurs.

Formulation and Method of Solution

In this section we first formulate the problem of diffraction by an aluminum (Al) grating with a gold (Au)
over-coating. We then explain briefly the method of solution: Yasuura’s mode-matching method[6].
Diffraction problem

Figure 1 shows the schematic representation of diffraction by the grating. The grating is uniform in the Y
direction and is periodic in X. The surface profiles are given by

S1 : z1 = η1(x) = h sin(2πx/d), S2 : z2 = η2(x) = η1(x) − e (1)

where h and d are the half depth (amplitude) and the period of the grating and e denotes the thickness of
the Au layer. Note that the small letters (x, y, z) denote a point on the surfaces. The surfaces separate the
whole space into three regions: V1[Z > η1(X)](free space region), V2[η1(X) < Z < η2(X)](Au region), and
V3[Z < η2(X)](Al region). We assume that: V1 is vacuum and that V2 and V3, respectively, are filled with Au
and Al having complex-valued refractive indices n2 and n3. The electric and magnetic field of an incident light
is given by. (

Ei

Hi

)
(P) =

(
ei

hi

)
exp(iki · P − iwt) (2)

with hi = (1/ωµ0)k
i × ei. Here, P is an observation point whose position vector is P = (X,Y, Z), ei and

hi are the electric- and magnetic-field amplitude, and ki is the incident wave-vector ki = (α, β,−γ) with
α = n1k

i sin θ cosφ,β = n1k
i sin θ sinφ, γ = n1k

i cos θ, and ki = 2π/λ. As shown in Fig.1, θ is the polar angle
between the Z axis and the incident wave vector ki, and φ is the azimuthal angle between the X axis and the
plane of incidence, i.e., a plane spanned by ki and a unit vector in the Z-direction.

When the azimuthal angle φ = 0◦, the incident lihgt comes from a direction orthogonal to the grooves and
diffracted waves propagate in directions in the plane of incidence. This arrangement is called planar(or classical)
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Figure 1: Schematic representation of diffraction by
an Al grating with a thin Au over-coating.

Figure 2: Definition of the polarision angle.

mounting.While if φ = 0◦ as in Fig.1, the directions lie on a come centered at the origin. This is termed conical
mounting.

Let us decompose the electric amplitude of the incident light ei into a transverse-electric (TE) and a
transverse-magnetic (TM) component, where TE (or TM) means the absence of Z component of the rele-
vant electric (or magnetic) field. To do this, we first define two unit vectors that span a plane orthogonal to ki

taking into account that ei is on that plane:

eTE = (sinφ,− cosφ, 0), eTM = (cos θ cosφ, cos θ sinφ, sin θ) (3)

Apparently, eTE has no Z component. The fact that the magnetic field accompanying eTM cannot have any Z
component can be seen by direct manipulation. In addition, they are perpendicular to each other; and both of
them make a right angle with ki. Hence, eTE and eTM are the unit vectors in the direction of the TE- and the
TM-component in the sense above. The electric field amplitude is decomposed as

ei = cos δeTE + sin δeTM (4)

where δ is the angle between eTE and ei(See Fig 2) and is termed a ploarization angle. In particular, δ = 0◦ and
δ = 90◦ stand for TE and TM incidence, respcetively. Thus, the incident light is specified by the wavelength λ,
the polar angle θ, the azimuthal angle φ, and the polarization angle δ. The time factor exp(−iwt) is suppressed
hereafter.

We denote by Edj (P) and Hd
j (P) the diffracted electric and magnetic fields in Vj (j = 1, 2, 3). Note that

they consist of the TE- and TM-components and should satisfy the following conditions:
1. Helmholtz’s equations in each region;
2. A radiation condition in the Z direction that the diffracted fields in V1 (or in V3) propagate or attenuate

in the positive (or negative) Z direction;
3. A periodicity conition that f(X + d, Y, Z) = eiadf(X,Y, Z) (f : any component of Edj (P ) or Hd

j (P ));
4. Boundary conditions that the tangential components of the electric and magnetic fields are continuous

across the boundaries S1 and S2.
In the next subsection we describe the method of solution for evaluating the diffracted fields.

Yasuura’s method
Because the diffracted fields have both the TE- and TM-components, we need TE and TM vector modal

functions to construct solutions. They are derived from the Floquet modes (separated solutions of scalar
Helmholtz’s equations satisfying the periodicity and the radiation condition) and are given by

ϕTE

jn (P) = eTE

jn exp(ikjn · P ), with eTE

jn = kjn× iZ/|kjn × iZ |, (5)

ϕTM

jn (P) = eTM

jn exp(ikjn ·P ), with eTM

jn = eTE

jn × kjn/|eTE

jn × kjn|, (6)

n = 0,±1,±2, . . . (P ∈ Vj ; j = 1, 2, 3)

Here, iZ is a unit vector in the Z-direction and

k1n = (αn, β, γ1n),k2n = (an, β,∓γ2n),k3n = (αn, β,−γ3n) (7)

are the wave vectors of the nth order diffracted modes in Vj with
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αn = α+
2nπ

d
, γ2
jn = (njk)

2 − (α2
n + β2),Re(γjn) ≥ 0, Im(γjn) ≥ 0 (8)

Note that ϕTE
jn and ϕTM

jn modal functions will be employed in constructing approximations for the diffracted
electric fields. For magnetic fields we define alternative sets of modal functions

ψ
q
jn(P) =

1

ωµ0
kjn ×ϕqjn (q = TE,TM; j = 1, 2, 3) (9)

which are obtained from ψ
q
jn through Maxwell’s equations. Note further that the modal functions in V1 are

up-going plane waves while those in V3 are down-going. The modal functions in V2, however, should include both
up- and down-going waves. To distinguish the traveling direction of a modal function in V2 we use superscripts
+ and - . representing up- and down-going waves.

We form approximations for the diffracted electric and magnetic fields in terms of linear combinations of the
TE and TM vector modal functions:(

Ed
1N

Hd
1N

)
(P) =

N∑

n=−N
ATE

1n (N)

(
ψTE

1n

ψTE

1n

)
(P) +

N∑

n=−N
ATM

1n (N)

(
ψTM

1n

ψTM

1n

)
(P) (10)

(
Ed

2N

Hd
2N

)
(P) =

N∑

n=−N
ATE−

2n (N)

(
ψTE−

2n

ψTE−
2n

)
(P) +

N∑

n=−N
ATM−

2n (N)

(
ψTM−

2n

ψTM−
2n

)
(P)

+

N∑

n=−N
ATE+

2n (N)

(
ψTE+

2n

ψTE+
2n

)
(P) +

N∑

n=−N
ATM+

2n (N)

(
ψTM+

2n

ψTM+
2n

)
(P)

(11)

(
Ed

3N

Hd
3N

)
(P) =

N∑

n=−N
ATE

3n (N)

(
ψTE

3n

ψTE

3n

)
(P) +

N∑

n=−N
ATM

3n (N)

(
ψTM

3n

ψTM

3n

)
(P) (12)

Here, N is a truncation size and the notation Aqjn(N), (q = TE,TM) means that the Aqjn coefficients depend
on N .

In the Yasuura’s method, the unknown coefficients Aqjn(N) are determined so that the approximate solutions
satisfy the boundary conditions in the sense of least-squares. That is, we find the coefficients that minimize the
quadratic form

IN =

∫

s10

|ν × [Ed
1N +Ei −Ed

2N ](s)|2ds+

∫

S20

|ν × [Ed
2N −Ed

3N ](S)|2ds

+W 2

∫

S10

|ν × [Hd
1N +H i −Hd

2N ](S)|2ds+W 2

∫

S20

|ν × [Hd
2N −Hd

3N (S)|2ds
(13)

where S10 and S20 denote one period of the upper and the lower surface, ν is a unit normal vector to the surfaces,
and W is an intrinsic impedance of vacuum. The numerical technique for solving the least-squares problem on
a computer, i.e., the method of discretization and the method of solution for the discretized problem has been
described in the literature [7]. Here, we explain the outline of the technique: First, we discretize the quadratic
form IN by the trapezoidal rule to have a discretized least-squares problem where number of divisions should
be J = 2(2N + 1), i.e., twice as many as the number of modal functions. We then solve the discretized problem
by an orthogonal decomposition method [7] such as the QR decomposition or the singular-value decomposition.

Numerical Results and Comparison with Experimental Data

In this section, we show numerical results obtained by the Yasuura’s mode-matching method and compare
the results with experimental data. In particular, we focus our attention on the resonance absorption and
investigate the phenomenon in detail.

In the following examples we set 2h = 0.061 µm, d = 0.556 µm and e = 0.044 µm, which are the parameters
of the grating used in experiment. As an incident light we choose a TM monochromatic plane wave whose
wavelength is λ = 0.660µm. The refractive indices of Au and Al at this wavelength are given by n2 = 0.1355 +
i3.4679 and n3 = 1.3517 + i7.1150[8].

We define the efficiency of the zeroth-order diffracted mode in V1 as the per period power carried away by

the zeroth mode normalized by the per period incident power: ρ0 = ρTE
0 + ρTM

0 , where ρTE
0 = (γ0/γ)|ATE

0 |
2

is
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Figure 4: Typical absorption in planar mounting (φ = 0◦)

a: Numerical results b: Experimental data

Figure 5: ρ, ρTE
0 and ρTM

0 as functions of θ(φ = 30◦)

the efficiency of the zeroth-order TM mode, and ρTM
0 = (γ0/γ)|ATM

0 |2 is the efficiency of the zeroth-order TM
mode.

Now, we show some results obtained in planer and conical mounting. Numerical results will be compared
with experimental data.

The first example shown in Fig.4 illustrates a typical plasmon-resonance absorption in planer mounting. The
solid curve represents numerical result in which we employed 63 model functions: we set N=10 in equations
10-12, and, hence, the numbers of modal functions in V1 and V3 are 21; and that in V2 is 42. The broken curve
shows experinental data. We observe good agreenent between numerical and experimental results. The dip
in the zeroth order efficiency at θ = 8.2◦(resonance angle) corresponds to the absorption. While the peak at
θ = 10.6◦ shows the cut-off of the -lst-order space harmonic.

The next illustration, Fig.5, is an example of the absorption in conical mounting. We set φ = 30◦ and
obtained the zeroth-order efficiency ρ0 and its TM- and TE-component as functions of θ. The solid curves
in Fig.5(a) show numerical results and the dots in Fig.5(b) represent the experimental data. In numerical
computation we employed 168 model functions in total (We set N=10, which is the same as in Fig.4. However ,
the total number increases because we need TE model functions in addition to the TM functions). We observe
in these figures partial absorption of incident light as the dips at θ = 9.6◦. It appears that the absorption is
not so strong as in the planer-mounting case. We ,however, notice the strong TM-TE mode conversion: at the
resonance angle ρTM

0 almost vanishes and ρTE
0 is dominant in ρ0.

Because the absorption is caused by the excitation of a surface wave, the resonance angle is a sensitive function
of the refractive index of a material in V1, which has been assumed to be vacuum in the above discussion. This
suggests that the resonance absorption can be used for an index sensor. To examine this possibility we vary
n1 = 1.348 through 1.449 and show the numerical results in Fig.6(a). Here ,the material in V1 is assumed to be
solution of glycerin (glycerin+ aq) whose indes is given by n1 = 1.348(10% glycerin), 1.356(20%), 1.384(40%),
1.400(50%), and 1.499(100%). Fig.6(b) represents the experimental results in which we observe good agreement
between numerical and experimental results.
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a: Numerical results b: Experimental data
Figure 6: Comparison of the ratio ρTE

0 /ρTM
0 obtained by experiment with the numerical results (φ = 30◦)

Conclusion

Enhanced TM-TE mode conversion caused by excitation of plasmons on a metal grating placed in conical
mounting has been examined numerically and results have compared with experimental data. The azimuthal
angle φ has large influence on the location an strength of the resonance absorption. The ratio of diffraction
efficiency ρTE

0 /ρTM
0 seems to be a good measure in finding the refractive index because the resonance angle is

sensitive to the indexs. Because the resolution of the angle is about 0.1 degree in our prototype experiment, the
accuracy of the refractive index is four-digits. Five or six digits accuracy may be expected provided that the
experiment can be made with 0.01 degree resolution and that five digits of metal indices are available.
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Abstract

We investigate resonance absorption of incident light energy in a multilayered grating, which is a stack of
metal and dielectric films periodically corrugated in one direction. The absorption is associated with two kinds
of resonant scattering in a multilayered structure: excitation of coupled surface plasmons on a thin metal film
and resonance of electromagnetic fields in a dielectric film (or slab) embedded in a thin metal film. Results of
numerical computation confirm the presence of the resonant scattering and show interesting behaviors in the
absorption phenomenon.

1. Introduction

A multilayered grating, i.e., a stack of periodically corrugated metal and dielectric films, has an interesting
property known as the resonance absorption[1], which causes strong absorption of incident light energy in
addition to the constant absorption corresponding to the reflectivity of metal. The resonance absorption in
a multilayered grating has been of considerable interest since we can expect much complex behaviors in the
resonant phenomenon by virtue of the presence of layered structure.

In this paper we investigate the resonace absorption in a multilayered grating by analysing diffraction of
light from the grating. We employ Yasuura’s modal expansion method[2] in solving the diffraction problem.
Focusing our attention on the excitation of surface plasmons, we first investigate the resonance absorption
in a sinusoidal silver film grating (i.e., vacuum-silver-vacuum). It is known[3] that if the metal film is thin,
simultaneous excitation of surface plasmons occurs on both surfaces of the film; the plasmons interfere each
other and produce two coupled plasmon modes, a short-range surface plasmon (SRSP) and a long-range surface
plasmon (LRSP). We confirm the excitation of coupled plasmon modes in a sinusoidal silver film grating[4]. Next
we show the results for a multilayered structure, vacuum-silver-SiO2-silver-vacuum, and observe the resonance
of electromagnetic fields inside an SiO2 film embedded in a silver film.

2. Conical Diffraction of Plane-wave from a Multilayered Grating

θ

φ
X

Y

H
i

E
i

k
i

Z

V1

V2

VL+1

SL

S1

Incident light

V

Figure 1: A multilayered grating and coordi-
nate system.

In this section, we first formulate the problem of plane-wave
diffraction by a multilayered grating placed in conical mount-
ing where the plane of incidence is not perpendicular to the
grooves. Then we briefly describe the numerical algorithm based
on Yasuura’s method for solving the problem. The time factor
exp(−iωt) is suppressed.

In Fig.1 we show the structure of a multilayered grating and
coordinate system. The grating consists of a stack of (L−1) thin
films periodically corrugated in the X -direction. The incident
and transmitted region are denoted by V1 and VL+1, respec-
tively. Each region inside the multilayer is numbered starting
from the incidence side and is labeled by Vℓ(ℓ = 2, 3, · · · , L).
The regions Vℓ(ℓ = 1, 2, · · · , L, L + 1) are filled with isotropic
and homogeneous media with relative refractive indices nℓ. The
permeability of all the regions Vℓ is assumed to be equal to that
of vacuum, µ0.

The interface between Vℓ and Vℓ+1 is signified by Sℓ(ℓ =
1, 2, · · · , L) and a point on the interface Sℓ is denoted by
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Sℓ(x, y, z). We assume that all the interfaces Sℓ are periodic in the x -direction with a common period d
and uniform in the y-direction. Thus the profile of Sℓ is given by a periodic function of x

z = ηℓ(x) (ℓ = 1, 2, · · · , L). (1)

The incident field is given by

(
Ei

Hi

)
(P ) =

(
ei

hi

)
exp(iki ·P). (2)

Here, P is the position vector for an observation point P (X,Y, Z), ki is the wavevector of the incident wave,
and hi = (1/ωµ0)k

i × ei. If we denote by k(= 2π/λ) the wavenumber in vacuum, and the polar angle and
azimuthal angle by θ and φ, respectively, the wavevector is given by ki = [α, β,−γ] with α = n1ksinθ cosφ,
β = n1k sin θ sinφ, and γ = n1k cosφ.

We denote the diffracted electric and magnetic fields in the region Vℓ(ℓ = 1, 2, · · · , L, L+ 1) by Ed
ℓ (P ) and

Hd
ℓ (P ) when the incident wave Eq.(2) is illuminated on the grating. We here explain a numerical algorithm of

Yasuura’s method for finding the diffracted fields briefly. In conical diffraction of planewave, the diffracted fields
are decomposed into a TE and a TM component which mean the absence of a Z-component in the relevant
electric and magnetic field. We therefore introduce the TE and TM vector modal function defined by

ϕTE±
ℓm (P ) = eTE±

ℓm exp(ik±
ℓm · P ) with eTE±

ℓm = k±
ℓm × iZ/|k±

ℓm × iZ | and (3)

ϕTM±
ℓm (P ) = eTM±

ℓm exp(ik±
ℓm · P ) with eTM±

ℓm = eTE
jm × k±

ℓm/|eTE
jm × k±

ℓm| (4)

m = 0,±1,±2, · · · (P ∈ Vℓ; ℓ = 1, 2, · · · , L+ 1).

Here, iZ is a unit vector in the Z -direction, and k±
ℓm is the wavevector of the mth-order diffracted wave

k±
ℓm = [αm, β,±γm] withαm = α+

2mπ

d
, γ2
ℓm = (nℓk)

2 − (α2
m + β2

m), Re(γℓm) ≥ 0, Im(γℓm) ≥ 0. (5)

Note that superscripts + and - respectively, represent up- and down-going waves that travel in the positive and
negative Z-direction.

In terms of linear combinations of the vector modal functions, we form approximate solutions for the
diffracted electric and magnetic fields in Vℓ:

(
Ed
ℓN

Hd
ℓN

)
(P ) =

N∑
m=−N

ATE+
ℓm (N)

(
ϕTE+
ℓm

ψTE+
ℓm

)
(P ) +

N∑
m=−N

ATM+
ℓm (N)

(
ϕTM+
ℓm

ψTM+
ℓm

)
(P )

+
N∑

m=−N
ATE−
ℓm (N)

(
ϕTE−
ℓm

ψTE−
ℓm

)
(P ) +

N∑
m=−N

ATM−
ℓm (N)

(
ϕTM−
ℓm

ψTM−
ℓm

)
(P ).

(6)

Here, ψTE,TM±
ℓm = 1

ωµ0
kℓm × ϕTE,TM±

ℓm , ATE−
1m (N) = ATM −

1m (N) = 0 and ATE+
L+1m(N) = ATM+

L+1m(N) = 0. In
Yasuura’s method, the unknown coefficients are determined so that the solutions approximately satisfy the
boundary conditions at each interface in the sense of weighted least-squares. Computational implementation of
the least-squares problem are detailed in the literature[5]. The power reflection and transmission coefficient of
the mth-order propagating mode in V1 and VL+1 are given by

ρm = γ1m

γ |ATE+
1m |2 + γ1m

γ |ATM+
1m |2 Re(γ1m) ≥ 0 (7)

τm = γL+1m

γ |ATE−
L+1m|2 + γ1m

γ |ATM−
L+1m|2 Re(γL+1m) ≥ 0. (8)
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3. Resonance Scattering in a Multilayered Grating

Employing the algorithm based on Yasuura’s method we investigate plasmon-resonance absorption of light
in a thin film grating made of silver. We then show the results for a multilayered grating that consists of a stack
of sinusoidal silver and SiO2 films pairs.
3.1 Plasmon-resonance absorption in a sinusoidal silver film grating

We consider a sinusoidally corrugated thin silver film whose profiles are given by

η1(x) = (h/2)sin(2πx/d) and η2(x) = η1(x) − e (9)

with e being a thickness of the film. The corrugation depth and the period is fixed as h = 0.03µm and
d = 0.556µm. The wavelength of incident light is chosen as λ = 0.65µm. We take the complex refractive index
of silver at this wavelength as n2 = 0.07 + i4.2. A sinusoidal film grating is indicated by V/Ag/V that means a
sinusoidal thin silver film sandwiched in vacuum.
(a) Plasmon-resonance absorption

Figure 2 shows the normalized power carried away by the 0th-order reflected and transmitted mode, (a)ρ0

and (b)τ0, and the extinction power (c) Abs = 1− ρ0 − τ0 as functions of a polar angle θ. The azimuthal angle
is fixed as φ = 30◦ and the incident wave is in the TM incidence in which the incident magnetic field Hi is
perpendicular to the plane of incidence. The thickness takes the value e/d = 0.08 and 0.4 as a parameter.

Figure 2: The power reflection and transmission coefficient as functions of θ.

In Fig.2(a) we observe the decrement of the reflected power as a dip of ρ0 for e/d = 0.4 and as two dips for
e/d = 0.08. For convenience, the three dips are labeled by A(θ = 8.80◦), B(7.62◦), and C(10.40◦), as shown
in the figure. In Fig. 2(b), while the transmitted power is negligiblely small in V3 when the grating is thick
(e/d = 0.4), we find the increment of the transmitted power for the thin grating (e/d = 0.08) at the angles of
incidence corresponding to dips B and C. Figure 2(c) shows the extinction power absorbed in the grating. In
the figure we confirm the partial absorption of incident light at dips A, B and C, in addition to the constant
absorption corresponding to the reflectivity of silver. We assume[3] that the absorptions A, B and C, are caused
by excitation of the three types of plasmon modes: a single interface surface plasmon (SISP), a short- and a
long-range surface plasmon (SRSP and LRSP), respectively. In this paper, we focus our attention on coupled
surface plasmon modes, SRSP and LRSP. We, hence, investigate the absorptions B and C which are observed
at the angle of incidence θ = 7.62o and θ = 10.40o in Figure 2.
(b) Coupled surface plasmons

We here show that the incident light couples with SRSP and LRSP via the TM component of the -1st-order
evanescent mode generated by the grating when the absorption B or C occurs. We examine the expansion
coefficients ATM+

1−1 and (b)ATM+
3−1 of the -1st-order TM vector modal functions in V1 and V3. Fig.3 illustrates

the expansion coefficients (a) ATM+
1−1 and (b)ATM+

3−1 as functions of θ for e/d = 0.08. Other parameters are the
same as in Fig.2. In Fig.3 we find the resonance characteristics (enhancement of amplitude and rapid change
in phase) in both ATM+

1−1 and ATM+
3−1 at θ = 7.62oand10.40o. Note that ATM+

1−1 is similar to −ATM+
3−1 near dip B

while ATM+
1−1 is close to −ATM+

3−1 at dip C. This means that the TM component of the -1st-order evanescent mode
couples with surface plasmons simulatenously excitated on the upper and the lower surface of the film grating.
The two surface plasmons interfere with each other and result in symmetric and antisymmetric coupled-modes,
SRSP and LRSP, as we will see next.

We investigate field distribution of the X - and Z -component of the total electric field EX and EZ in the
vicinity of the grating surfaces. In Figures 4(a) and (b) we plot the magnitude of EX and EZ along the Z-axis
at θ = 7.62o (B) and θ = 10.40◦ (C), respectively. In these figures the ordinate shows the distance in the
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Figure 3: Expansion coefficients for SRSP and LRSP.

Figure 4: Field distribution of coupled surface plasmon modes.

Z -direction normalized by the wavelength and the parallel broken lines correspond to the grating surfaces. In
Fig.4, EZ is enhanced at both the upper and lower surface of the grating and exponentially decays away from
each surface. We thus observe the simultaneous excitation of surface plasmons at the surfaces. We further
find that the distribution of EZ is antisymmetric with respect to the midplane of the metal film while EX
is symmetric. This implies that surface charges, which are observed as discontinuities of EZ at the surfaces,
are symmetric with respect to the midplane of the film. The oscillation of surface charges with symmetric
distributions results in the ω− mode of coupled surface plasmons[3], i.e., the SRSP. We hence suggest that the
coupled surface plasmons mode excited at θ = 7.62◦ (B) is the SRSP. On the contrary, as shown in Fig.4(b) the
field distributions at θ = 10.40o (C) show the feature of the LRSP: EZ and EX are symmetric and antisymmetric
with respect to the midplane. It is known that surface charges having antisymmetric distributions produce the
ω+ coupled mode, the LRSP.
3.2 Resonance absorption in a multilayered sinusoidal grating

We consider a multilayered grating indicated in L = 4(V/Ag/SiO2/Ag/V) that consists of a stack of silver
and SiO2 films pairs. All the interfaces of the films have a common sinusoidal profile with a corrugation depth
h and a period d, and thicknesses of the silver and SiO2 film are denoted by eAg and eSiO2

.
We investigate influence of the thickness of the SiO2 film on resonance absorption. Figure 5 shows the total

power ρtotal = ρ0 + τ0 as functions of θ for three different values of eSiO2
= d. As listed on the figure, values of

parameters are the same as those of Fig. 2 except for L = 4. The curve for eSiO2
/d = 0.35 is almost same as in a

sinusoidal silver film grating (Fig. 2(a)): Coupled surface plasmon modes, SRSP and LRSP, are excited. On the
other hand, in the curve of eSiO2

/d = 0.300 or 0.305 we find a new type of absorption of incident light, besides
plasmon resonance absorption associated with SRSP or LRSP. The absorption is characterized by occurrence
over a wider range of θ. For example, in case of eSiO2

/d = 0.305 the extinction power is more than 50% for all
the angles of incidence θ ranging from 0◦ to 16◦.

In order to examine properties of the wide absorption founded in Fig. 5, we investigate filed distributions of
the total electric field Etotal and the TM component of the 0th-order diffracted electric field ETM

ℓ0 in the vicinity
of the SiO2 film. The magnitude of Etotal and ETM

ℓ0 (ℓ = 1, 2, · · · , 5) along the Z-axis are plotted in Fig.6 where
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Figure 5: ρtotal as functions of θ in a multilayered
sinusoidal grating.

Figure 6: Standing wave pattern of the electric filed
in the SiO2 film.

θ = 0o and eSiO2
/d = 0.305. We observe in the figure that the field distribution of Etotal inside the SiO2 film

indicates the standing wave pattern corresponding to the normal mode of a one dimensional cavity resonator.
and that the distribution is almost close to that of ETM

30 . We, hence, conclude that a wide absorption observed
in a multilayered grating V/Ag/SiO2/Ag/V is associated with the resonance of the 0th-order diffracted wave
ETM

30 in the SiO2 film sandwiched by a sinusoidal silver film grating.

4. Conclusion

We have described resonance absorption of incident light energy in a multilayered grating. Numerical results
presented here confirm the presence of the resonant scattering and show interesting behaviors in the absorption
phenomenon. We make progress an experimental work to investigate the resonance absorption in a thin film
grating or a multilayered grating.

Acknowledgement

This work was supported in part by a grant-in-aid 15310079 from Japan Society for the Promotion of Science
and by a cooperative research project between Toyohashi University of Technology and National College of
Technology in Japan.

REFERENCES
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Nano-Magnetic Structures Characterization in Thin
Films

D. Bajalan
Vienna University of Technology, Austria

Abstract

The driving force for developments in nano-technology results from the increasing demand related to key tech-
nologies like microelectronics and nano magnetic devices. In decreasing scale of many devices, high-resolution
characterization methods have become of fundamental importance for further development in nano technolo-
gies. The availability of powerful microscopy methods, is certainly important for the development of new and
functional materials. The characterization of materials at various and increasing levels of resolution, structures,
microstructure, and defect geometry, as well as chemical composition and spatial distribution are important
parameters determining the behavior of materials and practical applications.

1. Introduction

Over the past several decades, amorphous and more recently nano-crystalline materials have been investi-
gated for applications in magnetic devices [3]. One example is the high density magnetic random access memory
technology which has grown over the past decade due to its potential to store more data, access that data faster
and also to use less power than current memory technologies (however, the reliable fabrication of the notches
in small (100 nm) rings could present a technological challenge) [5]. Demands for the continuous increase in
the data storage density bring the challenge to overcome physical limits for currently used magnetic recording
media [1, 2]. Benefits was found in the nano-crystalline alloys because of their chemical and structural variations
on a nano-scale which are important for developing optimal magnetic devices with high properties. Magnetic
nanoparticles or nanowires are attracting much attention because they offer the opportunity to study magnetism
in between the atomic and bulk limits and because ordered arrays of ferromagnetic particles or wires are of
potential interest for applications such as ultra-high-density magnetic recording devices. In the last decade,
the introduction of new experimental techniques, such as electron holography, super conducting quantum inter-
ference device magnetometry (SQUID) and magnetic force microscopy, has provided direct ways to probe the
magnetic properties of individual nano particles [4]. The aim of this paper is mainly to point out some methods
of structural characterizing tools like:

1. Atomic force microscopy (AFM)

2. Magnetic force microscopy (MFM)

3. Scanning tunneling microscopy (STM)

4. Lorentz transmission electron microscopy (LTEM)

Fundamental calculations with sensitive models to identify the properties of the nano-structures are too impor-
tant.

2. Magnetic Force Microscopy

The magnetization reversal of two-dimensional arrays of parallel ferromagnetic Fe nanowires embedded in
nanoporous alumina templates has been studied. The application of field-dependent MFM provides a micro-
scopic method to obtain the hysteresis curve of the array, by simply registering the fraction of up and down
magnetized wires as a function of applied field. The observed deviations from the rectangular shape of the
macroscopic hysteresis loop of the array can be ascribed to the spatial variation of the dipolar field through the
inhomogeneously filled membrane. The system studied proves to be an excellent example of the two-dimensional
classical Preisach model, well known from the field of hysteresis modeling and micromagnetism [4].
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3. Fabrication and Experiment

A standard 4 inch silicon wafer (100) with a 100 nm thick, thermally grown SiO2 insulating layer was spin
coated with 0.4 µm double-layer resist and baked [5]. The substrate was than placed in an e-beam writer and
the desired pattern was written. Using e-beam evaporation in a vacuum chamber with a typical evaporation
rate of 0.1 Å, a 25 nm permalloy film was deposited onto the holes in photoresist. After lift-off in acetone the
array of rings was obtained. MFM measurements were done using lift mode magnetic force microscopy (see
Figure 1).

Figure 1: (a) Typical AFM picture taken on an area of about 900× 900 nm at the top of the empty alumina
membrane, (b) SEM picture with a size of 10×10 nm after the alumina membrane has been partially dissolved.
One may distinguish a large bundle of wires originating from a region of filled pores with highly uniform,
straight, and parallel Fe nanowires [4]

4. Stability Measurement of Patterned Media Using MFM

The thermal stability of the patterned media was measured using MFM. The sample was saturated in a field
of 20 kOe, and MFM images of the patterned region were acquired after aging the sample at room temperature
in zero applied field for times up to 1.5×106 s (see Figure 2).

Figure 2: (a) AFM and (b) MFM images of patterned top! and unpatterned bottom Co70Cr18Pt12 perpendic-
ular media after saturation and aging of the sample at room temperature for. All islands are in the original
magnetized state (dark) while some areas of the unpatterned media have reversed magnetization and appear
bright [7]

The equation which explains the relation between relaxation time of an information on to a magnetic particle
(the time constant τ for decay over an energy barrier ∆E or ∆Emag is taken to follow the Arrhenius-Nel laws
[8]) as the following,

Ecal = KBT (1)
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Hence,

τ = 10−10 exp
∆Emag
Ecal

(2)

Standardmagnetic force etched silicon probes were used for the measurement. The lift height used was 50
nm. The samples containing the rings were magnetized using two SmCo block magnets. The field between the
two magnets was tabulated as a function of the distance of separation between them [5].

5. Nano Meter Resolution Techniques

Magnetic force microscopy is one of tools for investigating magnetism on a small scale. Techniques such
as alternating gradient magnetometry (AGM), vibration sample magnetometry (VSM), SQUID and imaging
via the magneto-optical Kerr effect (MOKE) allow for the collective magnetic behaviors of arrays of nanomag-
nets to be characterized. However, these techniques lack nano-meter resolution and thus are not ideal when
studying individual nano-magnets. To study individual elements of an array there exist several techniques with
spatial resolution capable of characterizing individual nano-magnets. These techniques include magnetic force
microscopy (MFM), Lorentz electron microscopy (LEM) [25], scanning electron microscopy with polarization
analysis (SEMPA), spin polarized scanning tunneling microscopy (SPSTM), spin polarized low energy electron
microscopy (SPLEEM) and MOKE microscopy. To fully characterize nanomagnets and ensembles of nanomag-
nets, a combination of these techniques should be used. The principle behind LEM is the Lorentz force which
describes the motion of an electron through a magnetic field, classically given by:

F = qvB (3)

Instrument like Nano − RTM is a general purpose atomic force microscope (AFM) for making routine images
on structures with nanometer sized features [9]. The three primary subsystems a control unit, AFM are the
master computer, and the Nano−RTM stage.

6. Conclusion

Magnetic nano structures are subjects of growing interest because of their potential applications in high
density magnetic recording media and their original magnetic properties. Investigations on nanomagnetic struc-
tures becoming very important for designing modern magnetic devices that contains these nano-magnetic shapes
and structures. It must be taken in count parallel with the surface, shape, and size properties identification
(through correct microscopy) before the manufacturing process of the nano-structured devices begins By com-
bining bulk magnetization measurements (superconducting quantum interference device magnetometry) with
field-dependent MFM, it was possible to decompose the macroscopic hysteresis loop in terms of the irreversible
magnetic responses of individual nanowires [4]. The latter are found to behave as monodomain ferromagnetic
needles, with hysteresis loops displaced asymmetric! as a consequence of the strong dipolar interactions between
them.
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Nano Segregation Effects on Nano Magnetic Properties
in Multi-Layer Thin Films

D. Bajalan
Vienna University of Technology, Austria

Abstract

nanocrystalline systems attract more and more interest due to their applications on chemical catalysis
and magnetic recording [1]. Magnetic nanostructures have become centre of great interest in the scientific
community and in industry as the core technologies behind magnetic recording devices [2]. The magnetic
properties of thin films are strongly influenced by their structure [3]. Small changes in the way a thin film is
produced often give rise to large changes in some of the magnetic properties of the thin film [4]. The presence
of (nanostructures) non-magnetic (or less magnetic) inhibits or hampers exchange interaction between adjacent
grains, and hence increases the dipolar character of the magnetic interactions between grains[5]. This is best
understood by observing how the microstructure of the film changes with processing and then correlating the
microstructure directly with the properties of the thin film [4]. Experiments shows that segregation of non-
magnetic elements (like Cr or Ta) in co enhances the magnetic property of thin films (such as CoCrTa). The
saturation magnetization Ms and the Curie temperature of the alloy are substantially reduced. From the signal
point of view, adding non-magnetic elements into Co poses a disadvantage, that is the substantial reduction of
signal-to-noise ratio due to the drop in Ms.

1. Introduction

Composition and segregation is one of the methods to isolate nano magnetic particles from each other [4].
The size of the individual magnetic particles (grains) can be decreased, but there is a fundamental limit, known
as the superparamagnetic limit, which prevents magnetic partial size from becoming arbitrarily small. The
magnetic energy of a nano magnetic particle is defined as the net magnetic anisotropy Ku muliplied by the
volume of that particle Vnano, and thermal energy is defined as kBT, Boltzmanns constant multiplied by the
temperature. If the ratio of magnetic to thermal energy is too low, the magnetization state of the nano particle
(single grain or grain cluster) can spontaneously reverse, leading to random and uncontrollable data loss (the
condition for this is given as: KV/kBT ≥ 40.

2. Segregation Effects

To de-couple the magnetic grains exchange [4, 6, 7] (chemical segregation) produced isolated alloy nanoparti-
cles, and Cr self-segregation to the grain boundaries has been the widely adopted approach to achieve magnetic
grain isolation for a variety of CoCr alloys. However, the addition of Cr to the Co alloys detrimentally decreases
the magnetocrystalline anisotropy constant [8]. Composite separation will weaken the magnetic interactions
between the nano-particles. So we could regard these (from each other separated) grains as individuals. Every
one of these nano-particles will then represent (theoretically) one bit, if its thermal stability is conserved if other
factors which govern the magnetic property of the thin films like superparamagnetic behavior at room temper-
ature is to be neglected. The magnetic cluster size (nano magnetic stracture) of perpendicular recording media,
is a main factor in media noise, is discussed in terms of demagnetizing field of magnetic clusters, remanence
coercivity, and magnetization switching [7].

3. Shape Anisotropy

The magnetization of a spherical object in an applied magnetic field is independent of the orientation of the
applied field. However, it is easier to magnetize a non spherical object along its long axis than along its short
axis [9]. If a rod-shaped object is magnetized with a north pole at one end and a south pole at the other, the field
lines emanate from the north pole and end at the south pole. Inside the material the field lines are oriented from
the north pole to the south pole and hence are opposed to the magnetization of the material, since the magnetic
moment points from the south pole to the north pole. Thus, the magnetic field inside the material tends to
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demagnetize the material and is known as the demagnetizing field Hd. Stated formally, the demagnetizing
field acts in the opposite direction from the magnetization M [9] which creates it, and is proportional to it,
namely: Hd = −NdM , where Nd is the demagnetizing factor (Nd is dependent on the shape of the body, but
can only be calculated exactly for an ellipsoid where the magnetization is uniform throughout the sample)(see
1 [9]. The magnetostatic energy ED(erg/cm3) associated with a particular magnetization direction can be
expressed as: ED = 0.5NdM

2
s , where Ms is the saturation magnetization of the material (emu/cm3), and Nd

is the demagnetization factor along the magnetization direction. For a general ellipsoid with c ≥ b ≥ a, where
a, b, and c are the ellipsoid semi-axes, the demagnetization factors along the semi-axes are Na, Nb, and Nc,
respectively. The demagnetization factors are related by the expression: Na + Nb +Nc = 4II. Magnetization
hysteresis loops, which display the magnetic response of a magnetic sample to an external field, have been widely
used to characterize the 2 behavior of nanostructured magnetic materials; Figure 2 shows typical magnetization
hysteresis loops with the applied magnetic field parallel and perpendicular to the nanowire axis for an array of
single-component ferromagnetic nanowires. The characteristic features of the hysteresis loop are dependent on
[9]:

1. The material

2. The size and shape of the entity.

3. The microstructure

4. The orientation of the applied magnetic field with respect to the sample

5. The magnetization history of the sample

6. For arrays of nanoparticles, the hysteresis loop may also depend on interactions between individual par-
ticles.

Figure 1: Three ellipsoids of particular interest in the study of nanowires: the prolate spheroid (or ellipsoid of
revolution), slender ellipsoid, and oblate spheroid [9]

4. Segregated Nano Partical Size Limitation and Thermal Self Erase

The original disk recording medium was brown paint containing iron oxide particles. Present disk drives use
a metallic thin-film medium, but its magnetic grains are partially isolated from one another by a 3 (segregation
of) nonmagnetic chromium-rich alloy. It still acts in many ways like an array of permanent magnet particles.
The superparamagnetic limit can be understood by considering the behavior of a single particle as the medium
is scaled thinner. Proper scaling requires that the particle size decrease with the scaling factor at the same rate
as all of the other dimensions. This is necessary in order to keep the number of particles in a bit cell constant
(at a few hundred per cell). Because the particle locations are random with respect to bit and track boundaries,
a magnetic noise is observed which is analogous to photon shot noise or other types of quantization noise. If the
particle size were not scaled with each increase in areal density, the S/N ratio would quickly become unacceptable
because of fluctuations in the signal. Thus, a factor of 2 size scaling, leading to a factor of 4 improvement in
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Figure 2: Typical hysteresis loops for an array of nickel nanowires 100 nm and 1 m long with the applied field
H parallel (a) perpendicular (b) to the wire axis [9]

areal density, causes a factor of 8 decrease in particle volume. If the material properties are unchanged, this
leads to a factor of 8 decrease in the magnetic energy stored per magnetic grain. A factor of 2 change in particle
diameter can change the reversal time from 100 years to 100 nanoseconds. For the former case, we consider the
particle to be stable. For the latter, it is a permanent magnet in only a philosophic sense; macroscopically, we
observe the assembly of particles to have no magnetic remanence and a small permeability, even though at any
instant each particle is fully magnetized in some direction. This condition is called superparamagnetism because
the macroscopic properties are similar to those of paramagnetic materials. Real life is more complicated, of
course. There is a distribution of actual particle sizes. The particles interact with one another and with external
magnetic fields, so the energy barrier depends on the stored bit pattern and on magnetic interactions between
adjacent particles. There can be complicated ways in which pairs of particles or fractions of a particle can
reverse their magnetizations by finding magnetization configurations that effectively give a lower energy barrier.
This alters the average particle diameter at which stability disappears, but there is still no escaping the fact
that (whatever the actual reversal mechanism) there will be an abrupt loss of stability at some size as particle
diameter is decreased [10, 11]. Hence, the storage medium, grain size cannot be scaled much below a diameter
of ten nanometers without (self-erasure) [10]. It has been shown that the smallest unit Vnano (magnetic cluster
) depends on the degree of magnetic isolation of the grain with in the nano structure cluster [12, 11]. The
values of remanence coercivity Hint

0 was obtained by adding the thermal agitation effect as of an thermaly
activated nano magnetic cluster structure (or the demagnetizing portion): (Hint

0 = H0 + Hd). H0 are 70%of
those calculated using the StonerWohlfarth model (Demagnetizing field of magnetic cluster is calculated as a
function of the ratio of cluster to film thickness and the intrinsic remanence coercivity H int

0 values are very close
to those of HS−−W

r especially in media with well-segregated grains [7].
And it was shown that by using other materials like Cr the properties of multi-layer were enhanced; the

reduction in exchange between magnetic grains for CoCr alloys is known to be due to the segregation of
nonmagnetic Cr at the boundaries [12, 7, 6].

5. Magnetic Reversal and Energy Barrier

Domain dynamics of magnetization reversal become very important in the high density recording process,
since it governs the formation of the written domain size, irregularity, and stability; therefore, it is very important
to understand the magnetization reversal mechanism for further improvement of recording performance as well
as for the fundamental understanding of magnetism in thin films [13]. On magnetic media the stored bit is
composed of magnetized grains. Regarding “0” and “1” as two conditions of a given magnetic particle. In order
to keep the stored magnetic particle in one of the both above conditions we have to separate the condition with
an energy amount which is stable and not easily reversible to the next condition; a sufficiently fine particle
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consists of a single domain, whose magnetic moment, Gm, can rotate due to thermal agitation, surmounting
the magnetic-anisotropy potential barriers [14]. This energy is called the energy barrier which is separating
both conditions from each other. The study of reversal conditions in magnetic small structures predicts the
behavior of the recording media. If the energy barrier 4 is small, small thermal fluctuations could induce reversal
conditions, which means information instability. To keep the bit information long or say permanently on the
magnetic storage, then we have to separate both magnetic directions with a large energy barrier. A further
important consideration for the design of magnetic elements for device applications is the formation of remanent
states from different stages in a magnetization reversal loop. In early studies, it was found that the reversal in
sizes like 30 nm-diameter polycrystalline particles is governed by the grain structure.

6. Thermal Stability

When the ratio of magnetic energy the bit to its thermal energy (KuVg/kBT ) high enough, then the bit is
stable. Magnetic energy is defined as the net magnetic anisotropy Ku multiplied by the volume Vg of the grain
(for a single grain bit), and thermal energy is defined as KBT . If the ratio of magnetic to thermal energy is too
low, the magnetization state of the grain can spontaneously reverse, leading to random and uncontrollable data
loss. To make the recorded information thermally stable, a high value of the ratio of KuVg/kBT is required
[15]. Recent estimates place the KuVg/kBT ratio at around 40 [6]. The relation between magnetic energy
and thermal energy has to be taken into consideration to make it possible to go on in the direction of secure
information on the nano-magnetic data storage. Some important variables to calculate the relaxation time,
which means the time during which the information remains, are as follows:

1. Vg[m
3] volume of a given nano magnetocrystalline

2. ∆Eaniso[J/m
3] magnetic anisotropy potential energy barrier between two magnetization positions “0”,

“1”

3. Ku[J/m
3] anisotropy constant

4. Etherm[J/m3] thermal energy of a given nano magnetic crystal

We could write a simple equation which explains the relation between relaxation time of an information on
to a magnetic particle (the time constant τ for decay over an energy barrier ∆E or ∆Eaniso is taken to follow
the Arrhenius-Nel laws [16]) as the following,

Etherm = kBT (1)

Hence,

τ = 10−10exp
∆Eaniso
Etherm

(2)

Conclusion

Superparamagnetic limit can be understood by considering the behavior of a single particle as the medium
is scaled thinner, segregation is one of the method to de-couple the magnetic grains from each other when thin
films of the media becomes thinner. The magnetization reversal of perpendicular media is mainly determined
by coherent rotation of magnetization; however, the demagnetizing field of magnetic cluster, besides thermal
agitation effect, reduces the value of H0. the slope of magnetization curve, is related to demagnetizing field
of magnetic cluster. And the first problem which will occur due to the reduction of the magnetic particle size
below a certain size is the magnetic information erase due to thermal agitations (coherent rotation of volume
fraction in a given nano magnetic structure).
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Abstract

A coupled volume-surface integral equation method is presented for analyzing arbitrarily shaped periodic
structure of mixed dielectric and conducting objects. Free space periodic Green’s function is used in the
formulation of both integral equations. In the method of moments solution to the integral equations, the target
is discretized using triangular patches for conducting surfaces and tetrahedral cells for dielectric volume. Ewald’s
method is used to accelerate the convergence of computing each element in the impedance matrix. Numerical
results are presented to demonstrate the accuracy and efficiency of the technique.

I. Introduction

Electromagnetic analysis of periodic structures has a wide range of application. The spectral method of
moments is a power tool in analyzing periodic structures [1]. To improve the flexibility in modeling various
geometries, the Rao-Wilton-Gillison (RWG) [2] triangular discretization was reported in [3]. In this paper,
the coupled volume-surface integral equation method [4] is presented for the electromagnetic wave scattering
from arbitrarily shaped periodic structures composed of dielectrics and conducting objects. Free space periodic
Green’s function is used in the formulation of both integral equations. The triangular patches and tetrahedral
elements are used to mesh the dielectric and conducting objects, respectively. The coupled integral equations
are solved by the method of moments (MoM) [5] with surface RWG and volume SWG basis functions [6]
discretization. To rapidly generate the impedance elements, Ewald’s method [7] is used to speed the computation
of the periodic Green function due to the fact that the periodic Green function, which is a summation of
series, converges very slowly. The proposed technique can also be extensively applied to analyze the periodic
structure consisted of inhomogeneous dielectric material and conducting body. Numerical results are presented
to demonstrate the efficiency and accuracy of the proposed technique for analyzing the scattering problem of
arbitrarily shaped periodic structure.

II. Theory and Formulation

Consider an arbitrarily shaped three-dimension (3-D) scatter as a unit cell of the periodic structure, which
consists of inhomogeneous dielectric material and conducting body. The object is embedded in an isotropic
homogeneous background medium with permittivity εb and permeability µb. The dielectric V region is assumed
to have permeability µb and complex dielectric constant ε̂ = ε (r) − jσ (r) /ω, where ε (r) and σ (r) are per-

mittivity and conductivity, at r. The incident wave induces volume current
−→
J V in the dielectric region V and

surface current
−→
J S on the surface of conducting body S. Let the radiation from

−→
J S and

−→
J V be

−→
E sca
S and

−→
E sca
V ,

respectively, then

−→
E sca
α = −iωµb

∫

α

=

G (−→r ,−→r ′) · −→Jαd−→r ′, α = S or V (1)

where
=

G=
(=

I +∇∇/k2
b

)
exp {ikb |−→r −−→r ′|} /4π |−→r −−→r ′| is the 3-D dyadic Green’s function, and kb is the

wavenumber for the background media. The surface integral equation is formed based on the boundary condition,
which requires vanishing tangential component of total electric field

−→
E sca
V (−→r ) +

−→
E sca
S (−→r ) +

−→
E i (−→r ) , −→r ∈ S (2)
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The volume integral equation is formed by writing the total electric field
−→
E in dielectric as the summation of

the incident field
−→
E i and the scattered field, i.e.,

−→
E (−→r ) =

−→
E sca
V (−→r ) +

−→
E sca
S (−→r ) +

−→
E i (−→r ) , −→r ∈ V (3)

Since the polarization current is related to the total electric field by
−→
J V = jω (ε̂− ε0)

−→
E , we actually have

two unknown functions
−→
J S and

−→
J V in (2) and (3). In the implementation of this paper,

−→
D = ε

−→
E is used as

the distribution function in the dielectric. The coupled integral equations are converted into matrix equations
using MoM. In this work, the volume of dielectric material and surface of conducting body are discretized into
tetrahedral elements and triangular patches, respectively. These elements are used because of their flexibility to
model arbitrarily shaped 3-D object. In order to simplify the treatment of conductor-dielectric interface, it is
required that the triangular patches coincide with the external faces of tetrahedrons. The surface and volume
distribution functions are expanded in terms of 3-D vector basis function that was RWG basis function fS and
SWG basis function fV , respectively. Using the volume basis function to test (2) and the surface basis function
to test (3), the coupled-integral equations are converted into matrix equation system and then solved by an
iterative solver.

Note that we have formulated the volume-surface integral equation for a unit cell. To extend the formulation
to analyze a periodic structure, the Green’s function in (1) is substituted by free space periodic Green’s function.
The free space periodic Green’s function for 2-D periodic arrays is given by

G (−→r ,−→r ′) =
1

4π

∞∑

m,n=−∞

e−jkRmn

Rmn
(4)

where Rmn =
√

(x− x′ −mDx)2 + (y − y′ − nDy)2 + (z − z′)2. The term Rmn represents the distance between

the observation point at (x, y, z) and the periodic source points located in the z’ plane. The quantities Dx and
Dy represent the periodic spacing of the structure in the x and y directions, respectively. To efficiently evaluate
the free space periodic Green’s function, the Ewalds method is used. The Green’s function in (4) is expressed
as a sum of spectral and spatial series such that

G = G1 +G2 (5)

G1 and G2 is given by

G1 =
1

8DxDy

∞∑

m,n=−∞

e−j2π(mξ/Dx+nη/Dy)

αmn
·
[
e2αmnςerfc(

αmn
H

+ ςH) + e−2αmnςerfc(
αmn
H
− ςH)

]
(6)

G2 =
1

4π

∞∑

m,n=−∞

1

Rmn
·Re

(
e−jkRmnerfc(RmnH +

−jk
2H

)

)
(7)

where

ξ = x− x′, η = y − y′, ς = z − z′ (8)

αmn =





√(
mπ

Dx

)2

+

(
nπ

Dy

)2

− k2

4
,

(
mπ

Dx

)2

+

(
nπ

Dy

)2

≻ k2

4

j

√√√√k2

4
−
[(

mπ

Dx

)2

+

(
nπ

Dy

)2
]
,

(
mπ

Dx

)2

+

(
nπ

Dy

)2

≺ k2

4

(9)

In (5) and (6), erfc(z) is the complementary error function and H is splitting parameter which is given as

H =
√
π/(DxDy).
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III. Numerical Results

As shown in Fig.1, a periodic structure with rectangular conducting patches on a dielectric substrate εr
is considered. The patch has dimensions 0.254cm and 1.35cm while the periodicities are Dx = 0.76cm and
Dy = 1.52cm. The thickness of dielectric substrate is d = 0.5cm. The structure is discretized into 99 tetrahedron
elements for dielectric substrate and 8 triangular elements for conducting patch with 254 unknowns.

The first comparison analysis is performed for the freestanding periodic structure (εr = 1). The reflection
coefficient for a plane wave normally incident on the structure is shown in Fig.2. The reflection is seen to peak
around 15GHz. As can be seen, the results obtained here are in good agreement with those of Chen [8]. Fig.3
gives the reflection coefficient for the same structure with dielectric substrate εr = 2. The reflection is seen to
peak around 12GHz. It can be found that the numerical results from this work agrees well with that calculated
by the spectral method.

Figure 1: Side and front view of the unit cell of the Periodic structure consisting of conducting patches on a
dielectric substrate.

Figure 2: Frequency behavior of the reflection co-
efficient form a freestanding periodic structure with
rectangular conducting patches.

Figure 3: Frequency behavior of the reflection co-
efficient form a periodic structure with rectangular
conducting patches εr = 2.

IV. Conclusion

The couple volume-surface integral equation for electromagnetic scattering from arbitrarily shaped periodic
structures is solved using the method of moments. The composite metallic and dielectric object is modeled
with mixed triangular surface patch and the tetrahedral volume mesh. Numerical results are presented to
demonstrate the accuracy of the proposed method. In the future, the approach presented is proposed to analyze
the periodic structure composed of inhomogeneous dielectric material.
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Abstract

In this paper we propose a statistical integral equation model (SIEM) for shadow-corrected EM scattering
from a rough surface. It treats the local coordinates and Fresnel reflection coefficients statistically over the
orientation distribution of surface unit norm as characterized by the joint probability density function of its two
directional slopes. In addition, it incorporates rigorously the shadow function in the Kirchhoff and complemen-
tary fields through a careful treatment of the Poggio & Miller equation. In calculating the incoherent scattered
Kirchhoff power, for a Gaussian rough surface, the joint probability density function of surface unit norms at
two different surface points is rigorously applied, and decomposition of its covariance matrix into uncorrelated
term and fully correlated terms of different types enables the drastic simplification of calculation. For the cross
and complementary terms, due to their subdominance nature, a less rigorous treatment is adopted here, namely,
to assume the surface norms at different surface points are mutually independent. Such formulation enables
SIEM to preserve the conventional definition of scattering coefficient for surface scattering. It can be shown
that both IEM and the small slope approximation (SSA) of 0th order are special cases of SIEM. The validity of
SIEM is demonstrated through the good agreements between model predictions and method of moment (MoM)
simulations for statistically known surfaces.

I. Introduction

The complexity and challenge inherent in modeling of EM scattering from rough surface has led to a tenet
of models, which range from traditional ones such as the small perturbation method (SPM) and the Kirchhoff
approximation (KA) to the recently developed integral equation model (IEM) and its various variations[1-4].
Each model has its fair share of strengths and weaknesses. The SPM is valid for slightly rough surfaces, while
the KA is applicable for a rough surface whose mean surface curvature is large. Overlapping these two methods,
IEM is in agreement with SPM and KA in their respective valid region.

However, in its attempt to obtain an explicit mathematical formula that is easy to compute, IEM made
several assumptions that may have adverse impact on its performance. In [4], four assumptions of IEM were
identified, namely, the removal of spatial dependence of the local incident angle of the Fresnel reflection co-
efficient, approximation of the reflection coefficient in Kirchhoff fields for cross polarization, exclusion of edge
diffraction terms, and simplification of the surface Green’s function and its gradient in the phase terms.

In this paper we propose a statistical integral equation model (SIEM) for shadow-corrected EM scattering
from a rough surface. It treats the local coordinates and Fresnel reflection coefficients statistically over the
orientation distribution of surface unit norm as characterized by the joint probability density function of its two
directional slopes. In addition, it incorporates rigorously the shadow function in the Kirchhoff and complemen-
tary fields through a careful treatment of the Poggio & Miller equation. In calculating the incoherent scattered
Kirchhoff power, for a Gaussian rough surface, the joint probability density function of surface unit norms at
two different surface points is rigorously applied, and decomposition of its covariance matrix into uncorrelated
term and fully correlated terms of different types enables the drastic simplification of calculation. For the cross
and complementary terms, due to their subdominance nature, a less rigorous treatment is adopted here, namely,
to assume the surface norms at different surface points are mutually independent. Such formulation enables
SIEM to preserve the conventional definition of scattering coefficient for surface scattering. It can be shown
that both IEM and the small slope approximation (SSA) of 0th order are special cases of SIEM.

This paper is organized as follows. In Section II, the shadow-corrected tangential Kirchhoff and comple-
mentary fields are formulated and the scattered fields at far zone are calculated. The scattering coefficient is
computed in Section III, where statistical treatment based on assumptions of the surface norm distribution
and height distribution is carried out in detail. Comparisons between SIEM theoretic predictions and MoM
simulations for some known statistical surfaces are given in section IV. Section V concludes this paper.
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II. Shadow-Corrected Surface Tangential Fields

Fig. 1: Scattering of plane wave incident in free
space upon a random rough surface.

Consider a harmonic plane wave incident in free space
upon a random rough surface as suggested in Figure 1. The
time-factor eiωt is suppressed. The incident electric and
magnetic fields are given by Ei = p̂E0e

ik·r = p̂Ei and
Hi = 1

η k̂i × Ei, where p̂is the unit polarization vector, E0

is the amplitude of the electric field, k = k̂ik, kis the wave
number in free space and is given by k = ω

√
µ0ε0, k̂i is

the unit propagation vector given by k̂i = x̂ sin θi cosφi +
ŷ sin θi sinφi − ẑ cos θi, and ηis the intrinsic impedance in
free space.

For an arbitrary point ron the rough surface, where r =

x̂x + ŷy + ẑz, its surface norm is n̂ =
−x̂Zx − ŷZy + ẑ√

1 + Z2
x + Z2

y

,

where Zx and Zy are surface slopes along x-axis and y-
axis respectively. When expressed in terms of the spherical
coordinates (θn, φn), n̂ is given by

n̂ = x̂ sin θn cosφn + ŷ sin θn sinφn + ẑ cos θn (1)

The local coordinate system (k̂i, t̂, d̂)for Fresnel reflection coefficients is defined as t̂ =
k̂i × n̂
|k̂i × n̂|

and d̂ = k̂i × t̂.

The Fresnel reflection coefficients R//and R⊥are calcu-
lated using the local incidence angle.

Following FungIEM, the scattered electric field Esat far zone is divided into Kirchhoff component Es,k and
complementary component Es,c. That is,

Es = Es,k + Es,c (2)

In the above expression, when the incident polarization is p̂and the receiving polarization is q̂, Es,kqp is given by

Es,kqp =
ikE0

4πR
eikR

∫
fqp(r⊥, θn, φn)e−i(ks−ki)·rdxdy (3)

and Es,cqp is given by

Es,cqp =
ikE0

32π3R
eikR

∫
Fqp(u, v, r⊥, r

′
⊥, θn, φn, θ

′
n, φ

′
n)e−iu(x−x′)−iv(y−y′)−iks·r+iki·r′dxdydx′dy′dudv (4)

where fqp(r⊥, θn, φn) and Fqp(u, v, r⊥, r′⊥, θn, φn, θ′n, φ
′
n) are formally defined as in FungIEM. However, since in

this formulation shadowing effect is taken into account, these terms will be different from original expressions.
The Kirchhoff related term fqpis given by

fqp(r⊥, n̂) = {q̂ × k̂s · n̂× [(1 +R⊥)(p̂ · t̂)t̂+ (1−R//)(p̂ · d̂)d̂]
+ q̂ · n̂× [(1−R⊥)(p̂ · t̂)d̂− (1 +R//)(p̂ · d̂)t̂]}Ik(r⊥)/ cos θn

(5)

where Ik(r⊥) is the shadow function with r⊥ = x̂x + ŷy. In the simple case where Ik(r⊥) depends only on the

intersection angle between k̂i and n̂, then fqp(r⊥, n̂) can be written as fqp(n̂).

The complementary term related Fqp is given by
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Fqp(u, v, r⊥, r
′
⊥, θn, φn, θ

′
n, φ

′
n) = −q̂ × k̂s · (n̂× t̂)(n̂× t̂) · n̂× {

[−2ktηt
qt

+ (1 +R⊥)(
kη

q
+
ktηt
qt

)Ik(r⊥)](n̂′ ×H′
p)

+ [− 2

qt
+ (1 +R⊥)(

1

q
+

1

qt
)Ik(r⊥)](n̂′ ×E′

p)× g

+ [− 2

qtεt
+ (1 +R⊥)(

1

q
+

1

qtεt
)Ik(r⊥)](n̂′ · E′

p)g}/(Ei cos θn cos θ′n)

− q̂ × k̂s · t̂t̂ · n̂× {[−
2ktηt
qt

+ (1−R‖)(
kη

q
+
ktηt
qt

)Ik(r⊥)](n̂′ ×H′
p)

+ [− 2

qt
+ (1−R‖)(

1

q
+

1

qt
)Ik(r⊥)](n̂′ ×E′

p)× g

+ [− 2

qtεt
+ (1−R‖)(

1

q
+

1

qtεt
)Ik(r⊥)](n̂′ · E′

p)g}/(Ei cos θn cos θ′n)

+ q̂ · t̂t̂ · n̂× {[−2ktη

qtηt
+ (1 −R⊥)(

k

q
+
ktη

qtηt
)Ik(r⊥)](n̂′ ×E′

p)

− [−2η

qt
+ (1−R⊥)(

1

q
+

1

qt
)ηIk(r⊥)](n̂′ ×H′

p)× g

− [− 2η

qtµr
+ (1 −R⊥)(

1

q
+

1

qtµr
)ηIk(r⊥)](n̂′ ·H′

p)g}/(Ei cos θn cos θ′n)

+ q̂ · (n̂× t̂)(n̂× t̂) · n̂× {[−2ktη

qtηt
+ (1 +R‖)(

k

q
+
ktη

qtηt
)Ik(r⊥)](n̂′ ×E′

p)

− [−2η

qt
+ (1 +R‖)(

1

q
+

1

qt
)ηIk(r⊥)](n̂′ ×H′

p)× g

− [− 2η

qtµr
+ (1 +R‖)(

1

q
+

1

qtµr
)ηIk(r⊥)](n̂′ ·H′

p)g}/(Ei cos θn cos θ′n)

(6)

and g = x̂u+ ŷv

III. The Scattering Coefficients

To calculate the scattering coefficient, we need to determine the incoherent power first. It is given by

Pqp = P kqp + P kcqp + P cqp (7)

where P kqp, P
kc
qp and P cqpare the Kirchhoff term, the cross term and the complementary term, respectively.

The Kirchhoff incoherent power is given by

P kqp =< EkqpE
k∗
qp > − < Ekqp >< Ekqp >

∗

=
k2E2

0

(4πR)2
{<
∫ ∫

fqp(n̂)f∗
qp(n̂

′) exp[−i(ks − ki) · (r− r′)]dx′dy′dxdy >

− | <
∫
fqp(n̂) exp{−i[ks − ki) · r]}dxdy > |2}

(8)

To carry out the involved expectations, for a Gaussian surface, the following needed properties are readily
established: (i) the surface slopes Zx and Zy are uncorrelated with height z; (ii) the joint statistics of n̂and n̂′is
specified by the joint probability density function of vector µ = [Zx, Zy, Z

′
x, Z

′
y]
t, which follows a joint Gaussian

distribution with zero mean and covariance matrix C given by [5]
Calculation of the first term of P kqpinvolves a 6-fold integration, a procedure rigorous yet time consuming.

The complexity stems from correlation between n̂and n̂′can be regarded as concentrated in a disk of radius
R = 3 L formally defined as D0 = {(ζ, ς) :

√
ζ2 + ς2 ≤ R}. For the reasons given in an accompanying paper

[5], decomposition of the covariance matrix leads to the simplification of calculation of the term:

< fqp(θn, φn)f
∗
qp(θ

′
n, φ

′
n) >.

For the cross and complementary terms, proceeding in the same line of action would require treatments of a
6× 6and a 8× 8covariance matrices, respectively. Due to their subdominance nature, a less rigorous treatment
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is adopted here, namely, to assume the surface norms at different surface points are mutually independent. The
scattering coefficient is defined as

σ0
qp =

4πR2Pqp
E2

0A0 cos θi
(9)

Under the above assumptions, the backscattering scattering coefficient of SIEM is given by

σ0
qp = σ0

qp1 − σ0
qp2 + σ0

qp3 (10)

where

σ0
qp1 =

k2

4π cos θi
exp[−(ksz + kz)

2σ2]{
∫∫

D0

< fqp(θn, φn)f
∗
qp(θ

′
n, φ

′
n) > exp[(ksz + kz)

2σ2 exp(− ρ
2

L2
)]

∗ exp[−i(ksx − kx)ρ cosφ− i(ksy − ky)ρ sinφ]ρdρdφ

−
∫∫

D0

| < fqp(θn, φn) > |2 exp[−i(ksx − kx)ρ cosφ− i(ksy − ky)ρ sinφ]ρdρdφ }

(11)

σ0
qp2 =

k2

2 cos θi
exp[−(ksz + kz)

2σ2]| < fqp(θn, φn) > |2
∫ R

0

ρJ0(kdρρ){exp[(ksz + kz)
2σ2 exp(− ρ

2

L2
)]− 1}dρ

(12)
where J0(·)is the 0-th order Bessel function, kdρ =

√
(ksx − kx)2 + (ksy − ky)2 and

σ0
qp3 =

k2

2 cos θi
exp[−σ2(k2

z + k2
sz)]

∞∑

n=1

σ2n| < Inqp > |2
W (n)(ksx − kx, ksy − ky)

n!
(13)

where

< Inqp >= (ksz + kz)
n < fqp > e−σ

2kzksz +
knsz < Fqp(−kx,−ky) > +knz < Fqp(−ksx,−ksy) >

2
cos θi (14)

where W (n)(α, β) is the roughness spectrum of the nth power of the surface correlation function given by

W (n)(α, β) =
1

2π

∫
ρn(x, y)e−i(αx+βy)dxdy (15)

IV. Numerical Simulations

Fig. 2: Validity regions of backscattering models.

To validate the SIEM, we compare its simulation results
with that of method of moment (MoM) for rough surfaces
with Gaussian height and Gaussian power spectrum. Var-
ious surface roughness parameters are used with klranging
from 3 to 5 and kσ from 0.4 to 0.8, all outside the tradi-
tional validity ranges of KM and SPM, as shown in Fig 2.
The complex dielectric constant εr is fixed to be 3.0 + i0.1.

Fig. 3 and Fig. 4 compare SIEM, IEM, and MoM cal-
culations at different frequencies. As we can see from these
two figures, differences between MoM values and that of IEM
using both R(θ) and R(0), increase with the incident angle.
In the figures, SIEM has a better agreement with the MoM
simulation at large angles of incidence (θ larger than 30 de-
gree). At small incidence angles, especially near zero degree,
SIEM backscattering coefficients exceed MoM by around 3
dB. Such discrepancy is currently under investigation.

V. Conclusion

A statistical integral equation model (SIEM) is developed for shadow-corrected EM scattering from rough
surface. It treats the local coordinates and Fresnel reflection coefficients statistically over the orientation dis-
tribution of surface unit norm as characterized by the joint probability density function of its two directional
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Fig. 3: Comparisons among MoM, KM and SIEM
simulations at 5GHz.

Fig. 4: Comparisons among MoM, KM and SIEM
simulations at 7GHz.

slopes. In addition, unlike IEM and its various variations where shadow effect is either ignored or treated in
an ad hoc manner, we incorporate rigorously the shadow function in the Kirchhoff and complementary fields
through a careful treatment of the Poggio & Miller equation. These treatments produce a well-behaved Kirchhoff
scattering coefficient at near grazing incidence.

In calculating the incoherent scattered Kirchhoff power, for a Gaussian rough surface, the joint probability
density function of surface unit norms at two different surface points is rigorously applied, and decomposition
of its covariance matrix into uncorrelated term and fully correlated terms of different types enables the drastic
simplification of calculation. For the cross and complementary terms, due to their subdominance nature, a less
rigorous treatment is adopted here, namely, to assume the surface norms at different surface points are mutually
independent. Such formulation enables SIEM to preserve the conventional definition of scattering coefficient for
surface scattering. It can be shown that both IEM and the small slope approximation (SSA) of 0th order are
special cases of SIEM.

The validity of SIEM is demonstrated through the good agreements between model predictions and method
of moment (MoM) simulations for statistically known surfaces. More importantly, all the simulated cases are
outside the validity regions of small perturbation model (SPM) and conventional Kirchhoff model (KM), which
means that SIEM can bridge the gap between SPM and KM.

Extensions to non-Gaussian surface statistics, application of more realistic shadow functions and reduction
of discrepancy at small incident angles are currently under investigation.

REFERENCES

1. Fung, A. K., LI Zongqi and K. S. Chen,”Backscattering from a Randomly Rough Dielectric Surface,” IEEE
Transactions on Geoscience and Remote Sensing, Vol.30, No.2, 1992.

2. Chen, K. S., and A. K. Fung, “A Comparison of Backscattering Models for Rough Surfaces,” IEEE Trans-
actions on Geoscience and Remote Sensing, Vol.33, No.1, 1995.

3. Millet, F, and Warnick, K., “Validity Study of Rough Surface Scattering Models,” IEEE Antennas and
Propagation Society International Symposium, Vol.1, 565-568, 2003.

4. Chen K. S., Tzong-Dar Wu, and L. Tsang,”Emission of Rough Surfaces Calculated by the Integral Equation
Method With Comparison to Three-Dimensional Moment Method Simulations,” IEEE Transactions on
Geoscience and Remote Sensing, Vol.41, No. 1, 90-101, 2003.

5. Du, Y., Kong, J. A., Xu, T., and Luo, Y. L., “A Statistical Kirchhoff Model for EM Scattering from
Gaussion Rough Surface,” Accepted by PIERS @ Hangzhou, 2005.



686 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

Scattering of the Transmitted Light by a Randomly
Rough Dielectric Surface

D. A. Rogatkin and V. V. Tchernyi
Institute of General Physics of Russian Academy of Science, Russia

Abstract

With the use of the diffraction theory of scattering of electromagnetic waves by a randomly rough surface
the analytical solution for the transmitted light scattering by a dielectric rough surface in the case of a normal
incident beam was obtained. This solution was formulated in the terms of the photometry indicatrix. As it was
estimated by a numerical calculation with the use of the derived formula the transmitted light has no strong
scattering by a dielectric randomly rough surface even in the case of so-called “Lambertian surface”. One of
the practical applications of the obtained result can be the classical theory of the light transport and scattering
in turbid media, biological tissues for example. Today in the classical radiation transport theory the boundary
conditions of the plane surface are used more often. But the real dielectric scattering media usually have the
non-plane, randomly rough surface, so the randomly rough surface boundary conditions are desirable in the
light transport theory in a general case.

Introduction

At the end of the 20th century the fast development of biomedical tissues optics[1,2] renews the interest
to the light transport and scattering theory. But the general transport equation hasn’t today an analytical
solution in a common case what makes it difficult to apply the theory to practical tasks. Recently we have
reported about one new approach to a multi-dimensional transport task[2]. As it follows from that, among
different problems in the classical transport theory (TT) there is one, which is not now widely discussed yet,
especially in application to biomedical optics, – the effect of boundary scattering by a rough profile of the surface.
Today in the TT the boundary conditions of a plane surface are used more often[3]. But the real scattering
biological media usually have a non-plane, randomly rough surface, so the randomly rough surface boundary
conditions are desirable in the TT in a general case. This effect of boundary scattering can potentially have an
influence on a total light distribution into a dielectric or a semi-dielectric scattering media. So, a development
of different theoretical approaches to calculate the surface scattering is an important problem of the classical
TT. Not long ago a number of authors[4] had attempts to describe some theoretical approaches to the problem
of light distribution on a surface of diffusive media. However, the simplified approaches used by them don’t
allow anyone to obtain acceptable quantitative results and were justifiable on initial stages of study only. One
of the more exact and acceptable approaches can be based on the electromagnetic wave and diffraction theory
(EWDT). The classical EWDT[5,6] allows to determine the scattered electromagnetic field in a frontal half-
space (reflected field) for cases of perfectly conducting, well conducting and, in some cases, dielectric randomly
rough surfaces. But for dielectric transparent turbid media and problems of light propagation deep into them
a calculation of a transmitted radiation is more interesting as well as for a light waveband and biomedical
optics the result must be presented in the photometrical or optic terminology. In this work we attempted to
resolve this problem translating the EWDT results into a photometry terminology and deriving the formula
for a transmitted throughout a dielectric surface radiation for the practically more important case of a normal
incident laser beam and a great rough Gaussian surface.

Main Theory

In a general case, the overwhelming majority of the modern EWDT results are based on a solution of the
Green’s integral vector equations, which are also well known as the Stratton-Chu vector equations[7]:

ES(r) = rot

∫

S

[n′ ×E(r′)]ϕ(r, r′)dS′ +
i

kε
rotrot

∫

S

[n′ ×H(r′)]ϕ(r, r′)dS′

HS(r) = rot

∫

S

[n′ ×H(r′)]ϕ(r, r′)dS′ − i

kµ
rotrot

∫

S

[n′ ×E(r′)]ϕ(r, r′)dS′
(1)
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where: ES(r) and HS(r) are the complex amplitudes of the scattered by surface electric and magnetic fields
at the point of space r, S is the area of the surface, n’ is the unit vector of the external normal to S at the
surface’s point r’, k - the wave number, ε and µ are the permittivity and permeability of the medium and

ϕ(r, r′) = eik|r−r
′|/4π |r− r′| is the Green’s function.

Equations (1) are valid for any point of space with no restrictions. They allow calculation of the scattered
by the surface S fields through the calculation of the tangential to S components of the field vectors ([n′ ×
E] ; [n′ ×H]). Usually, the tangential components are determined using various approximate methods. One of
the simplest methods employs the Kirchhoff approach and the boundary conditions of a perfectly conducting
surface[5]

n′ ×H(r′) = J(r′), n′ ×E(r′) = 0 (2)

J(r′) = 2 · n′ ×Hi(r′) (3)

where Hi(r’) is the field of the incident plane wave and J(r’) is the surface current on S.
In this case the system (1) becomes much simpler, and for the field scattered by the surface of a perfectly

conductor it is sufficient to consider the integral equation[8]:

HS(r) =

∫

S

∇r · ϕ(r, r′)× [2n′×Hi(r′)]dS′

Its solution can be found in the closed form if the geometry of the problem is chosen. The general geometry
of problem is shown in the figure 1. It is convenient to present the surface as a square plate with the side length
L, illuminated by a unit unbounded linearly polarized plane electromagnetic wave incidents at the angle ϕ to
the normal

Hi(r) = η · ei(k,r), |k| = k

where η is the unit basis vector of the plane of polarization of the incident wave.
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Figure 1: The general geometry of the problem.

To describe the randomly roughness it is most convenient to consider the roughness heights as a randomly
Gaussian, homogeneous and isotropic field z=ξ(x,y) with zero mean (< ξ(x, y) >= 0), variance< ξ2(x, y) >= h2,
and Gaussian correlation function

C(r) =
< ξ(x, y) · ξ(0, 0) >

< ξ2(x, y) >
= e−τ

2/T 2

where τ2=x2+y2 is the distance between the points considered and T is the correlation length.
First of all, let’s take into consideration the classical statistical Isakovich-Beckman approach[5] for the field

scattered into the outer half-space. Let the direction of scattering will be characterized by the vector ω. Assume
also that the central plane of the plate coincides with the XOY plane. Then for a perfectly conducting surface
and for the far zone of radiation we can write the well-known solution for a normalized scattered field[8,9]:
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H(φ, θ, ψ) =
〈|HS(r)|2〉
|Hi(r′)|2 =

1

R2
· S
λ2
· e−g · |ω × [q× η]|2 · 1

q2z

× (S · (sin qx · L2
qx · L2

)2 · (sin qy · L2
qy · L2

)2 + πT 2
∞∑

m=1

gm

m!m
· e

−q2
xy·T2

4m )

(4)

where: q=k-k·ω; R is the distance from the origin of coordinates to the observation point; qx, qy, qz are

components of the vector q; qxy =
√
q2x + q2y; S=L2; g=h2q2

z; λ=2π/k - wavelength. As it was shown[9,10] the

photometrical reflectance indicatrix - ρr - can be found with the use of (4) as follows:

ρr(φ, θ, ψ) = H(φ, θ, ψ) · π ·R2/S (5)

It allows us to write a closed-form equation for any reflectance indicatrix as a function of parameters of
surface roughness and angels of illumination (observation). For example, in a case of perfectly conducting very
rough surface (h≫ λ) and a normal illumination[8,9]:

ρr(φ = 0, θ, ψ) =
T 2

4 · h2 · (1 + cos θ)2
· e
− sin2 θ · T 2

4h2(1 + cos θ)2 (6)

What is interesting[9], the Eq. (6) describes well the Lambertian scattering when T/h=4. So, the EWDT
approach with the use of (5) allows an analytical description of the surface scattering in both the electrodynamics
and a photometry terminology.

For the finite conductive media the initial integral equations (1) are to be solved. It can be done most
easily for a case of so-called “well-conductive medium”, when the impedance boundary conditions (IBC) can be
formulated on a rough surface[6,9]:

n×E =

√
µ

ε
· n× n×H (7)

The IBC (7) reflects the fact that the tangential components of the field on the surface of a good conductor
are continuously transformed into the transverse components of the field of wave propagating deep into the
conductor[6]. When ε→∞, condition (7), as could be expected, transforms into the (2). In the case of Kirchhoff
approximation, for example, for the vertical polarization of the incident beam, the tangential components of
the fields on S can be expressed from (7) as follows:

n×H =
2

1 +

√
µ

ε
· 1

cosφ

n×Hi; n×E =
2

1 +

√
µ

ε
· cosφ

n×Ei (8)

where ϕ is the local angle of incidence, Hi and Ei are the vectors of the field of the incident wave.
Further simplification can be connected with the replacement of coefficients depending on the local angle of

incidence in (8) by their average values. It allows anyone to derive a final analytical solution of (1) in form like
equation (4) by changing the vector product |ω × q × η|2only[9] as well as to use (5) to rewrite result into the
photometry terminology. However, a lot of kinds of scattering media, biological tissues for example, evidently,
are not media with high conductance in the optical waveband. A lot of them are more good dielectrics than
conductors, for which the conductance in the optical waveband can be neglected in calculations at all. The
solution of (1) for well-dielectric media is much more complex and difficult than one mentioned above. So, if (8)
could be valid for dielectric media as minimum in several cases then the solution of the task for such cases can
be now quite simple. The applicability of the IBC to dielectric media was detailed discussed by Maradudin and
Mendes[11]. It was concluded that (8) are valid not only for media with high conductance but also for perfect
dielectrics with a high real part of the refractive index. In this case the angle of refraction of radiation at a
medium-air interface can be considered as real and zero, which leads to (8). Moreover, the authors evidently
did not notice that, under normal illumination (ϕ=0), the nonlocal angle of refraction of radiation is also real
and nonzero, and the wave penetrating deep into the medium is homogeneous and transverse, so (8) are valid
for dielectric media in this case as well.
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To obtain a solution for a transmitted radiation it is necessary to direct the propagation vector ω inside
the medium in the existing coordinate scheme. It should also be taken into account that the medium under
the surface has a refractive index different from 1. As for the rest, the procedure to obtain the final result is
quite similar to those described above: the scattering is described by (3), but with modified components of
vectors q and k. The vector product |ω × q × η|2 transforms in this case (ϕ=0) into the conventional Fresnel
transmission coefficient[12]. This simple reasons allows us to write an analytical equation for the transmitting
indicatrix of very rough (h≫ λ) surface in the closed form like (6):

ρr(φ = 0, θ, ψ) =
n3 · (n− 1)2 · T 2

h2 · (n+ 1)2 · (n · cos θ − 1)4
· e
− n2 sin2 θ · T 2

4h2(n · cos θ − 1)2 (9)

where ρτ is the transmission indicatrix and n is the real part of the refractive index of the medium.
Some doubts may arise about the fulfillment of the conditions of the far zone just above the rough surface.

These doubts can be removed by a more detailed consideration of the procedures of integration of the equations
(1) when finding the statistical parameters of the scattered fields, as well as the issue concerning the location
of the far zone in the presence of coarse roughness on the surface. As it was indicated[5], in integration (1) over
the surface in order to find the incoherent component of the scattered field, the important domain of integration
lies within the correlation length T. It is the so-called dominant area in formation of the diffracted field from
the coarsely rough surface. Moreover, the distance to the far zone decreases drastically with the appearance
of the surface’s roughness[13]. Thus, as the radiation passes through the coarsely rough interface, the field is
formed within the range of a few T, and all the above equations remain valid for analysis of purely surface
effects (neglecting radiation scattering and absorption in the volume of the medium, which are already subjects
of the TT investigation).

Angle Surface’s parameters

θ n=1.4 T/h=8.0

(deg.) T/h=4.0 T/h=8.0 T/h=16.0 n=1.2 n=1.6 n=1.8 n=2.0

0.0 47.64 190.6 762.2 571.2 107.7 74.39 56.89

5.0 34.29 43.57 1.773 6.411 46.44 41.17 35.80

10.0 11.41 0.325 0.000 0.001 3.060 6.234 8.263

15.0 1.150 0.001 0.000 0.000 0.016 0.176 0.541

20.0 0.012 0.000 0.000 0.000 0.001 0.001 0.006

25.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Semispherical transmission coefficient

0.982 0.975 0.975 0.993 0.951 0.924 0.896

In Table, the degree of the beam broadening upon passage through a randomly rough surface of a dielectric
medium is illustrated as a function (9). The semispherical transmission coefficient is also calculated there for
every case through integration of the indicatrix over the solid angle within the lower hemisphere.

The data of the Table clearly illustrate the beam broadening with increasing surface roughness and refractive
index of the medium. True, in all the presented cases, which are closest to the real cases of biological tissues, the
transmitted beam retains, to a high degree, its initial direction, and the angular divergence of the transmitted
radiation proves not to be very high. Nevertheless, it can influence on the general solution in TT for the
radiation field inside the medium as compared to the model of a a plane interface. The use of the boundary
indicatrix (9) as a boundary condition in TT can allow everyone to consider and study this effect.

Conclusion

Summarizing the paper, we can state that the solution of the problem of diffraction of electromagnetic
waves on a randomly rough surface both with the boundary conditions of an ideal conductor and an impedance
interface allows an analytical and closed-form description of the surface scattering. In particular, under a normal
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incident beam a closed-form equation can be obtained for a light propagating deep into the perfectly dielectric
medium as well. In all cases, results can be formulated in terms of the photometric scattering indicatrix, what
allows their direct application to the transport theory (TT) problem as the more general boundary conditions.
In addition, equations (6) and (9) in combination can be used in TT as an alternative to the well-known Henyey-
Greenstein scattering indicatrix. As to the basic question formulated at the beginning of this paper about the
scattering of transmitted into a dielectric medium radiation, the calculations have shown that, in the general
case of a normal illumination, a light beam having passed through a randomly rough interface retains, to a high
degree, its initial direction, while the angular divergence of the transmitted beam is not very high.
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Abstract

In this work an improved algorithm is presented. The quantities related with the scattering coefficients are
calculated by means of the downward or upward recurrences of Riccati-Bessel functions respectively, which are
proved to be stable. Numerical calculation shows that the algorithm is efficient, reliable and robust in a wide
range of particle size and refractive index.

Introduction

Techniques of particle size analysis based on light scattering have been developed for several decades and
have been applied in a lot of fields. The measurements involve numerical analysis based on the scattering theory
for spherical particles developed by Mie [1]. Its mathematical solution was obtained as an infinite series of terms.
The development of computer technology has made it feasible to sum these terms numerically, and there have
been many numerical computational studies of scattering functions, most of those were contributed by Infeld [2],
Dave [3-5], Lentz [6], Wiscombe [7-8] and etc. However, the situation is still not so satisfying. The Mie scattering
shows strong variations with scattering angle when the size of the particle is large compared to the wavelength.
For some applications, it is desirable to evaluate the field of the scattered radiation at many scattering angles.
Furthermore, when one is interested in scattering properties of a polydispersed particle system, it is necessary to
compute the scattering light for several hundred values of particle size for good reliability. Such computational
tasks can be very tedious and time consuming. Therefore, the computation speed should be efficient and the
algorithm should be capable to give accurate and reliable solution for a wide range of particle size and refractive
index.

In this work, we propose an efficient numerical procedure for computing the Mie scattering. Some exempli-
fying results will be presented.

Improved Algorithm

The Mie scattering coefficients are usually expressed as:

an =
ψn(α)ψ′

n(mα)−mψ′
n(α)ψn(mα)

ζn(α)ψ′
n(mα)−mζ′n(α)ψn(mα)

bn =
mψn(α)ψ′

n(mα)− ψ′
n(α)ψn(mα)

mζn(α)ψ′
n(mα)− ζ′n(α)ψn(mα)

(1)

which require the calculation of Riccati-Bessel functions ψn(mα) and ζn(α). Here m is the ratio of the refractive
index of the particle to the medium, α is the particle size parameter defined as πx/λ where x is the particle
diameter and λ is the wavelength. The calculation of ψn(mα) can be a problem because it may overflow if the
particle is large and absorbent. So the logarithmic derivative of ψn(mα) was introduced, by Infeld [2] and Dave
[3-5]. The Mie coefficients are then written as

an =
ψn(α)Ln(mα)−mψ′

n(α)

ζn(α)Ln(mα)−mζ′n(α)

bn =
mψn(α)Ln(mα)− ψ′

n(α)

mζn(α)Ln(mα)− ζ′n(α)

(2)

whereby Ln(mα) is the logarithmic derivative of ψn(mα) defined as

Ln(mα) = ψ′
n(mα)/ψn(mα) (3)
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This might be the most important progress in Mie calculation, which solves the overflow problem. The
calculation of Ln(mα) can be executed with a stable downward recurrence starting from an initial value of
Ln∗(mα). The initial order n∗ can refer to the criterion nstop given by Wiscombe [7]. Usually, n∗ is an integer
larger than nstop. The initial value of Ln∗(mα) can be expressed as a continued fractional function and be
calculated with the method developed by Lentz [6]. The stopping order nstop given by Wiscombe is

nwis =





α+ 4α1/3 + 1, 0.02 ≤ α ≤ 8

α+ 4.05α1/3 + 2, 8 < α < 4200

α+ 4α1/3 + 2, 4200 ≤ α ≤ 20000

(4)

which is empirical and it lacks a clear explanation. So in this work we re-express the Mie coefficients with

an = An(α) · Tan
(m,α)

bn = An(α) · Tbn
(m,α)

(5)

The parameters An(α), Tan
(m,α) and Tbn

(m,α) are defined as

An(α) = ψn(α)/ζn(α)

Tan
(m,α) =

Ln(mα)/m− Ln(α)

Ln(mα)/m−Bn(α)

Tbn
(m,α) =

mLn(mα) − Ln(α)

mLn(mα) −Bn(α)

(6)

where

Bn(α) = ζ′n(α)/ζn(α) (7)

Therefore, the Mie calculation comes down to the calculation of An(α), Bn(α), Ln(α) and Ln(mα). Ln(α)
and Ln(mα) can be calculated with the down ward recurrence starting from a pre-determined initial order n∗.
Initial values of Ln∗(α) and Ln∗(mα) are calculated with the Lentz’s method, which can be computed very fast
when n∗ > α or n∗ > |mα|. Values of Ln(α) are stored in an array for the further calculation of An(α) and
Bn(α). The calculation of An(α) and Bn(α) can be executed with the upward recurrences given below

An(α) = An−1(α) · Bn(α) + n/α

Ln(α) + n/α

Bn(α) = −n/α+ [n/α−Bn−1(α)]−1

(8)
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Figure 1: calculated results on |An(α)|, |Tan
(m,α)| and |Tbn

(m,α)| for α = 100
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The initial values are

A1(α) = (1 + i
cosα+ α sinα

sinα− α cosα
)−1

B0(α) = −i
(9)

An(α) should not start from A0(α) = (1 + i cotα)−1 because it may leads to An(α) ≡ 0 if α is times of π.
The numerical calculation shows that, for a certain particle size parameter α, the parameters |An(α)|,

|Tan
(m,α)| and |Tbn

(m,α)|, oscillate violently if the order n is less than α. As n is larger than α, |Tan
(m,α)|

and |Tbn
(m,α)| tend to decrease slowly and smoothly, while |An(α)| decreases very strongly (as shown in Fig.1).

So the stopping order is mainly determined by the characteristic of |An(α)|. Analyzing the numerical results in
the range of α ∈ (0, 100000), we get the criterion of the stopping order for different precisions

nstop =





α+ 7.5α0.34 + 2 |An(α)| < 1e− 18

α+ 6α1/3 + 2 |An(α)| < 1e− 12
α+ 4.88α0.31 |An(α)| < 1e− 5

(10)

which offers a more detailed understanding of the stopping order and a possibility to control the precision of
calculation.

Looking more into the detail, we find that the turning point of |Tan
(m,α)| and |Tbn

(m,α)| from violent
oscillation to smooth variation is slightly dependent on the refractive index m. However, this is not very
important due to the fact that values of |Tan

(m,α)| and |Tbn
(m,α)| are not larger than the particle size parameter

α for n > α.
The advantages of the improved algorithm presented here are that no restriction in the range of particle size

and refractive index is found, the calculation is very stable and numerical results can be achieved accurately
and very fast. Some exemplifying results are given in Table 1 comparing the accuracy of the calculation and in
Table 2 for the comparison of the computation speed. The calculation is executed with a double-precision C++
code on a personal computer powered by a 2.66GHz P4 CPU. In Table 1, a complete match is found between
the results calculated with different methods. From Table 2, we may find that the Lentz’s method requires the
most CPU time especially for calculating large particles and the method proposed in this work runs almost

Table 1: Comparison of kext and ksca calculated with MIEV0, MIECPP [9] and in this work.

kext ksca

Case m α MIEV0 This work MIEV0 This work

MIECPP MIECPP

(1) 0.75 0.099 7.41786e-5 7.41786e-5 7.41786e-5 7.41786e-5

(2) 0.75 0.101 8.03354e-6 8.03354e-6 8.03354e-6 8.03354e-6

(3) 0.75 10 2.23226 2.23226 2.23226 2.23226

(4) 0.75 1000 1.99791 1.99791 1.99791 1.99791

(5) 1.33-i 1e-5 100 2.10132 2.10132 2.09659 2.09659

(6) 1.33-i 1e-5 10000 2.00409 2.00409 1.72386 1.72386

(7) 1.5-i 0.055 0.101491 0.101491 1.13169e-5 1.13169e-5

(8) 1.5-i 0.056 0.1003347 0.1003347 1.21631e-5 1.21631e-5

(9) 1.5-i 100 2.09750 2.09750 1.28370 1.28370

(10) 1.5-i 1000 2.00437 2.00437 1.23657 1.23657

(11) 10-i10 1 2.53229 2.53229 2.04941 2.04941

(12) 10-i10 100 2.07112 2.07112 1.83679 1.83679

(13) 10-i10 10000 2.00591 2.00591 1.79539 1.79539
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Table 2: Comparison of CPU time between different algorithms for computing kext and ksca.

Case Upward recursion Lentz’s method This work

Sec Sec Sec

(1) 9.28e-6 1.95e-5 1.55e-5

(2) 9.45e-6 1.91e-5 1.58e-5

(3) 3.70e-5 2.29e-4 5.73e-5

(4) 1.93e-3 2.51e-1 1.80e-3

(5) 2.40e-4 1.04e-2 2.60e-4

(6) 1.88e-2 6.51e+1 1.87e-2

(7) 1.32e-5 2.36e-5 1.39e-5

(8) 1.33e-5 2.28e-5 1.41e-5

(9) 2.47e-4 6.37e-3 2.55e-4

(10) - 1.05e-1 1.80e-3

(11) 2.04e-5 1.78e-4 3.41e-5

(12) - 2.14e-2 3.35e-4

(13) - 6.80e+0 1.71e-2

as fast as the straight-forward method, except for the cases (4), (10), (12) and (13) where algorithm with the
upward recursion fails due to the fact that the upward recursion breaks down before the summation of the terms
is stopped by the criterion.

Conclusion

In this work, an improved algorithm of Mie calculation is proposed, whereby the Mie coefficients are recon-
structed. In this way, the stopping order can be predetermined depending on the particle size parameter with
controllable precision. Exemplifying results are given to check the accuracy, the stability and the robustness
of the method. The CPU time is tabulated to compare the calculation speed between different methods. The
algorithm is proved to be accurate, robust and efficient.
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Novel Compact Inter-Embedded AMC Structure for
Suppressing Surface Wave
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Abstract

In this paper, a novel very compact inter-embedded artificial magnetic conductor (IE-AMC) structure is
presented. Compared with conventional Sievenpiper AMC structure, for a desired band-gap frequency, the cell
size of this novel IE-AMC structure is reduced about 70% with the same substrate used. Therefore, in practical
application to microwave integrated circuits and antenna arrays for suppressing surface, for a given available
space, more AMC structure cells can be used, and the performance of circuits and antennas can be improved
more. On the other hand, low frequency surface wave band-gap which is applied to wireless communication
band (GSM, PCS and ISM) can be obtained using IE-AMC structure.

Introduction

Artificial magnetic conductor (AMC) structures are widely studied recently because of its two valuable
properties, suppressing surface wave and reflecting the plane wave in-phase. A mushroom-like AMC structure
was introduced firstly by Sievenpiper [1], [2], which is named Sievenpiper structure in this paper. Its unit
cell is composed of a patch and a via connecting the patch and ground plane, which is shown in Fig.1(a). It
is a resonant electromagnetic band-gap (EBG) structure instead of a Bragg scattering one, because it does
not derive its surface wave suppressing property from Bragg scattering between the waves and its periodic
unit cell. Because of its two unique properties, AMC structure has been widely used in electromagnetic and
antenna community [3]-[9]. However, in low frequency band, i.e. wireless communication band (GSM, PCS
and ISM), it is difficult to utilize the AMC structure because of its large cell size. Three-layer AMC structures
[2] are proposed and used for GSM and Bluetooth applications [10]-[11]. Nevertheless, three-layer structures
are difficult to fabricate and the cost is high. Moreover, it is difficult to integrate a three-layer structure with
microwave integrated circuits and antennas, which are two-layer structures. Some methods for reducing the cell
size of two-layer AMC structure are presented [12], however, none can decrease the size better than 30%.

 

Figure 1: Geometry of Sievenpiper AMC structure and IE-AMC structure. The simulated cells are outlined in
dashed lines. (a) Sievenpiper AMC structure (b) IE-AMC structure.

In this paper, an inter-embedded (IE) technique is used. Every cell extends four meandered branches, which
are embedded in neighboring four cells, and the structure becomes inter-embedded, as shown in Fig. 1 (b). With
this novel technique, a decrease about 70% in cell size can be achieved compared with Sievenpiper structure.
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Structure Design

IE-AMC structure cell has four meandered branches that are embedded in neighboring cells. We name the
structure by level N IE-AMC structure shown in Fig.2, which N is the number of segments parallel to patch side
in one branch. For Sievenpiper structure, which is a resonant AMC structure, the proximity of the neighboring
metal patch provides the capacitance (C), and the long conducting path linking them together provides the
inductance (L), so the resonant frequency is determined by 1/2π

√
LC. With the branches embedded each other

more in IE-AMC structure, the equivalent capacitance (C) is increased greatly because the coupling between
cells is enhanced more, therefore the resonant frequency of IE-AMC structure is decreased greatly.

Figure 2: IE-AMC structure cells of different levels. From left to right, the cells are level 0, 1, 2, 3, 4 in order.

In order to compare easily, for both structures, the cell size is fixed at 7.2×7.2mm2, and the gap width and
branch line width are all 0.2mm. The radius of via is 0.4mm. A substrate with a thickness 2mm and relative
permittivity 2.65 is used for both structures.

Results and Discussions

A. Simulated Results
Finite element method is used to analyze both structures. The reflection phase property of Sievenpiper

structure is shown in Fig.3. A band-gap from 5.45GHz to 6.95GHz corresponding to the 90◦ and −90◦ reflection
phase respectively is founded, and the resonant frequency is 6.15GHz. Fig.4 shows the reflection phase of IE-
AMC structure. From level 1 structure to level 4 structure, the resonant frequencies are 3.98GHz, 2.45GHz,
1.98GHz and 1.72GHz in order. A remarkable decrease is achieved. For the level 4 structure, resonant frequency
is decreased by 4.53GHz, and the relative value is about 73.7%.

Figure 3: Reflection phase property of Sievenpiper AMC structure. Resonant frequency corresponding to the
zero degree reflection phase is marked.

However, when the resonant frequency is decreased greatly by using the inter-embedded technique, the band-
gap width becomes narrow sharply, especially level 4 structure whose is only 2.3%. According to the method of
equivalent circuit analysis [2], the relative bandwidth ∆f/f0 is proportional to

√
L/C. For IE-AMC structure,

the equivalent capacitance is increased greatly, but the equivalent inductance is not changed, so the band width
suffers badly. However IE-AMC structure is still effective for the application to conventional microstrip patch
antenna whose operating band width is only 2-3%. Since the equivalent inductance L = µt, where t is the
thickness of substrate, the band-gap width could be increased by using thick substrate. If a 4mm thickness
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substrate is used, a 40% increase in band-gap width could be achieved.

(a) (b)

(c) (d)

Figure 4: Reflection phase of IE-AMC structure shown in Fig. 2. Resonant frequency corresponding to the zero
degree reflection phase is marked. (a) Level 1 (b) Level 2 (c) Level 3 (d) Level 4

The surface wave dispersion diagrams of Sievenpiper AMC structure and level 2 IE AMC structure are
shown in Fig.5, in which the band-gap is indicated with shadow region. Surface wave band-gap is decreased
about 60% for level 2 IE-AMC structure, and this agrees with the reflection phase band-gap.

(a) (b)

Figure 5: surface wave dispersion diagrams of Sievenpiper AMC structure and level 2 IE-AMC structure. (a)
Sievenpiper (b) level 2

B. Measured Results

Two practical circuits including 18×18 cells are fabricated. One is the Sievenpiper AMC structure, and the
other is Level 2 IE-AMC structure. The measurement of surface wave transmission is carried out to determine
the band-gap and to verify the simulated results. An Advantest R3767CG vector network analyzer is used.
Measured results are shown in Fig.6. There is a small shift between measured and simulated results shown in
Fig.5, which due to only finite 18×18 cells are included in practical circuits.
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Figure 6: Surface wave measured results for Sievenpiper AMC structure and level 2 IE-AMC structures.(a)
Sievenpiper (b) Level 2.

Conclusion

A novel IE-AMC structure is introduced in this paper. Compared with the Sievenpiper AMC structure, a
73.7% decrease in resonant frequency is achieved by using IE technique. This technique makes it possible to
apply AMC structure in wireless communication band (GSM, ISM) with a small size. And this novel AMC
structure can be applied to microwave integrated circuits and antennas with a smaller size compared with the
conventional Sievenpiper structure. In other words, more cells can be employed when given a fixed available
space, and the performance of integrated circuits and antennas can be improved more. However, the band-gap
width suffers badly. This problem can be solved to a certain extent by employing a thick substrate.
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The Characteristics of Parallel-connected Transmission
Lines

Jan-Dong Tseng
National Chin Yi Institute of Technology, Taiwan

Abstract

The characteristics of two uncoupled parallel-connected trans mission lines in are investigated by transmission
line method analysis and circuit layout experiments. By adequate setting the characteristic impedances values
and the electrical length of two transmission lines, the band pass or band rejection phenomenon will achieve
at the designed frequency point. The validity of the derived results from transmission line method is verified
by the experimental results. The numerical and the experimental results show a good agreement in the testing
frequency range.

Introduction

Parallel-connected transmission lines networks are widely used in acoustic, microwave and optical circuits
for their frequency dependent characteristics and, therefore, can be used as resonators, phase shifters, baluns,
filters, and oscillators [1-8].

In this research, the electrical characteristics of uncoupled parallel-connected lines are analyzed by using
symmetrical circuit analysis. By setting the scattering parameters values we could obtain the required band
pass and band reject properties. In addition, based on the derived results from transmission line method, two
circuit designs, band pass and band reject, are performed and simulated by microwave circuit simulator, IE3D.
The band pass and band reject circuits are also fabricated to verify the validity of the derived results.

Circuit Analysis

The schematic diagram of two uncoupled parallel connected transmission lines is shown in Fig.1(a). It
consists of two transmission lines, with the characteristic impedance, Z1 and Z2, and the electric length, θ1
and θ2, respectively. Two transmission lines are connected together at each end as input and output ports
and these two ports have the characteristic impedance as Zo. The parallel-connected transmission lines show
a symmetrical structure and the analysis therefore performs by using the even mode and odd mode analysis to
get the eigenvalues of the even and odd mode symmetrical circuit.

Figure 1: Schematic diagram of (a) Parallel-connected transmission line, (b) Odd mode circuit, (c) Even mode
circuit.

For even mode condition, the total load admittance is the sum of input admittances of two transmission
lines.

Y O.CL = jY2 tan
θ2
2

+ jY1 tan
θ1
2

(1)
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The eignvalue of even mode has the relation with Y o, and Y O.CL and is shown as follows

S1 =
Zo.cL − Zo
Zo.cL + Zo

=

1
Y o.c

L

− 1
Yo

1
Y o.c

L

+ 1
Yo

=
Yo − Y o.cL

Yo + Y o.cL

=
Yo − jY2 tan θ2

2 − jY1 tan θ1
2

Yo + jY2 tan θ2
2 + jY1 tan θ1

2

(2)

let M = tan θ2
2 N = tan θ1

2 then the expression of S1 has the simple form

S1 =
Yo − jY2M − jY1N

Yo + jY2M + jY1N
(3)

In the similar way, the total load admittance of the odd mode is the sum of input admittances of two
transmission lines and has the form as

Y s.cL = −jY2 cot
θ2
2
− jY1 cot

θ1
2

(4)

The eignvalue of odd mode has the relation with Y o, and Y S.CL and is shown as follows

S2 =
Yo − Y s.cL

Yo + Y s.cL

=
Yo + jY2 cot θ22 + jY1 cot θ12
Yo − jY2 cot θ22 − jY1 cot θ12

=
Yo + jY2

1
M + jY1

1
N

Yo − jY2
1
M − jY1

1
N

(5)

The scattering parameter S11, S21 is the half value of the sum and the difference of S1 and S2, respectively,
and their expressions are shown as follows

S11 =
1

2
(S1 + S2) =

Y 2
0 − (Y 2

2 + Y1Y2
M
N + Y1Y2

N
M + Y 2

1 )

Y 2
0 + jYoY2(M − 1

M ) + jYoY1(N − 1
N ) + Y 2

2 + Y 2
1 + Y1Y2(

N
M + M

N )
(6)

S21 =
1

2
(S1 − S2) =

−j{YoY2(M + 1
M ) + YoY1(N + 1

N )}
Y 2
o + Y 2

1 + Y 2
2 + Y1Y2(

M
N + N

M ) + j{YoY2(M − 1
M ) + YoY1(N − 1

N )} (7)

The Conditions of Band Pass and Band Rejection

The band pass and band reject conditions can obtain by setting the scattering parameters S11 and S21 to
be zero value. From the scattering parameters we have just obtained, the condition of band pass is letting the
numerator of eq. (6) be zero.

Y 2
o − Y 2

1 − Y 2
2 − Y1Y2(

M

N
+
N

M
) = 0 (8)

In eq. (8), except the admittances Y o, Y1, and Y2 we have two values M and N which are the tangent value
of the electrical length of two transmission lines. In order to get more specific band band conditions, some
special cases of M, N are considered.

(1). Let M = N = 1, then M
N +

tan
θ2
2

tan
θ1
1

= 1

The electrical lengths satisfy the above expression are θ1
2 = π

4 + π
2n and θ2

2 = π
4 + π

2n.
The numerator now becomes Y 2

o − Y 2
1 − Y 2

2 − 2Y1Y2, the condition for band pass is Y 2
o − (Y1 + Y2)

2 = 0 or
Yo = Y1 + Y2.

(2) Let M = 1 and N = −1, then M
N +

tan
θ2
2

tan
θ1
1

= −1

The electrical lengths satisfy this condition are θ2
2 + θ1

2 = nπ. The numerator now becomes Y 2
o = Y 2

1 −Y 2
2 −

2Y1Y2 and we have either Yo = Y1 − Y2 or Yo = Y2 − Y1 for the band pass conditions.
(3) General case. When M and N are not given, the numerator of S11 is equal to zero for the band pass

condition, then Y 2
o = Y 2

1 +Y 2
2 +Y1Y2(

M
N + N

M ) or Y 2
o = (Y1 + M

N Y2)(Y1 + N
M Y2) or Y 2

o = (Y2 + M
N Y1)(Y2 + N

M Y1).
The band reject condition is S21 = 0 and the numerator of S21 set to zero will lead to

YoY2(M +
1

M
) + YoY1(N +

1

N
) = 0 (9)

Some special cases of M and N are considered for the band reject condition.
(1). M=1 and N=-1. The electrical lengths of two transmission lines are θ1 = 2nπ − π

2 and θ2 = 2mπ + π
2 .

In this condition the admittances of two transmission lines should be equal, Y2 − Y1 = 0.
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(2). General case. M and N are not specified then equation (9) can further manipulate and has the form as

− Y2

Y1
=

N + 1
N

M + 1
M

=
tan θ1

2 + cot θ12
tan θ2

2 + cot θ22
=

2
sin θ1

2
sin θ2

=
sin θ2
sin θ1

(10)

The range selection of 2θ1 and 2θ2 should be in different regions to ensure their values having opposite sign,
i.e. [0, π], [π, 2π], [2π, 3π], [3π, 4π], [4π, 5π]. Furthermore, the magnitude of Y2 and Y1 has to have the following
relation

Y2 =| sin θ2
sin θ1

| Y1 (11)

Numerical and Experimental Results

Based on the above derived results, two circuits, band pass and band reject, are designed at center frequency
of 2.45GHz. The band pass circuit is designed by given Z1 = 50Ω, θ1 = 270◦@2.45GHz;Z2 = 25Ω, θ2 =
90◦@2.45GHz. The frequency response from 0 to 5 GHz of the designed circuit and the layout are shown in
Fig. 3(a) and 3(b). The band reject circuit designed by given Z1 = 100Ω, θ1 = 270◦@2.45GHz;Z2 = 100W, θ2 =
90◦@2.45GHz. The frequency response from 1 to 5 GHz of the designed circuit and the layout are shown in
Fig.4(a) and Fig.4(b).The circuits are fabricated on FR4 substrate with 1.6mm thickness. The simulation of
both band pass and band reject circuits are performed by microwave circuit simulator IE3D.The simulated and
experimental results show a good agreement within the testing frequency range.

Figure 3: Band pass characteristics (a)simulation and experimental frequency response from 0 to 5GHz, (b)
The circuit layout (Z1 = 50Ω, θ1 = 270◦@2.45GHz; Z2 = 25Ω, q2 = 90◦@2.45GHz)

Figure 4: Band stop characteristics (a)simulation and experimental frequency response from 1 to 5 GHz, (b)
The circuit layout (Z1 = 100Ω, θ1 = 270◦@2.45GHz; Z2 = 100Ω, θ2 = 90◦@2.45GHz)

Conclusion

The characteristics of parallel-connected transmission lines are obtained by symmetrical circuit analysis.
By properly adjusting the electrical lengths and the characteristic impedances of the transmission lines, the
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frequency characteristic of band pass or band stop have obtained. Two different circuits, band pass and band
reject, designed at the center frequency of 2.45GHz are verified by experiment.
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Analysis of Electromagnetic Absorption and Scattering
Characteristics of Conducting Elliptic Cylinder Coated
with Absorber Film Using Conformal Mapping Method
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Abstract

Electromagnetic compatibility is very important technical problem for wireless communication including
mobile communication and high speed information system with G bps micro-processors. As one of these elec-
tromagnetic compatibility problems, electromagnetic shield and radio absorber are indispensable for protecting
of signals from undesired noises and interferences in information and communication systems.

Fundamental electromagnetic shield and radio absorption characteristics are studied for planar multi-layered
panel structures. However, for practical application, general geometrical structures are important factors for
electromagnetic shield and absorption in electronic parts, equipments and systems. Electromagnetic eigen
impedances of general boundaries are most important factors. In this paper, for analysis and fundamental
design of electromagnetic shield and radio absorption, electromagnetic boundary problem on conducting elliptic
cylinder with absorber and shield film are generally studied by using conformal mapping method for circular
cylinder. Elliptic cylinder includes circular and strip structures, with proper elliptic parameters.

Introduction

Technical problems of electromagnetic compatibility include several complicated electromagnetic boundary
problems. One of these important electromagnetic compatibility problems is electromagnetic shielding and
electromagnetic wave absorption. Film coated cylinders of several cross sections with lossy magnetic materials
are useful electronic components and equipments for electromagnetic shielding and radio absorption [1-3].

In this paper, coated conductor elliptic cylinders with absorption magnetic films are discussed for reflection,
scatterings and absorptions. Mathematical analysis using elliptic cylinder functions and Mathieu functions with
complex arguments is not simple formulation [4]. By use of conformal mapping with analytic functions, exterior
region of elliptic cylinder can be transformed to exterior region of circular cylinder without singularities [5].
Using this conformal mapping, the physical space of exterior region of elliptic cylinder is mapped to new space
of exterior region of circular cylinder, and elliptic boundary is transformed to circular boundary. In the mapped
new space of circular boundary, elliptic conductor boundary and elliptic lossy magnetic boundary of elliptic
absorption films can be considered as circular conductor and lossy magnetic boundary. In mapped new space,
using Greens function integral equations for total fields can be presented. Scattering and reflection fields are
shown by iterative method of integral equations, and electromagnetic shield and radio absorption effects are
studied.

In conducting elliptic cylinder coated with absorber film of complex material constants for dielectric con-
stants, tan δ and permittivity, layered elliptic cylinder are mapped to layered circular cylinder by analytic
function. In the mapped new space, new wave equation with inhomogeneous function concerned with space
metric parameter is derived. Using Greens formula with Greens functions presented by Bessel functions of real
and complex arguments for exterior and film regions, integral equation is derived for the electromagnetic field
in exterior region of layered circular cylinder. A plane wave of linear polarization of general incident angle is in-
cident from far distance position. Electromagnetic fields are analyzed for integral equation with inhomogeneous
function of space metric parameter. Iterative method of modified Born approximation for integral equation
yields scattering field and transmitted field in layered film. Equivalent impedance, electromagnetic shield and
radio absorption effects are discussed for several incident angles and geometrical parameters compared with
wavelength.

Electromagnetic Field in Elliptic Cylinder with Absorption Magnetic Films

Electromagnetic fields for scattering and absorption around an elliptic cylinder with lossy film coating are
presented by using Hertz vector Π(∗) of magnetic and electric type as eq. (1). In this paper, at first, we discuss
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the electric type field.
We considered absorption films with inhomogeneous thickness d , complex permittivity ε2 = ε

′

2 − jε
′′

2 · and
complex permeability µ2 = µ

′

2 − jµ
′′

2 . In the exterior region of coated elliptic cylinder, material constants are
ε1 and µ1. The shape of conductor as a substrate is an elliptic cylinder with inner radius a2 and b2. Outer
radius of coated elliptic cylinder with lossy film, are a1 and b1 and a1 = a2 + d and b1 = b2 + d. We consider
the electromagnetic fields in a region of absorption film of region II and exterior air region of region I.

By electric type Hertz vector Π, electromagnetic field in each region(i) is given by

E = ∇×∇×Π, H = jεiω▽× Π (1)

When iz is unit vector of cylinder axis, and Π = Πiz, Π satisfy the following wave equation

∂2Π

∂X2
+
∂2Π

∂Y 2
+ β2

iΠ = 0 (2)

where β2
i = ω2εiµi. Incident plane wave which has Z-directed electric field with incident angle α from far region

is considered.

Figure 1: Conducting elliptic cylinder with absorption film

Conformal Mapping and Coated Circular Cylinder in New Mapped Space

Conformal mapping of the elliptic cylinder in the physical space·(X,Y,Z) to the circular cylinder in the new
space (x, y, z) and (r, θ, z ), is considered. Here, we define, complex planes Ż and ż as Ż = X+ jY ,ż = x+ jy =
rejθ . Elliptic cylinder with lossy film is transformed to circular cylinder with lossy film, using mapping function

Ż = ż +
1

4ż
= cosh(log 2ż) (3)

where metric coefficient is

h2 = |dŻ
dż
|2 = 1− cos 2θ

2r2
+

1

16r2
(4)

Major and minor axis a and b of elliptic cylinder in the physical space are a + 1
4a · and a − 1

4a , respectively,
when corresponding radius of mapped circular cylinder is a . In this case, eccentricity of elliptic cylinder e is

e =

√
a′2−b′2
a′2

= (a+ 1
4a )−1.

We consider film thickness of inhomogeneous d in coated elliptic cylinder corresponding to homogeneous
constant thickness d0 in mapped circular cylinder with homogeneous lossy film [6]. Hence, actual film thicknesses
d are

dx = a1 − a2 = d0 −
(

1

4a
− 1

4(a+ d0)

)

<dy = b1 − b2 = d0 +

(
1

4a
− 1

4(a+ d0)

) (5)

In the physical space (X, Y, Z) of elliptic cylinder with lossy films, we can define coordinates (U, V), and (µ,ν)
as

X + jY = cosh(U + jV ) (6)

ż =
eU+jV

2
= rejθ = x+ jy, r =

eU

2
, θ = V, u1 = coshU, µ2 = cosV,

X2

cosh2U0
+

Y 2

sinh2U0
= 1
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coshU0 = a′ = a+
1

4a
, sinU0 = b′ = a− 1

4a
(7)

(a) Composite elliptic cylinder (b) Mapped circular cylinder

Figure 2: Elliptic cylinder and conformal mapping

Using these coordinates, field components are given by

HV = −jωε1
1

h

∂Π

∂U
,HU = jωε1

1

h

∂Π

∂V
,EZ = − 1

h1h2

[
∂

∂µ1

(
h2

h1

∂Π

∂µ

)
+

∂

∂µ2

(
h1

h2

∂Π

∂µ

)]
= β2

iΠ·

H1 = (jωε1)
1

h2

∂Π

∂µ2
·H2 = (−jωε2)

1

h1

∂Π

∂µ1

(8)

and
1

h1h2

[
∂

∂µ1

(
h2

h1

∂Π

∂µ

)
+

∂

∂µ2

(
h1

h2

∂Π

∂µ

)]
+ β2

iΠ = 0 (9)

where, h2 =
√

µ2
1−µ2

2

1−µ2
2
, ·X = µ1µ2.

Electromagnetic Fields in Mapped New Space of Coated Circular Cylinder

Electromagnetic field wave equation (2) in the physical real space(X, Y, Z), are transformed to eq. (10) in
mapped new space(x, y, z), using metric coefficients

∂Π

∂x2
+
∂Π

∂y2
+ β2

i Π = β2
i

(
cos2θ

2r2
− 1

16r4

)
Π (10)

For mapped exterior region (I) and film region (II) in new space(x, y, z), we derive integral equation using
boundary condition at surface S1 of boundary between free space and film, and surface S2 of boundary between
film and cylinder. In new space (x, y), following Greens function is considered for ac2 = a, ac1 = a+ d0.

(∇2 + β2
i )Gi = −δ(r − r′), Gi]r=aci

= 0 (11)

By applying Greens theorem to the exterior and film region (j=1,2) of circular cylinder, total field Π
(j)
t is written

as

Π
(j)
t (r) = Π

(j)
in (r) −

∫ 2π

0

∫ ∞

α

Gj(r, r
′)β2

j

(
cos2θ′

2r′2
− 1

16r′4

)
Π

(j)
t (r′)r′dr′dθ′

+

2∑

i=1

∫ 2π

0

[
(Π

(j)
t −Π

(j)
in )

∂Gj
∂r′

]

r=aci

njiacidθ
′

(12)

where Π
(j)
sc = Π

(j)
t − Π

(j)
in , Π

(2)
t = Π

(2)
in = 0 and n

(1)
1 = n1, n

(1)
2 = n1, n

(2)
1 = −n1, and n

(2)
2 = n2 · Πj)

in is the
incident wave. Greens function is given by in is the incident wave. Greens function is given by

Gi(r, r
′) =

1

4j

∞∑

m=−∞

{H(2)
m (βiαci)Jm(βir′)− Jm(βiαci)H

(2)
m (βir

′)}
H

(2)
m (βiαci)

·H(2)
m (βir)e

jm(θ−θ′)(r > r′) (13)
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Exchange r ←→ r′ θ ←→ θ′ when r < r′

Impedance Boundary Condition Method

Using approximate expression which treats region II against region I, as characteristics by impedance ex-
pression, following field representations are obtained. Boundary condition is given by surface impedance Z1, as
E2 = −Z1H2, E1 = Z2H1. For Z1, we have

β2
i Π + Z1

(
−jωεi

1

h1

∂Π

∂µ1

)
= 0 (14)

Incident wave of incident angle α is considered to be Πin = Π0e
−jβ1Rcos(θ−α). In eq.(12), using Πt = Z1(jωεi)

β2
i

∂Πt

h∂r

and by substitution Πin to Πt at right hand side of eq.(12), Born approximation field can be obtained and
reflcetion and scattering factors are

K(m) = a
(−j)Z1(jωε1)

β1
{e

−jma

4π

[
ej(m−i) π

2 Jm−1(β1α) + ej(m+1) π
2 Jm+1(β1α)

]
+

1

4a2

∑
(η,ς)

f(η, ς)} (15)

where f(η, ς) are higher order terms. In case of Z1 = 0 and βα≪ 1,we have

Πscatt
∼=
√

2

πβr
e−j(βγ−

π
4 )

[
2(
βα

2
)2πj(1 +

1

4a2
)cosθ − πj

2{πj2 + γ + log βα
2 }

]

=

√
2

πβγ
e−j(βγ−

π
4 )

[
(
β

2
)2πj − α′(a′ + b′) cos θ − πj

2 log jγβ(a′+b′)
4

] (16)

that coincides with the result derived by Mathieu function method.

Multi-Layered Structure Boundary Condition Method

For thick absorption film of thickness that can not be neglected compared with the wavelength, considering
the space of region II rigorously, this conformal mapping method can yield exact field evaluation by using
boundary condition of electromagnetic field at s1 and s2.

Conclusion

Electromagnetic shielding and electromagnetic wave absorption are very important electromagnetic compat-
ibility problems. Fundamental characteristics of absorption, reflection and scattering of elliptic cylinder with
absorption film are presented by analytical method using conformal mapping method and integral equations,
using Greens function. Complicated boundary value problems of electromagnetic fields for coated elliptic cylin-
der are shown in mapped space as more simple circular cylinder boundary problem. Also these results can be
applied to find optimum design of electromagnetic shield and radio absorption technology.
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Abstract

In this paper, the new Sommerfeld-Watson transformation is introduced and a new derivation processing is
given. Unlike the original one, this new derivation directly starts from the solution of the traditional Sommerfeld-
Watson transformation. The result is instantly reached using the relation between Ql(cos θ) and Pl(cos θ) which
represents travelling wave and standing wave respectively. So the mathematical processing is simpler and faster
than the original derivation approach. At last, the simulation results show that the new approach is in good
agreement with the traditional solution.

Introduction

The problem of high-frequency wave scattering by a sphere is a traditional topic. The solution of this problem,
which is known as the Mie series, can be used in many different fields such as communication, exploration
geophysics, etc. Although the Mie series has been established for a long time, there is an important problem
in calculating it: as the frequency become higher, the number of summation terms, which is proportional to
k2a+ c(ka)1/3 + b2 (where a is the radius and k is the wave number), will increase. The request for the speed
and the memorize size of the computer will become higher and higher, thus, the application of the Mie theory is
greatly limited. Much excellent research have been done on this topic [1][2][3][4][5][6]. The traditional method
for overcoming this difficulty is to use the Sommerfeld-Watson transformation to change the summation into
a residue series. At present, a new Sommerfeld-Watson transformation is presented. In this paper, a simpler
and faster derivation of the new Sommerfeld-Watson transformation is discussed and the simulation results are
quoted to show the correctness of the new method.

The Analysis of the Spherical Wave

For simplicity, the scalar wave incident eikz is considered and the center of the sphere is located at the origin.
It is well known that the Helmholtz equation in spherical coordinate can be written as

1

r2
∂

∂r
(r2

∂ψ

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂ψ

∂θ
) +

1

r2 sin2 θ

∂2ψ

∂φ2
+ k2ψ = 0 (1)

The general solution of equation (1) is as follow:

ψ(r, θ) =
∑

n=0

h(1)
n (kR)

[
an0Pn(cos θ) +

n∑

m=1

(anm cosmφ+ bnm sinmφ)Pmn (cos θ)

]
(2)

anm, bnm are arbitrary constants. Since the incident wave and the sphere are both symmetric about the z
axis, and equation of the θ variable can be obtained after the separation of variables:

d

dθ
(sin θ

dU

dθ
) + ll(+1) sin θU = 0 (3)

where l is an integer, l > 0. The solution of equation (3) is the Legendre function: Pl(cos θ), Ql(cos θ).
According to the properties of the Legendre function, Pl(cos θ), Ql(cos θ) represent the spherical standing wave
and spherical travelling wave respectively.
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The New Derivation of the New Residue Series

For the 3-D case, the solution of the Sommerfeld-Watson is [7]

Ψ(r, θ) =
∞∑

n=0

(−1)n
∫

c

f(ν, kr, ka)Pν−1/2(cos θ)eiνπ(2n+ 1
2 )νdν (4)

where

f(ν, kr, ka) =
1

2
(
π

2kr
)

1
2 e−i

π
4 • [H(2)

ν (kr) − H
(2)
ν (ka)

H
(1)
ν (ka)

H(1)
ν (kr)] (5)

C is the contour and the right side of the equation is contour integral, ν = 1/2 + l, l is the integer. It
is obvious that the integral is very complex and it is hard to unveil the physical meaning from the expression.
Based on the analysis above, it is known that Ql(cos θ) is the spherical travelling wave, so it could be used in
equation (4) to reach a new residue series that is better for physical interpretation.

Substitute equation (5) into (4):

Ψ(r, θ) =

∞∑

n=0

(−1)n •
∫

c

1

2
(
π

2kr
)

1
2 e−i

π
4 • [H(2)

ν (kr) − H
(2)
ν (ka)

H
(1)
ν (ka)

H(1)
ν (kr)]Pν−1/2(cos θ)eiνπ(2n+ 1

2 )νdν (6)

The contour integral at the right side of (6) could be written as

Ψ(r, θ) =

∞∑

n=0

(−1)n lim
δ→0

(

∫ ∞+iδ

−∞+iδ

+

∫ −∞−iδ

∞−iδ
)
1

2
(
π

2kr
)

1
2 e−i

π
4 •

[H(2)
ν (kr) − H

(2)
ν (ka)

H
(1)
ν (ka)

H(1)
ν (kr)]Pν−1/2(cos θ)eiνπ(2n+ 1

2 )νdν

(7)

After the change of variable ν′ = −ν, (7) could be rewritten as

Ψ(r, θ) =
∞∑

n=0

(−1)n
1

2
e−i

π
4 [

∫ ∞

−∞
Aν−1/2(kr)Pν−1/2(cos θ)eiνπ(2n+ 1

2 )νdν

+

∫ ∞

−∞
Aν−1/2(kr)P−ν−1/2(cos θ)e−iνπ(2n+ 1

2 )e−iνπνdν]

(8)

where Aν−1/2(kr) = ( π
2kr )

1
2 [H

(2)
ν (kr)− H(2)

ν (ka)

H
(1)
ν (ka)

H
(1)
ν (kr)].Using the property of Pl(cos θ):

Pν−1/2(cos θ) = P−ν−1/2(cos θ), equation (8) is changed into:

Ψ(r, θ) =

∞∑

n=0

(−1)n
1

2
e−i

π
4 • [

∫ ∞

−∞
Aν−1/2(kr)Pν−1/2(cos θ)(e2iνπn+ iνπ

2 + e−2iνπn+ iνπ
2 )νdν] (9)

If the relationship between the first and the second Legendre functions is used

Pν−1/2(z) =
tan[(ν − 1

2 )π]Qν− 1
2

+ tan[(−ν − 1
2 )π]Q−ν− 1

2

π

Ψ(r, θ) =

∞∑

n=−∞
(−1)n

1

2
•
∫ ∞

−∞
Aν−1/2(kr)

tan[(ν − 1
2 )π]Qν− 1

2
(z) + tan[(−ν − 1

2 )π]Q−ν− 1
2
(z)

π
iν−

1
2 νe2iνπndν

(10)
Here, z = cos θ − i0, ν = −∞· · · − 3

2 ,− 1
2 ,

1
2 ,

3
2 · · ·+∞. Using the properties of the Hanker functions:

H
(1)
−ν (z) = eiνπH

(1)
ν (z) and H

(2)
−ν (z) = e−iνπH(2)

ν (z), it could be obtained that:
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Figure 1: The amplitude of the total field in the
shadow region

 
Figure 2: The phase of the total field in the shadow
region

Aν− 1
2
(kr)e−iνπ = A−ν− 1

2
(kr) (11)

Therefore
iν−

1
2 νAν− 1

2
(kr) = i−ν−

1
2 (−ν)A−ν− 1

2
(kr) (12)

Substitute (12) into (10) and using the variable substitution ν′ = −ν, equation (10) could finally be changed
to

Ψ(r, θ) =

∞∑

n=−∞
(−1)n

∫ ∞

−∞
Aν−1/2(kr)

tan[(ν − 1
2 )π]Qν− 1

2
(cos θ − i0)

π
iν−

1
2 νe2iνπndν (13)

Every term in the summation can be regarded as the multiple excitations at 2nπ, travelling to θ[8].
With Jordan’s lemma, the integration can be turned into a contour integration in the upper half plane for

n > 0, or in the lower half plane for n < 0. As the others will decay rapidly when the frequency goes high due
to e2iνπn, the main contribution of the summation comes from the n = 0 and n = 1 terms.

a−1(r, θ) =
−1

π

∫ ∞

−∞
νiν−

1
2Aν−1/2(kr) tan[(ν − 1

2
)π]Qν− 1

2
(cos θ − i0)e−i2πνdν (14)

Using the variable substitution ν′ = −ν in equation (14):

a−1(r, θ) =
−1

π

∫ ∞

−∞
νiν−

1
2Aν−1/2(kr) tan[(ν − 1

2
)π]Q−ν− 1

2
(cos θ − i0)dν (15)

Consequently [9],

Ψ(r, θ) ≈ a−1(r, θ) + a0(r, θ) =
1

π

∫ ∞

−∞
νiν−

1
2Aν−1/2(kr) tan[(ν − 1

2
)π][Qν− 1

2
(cos θ− i0)−Q−ν− 1

2
(cos θ − i0)]dν

(16)
As Qν− 1

2
(cos θ − i0) is analytical in the upper half plane, the only contribution of the poles comes from

Aν−1/2(kr). By the residue theorem, the contour integration can be deformed into

ψ(r, θ) ≈ −2π
∑

n

νni
νn+ 1

2
H

(2)
νn (ka)

∂
∂ν [H

(1)
ν (ka)] |ν= νn

H(1)
νn

(kr)

√
π

2kr
Pν− 1

2
(cos θ) (17)

The Simulation Result Comparison

Here, the simulation results in Mao-Kun Li ’s paper [8] are quoted to show that the new approach is in
good agreement with the traditional solution: Mie series and the Sommerfeld-Watson transformation, where
ka = 20, kr = 22. In these two figures, the horizontal coordinate represents the angle θ in spherical coordinate.
In figure 1, the vertical coordinate represents the amplitude of the total field scattered by the sphere. In figure2,
the vertical coordinate represents the phase of the total field. The difference between the three methods is the
result of the other poles exists in the upper half complex planes.
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Conclusion

In this paper, the traditional scattering problem by a sphere has been discussed and a simpler derivation of the
new Sommerfeld-Watson transformation has been presented. Comparing to the original derivation, this method
directly starts from the Sommerfeld-Watson transformation and has a relatively shorter procedure. In the end,
the simulation results are introduced to prove the correctness of the new Sommerfeld-Watson transformation.
It is a new direction of this traditional problem and it is significant in solving electromagnetic problems, which
exist in the communication engineering, geophysical exploration, millimeter wave integrated circuits and have
the relationship with the traditional problems.
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Virtual Ray-tracing in Composite Wedge and
Constructing the Diffraction Coefficients
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Abstract

To correct the error posed in the PO(physical optics) diffraction coefficients of a composite wedge composed
of perfect conductor and lossless dielectric, virtual rays in the complementary region are traced until all of
the virtual rays should be located only in the complementary region. The one-to-one correspondence between
geometrical rays and cotangent functions provides the extended diffraction coefficients routinely if those angular
period is adjusted to satisfy the edge condition at the tip of the composite wedge. It is assured that the extended
diffraction coefficients satisfy the null-field condition in the complementary regions quite well.

Introduction

One of canonical structures, of which exact solution is not available until now, is composite wedge composed of
perfect conductor and lossless dielectric [1]. A new method, the VRD(virtual ray of diffraction), is suggested here.
It is well recognized that the PO diffraction coefficients are expressed by sum of cotangent functions, of which
amplitudes and poles are exactly identical to the amplitudes and propagation direction of the corresponding
geometrical rays in the physical regions, respectively. However, the PO diffraction coefficients reveal erroneous
due to those large deviation from zero in the complementary regions [2].

The basic concept of the VRD method is inspired from the assumption that both boundaries of a composite
wedge are always illuminated by an incident plane wave. Then one may easily obtain both trajectories of
actual rays in the physical region and virtual rays in the complementary region. The one-to-one correspondence
between geometrical rays and the corresponding diffraction coefficients provides the VRD diffraction coefficients
consisting of the cotangent functions. Then the angular period of the diffraction coefficients is adjusted to
satisfy the edge condition at the tip of the composite wedge [3]. Compared to the PO diffraction coefficients,
the validity of the presented method is assured by showing that the diffraction coefficients approach zero in the
complementary region.

Theory

Fig.1 shows a composite wedge in Sd. Consider that the composite wedge is illuminated by an E-polarized
plane wave with an arbitrary incident angle θi in S0. composed of perfect conductor in Sc and lossless dielectric
with relative dielectric constant

Figure 1: Geometry of composite wedge consisting of perfect conductor and lossless dielectric illuminated by
E-polarized plane wave

As the permittivity of its dielectric part increases to infinite, the composite wedge may become a perfectly
conducting wedge. In this limiting case, the exact diffraction coefficients are expressed by sum of four cotangent
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Figure 2: Extended ray-tracing for the incidence of E-polarized plane wave only on one boundary of a perfectly
conducting wedge

functions with the angular period 2πν∞, where ν∞ can be derived from the edge condition at the tip of the
perfectly conducting wedge. In contrast, the PO diffraction coefficients consist of only two cotangent functions
with the angular period 2π, which correspond to two actual rays one-to-one in Fig.2(a). Adjusting the angular
period from 2π to 2πν∞ and multiplying the factor 1/ν∞ to the cotangent functions, the PO diffraction
coefficients become sum of two cotangent functions among the exact diffraction coefficients.

Then the arguing point is whether two additional rays exist in conjunction with two remaining cotangent
functions of the exact diffraction coefficients or not. We assume that the incident field with the same amplitude
but propagation angle of 2π angular shift generates the virtual reflection on the other boundary. Then one
may easily trace two virtual rays in the complementary region, as shown in Fig.2(b). Employing the one-to-
one correspondence between geometrical rays and cotangent functions, two virtual rays in Fig.2(b) provide the
remaining two cotangent functions among the exact diffraction coefficients routinely.

Figure 3: Ray-tracing for actual rays in physical region and virtual rays in complementary region

The above extended ray-tracing procedure was applied to the diffraction by a composite wedge in Fig.1.
As shown by bold lines in Fig.3, the conventional ray-tracing provides the ordinary GO field as sum of actual
rays in the physical region. All of the actual rays inside the real dielectric part are also obtained exactly.
After termination of internal reflections by actual rays, additional multiple reflections inside the imaginary
dielectric part generate a number of virtual rays, as shown by broken lines in Fig.3. But it is not clear how
to terminate the virtually internal reflections. We impose two additional conditions to virtual rays [4]. The
first condition is so clear that all of the virtual rays should be located only in the complementary regions.
The second condition is that the final reflection of virtual rays occurs on the conducting boundary. The last
condition is required to satisfy the boundary condition at the conducting boundary. According to the one-to-one
correspondence between rays and cotangent functions, the VRD diffraction coefficients are constructed directly
by sum of cotangent functions, of which total number is equal to the total number of actual and virtual rays.
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The amplitude and pole of each cotangent function are taken by the amplitude and propagation angle of the
corresponding ray, respectively. And the angular period of the cotangent functions is adjusted to 2πνε, where
νε can be derived from the edge condition at the tip of the composite wedge with relative permittivity ε in its
dielectric part.

Figure 4: PO diffraction coefficients for θd = 60◦, θc = 300◦, and θi = 150◦

Figure 5: VRD diffraction coefficients for θd = 60◦, θc = 300◦, and θi = 150◦

Results

To show the validity of the suggested method, the VRD diffraction coefficients in Fig.5 are compared with
the PO diffraction coefficients in Fig.4 for θd = 60◦, θc = 300◦, and θi = 150◦ as ε increases from 1.1 to 100. It
should be noted that the diffraction coefficients for ε=1 and infinite are exact in cases of the perfectly conducting
wedges corresponding to θd = 0◦(broken line) and 60◦(dotted line), respectively. In this normal incidence, the
PO diffraction coefficients in Fig.4 cannot approach to the exact solution of ε=1 even if ε decreases to 1.1.
And the PO diffraction coefficients of large ε intersect the exact solution of ε= infinite. In particular, all of
the PO diffraction coefficients cannot become zero on the conducting boundary of w = θc = 300◦. According
to our formulation of dual integral equations [2], the exact diffraction coefficients have to become zero in the
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complementary regions. However, in Fig.4, one may find that the PO diffraction coefficients suffer from large
deviation from zero in the complementary regions of 0◦ < w < 60◦ and 300◦ < w < 360◦. It implies the PO
diffraction coefficients erroneous.

In contrast, the VRD diffraction coefficients in Fig.5 approach the corresponding exact diffraction coefficients
monotonically as ε decreases to 1.1 or increase to 100. Fig.5 illustrates the smooth transition from the VRD
diffraction coefficients for high ε(>2) to those for low ε(<1.4). Such a smooth transition can be implemented by
virtually total reflections inside the imaginary dielectric part. Hence one may conclude that the VRD technique
provides highly accurate diffraction coefficients of a composite wedge consisting of arbitrary dielectric and perfect
conductor. Compared with the PO diffraction coefficients, the VRD diffraction coefficients in Fig.5 satisfy the
null-field condition in the complementary regions quite well.

Conclusion

This paper suggested a new method, the virtual ray of diffraction(VRD), which includes not only the
conventional tracing of actual rays in the physical region but also the additional tracing of virtual rays in
the complementary region. The VRD method provides an analytical expression on the E-polarized diffraction
coefficients of composite wedge composed of perfect conductor and lossless dielectric. In comparison with the
conventional PO solution, the VRD diffraction coefficients approach to the exact solutions in two limiting cases
more closely. And as the relative dielectric constant of the composite wedge increases or decreases, the VRD
diffraction coefficients provide smooth transition between the exact solutions in two limiting cases.

REFERENCES

1. Booysen, A. J. and C. W. I. Pistorius, “Electromagnetic Scattering by a Two-dimensional Wedge Composed
of Conductor and Lossless Dielectric,” IEEE Trans. Antennas Propagat., Vol. AP-40, No. 11, 1702-1708,
1999.

2. Kim, S. Y., J. W. Ra and S. Y. Shin, “Diffraction by an Arbitrary Angled Dielectric Wedge: Parts I and
II,” IEEE Trans. Antennas Propagat., Vol. AP-39, No. 9, 1272-1292, 1991.

3. Meixner, J., “The Behaviour of Electromagnetic Fields at Edges,” IEEE Trans. Antennas Propagat., Vol.
AP-20, 442-446, 1972.

4. Kim, S. Y., “A Convenient Expression for the Diffraction Coefficients of a Wedge Composed of a Conductor
and a Lossless Dielectric,” Microwave Opt. Technol. Lett., Vol. 13, 216-219, 1996.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 715

FDTD Analysis of Dynamic Characteristics in Er-Yb
Codoped Garnet Waveguide-Type Optical Amplifier

Yasumitsu Miyazaki1, Nobuaki Himeno2, and Nobuo Goto2

1Aichi University of Technology, Japan
2Toyohashi University of Technology, Japan

Abstract

Garnet crystalline waveguide-type optical amplifiers doped with Ytterbium and Erbium ions are theoretically
studied. Sensitization of Er-doped amplifiers with Yb ion doping have many advantages such as the possibility of
using broader pumping wavelength range and efficient pumping with smaller pumping power. Transient ampli-
fication characteristics of optical short pulses are numerically analyzed using FDTD method. The amplification
characteristics are compared with the result of the steady state analysis using the rate equations.

Introduction

Waveguide-type optical amplifiers are expected for compensation of optical signal loss in integrated optical
circuits. The amplifiers consisting of ion-doped crystalline waveguides have potential of higher gain compared
with non-crystalline waveguides such as glasses or silica waveguides. One of the authors reported an exper-
imental result with Nd-doped YGG (Y3Ga5O12) thin-film waveguide on YAG (Y3Al5O12) substrates, where
amplification gain of 16dB/cm was achieved at the signal wavelength of 1064nm [1,2]. Steady state and dy-
namic characteristics in Er-Yb codoped waveguides using rate equations were also reported [3,4]. Zhong Yu et
al. reported a steady state analysis of Er-Yb doped amplifiers using finite difference beam propagation method
[5].

In this paper, dynamic characteristics of pulse amplification in Er-Yb codoped YGG waveguide on a YAG
substrate are numerically studied using finite difference time domain (FDTD) method. The FDTD analysis is
also used to design waveguide coupler for coupling of pumping light.

Structure of the Amplifier

The Er-Yb codoped waveguide amplifier is illustrated in Figure 1. The Er-Yb doped YGG crystalline

YAG substrateSignal light
 =1.55µm

Pump light
 =0.98µm

Pump light

1.5 µm

5-
10

m
m

Er-Yb:YGG thin 

film

ZnO loading film
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Figure 1: Er-Yb codoped waveguide type amplifier.

thin-film is epitaxially grown on a YAG crystalline substrate. Amorphous ZnO strip is formed on the YGG film
to confine laterally optical waves as strip loaded waveguides. Two waveguides are denoted by u=I and II. The
refractive indices of YAG, YGG and ZnO are 1.82, 1.94 and 1.82, respectively at the wavelength of 1.55µm [6].
The YGG film thickness is designed to be 1.5µm for realizing single mode waveguide at the signal wavelength of
1.55µm. The pumping light is coupled into the amplifying waveguide with a directional coupler and is coupled
out with the other directional coupler.
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Electromagnetic Fields in Waveguide-Type Optical Amplifiers

Electromagnetic fields E
(u)
v and H

(u)
v for signal wave (v = s) and pumping wave (v = p) in waveguides u=I

and II are described by

∇×E(u)
v = −µ∂H

(u)
v

∂t
, ∇×H(u)

v = J(u)
v + ε

∂E
(u)
v

∂t
+
∂P

(u)
v

∂t
(1)

where µ and ε are permeability and dielectric constant, respectively. The polarization P
(u)
s for signal wave

induced by pumping is written as

P(u)
s = ε0χpE

(u)
s , χp = −jχ′′

p (2)

The amplification phenomena can be treated by Maxwell equations using the susceptibility χp”. Each of the

waveguides, u = I and II, supports a fundamental mode E
(u)
v,0 for each of the signal and pumping waves. The

signal and pumping waves in the waveguides are written as

E(u)
s = a

(u)
s,0E

(u)
s,0 , E(u)

p = a
(u)
p,0E

(u)
p,0 (3)

where a
(u)
s,0 and a

(u)
p,0 denote the amplitudes of signal and pumping waves, respectively.

Rate Equations

The rate equations corresponding to transition of Er and Yb ions are described as

NY b = NY b
1 +NY b

2 , NEr = NEr
1 +NEr

2 +NEr
3 +NEr

4 (4)





∂NY b
1

∂t
= −RY b12 N

Y b
1 +RY b21 N

Y b
2 +AY b21 N

Y b
2 +KtrN

Er
1 NY b

2

∂NY b
2

∂t
= RY b12 N

Y b
1 −RY b21 N

Y b
2 −AY b21 N

Y b
2 −KtrN

Er
1 NY b

2

∂NEr
1

∂t
= AEr21 N

Er
2 −WEr

12 N
Er
1 +WEr

21 N
Er
2 −REr13 N

Er
1

+REr31 N
Er
3 + Cup(N

Er
2 )2 −KtrN

Y b
2 NEr

1

(5)





∂NEr
2

∂t
= AEr32 N

Er
3 − AEr21 N

Er
2 −WEr

21 N
Er
2 +WEr

12 N
Er
1 − 2Cup(N

Er
2 )2

∂NEr
3

∂t
= −AEr32 N

Er
3 +REr13 N

Er
1 −REr31 N

Er
3 +AEr43 N

Er
4 +KtrN

Y b
2 NEr

1

∂NEr
4

∂t
= Cup

(
NEr

2

)2 −AEr43 N4

(6)

where, NEr and NY b are the total population density or the Er and Yb ion concentration, respectively. The
transition rates are labeled as follows: RY b21 and RY b12 are the pump emission rate and absorption rate of Yb,
respectively. WEr

12 andWEr
21 are the signal absorption and emission rates. REr12 and REr31 are the pump absorption

and emission rates. AY b21 , AEr32 and AEr43 are the spontaneous emission rate and nonradiative relaxation rate.
Cup is the upconversion coefficient, and Ktr is the energy transfer coefficient. The stimulated emission and
absorption rates are given by,

WEr
12 = σaIs/hνs,W

Er
21 = σeIs/hνs, R

Er
13 = σaIp/hνp,

REr31 = σeIp/hνp, R
Y b
12 = σaIp/hνp, R

Y b
21 = σeIp/hνp

(7)

where h is the Plank’s constant, νs and νp are the signal and pump frequencies, σe and σa are the emission
and absorption cross-sections, respectively, and Is(x,y,z,t) and Ip(x,y,z,t) are the signal and pump intensities,
which are written in terms of the corresponding normalized energy densities and power variations, Pp(z, t) and
Ps(z, t), along the propagation direction, as given by

Ip(x, y, z, t) = p(x, y)Pp(z, t), Is(x, y, z, t) = s(x, y)Ps(z, t) (8)

where p(x, y) and s(x, y) are normalized transverse pump and signal field distributions, respectively.
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FDTD Analysis

In the FDTD analysis, we assume that the energy level structure is simplified to a two-level system, since
the transitions AEr32 and AEr43 are very fast. The up-conversion and inverse transition are also assumed to be
negligible. The waveguides are modeled by two-dimensional slab type waveguides with thickness 1.5µm for both
waveguides. The separation width between the two waveguides was set at 0.25µm.

To find the optimum length of the coupling region, pump and signal waves were propagated along a long
directionally-coupled waveguides. The guided modes for the pump and signal waves were assumed to be in TM
mode, and the FDTD simulation was performed by using the equation

Enz =
1− σ∆t

2ε

1 + σ∆t
2ε

En−1
z +

∆t/ε

1 + σ∆t
2ε

(
∂H

n− 1
2

y

∂x
− ∂H

n− 1
2

z

∂y

)
(9)

where σ is the conductivity of the waveguides and was assumed to be σ = 0 in this simulation. It was found that
the pump wave was coupled to the other waveguide whereas the signal wave was coupled back to the incident
waveguide when the length is set at 85 µm.

Next, the amplifying region is analyzed according to the flow chart shown in Figure 2. The propagating

Figure 2: FDTD analysis for amplification.

pump light induces population inversion along the waveguide, and the ion densities are determined. The ion
densities in the steady state are given by

NEr
1 = NEr −NEr

2 , NEr
2 =

REr13 +WEr
12 +KtrN

Y b
2

AEr21 +WEr
21 +REr31 +REr13 +WEr

12 +KtrNY b
2

NEr (10)

NY b
1 = NY b −NY b

2 , NY b
2 =

RY b12

RY b12 +RY b21 +AY b21 +KtrNEr
1

NY b (11)

Substituting eq.(10) into eq.(11), we obtain the following equation for the Yb ion density at the upper level:

a3Ktr(N
Y b
2 )2 + (a1a3 + (a2 − a4)Ktr)N

Y b
2 − a1a4 = 0 (12)

From this equation, NY b
2 is found. These ion densities were calculated in advance for all the cells. The signal

wave is amplified by stimulated emission when the population inversion has been induced. The amplification
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can be described as a negative value of the conductivity σ of the medium, which is written as σ = ωε0χ
′′
p , where

χ′′
p is the imaginary part of the complex susceptibility and is given by

χ′′
p(ν) =

(N1 −N2)λ
3

16π2nτ
g(ν) (13)

where g(ν) is the spectral function. Since the fluorescent cross-section σ21 is given by

σ21(ν) =
λ2

8πn2τ
g(ν) (14)

the conductivity σ is written as

σ = ε0c0nσ
Er
e21(νs)(N

Er
1 −NEr

2 ) (15)

For the two-level energy system, the rate equation and the difference equations are given by

∂NY b
1

∂t
= −∂N

Y b
2

∂t
= −RY b12 N

Y b
1 +

(
RY b21 +AY b21 +KtrN

Er
1

)
NY b

2 (16)

∂NEr
1
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Er
2

∂t
= −(REr13 +WEr

12 +KtrN
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2 )NEr

1 + (REr31 +WEr
21 +AEr21 )NEr

2 (17)
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1

)
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, Nn
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Y b,1 (18)

Nn
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2
(
AEr21 +REr31 +WEr

21

)
NEr−

(
AEr21 +REr13 +REr31 +WEr

12 +WEr
21 +KtrN

Y b
2 − 2
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)
Nn−1
Er,1

AEr21 +REr13 +REr31 +WEr
12 +WEr

21 +KtrNY b
2 + 2

∆t

, Nn
Er,2=N

Er−Nn
Er,1 (19)

When the pump and signal waves are propagated according to eqs.(18) and (19), variation of ion densities are
calculated and the conductivity is found. Therefore, transient characteristics for pulse signal light are evaluated.

The amplified gain along the propagation distance for various pump power is shown in Figure 3, where
NEr=2.0× 1026 ions/m3, and NY b=1.0x1027 ions/m3 are assumed. The amplified gain of 0.98dB is obtained
at the propagation distance of 500µm. This value of 0.98dB/500µm is in good agreement with the result
1.0dB/500µm calculated by the rate equation. The gain characteristic is improved by doping Yb as shown in
Figure 4 and Figure 5, where the propagation distance is 500µm. Larger gain is obtained with small pump
power for Yb-Er codoped waveguide than the Er alone doped one. The gain is saturated with smaller pump
power for Yb-Er codoped waveguide.

Finally, we evaluate the dynamic variation of the ion densities for the case without Yb-ion doping. When
the signal light passes, the ion density varies as shown in Figure 6, where the difference from the density at the
steady state is plotted. More energy is used to amplify the stronger signal pulse.

Figure 3: Gain as function of propagation distance
(Er-doped).

Figure 4: Gain as function of propagation distance
(Er-Yb codoped).
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Figure 5: Gain as a function of pump power in Yb-Er
codped and Er-doped waveguides.

Figure 6: Change of Er ion density at excited level
at propagation distance of 50 m.

Conclusion

Er-Yb codoped waveguide amplifiers were analyzed by FDTD method with rate equations. Negative value
of conductivity induced by pumping was derived and was used in the FDTD analysis. Although only a short
waveguide was calculated, the obtained gain of 0.98dB/500µm was in a good agreement with the steady state
calculated value using the rate equation. The dynamic characteristics of pulse amplification were evaluated.
The coupling region for pump light was also analyzed by FDTD method and a optimum coupling length was
found to be 85µm.

FDTD simulation in longer waveguide such as 10mm will be investigated by employing spatial segmentation
of the medium in future. Also, pulse distortion along the waveguide will be investigated in the longer propagation
length.
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Abstract

The steady state of a fairly simple chasma (“extended non-quasi-neutral plasma”) is investigated using the
set of basic equations instead of using a single integro-differential equation as in previous studies. However,
the previous results are confirmed. Moreover a start with the stability analysis is made. A kind of ‘chasma
frequency’

ωch = e

√
n+0 − n−0

m−ǫ
,

is introduced (with obvious conventions) based on the difference in number densities in the equilibrium or steady
state divided by the electron mass times the electric permittivity. Although fairly similar in construction to the
usual plasma frequency this ωch does not play a completely similar role.

Introduction

In a plasma one has by definition quasi-neutrality in volumes which have dimensions larger than the Debye
length or at least a few times the Debye length. In some situations one has no quasi-neutrality over many times
the Debye length. E.g. in certain discharges or in the multipactor effect [1-4] (secondary electron resonance
discharge) in the cavities of linear accelerators. It is expected that chasmas occur too in certain extended
double layers with currents and magnetic fields playing a role in the solar convective zone and solar atmosphere.
Callebaut and Knuyt [5-8] investigated theoretically the steady state, using an approach based on a singular
integro-differential equation. See [9-11] as well.

Here we want to analyze a fairly idealized situation, although not unrealistic in view of the studies cited
above, however now using the basic partial differential equations. Moreover, we now investigate the (linear)
stability too. In fact an extended quasi-non-neutral region requires already a particular configuration and
circumstances to allow for an equilibrium. Thus it may be expected often to be unstable. Observations in linear
accelerators and in separated cavities seemed to indicate sometimes an unstable behavior, although this might
have been caused in some cases by exhaustion of the power supply.

1. Basic Equations and Steady State

1.1. Basis
The basic equations are

∂tρ+ +∇·(ρ+v+) = P, (1)

∂tρ− +∇·(ρ−v−) = −P, (2)

m+(∂tv+ + v+·∇v+) = −e∇ϕ, (3)

m−(∂tv− + v−·∇v−) = e∇ϕ, (4)

∆ϕ = − (ρ+ + ρ−)

ǫ
(5)

The indexes + and - are for ions and electrons respectively. The ions are supposed to be ionized only once
and all have the same mass. The charge of an electron is −e and the one of an ion is +e, while m+ and m−
stand for the mass of ions, respectively electrons. ρ+ = en+ is the charge density of the ions and ρ− = en− the
one of the electrons where n indicates the number density. v+ and v− represent the respective velocities of the
ions and electrons and ϕ is the electric potential. P stands for the ion charge produced per unit time and unit
space and is supposed here to be constant. P is usually the product of the beam density (here supposed to be
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constant), the density of the neutral gas and the ionization coefficient. In view of charge conservation during
an ionization −P corresponds to the electron charge produced per unit time and unit space.

Eqs.(1) and (2) express the conservation of charges, as well as the conservation of particles. Eqs.(3) and
(4) are the equations of motion for respectively ions and electrons in the cold plasma (chasma) approximation
that the pressure terms are negligible. Eq.(5) is the Poisson equation. Finally ǫ is the electric permittivity and
equals in vacuum 8.85 10−12C/Vm.

For the steady state we have ∂t = 0 and use the index 0. Note that v+0 and v−0 and ϕ0 are still functions
of space. The basic equations now reduce to

∇·(ρ+0v+0) = P, (6)

∇·(ρ−0v−0) = −P, (7)

m+v+0·∇v+0 = −e∇ϕ0, (8)

m−v−0·∇v−0 = −e∇ϕ0, (9)

∆ϕ0 = − (ρ+0 + ρ−0)

ǫ
(10)

Supposing that v+0 and v−0 are irrotational (the magnetic terms are neglected here anyway), we find upon
integration of eqs.(8) and (9)

m+(v2
+0 − v2

+00)/2 = −eϕ0, (11)

m−(v2
−0 − v2

00
)/2 = eϕ0, (12)

with obvious notation for the integration constants, which are the velocities at the origin of the coordinate
system, where we have chosen ϕ0(0) = 0. Eqs.(11) and (12) express the conservation of energy. The initial
velocity of the electrons may be rather high (several hundred eV) as the electrons are injected or driven by a
microwave electric field which oscillates them back and forth as in the multipactor effect. (Ion beams may occur
too; the extension is easy in theory.) On the other hand as we have omitted the pressure terms, i.e. thermal
motions of the particles are neglected, we may put v+00 = 0. (Actually these are rather the velocities after the
ionization, but we neglect them nevertheless.)

1.2. Homogeneous Chasma
We know from the studies using the singular integro-differential equation [5-11] that steady states exist in which
both ρ+0 and ρ−0 are constant. We consider the case of two infinite, plane-parallel plates (‘electrodes’) or
infinite plane-parallel ‘potential borders’ of a double layer, which are far enough from each other so that we may
neglect boundary effects. A homogeneous electron beam is creating electrons and ions while passing through the
chasma region, either parallel to the plates or perpendicular to them. We choose the x-direction perpendicular
to the plates and the y-direction parallel to them, along the beam. The gradient of the potential is then in the
x-direction. Integration of the Poisson equation (10) yields:

ϕ0 = − (ρ+0 + ρ−0)x
2

2ǫ
, (13)

where we have chosen the origin where the gradient of ϕ0 vanishes and omitted the arbitrary constant. Inte-
grating eqs.(6) and (7) yields, with v+00 = 0 and 1x the unit vector along the x-axis

ρ+0v+0 = Pxlx, (14)

ρ−0v−0 = −Pxlx + ρ−0v−00, (15)

v−00 may be along the x-axis or along the y-axis. We consider the latter case below.

1.3. Beam Parallel to the Electrodes
Eq.(15) becomes

ρ−0v−0 = −Pxlx + ρ−0v−00ly, (16)
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where |v−00| may be much larger than |Px|. Eqs.(11) and (12) yield

− m−P 2x2

2ρ2
−0

= eϕ0, (17)

m+v
2
+0

2
= −eϕ0, (18)

which is consistent with the supposed constancy of ρ−0 and ρ+0 (cf. eq.(13)). In view of eqs.(13) and (17) we
obtain

m−P 2

ρ2
−0

= e
(ρ+0 + ρ−0)

ǫ
. (19)

As the production is usually proportional to the beam density, multiplied by an ionization frequency ωch we
may write P = ωchρ−0. There results

ω2
ch =

e2(n+0 − n−0)

ǫm−
, (20)

where we may call ωch the chasma (angular) frequency too. It is a strange mix of the quantities constituting
the electron and ion plasma frequencies. Moreover its meaning is different. For simplicity we introduce the
notation vxlx for the (small) component of v−0 along the x-axis

vx = − Px
ρ−0

= −ωchx. (21)

Comparison of eqs.(17), (18) and (21) yields

|v+0| =
√
m−
m+
|vx| =

√
m−
m+

ωch|x|. (22)

2. Stability

We have investigated the stability of the chasma for the previous case when the electron beam is parallel
to the electrodes (y-axis). Separation of variables in the perturbed electron density ρ−1, where the index 1
indicates a first order quantity, leads to

ρ−1 = Cxlei(ωt+ky), (23)

with the dispersion equation

ω2 + (v−00k + ilωch)ω − ω2
e = 0, (24)

where i is the imaginary unit, C is an arbitrary constant, k and l are wavenumbers (l is dimensionless) and

ωe =

√
n− e2
m− ǫ is the wellknown electron plasma frequency. There is always instability unless lωch = 0 or for

some particular relation between the parameters.

Conclusion

The present results using the full set of basic equations complement and confirm the result previously
obtained with a singular integro-differential equation. There it was found that a constant beam and constant
ion production leads to a homogeneous ion density and a potential quadratic in the coordinates. We introduced
a so-called chasma frequency ωch which has a similar structure as the electron plasma frequency, but uses the
difference in ion and electron number density instead of the equilibrium number density of either the ions or the
electrons. Moreover its function is different. There is stability when ωch vanishes or when there is no variation
of the beam in the x-direction (which may be achieved through the boundaries). Such is the situation in the
special case considered here.
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1. Abstract

The nonlinear Fourier method of Callebaut consists in concentrating on the family of higher order terms
of a single Fourier term of the linearized analysis. Thus we have obtained the higher order terms of plasma
perturbations, gravitational ones, etc. In the simplest case of cold plasma this resulted in obtaining an analytical
expression for the higher order terms. This allowed to investigate the convergence of the series, which in this
case limits the first order amplitude to 1/e of the equilibrium density. For the cases without an analytical
expression we developed a numerical-graphical method to obtain the convergence limit. Near this limit the
total amplitude of the wave becomes very large. The convergence limit decreases with increasing pressure.

Thus a wave with moderate first order amplitude may carry a very large energy due to the higher orders.
Moreover, this energy is concentrated in a very narrow interval of the phase interval (0, 2π). This may be
relevant in many situations. E.g. in the case of ball lightning a tremendous energy may be accumulated while
the glowing is still restricted. The triggering of solar flares or coronal mass ejections may thus be caused. Again,
when these eruptions reach the Earth the influence of a first order term may be far too small to cause electric
power plants to break down; however, the total of all terms may be much more powerful. Cf. March 1989 when
the whole state of Quebec, Canada, was a day without electricity due to a solar storm. This is an alternative
mechanism from the one proposed by Callebaut and Tsintsadze based on soliton envelope formation, although
there the accent was on the heating of the plasma.

2. Introduction

We have developed a kind of nonlinear Fourier analysis for systems of nonlinear partial differential equa-
tions. We have elaborated this in a fair variety of cases: plasma waves, gravitational waves and instabilities,
hydrodynamic and magnetohydrodynamic configurations with boundaries or infinite in space [1-4].

Using an analytical or in most cases a numerical - graphical method we were able to derive the convergence
ratio, i.e. the maximum amplitude of the initial wave (first order term) to avoid the divergence of the full series
of the family of terms associated with a single Fourier term of the linear theory. At the same time it is clear
that with a certain initial amplitude and energy a very large amount of energy may be contained in a fairly
small volume, which is concentrated over a fraction of the wavelength and moves in space (or oscillates back and
forth). This is an attempt to give an answer to the often unexpectedly large energy content of ball lightning (long
life in spite of the small luminosity) and to the great variation of lightning balls and their particular features
[5]. Moreover we suggest a mechanism based on these concentrated waves to explain the extreme rapidity of
energy explosions like solar flares and coronal mass ejections (CMEs) [6-7]. It may be interesting too for certain
atmospheric phenomena [8-9].

For simplicity - just to innovate the idea - we work in the case of ball lightning with a rectangular box in
which a plasma wave travels back and forth between two reflecting walls. For solar phenomena on the contrary
the waves are not bounded and travel away from their birth places.

The plan of the paper is as follows. In section 3 we explain the nonlinear Fourier analysis of Callebaut. In
section 4 we give a sketch of the elaboration for plasma waves. In section 5 we explore the application of these
concentrated waves to ball lightning. In section 6 we discuss the possible application of those results to solar
flares and coronal mass ejections (CMEs). Section 7 contains the conclusions.

3. Essentials of the Nonlinear Fourier Method

To obtain the (linear) dispersion relation one linearizes the system of equations and next applies a Fourier
analysis. This has as a result that at least part of the PDEs (partial differential equations) may be “algebraised”
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and that one may work with one single Fourier term, say Aei(ωt+k·r), in which A is the (arbitrary) amplitude,
ω the angular frequency, k the wave vector, r the space vector and t the time. (In view of the (linearized)
boundary conditions it is often the case that one or two dimensions do not allow a Fourier analysis and that
a differential equation has still to be solved, e.g. in the cylindrical case this leads to the inclusion of Bessel
functions combined with the Fourier terms for the other directions.) Of course the full linearized solution is
then a sum/integral over such terms, still with arbitrary (but very small) amplitudes. Let us call this Fourier
analysis the horizontal Fourier integral/sum. However, having derived the dispersion relation and sticking to
one specific Fourier term with a specific amplitude A, specific ω and specific k, one may look at the higher order
terms generated by this specific term by iteration in the nonlinear system: this leads to a series of terms of the
type anA

neni(ωt+k·r) as solution; here an are the coefficients fixed by substitution in the nonlinear basic system
of equations. We may call this the vertical Fourier series. In fact it is the normal Fourier series of the function
defined by the nonlinear system and by its first term Aei(ωt+k·r). Actually, this function is fully fixed as a
solution of the system of equations and its first Fourier term which in a sense acts as a kind of initial condition,
or rather as the “linear approximation condition”.

Generalization to several “initial terms”
Suppose now that we consider two “initial terms”, taken from the horizontal solutions: A1e

i(ω1t+k1·r) and
A2e

i(ω2t+k2·r) where the pairs (ω1,k1) and (ω2,k2) are incommensurable (meaning that χ1 ≡ ω1t + k1 · r and
χ2 ≡ ω2t+k2 · r do not satisfy a relation of the type nχ1 = mχ2 with n and m integers, otherwise the approach
is somewhat different).

Substituting their sum in the system of equations leads to three parts: a vertical Fourier series corresponding
to A1e

iχ1 , a similar vertical Fourier series corresponding to A2e
iχ2 and a mixed series. However, once the vertical

Fourier series is obtained for one specific Aeiχ these three series are written down at once using combinatorial
coefficients for each order.

The same is true when considering several “initial terms”. Clearly once we consider mixing (interference) of
initial terms we are working with an authentic nonlinear solution and this method may justly be called a kind
of nonlinear Fourier analysis.

4. Sketch of the Analysis for Plasma Waves

Here we give a sketch of the elaboration of the method to the case of plasma waves in an infinite homogeneous
medium. We neglect gravity, viscosity, resistivity and the magnetic contributions. We consider here the cold
plasma case only: the ions are immobile. The basic equations are then respectively the equation of continuity,
motion, Poisson, and polytropics:

∂tn+ div(nv) = 0, (1)

nm(∂tv + v · ∇v) = −divp+ e∇ϕ, (2)

∆ϕ = e(n− n0)/ε, (3)

p = KnΓ, (4)

where n is the number density of the electrons, n0 their equilibrium density, v their velocity, ϕ is the electrical
potential, p their pressure, e and m are the electron charge and mass, ε is the permittivity, whose value in
vacuum is 8.85× 10−12 C/Vm, K and Γ (polytropic exponent) are constants.

The linear perturbation is expressed as a Fourier series. We fix one term say A exp[iχ] as mentioned above.
We thus develop only one family of higher order terms corresponding to a single Fourier term of the linearized
analysis. The nonlinear terms generate then a2A

2 exp[3iχ], a3A
3 exp[3iχ], etc. with a2, a3, · · · , coefficients to

be determined.
Using χ = ωt+ k · r as a single variable reduces the system to ordinary differential equations:

ωn′
− + k · (n−v−)′ = 0, (5)

m−(ω + v− · k)v′
− = ekϕ′ − kp′, (6)

k2ϕ′′ =
e

ε
(n− − n0), (7)

p = KnΓ, (8)
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where the accent means the derivative with respect to χ. Integrating the continuity equation (5) we obtain

(ω + k · v−)n− =∈−= ωn0. (9)

This is then used in reducing the system of equations (5) - (8) to a differential equation of second order:

[
(Γ− 2)k2v2

s−n
Γ+1

nΓ+1
0

+ 3ω2

]
n′ 2 +

(
k2v2

s−n
Γ+1

nΓ+1
0

− ω2

)
nn′′ =

ω2
pn

4(n− n0)

n3
0

, (10)

where n0 is the equilibrium density, k2vs− = K−ΓnΓ−1
0 /m is the sound velocity of electrons and ω2

p =
(e2n0)/(mε) is the square of the electron plasma frequency. We calculated a number of coefficients numer-
ically using mathematica and then inferred the analytic expression. We obtained e.g. for the cold plasma
case

n = n0

(
1 +

N∑

j=1

jj

j!
Ajeijχ

)
, v =

kω

k2

N∑

j=1

jj−1

j!
Ajeijχ, ϕ =

en0

k2ε

N∑

j=1

jj−2

j!
Ajeijχ. (11)

We integrated as well equation (10) to obtain a differential equation of first order and even to obtain a fully
integrated equation: the same results, e.g. expressions (11), were obtained, but the times needed for the three
procedures to calculate the coefficients was variable and strongly dependent on any simplification or additional
effect taken into account (e.g. when the ions are mobile as well). The series (11) is convergent provided A < e−1

(e ≈ 2.71828 · · · ) i.e. if the linearized perturbed density has an amplitude larger than 37% of the equilibrium
density n0, the series is no more convergent.

A graphical method confirmed this: Indeed, summing up N terms of the density, n, and plotting the result
for χ in the interval 0, 2π (or even 0, π) yields an oscillating graph. If there was any value in this interval for n
less than zero the series has to be rejected since the electron number density may not become negative. It turns
out that this graphical method confirms the radius of convergence found analytically rather well; we performed
the summation in some cases up to N = 7000 to verify the result accurately. Actually when we exceeded the
limit of convergence for A slightly the number of terms might be rather limited (say ten or twenty), except
very close to the limit of convergence. This numerical/graphical method turned out a powerful tool in all cases
where we did not have a systematic analytical expression for the coefficients. Moreover, it showed that near the
limit of convergence all terms combined in a narrow interval (i.e. much smaller than (0,2π)) of the phase to
form together a concentrated high energy wave.

5. Application to Ball Lightning

We elaborate the following model: consider a rectangular box which contains plasma, created e.g. by a
lightning flash and in which a plasma wave travels back and forth between two opposite sides. Clearly the
use of a rectangular box is just for mathematical reasons to be able to apply the results derived above. The
reflecting walls are, however, a serious problem. Maybe the surface of the box has a higher density than inside
the box so that the plasma frequency at the walls is too high for the waves to penetrate the walls, just making
them bounce back again and again. This may explain the sometimes sudden explosion of the lightning balls
just like soap bubbles. This high dense plasma surface (or maybe chasma (“charged plasma”) surface as the
quasi - neutrality may not be granted in this thin surface layer) may also show some elasticity allowing some
deformations according to the surfaces. However, this problem can be totally avoided by developing the theory
for a sphere, with waves running round.

The full plasma wave (sum of all the Fourier terms) may contain moderate energy if the amplitude of the
linear approximation is small as compared to the radius of convergence. It may contain a very large amount of
energy when the amplitude of the first order term is close to the radius of convergence. Moreover, this energy
is concentrated over a small fraction of the space covered by a wavelength or multiples of it (i.e. from one side
of the rectangular box to the other), as mentioned above.

Hence the heating locally is not continuous: the peak of the wave comes and goes and passes by again. This
intermittent local heating (and cooling) may explain a low average heat and low light emission, in spite of the
great energy content.

The well-known dispersion relation for plasma waves:

ω2 = ω2
p + k2v2

s (12)
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where ω is the angular frequency, ωp is the plasma frequency and vs is the sound velocity, shows that the
frequencies are somewhat above the plasma frequency. They should not be too much above this plasma frequency

if the idea of a surface with a somewhat higher density (hence higher ω′
p) is correct so that ω′

p >
√
ω2
p + k2v2

s ,

preventing the penetration. Let us now concentrate on k. Lightning balls have dimensions roughly between
0.01 and 0.2 m, requiring the box, hence the wavelength (or the multiple) to be of the same order. With a
sound speed of 330 m/s (it may be higher if e.g. the temperature is higher and because the small mass of the
electrons inside the box) this requires k to be correspond to the acoustic frequencies of 10 to 1000 kHz. This is
plausible as indeed thundering has frequencies in the range and above those heard by humans. These acoustic
waves may be either generators of the perturbations corresponding to the plasma wave dispersion relation given
above and/or they may be consequences.

6. Application to Solar Flares and CMEs

Such a wave may be the trigger of solar flares and coronal mass ejections (CMEs). These are huge outburst
of energy going to several times 1025 joule or roughly more than a million of heavy hydrogen bombs or one tenth
of the energy emitted by the Sun in one second. Such a wave may be generated by some smaller phenomena like
bright points on the solar surface. Those smaller phenomena or explosions still eject huge amounts of energy of
various kinds. Suppose a wave of the kind described above is thus generated. It may travel and reach a region
in which an enormous quantity of magnetic energy is stored which is on the verge of instability. (Note by the
way the large energy density caused by moderate magnetic fields: with an induction of 0.01 tesla (100 gauss)
the energy density is B2/2µ = 500J/m3. Moreover the volumes can extend over hundreds, even thousands
of kilometers.) By its great and concentrated energy the wave may trigger the instability. In particular its
concentration of energy in a small strip may cause turbulence and hence change the resistivity from its normal
value to its turbulent one, which, according to some calculations, may be even five orders of magnitude larger.
As the wave moves on it enlarges the narrow strip where the resistivity is in the turbulent regime and thus
allows the fast conversion of the magnetic field into heat and eruptive phenomena. Of course the wave soon
gets exhausted (unless the interaction with the magnetic field feeds it) but with a strip of some extend the
whole magnetic region may be “set to fire”. It should be noted that this turbulence causing a much enhanced
resistivity is often invoked as a means of explaining the short duration of the flash phase of e.g. a solar flare,
which is of the order of 1000 seconds, although the whole phenomenon may take a day. With normal resistivity
the dissipation of the magnetic energy would take a year or more. It has to be added that the filamentary
structure of the magnetic field allows smaller time scales. The characteristic decay time is proportional to L2/η
where L is a typical scale length of the field and η is the resistivity. Hence, using e.g. a length which is 10 times
smaller in view of the filamentary structure shortens the decay times by a factor 100. Probably the combined
effect of filaments and enhanced resistivity is required to explain the rapid conversion of magnetic energy into
other forms.

7. Conclusion

Although their formation and constitution may be different these concentrated waves resemble solitary waves.
Cf. Callebaut and Tsintsadze [6-7] and may produce similar effects. Thus the sudden instability of solar flares,
of CMEs and of filament bands encircling a domain of the solar surface or the whole Sun may be explained by
a triggering effect. These concentrated waves allow the enhancement of the resistivity by turbulence. Similarly,
when the outburst of solar flares or CMEs reach the Earth they may be accompanied by such concentrated
waves and cause all kinds of damage by triggering instabilities in electric power plants and instruments, e.g. in
air planes.

It is suggested that these waves may be created by lightning generating ball lightning and then are trans-
formed in peaked waves which run around in the ball. Yet, several improvements are required. E.g. an analysis
of these waves in spherical or cylindrical coordinates, an investigation of their duration, etc.
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Abstract

Vladimirov and Vladimirov and Moffat have considered configurations in ideal magnetohydrodynamics, i.e.
inviscid and perfectly conducting. The matter is considered as incompressible. However, the density is allowed
to vary slowly. They base the following approximation on this slow variation: they omit the mass density in
front of the total derivative of the velocity in the equation of motion. Normally the mass density should appear
in front of Du. This is a tremendous simplification which allows them to obtain various interesting results
concerning the stability of the configurations. However, in such a kind of approximation the results might be
only crude. However, in many applications the results are OK, because crucial in those papers is the vanishing
of ∇ρ × ∇ϕ. Often both gradients are parallel and the results obtained by Vladimirovs approximation are
nevertheless valid, e.g. in the application to inhomogeneous gas clouds and protostars. Moreover for small
density gradients and/or nearly parallel gradients the approximation is fair. We even suggest an approximation
which may be more correct and avoids the term ∇ρ×∇ϕ. Hence for linear perturbations and stability analyses
the results may turn out to be acceptable. However, for nonlinear stability a more extended analysis is required.

1. Introduction

Vladimirov [1] and Vladimirov and Moffat [2-4]have considered configurations in ideal magnethydrodynamics
(MHD), i.e. inviscid and perfectly conducting. The matter is considered as incompressible. However, the density
is allowed to vary slowly, hence they use what they call a Boussinesq approximation. The basic equations
according to Vladimirovs approximation are:

∂th = curl(u× h) (1)

Du ≡ (∂t + u·∇)u = −∇p− j× h− ρ∇ϕ (2)

Dρ = 0 (3)

∇·u = 0 (4)

∇·h = 0 (5)

Where u is the velocity field, p the pressure, h the magnetic field, j = curlh the current density and ϕ the
gravitational potential. Eq.(1) gives, according to the MHD approximation, the evolution of the magnetic field
due to the dynamo term while the resistive term is neglected. Eq.(3) expresses the incompressibility. Eq.(4) is
the equation of continuity in the incompressible case. Eq.(5) expresses the conservation of magnetic flux.

Our concern is here mainly the equation of motion, eq.(2). Normally this expresses the conservation of
momentum or momentum density: ρ should appear in front of Du in it. The correct left hand side of eq.(2)
may be written

ρDu = (∂t + u·∇)(ρu) = (∂t + u·∇)U (6)

in view of eq.(3) and putting U ≡ ρu. However, eq.(2) is used while eq.(6) shows a mixing up of u (in the total
derivative) and U on which the total derivative acts. Alternatively we may divide out ρ so that it does not
occur anymore in front of Du, but then other consequences have to be considered as we will suggest below.

In fact some of the present authors (A.H.K and D.K.C) have used Vladimirov’s approximation with success
in several papers [5-7]. Hence a critical analysis may be useful.
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2. Analysis

2.1. Use of Reduced Quantities

We start with a somewhat semantic remark concerning the terminology “Boussinesq approximation”. Chan-
drasekhar [8] gives a detailed analysis of the Boussinesq approximation and shows that indeed one may neglect
the variations due to thermal expansion of the mass density, except in the term containing the gravitational
potential. Chandrasekhar shows that for the case of thermal stability the Boussinesq approximation is not even
required in the linear perturbation analysis. Hence ρ is treated there as not varying in the inertia term. How-
ever, in the studies at hand [1-7], the variation in ρ is a variation in space in the configuration, besides possible
variations due to thermal effects or to a perturbation (which moreover should be negligible for incompressible
matter). Hence we are not dealing with a proper Boussinesq approximation, but with a different kind, although
there is some similarity. We prefer to call it Vladimirov’s approximation.

In fact a quantitative analysis should be performed to estimate the influence of neglecting gradρ and the
error induced by Vladimirovs approximation. Here we give a qualitative argument. For a perturbation of an
equilibrium u is a quantity of first order and usually its derivatives are too. Replacing ρ by a constant (an
average ρav, say) in front of Du neglects the terms of second order in ρDu (although there are two kinds of
first order involved, which are not directly related: one for the variation in ρ due to its inhomogeneity and one
for the variation in u, due to the perturbation). Still ρav should be in front of Du, unless the whole equation is
divided by ρav. The quantities in the right hand side of eq.(2) then become reduced or normalized quantities: p
is reduced to p/ρav, h is reduced to h/

√
ρav, j is reduced to j/

√
ρav, which is consistent with eq.(1). In the last

term in eq.(2) we may drop ρ altogether, which is more correct than writing (ρ/ρav)∇ϕ. This further simplifies
eq.(2) and avoids the inconsistencies between u and U. Moreover, a crucial aspect in the investigations by
Vladimirov and co-authors [1-4] and by Khater and co-authors [5-7] is the vanishing of the expression ∇ρ×∇ρ.
In fact in the ideal situation of a perfectly conducting fluid the magnetic field is frozen in the fluid:

Lh ≡ ∂th−∇× (u× h) = 0 (7)

where L is a kind of Lie derivative. Next with the vorticity field w ≡ ∇× u one obtains from eq.(2) that

Lw = ∇× (j× h)−∇ρ×∇ϕ (8)

Let g(r, t) be an arbitrary solenoidal field satisfying

∇× (g × h) = 0 (9)

and m(r, t) be defined by

Lm = j + g (10)

∇·m = 0 (11)

Then one obtains with W ≡ w +∇× (h×m)

LW = −∇ρ×∇ϕ (12)

When the right hand side vanishes the expression W yields the appropriate frozen-in field generalization of
w for ideal MHD. (Note that, since h and W are two independent frozen-in fields, it follows that ∇× (h×W)
is a frozen-in field too, and by iteration, an infinite family of such derived frozen-in fields may be constructed.)
Next one constructs a general Casimir functional as an integral of an arbitrary function of both conserved fields.
Using this Casimir functional a linear stability criterion is obtained and applied to magnetized gas clouds [7].

Leaving out ρ in the gravitational term gets rid of the term ∇ρ × ∇ϕ and the analyses made are valid in
first approximation. Moreover, it may be added that even when this term appears the two gradients are often
parallel or at least nearly parallel as e.g. in stars and magnetized gas clouds. This is the case of the papers [5-7]
where the configurations under consideration are spherically symmetric or nearly so as the gravitational force
turns out to be dominant.

Note by the way that we do not have to calculate ρav: we just use ρ to make the reduction and allow its
spatial variation in the final results. This seems even a better approximation as only the terms containing
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explicitly ∇ρ are neglected.

2.2. Consistency between Equations with u and U

The use of reduced quantities seems a reasonable way out for the problem at hand. Yet we consider whether
the use of u and U may be useful for an alternative approach. We consider the consistency between the basic
equations. It was suggested in the introduction that eq.(6) may replace the right hand side of eq.(2) and that
then two quantities u and U occur. However, considering only a linearized perturbation theory leaves us with U
alone in eq.(6). However, eq.(4) and eq.(1) still deal with u. They can hardly be converted into equations with
U unless we fall back on the use of the reduced quantities in the previous subsection. In fact in the linearized
version it is simpler to stick to u only, which is quite well possible. However, in the further elaboration following
eq.(2) we will still face the term ∇ρ × ∇ϕ which has to vanish and which is crucial for the developments in
references [1-7].

The conservation of energy should use
∫
ρu2dτ or

∫
(U2/ρ)dτ for its kinetic part. With the reduced quantities

as explained above this may be quite reasonable, although we are then speaking of a reduced energy in which
the non kinetic contributions are divided by ρ. Although u now occurs quadratically the division is by ρ itself,
not its square and the approximation will not be worse than in the basic equation. Hence the equation for
conservation of energy still seems usable to the same degree of approximation as the linearized theory.

3. Conclusion

Vladimirovs approximation is not a proper Boussinesq approximation, although it is usually called as such
because of some similarities. It allows a great simplification with usable results at least for the equilibrium
configurations and for the first order stability analysis by using a kind of normalized or reduced quantities. A
quantitative measure for the approximation is still lacking. Qualitatively the gradient of ρ should not exceed a
few percent. Along another line of thought we made an attempt to use U = ρu (momentum density) instead of
u (velocity) as basic quantity. However, the consistent elaboration of this becomes very involved and not really
suitable in general.
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Abstract

From a philosophical point of view, a concept of symmetry seems to be an acceptable idea of basic importance
in general. This is also true especially for a wide range of scientific structures and phenomena. In fact, elementary
particles of a matter are constructed on the basis of a symmetry of particles and antiparticles and/or a pair of
positively and negatively charged particles. Such an idea has been applied to ‘cosmology’ as found in Klein-
Alfvén’s model of matter and antimatter universe [1]. Although a symmetry of elementary particles has been
well recognized and established both theoretically and experimentally, for example as seen in electron-positron
pairs, it may be so difficult to obtain directly convincing proof of a symmetry of universe. One can see, how-
ever, a tiny universe in separation of positive and negative charges of thunderclouds consisting of vertical and
horizontal dipole cells corresponding to separation of matter and antimatter consisting of matter and antimatter
cells. Then lightning phenomena are regarded as a manifestation of symmetry breakdown. An astronomical study
based on such an idea of symmetry and symmetry breakdown can also been found in a hereditary book of secrets
on astronomy written in Japanese by Zenkichi Kikuchi (1794-1863), an ancestor of the author’s lineage [2, 3].

It has been found that in many ‘lightning strokes’, both electric reconnection and critical ionization effects are
involved in all discharge processes as proved by many natural and triggered lightning and laboratory discharges
[4]. The positive leader velocity can be estimated by the ion critical velocity, while the positive streamer,
negative and dart leader velocities can be estimated by the electron critical velocity. It is of particular interest
that lightning strokes to vertical needles on the ground surface at electrical cusp points before placing them had
a most high probability in statistical survey experiments in a costal region of the Sea of Japan though this was
accidentally found [4, 5].

Introduction

In 1998, the author presented an invited paper entitled “An Astronomical Study in Japan in Eighteen
Century”, introducing a book written in Japanese by Zenkichi Kikuchi [3] at the International Congress on
Arts and Communications, New Orleans/Louisiana, August 30 - September 6, 1998. This book attempts to
explain all things in nature, including astronomy, meteorology, environment, even human physiology, based
on a unified philosophical and scientific concept of symmetry or positive and negative matter and symmetry
breakdown. Specifically, the contents consist of thirty-three items: universe, matter, cloud, rain, snow, rainbow,
thundercloud, lightning stroke, earthquake, human physiology etc. over more than one hundred pages on the
Japanese paper by a writing brush.

Such a basic concept of symmetry and symmetry breakdown seems to an acceptable idea of basic importance
in general from philosophical point of view. This is also true especially for a wide range of scientific structures
and phenomena. In fact, elementary particles of a matter are constructed on the basis of a symmetry of particles
and antiparticles and/or a pair of positively and negatively charged particles. Such an idea has something in
common to Nobel laureate Alfvén’s idea and he says, ‘Cosmology has always been - and will be by definition
always remain - a borderland between science and philosophy - some would say religion’ [1] and has been applied
to ‘cosmology’ as found in Klein-Alfvén’s model of matter and antimatter universe [1]. Although a symmetry of
elementary particles has been well recognized and established both theoretically and experimentally, for example
as seen in electron-positron pairs, it may be so difficult to obtain directly convincing proof of a symmetry of
universe.

One can see, however, a tiny universe corresponding to separation of matter and antimatter consisting of
matter and antimatter cells [Sec.1]. Then lightning phenomena are regarded as a manifestation of symmetry
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breakdown as indicated above [2, 3].
It has been found that in many ‘lightning strokes’, both electric reconnection and crtical ionization effects are

involved in all discharge processes as proved by many natural and triggered lightning and laboratory discharges
[4, Sec.2]. The positive leader velocity and the positive streamer, negative and dart leader velocities can be
estimated by the ion and electron critical velocity, respectively [Sec.2]. It is of particular interest that lightning
strokes to vertical needles on the ground surface at electrical cusp points before placing them had a most high
probability in statistical survey experiments in a costal region of the Sea of Japan though this was accidentally
found [4, 5, Sec.3].

1. Thunderclouds as a Tiny Plasma Universe in Symmetry

Symmetrical plasma universe is regarded as matter and antimatter consisting of matter and antimatter cells
and/or dipole cells. Likewise, thunderclouds are considered to be an ensemble of two kinds of thunderstorm
cells, vertical and horizontal, each cell consisting of a double layer or a pair of dipole, as

Figure 1: Two kinds of thunderstorm cells: (a) vertical thunderstorm cell; (b, c) horizontal thunderstorm cell:
(b) bipolar cloud; (c) monopolar cloud

schematically shown in Fig. 1, thus to be a tiny plasma universe in symmetry. Fig. 1(a) represents vertical
thunderstorm cell for summer storms, while Fig. 1 (B) and (C) represent two kinds of horizontal thunderstorm
cells for winter storms: (B) and (C) refer to bipolar and monopolar clouds, respectively. When two clouds with
opposite polarity are facing each other nearly horizontally for monopolar clouds (or when opposite charges are
separated within a cloud for dipolar clouds) above the ground, a point or line of zero electric field, namely an
electric cusp should exist between the two clouds and the ground; both cases are essentially the same unless
thermohydrodynamic corrections are taken into account. Such a sequence of clouds aligned horizontally forms
periodical electric cusps between the clouds with opposite polarity and the ground. The dashed line shows
the electric line of force, and the shaded area indicates an electric cusp across which there exist two regions
of opposite polarity. When the images of horizontal cloud charges onto the ground are taken into account,
the whole charge and electric field configuration becomes like quadrupole. This produces new effects of the
quadrupole with particles or fluid, namely helicity or vortex generation. As a result of electric reconnection
through particles or fluid put in a cusp region, particle acceleration or critical ionization occurs, depending on
whether the background gas pressure is below or beyond the breakdown threshold, respectively. The latter case
produces vortices, uncharged and/or charged, even without conventional thermohydrodynamic origin and is a
new important factor for vortex generation such as tornadic thunderstorms.

The process of thundercloud formation has well been established and is found even in Ref.[2] in the form
similar to the present knowledge as early as in the eighteen century around the time when Franklin performed
famous kite experiments.

2. Lightning Discharge as a Manifestation of Symmetry Breakdown

Lightning phenomena are regarded as a manifestation of symmetry breakdown, in many cases by electric
reconnection being followed by critical ionization when the back- ground gas pressure is beyond the breakdown
threshold.
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First surface discharge and ionization occur around particles in a cusp region, generating EHD shocks in
the form of positive and negative streamers and leaders as a result of critical ionization towards the negative
and positive cloud charges, respectively, forming discharge channels, eventually resulting in a main discharge
or return stroke. In a sequence of these processes, the critical ionization velocities have been found to be most
relevant for the evaluation of both streamer and leader velocities: electron critical velocity defined as vec=
(2eV i/me)

1/2 for positive and negative streamers and for negative and dart leaders (e: electronic charge, me:
electron mass, Vi: ionization potential of the background gas); ion critical velocity defined as vic= (2eV i/mi)

1/2

for positive leaders (mi: ion mass). The mechanism of streamer and leader development is essentially the same
for positive and negative streamers, negative and dirt leaders, or positive leaders, and their ionization front is
assumed to be characterized by energy transfer from the kinetic energy of free electrons or ions to the ionization
energy of background neutrals, respectively, although an instantaneous or average velocity during motion has
to be taken up for negative leaders because they are stepped [4].

In addition, it may be interesting according to Ref.[2] that the energy of positive lightning is larger than that
of negative lightning in agreement with the modern knowledge that cloud-to-cloud and to ground discharges
including positive lightning are larger than usual cloud-to-ground negative lightning in energy. It says that
earthquake is also a phenomenon of symmetry breakdown like lightning discharge. Further, it claims that there
is no simultaneous occurrence of lightning and large earthquake in agreement with the modern knowledge of no
simultaneous occurrence of hurricanes and large earthquakes.

It can be stated that in many ‘lightning strokes’, both electric reconnection and critical ionization effects are
involved in all discharge processes as proved by many natural and triggered lightning and laboratory discharges
[4] and that positive leader and negative streamer and dart leader velocities can be estimated to be ion and
electron critical velocities, respectively.

3. Direct Observational Evidence of Electric Cusp and Reconnection Model

A new experimental evidence supporting a cusp model has been obtained accidentally from natural lightning
experiments during winter thunderstorms in 1985∼1989 in a coastal region of the Sea of Japan [4, 5] where cloud
shape and charge distribution are extended more horizontally at lower altitudes due to a wind shear [see Fig.1
(b) and (c)] in contrast to their vertical extent at higher altitudes in summer [see Fig.1(a)]. Accordingly, electric
cusps are formed between a sequence of clouds with opposite polarities and the ground as shown schematically
in Fig.2.

Figure 2: A sequence of horizontal winter-storm cells for illustrating the roles of electric cusp, merging, and
reconnection

It has been found that eleven stroke points of cloud-to-ground discharges were all located within a narrow
area of 1.1 km width within a cusp on the ground. Specifically, eleven strokes occurred just at the cusp center,
and 63% and 37% of stroke event occurred within a distance 1 km and 0.5 km from the cusp on the ground,
respectively. These indicate that natural cloud-to-ground strokes occur most likely in a cusp region on the
ground with an initially low electric field where a sudden change of low to very high electric field almost zero
to infinite could occur, while such a catastrophe never happens in other areas of initially high electric fields.
In this connection, one must recall that the electric cusp is a source-origin of chaos and that any perturbation
into a cusp, typically by dust or object, causes electric field merging toward the dust or object, increasing local
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electric fields around it drastically. This can easily be done by one of metal pieces scattered on the ground or
a projection of the ground in a cusp region. Thus the cusp model described above is well supported by natural
lightning experiments performed in Japan [4, 5].

It is of particular interest that lightning strokes to vertical needles on the ground surface at electrical
cusp points before placing them had a most high probability in statistical survey experiments though this was
accidentally found [4, 5].

Conclusion

The present paper reviews a unified philosophical and scientific view point of symmetry and symmetry
breakdown made so far and attempts to update it on the basis of a new Electrohydrodynamics (EHD) that has
been established and developed recently. In particular attention is paid to the basic common concept of plasma
universe and thundrclouds. As a whole, the paper reveals the following results:
(1) The concept of symmetry or positive and negative matter and symmetry breakdown and the attempt

of its application to all things in nature including thunderstorms, earthquake, and human physiology
can be seen in Ref.[2] as early as in the eighteen century.

(2) Such an idea has something in common to Alfvén’s idea and its application to ‘cosmology’ as found
in Klein-Alfvén’s model of matter and antimatter universe [1].

(3) Cloud charge and electric field configurations in the planetary atmospheres are basically replaced by
electric quadrupoles or quadrupole-like configurations that form electric cusps and mirrors and bring
a variety of new effects such as electric reconnection, critical ionization velocities and helicity or vor-
tex generation.

(4) Electric reconnection plays significant roles in energy transfer in the atmosphere such as particle
acceleration or a sequence of the processes, namely surface discharge and ionization followed by EHD
shocks, streamer and leader elongation, critical ionization, discharge channel formation and eventual
main discharge or return stroke, depending on whether the background gas pressure is below or bey-
ond the breakdown threshold.

(5) Positive and negative streamer, negative and dart leader velocities are estimated as the electron
critical velocity, while positive leader velocities are estimated as the ion critical velocity.

(6) Electric quadrupoles or quadrupole-like configurations can be a new source-origin of helicity which
is a new important factor for vortex generation such as tornadic thunderstorms apart from a conven-
tional thermohydrodynamic origin.

(7) Atmospheric and underground phenomena, both thunderstorms and earthquakes, are a manifestation
of symmetry breakdown, but there are no simultaneous occurrence between thunderstorms and large
earthquakes.

(8) Thus the present paper attempts to update a unified general idea of symmetry and symmetry break-
down on the basis of a new Electrohydrodynamics (EHD) that has been established and developed
recently.
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Abstract

It is widely accepted that bone remodeling is dependent on electrical stimulation. In the present investi-
gations applying noninvasive, pulsed electric stimulation (carrier frequency 14 MHz, Modulated at 16 Hz of
amplitude 10 V peak to peak), coupled capacitively to the induced osteoporotic rat bones. We observed that
the electrical stimulation significantly increased the calcium, phosphorus and carbon content compared to con-
tralateral sham exposed limb bones. A similar treatment of electromagnetic energy on an induced fracture
in rats (0.5 cm gap in tibia) is found to accelerate the healing process. For this both the sides of the tibia
were subjected to fracture, where only one is provided electrical stimulation (experimental). By comparing the
ultrasonic attenuation in control and experimental portion of the leg in the same rat, it is verified that healing is
faster in the later. This further confirms that stimulated side showed greater bone mass than the contralateral
position.

Efficacy of this technique in the two related clinical conditions is thus established.

Introduction

Osteoporosis has become a major health problem, and the incidence of osteoporosis-related fractures is
increasing in many countries [1]. Clinically many treatments such as Calcium & Vitamin D suppliment, Estrogen,
Calcitonin, Raloxifene, Bisphosphonates, Panidronate etc. are effective in treating osteoporosis but have some
adverse effects like Hypercalciurea, Breast cancer, Abdominal cancer, Endometrial cancer which vary in severity
[2, 3, 4]. The bone contains sensor cells that monitor mechanical strain and activate corrective biological
processes. Osteocytes, distributed throughout the bone matrix, are bone mechanosensing cells [5]. Osteocytes
produce a signal proportional to mechanical loading by sensing strain on bone surfaces through stretch-activated
ion channels [6], electrical potentials [7]. Mechanical loading is converted to an electrical signal that can be
transmitted intracellularly to the bone lining cells, creating intracellular or transmembrane potential changes
in the osteoblasts [8]. These Stressgenerated potentials act as signals, which regulate cellular activity and the
orientation of their macromolecular by-products. Such hypotheses suggested that the remodelling of bone by
applied physical stresses involved the generation of electrical potential, which then caused bone cells activation
leading to remodelling of bone. Bone cells activating electric potentials are produced in the bone when an
appropriate mechanical stress is exerted. A device (bone stimulator) has been fabricated in our laboratory [9]
with the aim of induction of osteogenic electric potential on bone.

Extensive clinical experience with electrical stimulation for cases of nonunion or other osseous diseases have
revealed that electrical stimulation promotes osteogenesis of fractures and osteoporosis [10-14]. However, it is
not fully understood as to, how osteogenesis is promoted by electrical bone stimulation. It is suggested that an
external stimulation would induce osteogenesis at the osteoporotic and fracture sites to promote osteogenesis.

Materials and Methods

Bone stimulator is basically an electromagnetic field generator with following specifications:

Carrier frequency: 14 MHz (continuous sine-wave)

Modulating frequency: 16 Hz (pulsed Square wave)

Voltage amplitude: 10 Volt (peak to peak)

The particular parameters of pulsed electromagnetic fields (PEMF) had been investigated in our laboratory for
a long time and proved to be effective both experimentally and clinically on bone fracture healing, bone growth,
nonunions & delayed unions [15]. The effect of same PEMF on osteoporosis is now a matter of investigation.
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Osteoporosis treatment
30 Female Wistar rats (90 days old and 210±10 gm initial body wt.) were randomized in two groups (Group

1 contained 10 rats and Group 2 contained 20 rats). Rats of group 2 were bilaterally ovariectomised. Electrical
stimulation was performed after one month of surgery. One leg (Exposed one) of rat tied with energized
capacitor electrode pair and other limb (Sham exposed one) tied with similar electrode plate but unenergised.
Stimulation has been done 2hrs per day for 60 days. All rats were sacrificed with an intraperitonial overdose
of phenobarbital sodium, their tibia and femora were freed from soft tissues and stored in -20◦C. There were 3
types of tibia and femora, Control (from group 1 rats), Ovx + Exposed or Exposed (from group 2 electrically
stimulated limb) and Ovx Sham Exposed or Sham Exposed (from group 2 electrically non stimulated limb).
Bone volume was measured by submersion in water in a container with a scale sensitivity of 0.01 ml. After
measuring the volume bones were lyophilized for 10 hrs and powdered down in fine particles. Bone Mineral
Content (BMC), Bone Organic Content (BOC) and Bone Mineral Density (BMD) were also measured. Calcium
analysis was done by flame atomic absorption spectrometry (SHIMADZU AA-6800). Calcium concentrations
were evaluated with respect to commercial standard (Ranbaxy, india). The standards and samples were read
against the blank solution. Phosphorus analysis of bone samples were quantified by Vanadomolybdophosphoric
acid colorimetric method in visible spectrophotometer at 470 nm wavelength. Carbon analysis of dry bone
samples was performed by a carbon analyzer (ELTRA CS 500, Germany).

Table 1: BMC: Bone mineral content; BOC: Bone organic content; BMD: Bone mineral density. The results
are expressed in mean ± standard deviation.

Femur Tibia

Control Sham
Exposed

Exposed Control Sham
Exposed

Exposed

BMC
(mg)

418.10±27.71 313.96±54.77 388.19±70.33 284.34±22.10 220.77±33.79 273.52±16.76

BOC
(mg)

246.50±16.34 212.95±52.68 249.79±51.26 222.49±59.44 189.44±37.88 210.77±16.38

BMD
(mg/ml)

872.77±56.33 730.00±11.05 826.57±91.89 932.76±82.85 806.77±13.27 911.13±70.83

Total
Cal-
cium
(mg)

127.89±19.55 98.20±5.28 112.13±12.06 86.46±2.22 68.37±7.47 83.719±3.55

Total
Phos-
phorus
(mg)

109.85±5.31 82.44±3.15 105.99±4.84 69.17±4.39 48.28±7.78 73.84±4.46

Total
Carbon
(mg)

22.40±2.35 19.02±1.28 20.51±1.54 19.31±1.63 15.00±1.82 17.48±2.86

Fracture treatment
The experiments were performed on adult rats weighing from 300-350 gm. A gap of 0.5 cm was made after

transverse osteoectomy was performed with an oscillating saw in the middle of the femoral shaft. Subsequently
stainless steel needle were inserted into the medullary canal to maintain alignment. After surgery the animals
were allowed the freedom in their cages for 24 hrs. Then X-ray images were taken of each femur to ascertain
the position of electrodes and alignment of femurs. Electrical stimulation was applied to the right leg with aid
of two stainless steel electrodes, which were energized by the output of bone stimulator. The stimulation was
repeated for 2 hrs per day for 30 days. The left leg was treated identically except that the electrodes were not
energized. The animals were sacrificed and intact bones of both legs removed. The diameters of calluses from
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both legs were measured and the cortical thickness obtained by microscopic measurement.
Ultrasonic attenuation was measured by positioning two clip electrodes on either side of fractured portion

of femur at distance of 1 cm. One of the electrodes was used to excitation (6 Volt P-P, Wavetek model 616) and
second for receiving the attenuated signal, which was displayed on the oscilloscope (Iwatsu Model 7741). All the
signals were continuous wave and their amplitudes were measured. Attenuation measurements were performed
for the frequency range 2-15 M Hz.

Results

Femur and Tibia mineral content of Exp group are significantly more than Sham Exp group, whereas femur
and tibia mineral content of Exp group is not significantly different with Control one (P<0.05). Bone mineral
density also shows the similar trend as bone mineral content. But in case of bone organic content there is no
significant difference between treated and sham. Calcium content and Phosphorus content of Exp bone are
quite significantly higher in concentration than sham exposed femur and tibia bones (P<0.005). Calcium and
Phosphorus content justifies the result of bone mineral content and shows increased precipitation of minerals
(Table 1).
Results in fracture treatment showed that experimental leg cortical thickness was 0.080 0.014 cm and control
cortical thickness was 0.061 ± 0.009 cm (Mean ± SD). Both groups were statistically significant when compared
with ANOVA and p value was 0.02. Comparative results of ultrasonic attenuation are shown in fig 1.

Figure 1: Averaged difference in attenuation in the control and experimental leg Vs frequency

Decelerating bone loss in osteoporosis and accelerating bone fracture healing technique is found to be suc-
cessful including in case of delayed union. These results suggest that such an effective window of pulsed radio
frequency fields may be used therapeutically for the treatment of human patients. The technique has no side
effects.

REFERENCES

1. Yelin, E. and L. F. Callahan, “The Economic Cost and Social and Psychological Impact of Musculoskeletal
Conditions,” National Arthritis Data Work Groups Arthritis Rheum, Vol. 38, 1351, 1995.

2. Paterson, C. R. , “Vitamin-D Poisoning: Survey of Causes in 21 Patients with Hypercalcaemia,” Lancet,
Vol. 1, 1164, 1980.

3. Riggs, B. L. and K. I. Nelson, “Effect of Long Term Treatment with Calcitriol on Calcium Absorption and
Mineral Metobolism in Postmenopausal Osteoporosis,” J Clin Endocrinol Metab, Vol. 61, 457, 1985.

4. Mahavni, V. and A. K. Sood, “Hormone Replacement Therapy and Cancer Risk,” Curr Opin Oncol, Vol.
13, 384, 2001.

5. Marotti, G., M. Ferretti, MA Muglia, C. Palumbo and S. A. Palazzini, “A Quantitative Evaluation of
Osteoblast-osteocyte Relationships on Growing Endosteal Surface of Rabbit Tibia,” Bone, Vol. 13, 363,
1990.



Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26 739

6. Duncan, R. L. and S. Misler, “Voltage-activated and Stretch-activated Ba2+ Conducting Channels in an
Osteoblast-like Cell Line (UMR-106), Fed Eur Bone Soc Lett, Vol. 251, 17, 1989.

7. Harrigan, T. P. and J. J. Hamilton, “Bone Strain Sensation via Transmembrane Potential Changes in
Surface Osteoblasts: Loading Rate and Microstructural Implications,” J Biomech, Vol. 26, 183, 1993.

8. Zhang, D., S. C. Cowin and S. Weinbaum, “Electrical Signal Transmission and Gap Junction Regulation
in a Bone Cell Network: A Cable Model for an Osteon,” Ann Biomed Engg, Vol. 25, 379, 1997.

9. Behari J., “Electrostimulation and Bone Fracture Healing,” Crit Rev in Biomed Engg, Vol. 8, 235, 1991.

10. Bassett, C. A. L., S. N. Mitchell and S. R. Gaston, “Treatment of Ununited Tibial Diaphyseal Fractures
with Pulsing Electromagnetic Fields,” J Bone Jt Surg, Vol. 63A, 511, 1981.

11. Evans, R. D., D. Foltz and K. Foltz, “Electrical Stimulation with Bone and Wound Healing,” Clin. Podiatr.
Med. Surg., Vol. 18, 79, 2001.

12. Jayanand, J. Behari and Lochan Rajeev, “Effects of Low Level Pulsed Radio Frequency Fields on Induced
Osteoporosis in Rat Bone,” Ind J Exp Bio, Vol. 41, 581, 2003.

13. Spadaro, JA and WH Bergstrom, “In Vivo and in Vitro Effects of a Pulsed Electromagnetic Field on Net
Calcium Flux in Rat Calvarial Bone,” Calcif Tissue Int., Vol. 70, No. 6, 496, 2002.

14. Sharrard, W. J. W., M. L. Sutcliffe, M. J. Robson and A. G. Maceachern, “The Treatment of Fibrous
Non-union of Fractures by Pulsing Electromagnetic Stimulation,” J Bone Jt Surg, Vol. 64B, 189, 1982.

15. Behari, J., V. P. Arya and Z. C. Alex, “Bone Fracture Healing Using a Capacitatively Coupled RF Field,”
J Bioelect, Vol. 10, 231, 1991.



740 Progress In Electromagnetics Research Symposium 2005, Hangzhou, China, August 22-26

A Numerical Study of the Localization Uncertainty for
Enhancing the EM Source Localization Accuracy

Ruopeng Liu1, Yu Luo1, Da Huang1

Xi Chen1, Mengyu Wang1, Haogang Wang1, and T. J. Cui1,2

1Zhejiang University, China
2Southeast University, China

Abstract

The performance of distributed arrays and distributed isotropic receivers in EM source localizations are
numerically studied in this paper. The Possible Localization Regions (PLR) of the source in the free space
obtained using these two kinds of receivers are analytically studied first. The source PLR obtained using
distributed arrays in free space is demonstrated to be smaller than that obtained using distributed isotropic
receivers. At the end of this paper, a numerical source localization result in complex urban environment obtained
by ray tracing technique confirms this argument.

Introduction

With the development of wireless communication, the electromagnetic (EM) source localization becomes a
hot topic in seeking the EM pollution sources, enhancing the communication performances, and so on. Many
localization techniques have been proposed in the literature, e.g., blind signal separation (BSS) using indepen-
dence component analysis technique (ICA) [1], and ray tracing method [2]-[4], and so forth. In this paper, we
only concern on the ray tracing method.

In the ray tracing method, the fields on the receivers generated by the source are measured first. Subse-
quently, the interesting region in which the source is located is divided into some discrete grid points. Each
of these grid points maybe the approximation of the true source, which depends on whether it satisfies the
judgment of a criterion, viz., cost function. The definitions of the cost functions can be diverse. It can be
defined as the average square root of the relative differences between the fields on the receivers generated by the
true source and that by the guessed source. I also can be defined as the 2-norm between the normalized field
vectors generated by the guessed source and that by the true source. (The elements in the field vectors are the
fields on the receivers.) In this paper, if the power of the source is known, we use the former one. Otherwise,
we use the later definition.

No matter what definitions of the cost function we use, there always exists a problem, viz., the numer-
ical methods exist the modeling errors, which will cause the uncertainty of localization. This suggests that
we can’t localize the true source points but just delimit a region that contains this source points. Assume
that the upper bound of the modeling error is ε0. Thus we can only get a region whose points ~r′satisfy the
inequality‖u(~r, ~r′)− u∗(~r, ~r′0)‖ ≤ ε0, where u(r, r′) and u ∗ (~r, ~r′) denote the simulated field and the measured

field, respectively, while ~r0 is the true source point. (Note, u(r, r′)and u ∗ (~r, ~r′)can have different definitions
as discussed in the next sections.) We call this region the Possible Localization Region (PLR). In the next
section, we will analytically study the free space PLRs obtained by using distributed isotropic receivers and
arrays, respectively. By the way, we would like to mention that because the measured data generated by the
true source can’t be easily obtained, thus we just use the simulated data, and then, the points in the PLR
should satisfy ‖u(~r, ~r′)− u(~r, ~r′0)‖ ≤2ε0. (For saving space, its derivation will not be presented here.)

Analytically Studying the PLR for Socalization in Free Space

Because it is difficult to analytically study the source localization in complex urban environment, we only
analytically study the PLR for free space localization problem.

At first, let us study the PLR obtained using the distributed isotropic receivers. The field at point ~rgenerated
by the source at point ~r′ in the free space can be expressed as

u(~r, ~r′) = E0/
∣∣∣~r − ~r′

∣∣∣
c

(1)
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where the superscript c denotes the range index and c=0.5 (for 2D case) or 1 (for 3D case). Assume the

true source and the n receivers are located at the original point ~O = (0, 0) and the points ~ri, respectively, where

i = 1, · · · , n. At receiver ~ri, the relative difference between the field generated by the source at any point ~r′and
the original point is written as

∆u(~ri, ~r
′) = (u(~ri, ~r

′)− u(~ri, ~O))/u(~ri, ~O) (2)

We define the cost function as

Cost Function = ‖∆ū(~r′)‖ , (3)

where ∆ū(~r′) = [∆u(~r1, ~r′), · · · ,∆u(~rn, ~r′)]T .
From the discussion in the introduction, we know that the PLR in the interested region is defined as a region

whose space points ~r′ satisfy the inequality

Cost Function = ‖∆ū(~r′)‖ ≤ 2ε0 (4)

Substituting (1) and (2) into (4) we obtain

||∆u|| =

√√√√
n∑

i=1

[[1 + (|~r′|/|~ri|)2 − 2|~r′|/|~r
i
| cos(θ′ − θi)]− c

2 − 1] ≤ 2ε0 (5)

where θ′ and θi are the polar angles of points ~r′ and ~ri.
To directly solve (5) is difficult. Fortunately, when n ≥ 2, the PLR becomes some small areas in the

interesting region. It means that the inequality |~r′|/|~ri| << 1 must holds in one small area of the PLR that
contains the true source point. Hence, applying the Taylor approximation in (5) and neglecting the higher order
terms of |~r′|/|~ri|, we simplify (5) as,

|~r′|2 ≤ 4ε20

c2
n∑
i=1

cos2(θ′−θi)
|~ri|2

(6)

Hence the area of PLR is analytically expressed as

AL =
1

2

2π∫

0

4ε20

c2
n∑
i=1

cos2(θ′−θi)
|~ri|2

dθ′ =
4πε20

c2
n∑
i=1

n∑
j=i+1

1
|~ri|2|~rj|2 sin2(θi − θj)

(7)

From (7), we know that we can minimize the area by optimizing the locations of the receivers. For
example, let n = 2, viz., two isotropic receivers are used to locate the source. Its PLR area is AL =
4πε20|~r1||~r2|/(c2 |sin(θ1 − θ2)|). When |θ1 − θ2| = π/2, AL is minimized. This indicates that the angle ex-
tended by two lines connecting the two receivers with the source respectively should be perpendicular as much
as possible.

Now, let us study the array localization mechanism. For convenience, the array is located at the original
point ~O, while the true source point is located at ~r0 now. The field received by the array is

u( ~O,~r′) = F (θ)|E0|/|~r|c (8)

Note that in this paper, for simplicity, the pattern is the superposition of the fields received by the elements
of the array. Thus the relative difference between the field generated by any source point ~r′and the true source
point ~r0 is written as

∆u( ~O,~r′) = (u( ~O,~r′)− u( ~O,~r0))/u( ~O,~r0) = F (θ) |~r0|c /(F (θ0) |~r|c)− 1 (9)

In order to obtain n different data, we rotate the array with angle αi, (where i = 1, · · · , n), corresponding

to difference ∆ui( ~O,~r
′) = F (θi) |~r0|c /(F (θ0) |~r|c)− 1. Thus the cost function is expressed as
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Cost Function =
∥∥∥[∆u1( ~O, ~r′), · · · ,∆un( ~O, ~r′)]T

∥∥∥ =

√√√√
n∑

i=1

[Fi(θ) |~r0|c /(Fi(θ0) |~r′|c)− 1]2 ≤ 2ε0 (10)

Lettingx = (r0/r
′)c and ai = Fi (θ) /Fi (θ0), we obtain

n∑
i=1

(aix− 1)2 ≤ 4ε20. Where the determinant is:

∆ = 4

(
n∑
i=1

ai

)2

− 4(n− 4ε2
0
)
n∑
i=1

a2
i . Only if ∆ ≥ 0, (10) has nontrivial solution, which gives

L(θ) =

√√√√√√√√

n
n∑
i=1

a2
i −

(
n∑
i=1

ai

)2

n∑
i=1

a2
i

=

√√√√√√√√

n
n∑
i=1

(
Fi(θ)
Fi(θ0)

)2

−
(

n∑
i=1

Fi(θ)
Fi(θ0)

)2

n∑
i=1

(
Fi(θ)
Fi(θ0)

)2 ≤ 2ε0 (11)

We observe that (11) only relates to angleθ.
In case the field of the EM source is unknown, the received field corresponding to the ith array pattern will

be normalized as

ũi( ~O,~r
′) = ui( ~O,~r

′)/
∥∥∥[u1( ~O,~r

′), · · · , un( ~O,~r′)]T
∥∥∥

= (Fi(θ) |E0| / ||c)/

√√√√
n∑

j=1

(Fj(θ) |E0| / ||c)2 = Fi(θ)/

√√√√
n∑

j=1

[Fj(θ)]
2

(12)

Letting ¯̃u(~r′) = [ũ1( ~O, ~r′), · · · , ũn( ~O, ~r′)]T , the cost function inequality is written as

CostFunction =
∥∥∥¯̃u(~r′)− ¯̃u(~r0)

∥∥∥

=

√√√√√
n∑

i=1


Fi(θ)/

√√√√
n∑

j=1

[Fj(θ)]
2 − Fi(θ0)/

√√√√
n∑

j=1

[Fj(θ0)]
2




2

≤ 2ε0

(13)

which is the same as (11). The calculated cost function distribution of a linear array is shown in Fig. 1. We
can see that the PLR is independent of the distance between the source point and the receiver point, which
means that a single array can’t locate the source. However, if the number of the arrays is greater than one, the
localization performance will be enhanced drastically. Fig 2 compares the performance of localization in free
space by isotropic receivers and antenna array receivers. We can see that using arrays to localize the source is
much better than using isotropic receivers.

Figure 1: The simulated PLR obtained using array at the center of the interesting.
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Figure 2: Comparison of the PLR obtained using distributed isotropic receivers and distributed antenna arrays
in the free space. The source is located at the center of the interesting region. (a) and (b) are the case that the
source power is known. In each of them, 4 data are received. (c) and (d) are the case that the source power
is unknown. In each of them, 8 data are received. In (b), each array will be rotated with 90 degrees to obtain
four data. In (d), each array will be rotated with 45 degrees to obtain 8 data.

Figure 3: (a) The the PLR (dark regions) obtained using four isotropic receivers around the three buildings.
The source is located at (12, 13). (b) The PLR (dark region) obtained using two antenna array receivers located
separately at (10, 0) and (28, 25).

Numerically Study of the Localization Performance in Urban Environments

We also perform the ray tracing technique to simulate the source localization in the complex urban environ-
ment. Fig 3 is the PRLs of the true source in a region with 3 buildings obtained using the isotropic receivers
and the arrays. We observe again that the antenna array receivers perform better than isotropic receivers in
source localization.
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Conclusion

In this paper, the Possible Localization Region (PLR) in source localization is numerical studied. We
analytically studied the PLR obtained using arrays and isotropic receivers and observe that the method using
arrays performs better than that using the distributed isotropic receivers. A numerical result obtained using
ray-tracing technique has confirmed this guess. Our next step is to study the role of the element phases of the
array in source localization.
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Local Multilevel Fast Multipole Algorithm for 3D
Electromagnetic Scattering

Jun Hu, Zaiping Nie, Lin Lei, and Jun Wang
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Abstract

In this paper, a local multilevel fast multipole algorithm (LMLFMA) is proposed to further speed up the
efficiency of MLFMA in conjugate gradient (CG) iteration. In the LMLFMA, only local interactions between
the subscatters are taken into account. And, the interaction regions in iteration are varying adaptively with
iterative current density. With decrease of iterative error, iterative current density tends to real one, the local
interaction regions required are diminishing. When the iterative error is less than a critical iteration error,
only the interaction between nearby regions at the finest level is considered. Numerical results show that the
LMLFMA has good accuracy, and the efficiency can achieve over four times of the efficiency of traditional
MLFMA.

Introduction

Based on multilevel fast multipole algorithm (MLFMA) [1], many large-scale problems can be solved effi-
ciently now. Although MLFMA can solve scattering from object with very large electrical size, the storage and
CPU time required are still expensive. To attain a faster solution, many fast algorithms based MLFMA have
been developed [2-5]. Fast far field approximation (FAFFA) developed by Chew and Cui reduces the computa-
tion complexity of MLFMA greatly, is applied successfully for scattering and radiation [2]. A hybrid method
based on MLFMA and adaptive ray propagation technique developed by us has attained faster solution than
conventional MLFMA [3]. Although the efficiency of this method is lower than FAFFA, the accuracy is higher.
Unfortunately, the two methods are not easily error controllable. A more accurate and better computational
property is achieved by combination FAFFA and ray propagation technique in MLFMA [4]. Compared with
MLFMA, MLFMA with partly approximation iteration (MLFMA-PAI) developed by us also attains a faster
solution [5]. An obvious advantage of the MLFMA-PAI is its easy implementation. Numerical investigations of
scattering from conducting sphere with different sizes show that the efficiency of MLFMA-PAI is about 2.6 times
of the one of MLFMA. In MLFMA-PAI, a critical iteration error (CIE) is set in CG iteration, which is dependent
on the contributions of nearby region and the convergence accuracy required. Before the iterative error reduces
to the CIE, all the interactions between the subscatters are evaluated. After the iterative error has satisfied
CIE, only the interactions from nearby groups at the finest level are considered. In this paper, we extend the
MLFMA-PAI into a local multilevel fast multipole algorithm (LMLFMA). Different from MLFMA-PAI, only
the local interactions between the subscatters are taken into account before the iterative error reduces to the
CIE in this present method. It further reduces the computational complexity of MLFMA-PAI, and the accuracy
is still good. Some typical numerical results given demonstrate the valid and efficiency of the LMLFMA.

Multilevel Fast Multipole Algorithm (MLFMA)

For sake of simplicity, only electrical field integral equation (EFIE) for 3-D conductive object is considered.
It is given by

t̂ ·
∫

S

G(r, r′) · J(r′) dS′ =
4πi

kη
t̂ · Ei(r) (1)

By applying addition theory, dyadic green function in (1) is rewritten as [1]

G(rj , ri) =
ik

4π

∫
d2k̂(I − k̂k̂)eik·(rjm−rim′)αmm′(r̂mm′ · k̂), |rmm′ | > |rjm − rim′ | (2)

where rj , ri is the vector coordinate of field point and source point position respectively, rm, rm′ is the vector
coordinate of group center of the field points group, the source points group respectively.
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Applying appropriate basis function ji and testing function tj to e.qu.(1), linear algebraic equations is
attained finally

N∑

i=1

Ajiai = bj , j = 1, 2, · · ·N (3)

It can be evaluated by fast multipole method (FMM) as follows

N∑

i=1

Ajiai =
∑

m′

∑

i∈G′

m

Ajiai +
ik

4π

∫
d2k̂Vfmj

(
k̂
)

×
∑

m′

αmm′

(
k̂ · r̂mm′

) ∑

i∈Gm′

V ∗
sm′i

(
k̂
)
ai, j ∈ Gm (4)

In the right side of (4), the first term represents the interactions from nearby regions, the second term repre-
sents the interactions from non-nearby regions. V ∗

sm′i, αmm′ and Vfmj represents the aggregation, translation,
disaggregation term respectively, detailed formula is shown in [6]. The equ.(4) is often rewritten as another
representation of matrix-vector multiplication,

A · a = Anear · a+ U
t · T · V · a (5)

where the matrix Anear , V , T , U is sparse, represents the interaction matrix of nearby region, the matrix of
aggragation, translation, disaggregation respectively.

MLFMA is the multilevel extension of FMM, the matrix-vector multiplication is implemented in a multilevel
multistage fashion, written as

A · a = Anear · a+ U
t

NL · TNL · V NL · a+

NL−1∑

i=2

U
t

i · T i · V i · a (6)

where V i, T i, U i represents the matrix of aggragation, translation, disaggregation at the ith level respectively,
NL is the total level number. In MLFMA, V i, U i (i < NL) is computed by interpolation and anterpolation
technique. For N unknowns, the computational complexity and storage requirement are O(NlogN). More details
are shown in [6].

Local Multilevel Fast Multipole Algorithm (LMLFMA)

In conventional MLFMA, all interactions between nearby regions and non-nearby regions are considered.
But in fact, only the interactions between local regions are dominant, especially when the unknown current tends
to the real one. Based on this, the matrix-vector multiplication in CG iteration can be evaluated approximately
by

A · a ≈ Anear · a+

NL∑

i=Lc

U
t

i · T i · V i · a (7)

Where Lc is the coarsest level (Lc ≥ 2), determined by the iterative error. For the case of NL ≥ 6, two useful
empirical formula about Lc are chosen as follows

Lc =





NL− 4 err > err1
NL− 2, err2 < err ≤ err1
NL err ≤ err2

(8)

or

Lc =





NL− 2 err > err1
NL− 1, err2 < err ≤ err1
NL err ≤ err2

(9)

where err is the iterative error, err1, err2 is the error threshold in LMLFMA. Obviously, equ.(8) has better
accuracy than equ.(9). After err reaches the CIE, only the interactions from nearby groups at the finest level
are considered.
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Although the coarsest level is also set in FAFFA-MLFMA, the present method is different from the former.
Firstly, the Lc increases adaptively with the iterative error decreases. Secondly, no the interactions between
far regions are evaluated. Obviously, the LMLFMA requires much less computational complexity than FAFFA-
MLFMA. On the other hand, the implementation of LMLFMA is straight.

Numerical Results

Three typical numerical results are given to demonstrate the validity and efficiency of LMLFMA. The results
calculated by MLFMA-PAI are given for comparison. All results are evaluated on DEC workstation XP1000
with 1Gb memory. Because the accuracy and efficiency of MLFMA-PAI have been validated in [5], it is not
repeated here. In MLFMA-PAI, tol (convergence error) and CIE (critical iterative error) is set as 0.01 and 0.05
respectively. In LMLFMA, err1 is set as 0.6, err2 is set as 0.1. All errors are in the meaning of relative residual
error.

Figure 1: Bistatic Normalized RCS of conducting sphere by MLFMA-PAI and LMLFMA.

Figure 2: Bistatic RCS of conducting cube by MLFMA, MLFMA-PAI and LMLFMA, VV-pol.

The first example is bistatic normalized RCS results of conducting sphere with ka = 50.0, shown in Fig. 1.
For sake of clear curves, the result of Mie series is not plotted. The number of unknowns is 115260 and the
total level number NL = 6. Two results calculated by LMLFMA with different Lc are given. In LMLFMA1
and LMLFMA2, Lc is determined by equ.(8) and (9) respectively. It is shown that the results by LMLFMA1
agree well with the one by MLFMA-PAI. The results calculated by LMLFMA2 agree not well as the one by
LMLFMA1, but the CPU time for iteration is only half of the one in LMLFMA1. The RMS error of MLFMA-
PAI, LMLFMA1, LMLFMA2 results is 0.57dB, 0.9dB, 2.3dB respectively. This example indicates that Lc had
better be set as 2 in the initial iteration in order to attain accurate results. The CPU time for iteration in
MLFMA-PAI is 9693 seconds, the one in LMLFMA1 and LMLFMA2 is only 5685, 2808 seconds, it will be
27000 seconds if traditional MLFMA is applied. So for this example, the efficiency of CG-MLFMA is speed up
by factor of 4.7 by LMLFMA, while it still attains a reasonable accuracy.
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Fig. 2 shows the bistatic RCS of 3D conducting cube, which size is 18 wavelength. The results by MLFMA
and MLFMA-PAI are also given for comparison. The number of unknowns is 252300, NL = 6. In this example,
Lc is determined by equ.(8). We can see these results agree well with each other, but the CPU time for iteration
in MLFMA-PAI is 5215 seconds, the one in LMLFMA is only 1837 seconds.

Figure 3: Monostatic RCS of cone-sphere with a gap by MLFMA-PAI and LMLFMA.

Figure 4: Geometrical demonstration of cone-sphere with a gap (unit: mm)

Finally, the monostatic vertical polarized RCS of cone-sphere with a gap is given to illustrate the efficiency
of LMLFMA. The RCS results and its geometrical structure are shown in Fig. 3, Fig. 4 respectively. The Lc
is chosen as the same in the second example. The frequency is 9GHz. The nmuber of unknowns is 41148. To
calculate 181 points RCS, the CPU time for iteration in MLFMA-PAI is 375093 seconds, the one in LMLFMA is
only 198820 seconds. It is seen that the two results agree well with each other, also agree with the measurement.

The above examples illustrate clearly the present method is especially suitable to solve scattering from 3D
object with large electric sizes.

Conclusion

Compared with previous fast algorithms based MLFMA such as MLFMA-PAI, FAFFA, ARPMLFMA, the
present method is a more efficient method. It can further speed up the efficiency of MLFMA greatly and
does not sacrifice the accuracy when the error threshold err1, err2 are chosen appropriately. Some electrically
large problems have been solved successfully by this method. Further research on the choice of err1, err2 in
LMLFMA is our future work. Although the strict formula about Lc is not available for a given object, the
LMLFMA is still a promising method for large scale problems.
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Exploring Independent Component Analysis for GPR
Signal Processing

Anxing Zhao, Yansheng Jiang, and Wenbing Wang
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Abstract

Independent component analysis (ICA) is a kind of blind signal processing (BSP) or blind source/signal
separation (BSS) technique that develop quickly in recent years. It has found many applications in a variety of
fields and been successfully used to acoustical signal processing, biomedical signal processing, feature extraction,
edge detection and face recognition, etc. In this paper, based on the analysis to the GPR signal characteristics,
we have primarily explored ICA for GPR signal processing using FastICA. A primary study on FDTD simulation
and experimental data being processed by FastICA has indicated ICA technique in GPR signal processing will
be promising. In our approach, the separation of target signal and background signal has been implemented
automatically. We also primarily settled the ambiguities of the sign of the separated target signal components.
Our primary results have showed it can effectively remove the background in the raw GPR data and keep the
fineness of target signal simultaneously. Additionally, our method may be used on-line. We reckon ICA can
become a powerful technique in GPR signal processing.

Introduction

Time-domain impulse ground penetrating radar (GPR) radiates short-duration pulses of electromagnetic
energy into the ground and collects backscattered signals. A target is declared present if the GPR detects a
local change (or discontinuity) in the media (such as soil) dielectric. It can find objects both being made of
metal and with little or no any metal content at all, and, as such, has emerged as a promising tool for finding
underground pipeline, landmines and unexploded ordnance (UXO), which are both of military and humanitary
importance.

Since the GPR operational environment limit, the GPR measurements are often contaminated by the clutter
(or background signals) being from antenna crosstalk plus the reflection from the ground surface. This makes it
difficult for detecting targets buried close to the ground surface. The clutter therefore gives a significant problem
for shallow buried target detection in nonuniform ground. In general, the clutter is often considered as those
signals that are uncorrelated to the target scattering characteristics but occupy the same frequency band as
the targets. It is usually assumed to have a slow spatial variation. However, on the detection of shallow buried
targets the clutter is the strongest and most significant disturbance. To improve the GPR detection performance
for shallow buried objects it is therefore necessary to deploy proper GPR clutter reduction methods on the GPR
measurements.

Although some signal processing methods such as time gating, ensemble average subtraction, wavelet trans-
form etc. have been discussed in the literatures[1,2,3], and [1] mainly discussed the Kalman filter based approach
in GPR signal processing. None of these methods perform satisfactorily when applied to GPR data, especially
for shallow buried targets in nonuniform ground. In this paper we present the independent component analysis
(ICA) based method that has close relation to blind signal/source separation (BSS) or blind signal processing
(BSP) to suppress the strong clutter. Two examples are included to demonstrate the effectiveness of the method.

1. Brief Introduction to ICA[4]

How to find components (or basis vectors) in which we are interested for highdimensional random variables
(signals) has been of long standing interest in statistics, linear algebra, signal processing and many other fields.
For a multivariate signal vector x, we seek to find a linear transformation W, such that the transformed variable
s,

s = Wx (1)

has some desirable properties. Independent component analysis (ICA), as a new BSS technique, looks for a
linear transformation W to maximize the “non-Gaussianity” of s so that the transformed variables si’s are
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independent and the distribution function for si is least Gaussian. In general, ICA assumes every xi is a linear
combination of each si ,

xj = aj1s1 + aj2s2 + ...+ ajNsN , j = 1, 2, ...,M (2)

or to be expressed as vector-matrix type

x = As (3)

where x = (x1, x2, ..., xM )T , s = (s1, s2, ..., sN )T and

A =




a11 a12 ... a1N

a21 a22 ... a2N

... ... ... ...
aM1 aM2 ... aMN




Based on Central Limit Theorem (CLT) it can be shown that if vector wi is chosen such that [5]:

y = wT
i x = si (4)

is least gaussian, will ensure independence of si. Once W={wi, i = 1, 2, ..., N} is calculated, the mixing matrix
A is defined as:

A = (WTW)−1WT (5)

Thus we can find the independent components by maximizing the non-gaussianity of wT
i x. If g(y), its definition

can be as formula (6), (7) or (8), is a measure of non- Gaussianity, we can calculate wi in two ways with FastICA
algorithm.

The first is deflationary orthogonalization. Its steps are as follows:

(1) Center the data to make its mean zero and whiten the data to get z from x .

(2) Choose m , the number of ICs to estimate. Set counter p← 1.

(3) Choose an initial value of unit norm for wp randomly.

(4) Let wp ← E{zg(wT
p z)− E{g′(wT

p z)}wp, where g′(•)is the derivative of g(•).

(5) Do the following orthogonalization: wp ← wp −
p−1∑
j=1

(wT
p wj)wj

(6) Normalizing wp with wp ← wp/‖wp‖ .

(7) If wp has not converged, go back to step 4.

(8) Set p← p+ 1. If p ≤ m , go back to step 3.

The second is symmetric orthogonalization. Its steps are as follows:

(1) Center the data to make its mean zero and whiten the data to get z from x .

(2) Choose m , the number of ICs to estimate.

(3) Choose initial value for the {wi, i = 1, 2, ...,m}, each of unit norm. Orthogonalize the matrix as follows:

W← (WWT)−
1
2 W, where W = (w1,w2, ...,wm)T .

(4) For every i, 1,2,...,m, let {wi ← E{zg(wT
i z)− E{g′(wT

i z)}wi

(5) Do a symmetric orthogonalization of the matrix W = (w1,w2, ...,wm)Tby W← (WWT)−
1
2 W.

(6) If not converged, go back to step 4.

The function g(•) is as follows:

g1(y) = tanh(a1y) (6)

g2(y) = y exp(−y2/2) (7)

g3(y) = y3 (8)

In ICA, statistical independence and non-Gaussianity are two basic preconditions. Because of both s and
A being unknown, there apparently exist some ambiguities in ICA, such as the variances (energies) of the
independent components, as well as their order and sign. Fortunately, these ambiguities are insignificant in
most applications. To make a concrete analysis of our concrete problems, we must rectify the sign of every
independent component.
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2. GPR Signal Processing Using ICA

On the detection of shallow buried targets using GPR the clutter is the strongest and most significant
disturbance. The GPR performance is closely related to the clutter reduction from the raw GPR data. The
clutter is often considered as those signals that are uncorrelated to the target scattering characteristics but
occupy the same frequency band as the targets. In general, whether there exists target signal or not, the clutter
is there all the while. So we can consider the clutter is independent of the target signal. Besides, practical GPR
signals are of non-Gaussianity. According to the characteristics of the clutter, we can surely use ICA to process
GPR signals. Two examples, FDTD simulated data and field-test real-world data processed by using ICA, are
as follows.

First, to explore the ability of ICA technique to eliminate the clutter in raw GPR data, we use finite-
difference time-domain (FDTD) simulated GPR data. The simulated model along with the parameters are
shown in figure 1(a). We simulate a two stratum structure with a rough interface below the horizontal ground.

Figure 1: FDTD simulated model and the radargrams of the simulated GPR data

36 GPR return signals, each with 600 samples, are simulated. To do ICA on the simulated data, we get a
clutter signal beforehand, then we use it to do ICA with 36 return signals one by one. Figure 1(b) shows the
radargram of the simulated raw data. Figure 1(c) is the radargram after doing ICA. Here we should make out
the ambiguities about the target returns of the rough interface have been all rectified. From Figure 1(b), the
radargram of FDTD simulated raw data, and (c), the one of after doing ICA, we find that ICA can extract the
target signals effectively from the raw GPR data. We get a good result to do ICA to the simulated GPR data.

Second, we do ICA to the field-test GPR data to prove the effectiveness of our method. The experiment was
done in the moist sand box with 150cm long and 100cm wide. The target being 22.5cm below the surface, is a
rectangular plate with coated copper with 52.5cm long, 40.5cm wide and laid flat. The data are collected by a
time-domain impulse GPR system. Every measuring line collects 70 return signals which each has 512 samples.
The spacing between two returns is 1cm. The radargrams of the raw data and the data processed by ICA are
displayed in Figure 2(a) and (b), respectively. We can see from Figure 2(a) that the target signals are blurred
with the strong clutter. In Figure 2(b), the strong clutter was almost eliminated root and branch and target
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signals get prominent clearly. From the real data case, we also proved the effectiveness of GPR signals being
processed by using ICA.

Figure 2: radargrams of real GPR data

Conclusion

In this paper, we have explored ICA for GPR signal processing. Two examples, FDTD simulated data and
field-test real-world data, are presented to demonstrate the effectiveness of the method. Although we have only
done quite elementary study and there have still been much work waiting to be done to make ICA, a relative new
technique of BSS, a practical successful GPR signal processing technique. Primary results have indicated that
ICA technique can really be used for GPR signal processing. We can use ICA to eliminate the GPR clutter (or
background signals) effectively or extract the target characteristics successfully. ICA is a promising technique
in GPR signal processing.
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Signal-to-noise Ratio Enhancement in Multichannel
GPR Data via the Karhunen-Loéve Transform

Anxing Zhao, Yansheng Jiang, and Wenbing Wang
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Abstract

Ground penetrating radar (GPR) has been widely used in civil engineering, landmine detection and identifi-
cation, unexploded ordnance, environmental engineering, and so forth. But GPR signals from shallowly buried
objects tend to be obscured by the return from the air-soil interface. So how to get rid of the disturbing effect
of this background signal has been always a troublesome problem in practical engineering. Based on the study
to the characteristic of real-world GPR data, we find that the background has much strong correlations from
trace to trace. So we propose to use KLT to process GPR signal. Simulative and practical experimental data
examples are included to demonstrate the effectiveness of the method. Results indicate that KLT technique can
really eliminate the strong GPR background mostly. The signal-to-noise ratio of the data processed by KLT
technique can be enhanced greatly.

Introduction

Impulse time-domain ground penetrating radar (GPR) realize exploring shallowly buried objects under the
ground by radiating short-duration pulses of electromagnetic energy into the ground and recording the energy
backscattered from a buried object as a function of time. Because of military and civil engineering practical
demand, GPR has found many applications in relation to exploring near-surface targets. However, much strong
clutter (or background) is often a performance-limiting factor in GPR practical applications. How to get rid
of the strong clutter so as to enhance the signal-to-noise (or signal-to-clutter) ratio has all along been a much
troublesome problem.

Several clutter reduction techniques [1,2,3], such as time gating, ensemble average subtraction, etc. have been
discussed in the literature, but none of these methods perform satisfactorily when applied to GPR data collected
over shallowly buried targets in nonuniform ground. Here we present a novel technique using Karhunen-Loéve
transform (KLT) to eliminate the strong GPR background to greatly enhance the signal-to-noise ratio of the
original GPR data. The assumption of KLT is that the data (or signals) to process are mutually correlated, and
there is thus some redundancy in the data. The redundancy in KLT is measured by correlations between data
elements. So signal processing using KLT is only based on second-order statistics. Data processed by KLT can
remove the correlations between them. From the point of the mean-square error, the results by KLT processing
is optimum. Based on the study on the characteristic of real-world GPR data, we find that the background
has much strong correlations from trace to trace. So we propose to use KLT to process GPR signal. Synthetic
(FDTD simulated) and practical experimental data examples are included to demonstrate the effectiveness of
the method.

1. The Principle of GPR Signal-to-Noise Ratio Enhancement by KLT

Brief introduction to KLT[4]

In general, KLT can be represented with matrix as

Y = TX (1)

where X and T are , respectively, the data matrix to be transformed and transform matrix. So Y is the result
of KLT. In KLT, the transform matrix T is determined from X , the data matrix to be transformed. Suppose
an N-dimensional stochastic vector

X = (x1, x2, ..., xN )T (2)

and its covariance matrix is
CX = E{[X− E(X)][X − E(X)]T } (3)
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where E(X) is the mean vector of X . In general, CX is a positive (or semi-positive) definite matrix. So we
have a normal orthogonal matrix B = (v1, v2, ..., vN ), to make

BTCXB =




λ1 0 ... 0
0 λ2 ... 0
... ... ... ...
0 0 ... λN


 = Λ (4)

where λi is eigenvalue of CX , and meets λ1 ≥ λ2 ≥ ... ≥ λN . vi is normal orthogonal eignvector, corresponding
to λi. Actually we often have that the value of λ1 is much bigger than that of any other λi’s. It represents
the most correlated components among all the random variable, xi’s. And the much small λi’s corresponding
to the most uncorrelated components are often considered as random noise. The information we are interested
may be contained in the intermediate λi’s. Here we definite an orthogonal transform of X as

Y = BTX = (y1, y2, ..., yN )T (5)

and Y is called Karhunen-Loéve transform of X.

The Principle of GPR Signal-to-Noise Ratio Enhancement by KLT

Figure 1: The block diagram of underground target detection using GPR

To be convenient for description, a block diagram of a typical GPR system to detect underground targets,
is given in the following (1). In it, xc(t)represents the antenna crosstalk, xr(t)is the reflections from the ground
surface, s(t) , may be inexistent in some traces, is the signal from a underground target, and taking into account
the random noise, n(t) , not showed in Figure 1. We get the model of GPR measurements as follows

x(t) = xc(t) + xr(t) + s(t) + n(t) (6)

In general, xc(t) plus xr(t), denoted by xd(t), is called direct wave (or clutter) in GPR measurements. This
clutter often has a slow spatial variation and much stronger strength than that of any other components in the
GPR measurements in practice. The strength of random noise, n(t), is relatively weaker then on the contrary.
In fact, the clutter is a main performance-limiting factor in GPR detection of near-surface targets. So we can
enhance GPR signal-to-noise ratio through eliminating the clutter from each trace. In this paper, we only aim
at GPR measurements from local underground targets such as pipeline and landmine, to enhance signal-to-noise
ratio by clutter reduction using KLT.

Clutter in every trace in a B-scan has much strong correlation. Random noise is almost uncorrelated from
trace to trace. And signal from a local underground target has intermediate correlation among them. So we
can use KLT to throw away the vectors, yi’s, corresponding to the biggest and minor eignvalues to eliminating
the clutter and random noise.

2. Examples for GPR Signal-to-noise Ratio Enhancement Using KLT

Here we present two examples to investigate the ability of GPR signal-to-noise ratio enhancement to use
KLT. One is that we use finite-difference time-domain (FDTD) simulated GPR data to validate our approach,
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Figure 2: Radargrams of FDTD simulated GPR data

Figure 3: radargrams of real GPR data

and the other is that practical GPR data from field-test experiment are processed by using KLT. We both get
satisfactory results.

First, to demonstrate how the KLT eliminates the clutter to enhance the GPR signalto- noise ratio, we use
FDTD to simulate a PVC pipeline with a dielectric constant of 2.6 in the isotropic media having a dielectric
constant of 4. The pipeline is 30cm below the surface horizontally. We simulate 36 traces GPR data which
every trace has 1000 sampling points in all. The original simulated data and the data that the clutter has been
removed using KLT are demonstrated in Figure 2, (a) and (b), respectively, the so-called radargrams[5]. From
Figure 2 (a), it is difficult for us to judge whether there is any target in it only from the original data. But
in Figure 2 (b), after having eliminated the clutter via KLT, the target signals are displayed distinctly. So we
conclude from simulated GPR data that KLT can enhance the GPR signal-to-noise ratio greatly.

Second, let us consider the field-test GPR data being processed by KLT technique. The experiment was
done in the moist sand box with 150cm long and 100cm wide. The target being 10cm below the surface, is
an aluminium pipe with 8cm in diameter, 30.5cm in length, and 0.12cm thick in pipe wall. The surveying line
is orthogonal to the pipe direction. The data are collected by a time-domain impulse GPR system. Every
measuring line collects 70 traces (or returns) which each has 512 samples. The spacing between two traces is
1cm. The radargrams of the raw data and the data processed by KLT are displayed in Figure 3 (a) and (b),
respectively. We can see from Figure 3 (a) that the target signals are blurred with the strong clutter. In Figure
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3 (b), the strong clutter was almost eliminated root and branch and target signals get prominent clearly. From
the real data case, we also proved the effectiveness of GPR signal-to-noise enhancement by using KLT.

Conclusion

In this paper, we proposed to use KLT technique to remove the clutter and denoise from the multichannel
GPR data simultaneously to improve the poor GPR signal-to-noise ratio. Two examples, FDTD simulated
data and real-world data, are included to demonstrate the effectiveness of the method. Results indicate that
KLT technique can really eliminate the strong GPR background mostly. The signal-to-noise ratio of the data
processed by KLT technique can be enhanced greatly. KLT is very powerful method in GPR signal processing.
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Abstract

This paper analyzes magnetic flux leakage (MFL) of defects in steel pipe and calculates it by using three-
dimensional3-D finite element method (FEM). In order to obtain good solutions in the measured area, a novel
method that effectively combines the adaptive and man-defined meshing technique is presented. Based on the
optimal meshing strategy developed, the MFL testing signals due to defects of different shape are simulated
respectively. The characterization of defect shape from the MFL signals is realized by introducing decomposed
components and applying the wavelet analysis approach. Such an effect can be employed for characterizing
defects in steel pipe, which are inspected using the MFL method in the nondestructive testing industry.

1. Introduction

The MFL method is currently the most commonly used steel pipe inspection technique. In this technique, the
pipe wall is magnetized in the axial direction. As a ferromagnetic material is subjected to the field, irregularities
in the structure can cause the induced flux to leak out into the adjacent air. A circumferential array of Hall
sensors is used to detect any leakage flux caused by the presence of defects in the pipe. The output signals of
the sensors are transited to computer for more process and analysis. [1]

For the limitation on different shape of defects by physical experimental method; such as some small cracks
or bubbles in pipe wall, it is difficult to acquire a large number of experimental data. However, simulation
method does well. By selecting suitable meshing method, refining the defect and adjacent area, arbitrary shape
of defect in pipe can be simulated with 3D FEM simulation software [2].

2. Nonlinear Finite Element Theory

Considering the tested pipe in invariableness magnetic field moving axially in constant velocity, the problem
can be solved approximately in magnetostatics model. The governing equation for this 3D, magnetostatic
problem is: {

∇×H = J
∇ •B = 0

(1)

where H(x, y, z), B(x, y, z) and J(x, y, z) are the magnetic field intensity, the magnetic flux density and the

current density respectively.
⇀

B and
⇀

H are related by

B = µH (2)

for nonlinear ferromagnetic material ,the permeability µ is function of H, as follows:

µ = f(H) (3)

If a vector magnetic potential A obeys:

{
∇×A = B
∇ •A = 0

(4)

Following the above procedure, we have

∇2A = −µJ (5)

In finite element analysis, a solution of [5] is obtained by minimizing the nonlinear energy function
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F (A) =
1

2

∫∫∫

V

1

µ
(∇×A) • (∇×A)dV − µ

∫∫∫

V

J •AdV (6)

over the region V of the interest.
According to the relation described in [6], the value A can be calculated by constructing a suitable 3-D finite

elementFE model. The other field quantities are therefore automatically computed from A.

3. Simulation and Analysis

A. Constructing model and Simulation
A FE model of the inspection geometry consists of two excitation coils that generate axial magnetic field,

a Hall sensor and a steel pipe moving axially inside the coils. The coils are both 1000 turns winded with
φ0.55mm copper wire. In order to get the optimal signals of MFL testing, the pipe must be magnetized to
critical saturation in the case of normal operation. The distance between two coils is changed from 100mm to
600mm. The amplitudes of current in two coils are both alterable from 0.5A to 1.5A. The Hall sensor is placed
in the middle of two coils. The distance (liftoff) between the Hall sensor and the surface of pipe is 1mm. For
improving simulating efficiency, the part of mode(1/4) is selected with regard to the axisymmetric problem.

Figure 1: Flux density against currents and placement of coils

Fig.1(a) shows the flux density value in the pipe wall 1mm when coil current change from 0.5A to 1.5A
versus the distance of two soils change from 100mm to 600mm.

Fig.1(b) shows the flux density value induced by hall element.
From the above fig.1, we can find that the case of both two coils current of 1A and the distance of 200mm is

the optimal operation condition. It is possible to acquire a good signal-noise ratio because the pipe is magnetized
to critical saturation status and the magnetic flux leakage in the air area adjacent the pipe is rather small.

Placing different shape of defects in the pipe wall, a group of MFL signals corresponding can be got after
performance. For the defect of small size, such as the width of the crack less than 0.2mm, the mesh of the defect
and adjacent area must be controlled subtly. An effective method is developed to solve the matter. At first,
refining the interest area which is meshed coarsely early step by step from the problem region to the defect.
Make sure no any abnormal mesh exists in the measured area. The density of meshes in the defect and its
adjacent area is satisfied. Then, refine meshes adaptively in the following calculation substeps. Good results
would be obtained by performing above two stages properly.

Fig.2 shows the signals of MFL testing in the case of radius 1mm of bubble which is placed in the pipe wall
2mm distance to the external surface. The signals consist of three components: axial component (Bz), radial
component (Bx) and circumferential component(By). These components are essentially useful to characterize
the defect: the peak value and the signal wave wide of Z component are approximately linear correlation to the
size of the defect. The X component is associated with the depth and width of the defect, and the Y component
is only auxiliary to distinguish the defect due to its lower magnitude.[3]
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Figure 2: components of MFL testing signals

B. Signal process and analysis
Applying wavelet analysis technique, the signals of different types of defect are processed and analyzed.

High and low frequency components in the Bz component of signals are used as decomposed scale function
on different scale value. Corresponding characteristic parameters (fractal dimension) can be obtained. Table.1
is the results of analyzing the signals of the defect of air hole, crack and corrosion by selecting ‘db3’ wavelet
function. The first column indicates the type and size of defect. For the defects of crack and corrosion, the
abbreviate ‘d-w-l’ indicates depth, width and length respectively. For the defects of air hole, the abbreviate ‘r’
represents radius. Each type of defect has distinct range value in fractal dimension. From this, it is feasible to
distinguish the arbitrary shape of defect.

Table 1: Fractal Dimensionan Alysis for 3 Kinds of Defect

Type: crack
1-0.3-10 1-0.4-10 1-0.6-10 1-0.8-10 1-0.8-15

Size: d-w-l(mm)

fractal dimension 1.8496 1.8535 1.8588 1.8623 1.8820

Defect: crack
2-0.1-10 2-0.1-15 2-0.3-10 2-0.3-15 2-0.4-10

Size: d-w-l(mm)

fractal dimension 1.8829 1.894 1.9231 1.9252 1.9267

Type :air hole
0.3 0.7 1.0 1.2 1.5

Size: r (mm)

fractal dimension 1.8357 1.8364 1.8368 1.8368 1.8401

Type :corrosion
0.5-15-10 1-15-10 1-20-10 1-25-10 2-20-10

Size: d-w-l(mm)

fractal dimension 1.9478 1.9488 1.9619 1.9866 2.0883

4. Conclusion

The MFL signals are obtained by modeling suitable model and the optimal MFL testing signals are obtained
by applying novel meshing method in the 3D FE simulating model. The calculating results are good agreement
with the experimental values when the defect is regularly made in actual objects. The decomposed components of
the signals contain characteristic information about shape and size of the defect, which are used to characterize
the defect successfully[4]. We can construct a database to identify and locate the defect for MFL testing
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equipment by combining above methods.
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