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Abstract— We present a three-dimensional Ray-Tracing solver, called RAYWh (RAY-tracing
Whistler), for the electromagnetic propagation and power deposition in plasma sources for space
thrusters, where high density plasmas (ranging from 1017 to 1019 particles/m3 ) are confined
by general magnetic configurations with magnitude below < 0.15 T. The 3D Maxwell-Vlasov
equations are solved by means of a WKB asymptotic expansion, to investigate the propagation
and absorption of whistler waves (excitation frequency is 13.56 MHz) under the influence of
general confinement magnetic field, and axisymmetric realistic density profiles. The reduced set
of the WKB equations for the wave phase and for the square amplitude of the electric field are
solved numerically by means of Hamming’s modified predictor-corrector method; the verification
of WKB hypothesis are monitored during the simulation.
The Ray Tracing approach is employed — for the first time — in the analysis of plasma sources
for space plasma thrusters. A direct comparison between common helicon sources with axial,
constant and uniform confinement magnetic field, and plasma sources with actual confinement
magnetic field lines revealed a propagative picture with unconventional mode conversions, cut-offs
and resonances inside the source that affect the power deposition.
1. INTRODUCTION

Recent advances in plasma-based propulsion systems have led to the development of electromagnetic
(EM) Radio-Frequency (RF) plasma generation and acceleration systems, called Helicon Plasma
Thruster (HPT) and derived from high density industrial helicon plasma sources [1]. HPT main
components are: a gas feeding system, an RF antenna, and magnetic coils. The feeding system
injects a neutral gas into a cylindrical vessel, wrapped by a RF antenna system working in the
MHz range, ionizing the neutral gas and heating the plasma. The magnetic coils provide the axial
magnetic field allowing for the propagation of whistler waves, and the confinement of plasma inside
the cylindrical source. Additionally, the magnetic field lines at the exhaust section have to become
divergent providing a magnetic nozzle effect on the magnetized plasma. The HPT has been derived
from industrial helicon sources and its propulsive figures of merit (i.e., specific impulse, thrust
efficiency) depend on the EM energy deposited into the plasma [2].
Among the available plasma sources, helicon sources have been found much more efficient at depositing EM power, and thus at generating dense plasmas. Plasma densities up to 1019 particles/m3
can be reached by using moderate magneto-static fields (below < 0.1 T). A helicon source consists of
a dielectric tube surrounded by coils which generate a weak magneto-static field (up to 0.15 T) and
an RF antenna working in the range of frequencies Ωci ¿ ωlh ¿ ω ¿ Ωce , where Ωci (Ωce ) is the
ion (electron) cyclotron angular frequency, and ωlh is the lower-hybrid frequency. Different models
have been developed to study, design and optimize such a plasma propulsion system [3, 4]. All these
models rely on the assumption that the confinement magnetic field is purely axial, constant and
uniform as expected in helicon sources; however, experimental setups for HPTs can depart from this
configuration due to dimension, mass and power budget limitations for space application purposes,
leading to general confinement magnetic field lines. By means of Ray-Tracing technique [5], we can
include with a minimum effort the 3D characteristics of the wave propagation and absorption in a
plasma source of finite dimensions, with a general confinement magnetic field and plasma density
profiles. The paper is organized as follows. Section 2 gives a brief review of the methodology
adopted. Section 3 presents the numerical results. A time dependence in the form exp(iωt) for
wave quantities is assumed and suppressed throughout the rest of this paper.
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2. WKB ASYMPTOTIC EXPANSION OF WHISTLER WAVE EQUATION

As far as the the whistler propagation is concerned, the plasma wave interaction described by
the Maxwell-Vlasov system of equations can be simplified by making the hypothesis that the field
amplitude is sufficiently small to justify the linearization of the kinetic equation [6]; additionally,
the physics of wave propagation and absorption is well described in the cold plasma limit, thus the
wave equation for the electric field reads:
∇ (∇ · E (r)) − ∇2 E (r) −

ω2 H
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·
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=
iε · E (r)
c2
c2

(1)

where r = (r, θ, z) is the position, εH and εA are the Hermitian and anti-Hermitian parts, respectively, of the dielectric tensor [6]. It is worth recalling that the dielectric tensor depends upon the
local confinement magnetic field, plasma density, and collision frequency.
Equation (1) is solved asymptotically via the WKB method. At the lowest order in the expansion, we have the Ray-Tracing equations
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where δ0 = ωac−1 is the expansion parameter, a is the plasma radius, kc/ω = (nx , m, nz ) are the
components in cylindrical coordinate of the wave-number, the normalized coordinates along the
radial and axial directions are (x = r/a; ẑ = z/a), τ is the variable along the wave trajectory, ω is
the frequency given by the exciting antenna, S0 is the wave phase.
Equation (2) provides the characteristic curves that
¡ define a¢bundle of trajectories in the phase
space (r, k), with k the wave vector. The function H r, n|| , n⊥
¢
¡
¢
¡
¢
¡
¢
¡
H r, n|| , n⊥ = A r, n|| n4⊥ + B r, n|| n2⊥ + C r, n|| = 0
(3)
is the cold electromagnetic dispersion relation, where n⊥ = ∇⊥ S0 and n|| = ∇|| S0 are the perpendicular and parallel (with reference to the external magnetic field) components of the wave-number,
respectively. Coefficients in Eq. (3) are a combination of the dielectric tensor elements.
At the next order in the WKB expansion, we have a partial differential equation for the wave
amplitude |A0 |, which is cumbersome and difficult to solve. As shown in [5], it is more convenient
to write the Poynting Theorem for the wave energy conservation starting from the WKB amplitude
equation, then integrating it over the plasma volume; we have the Power damping equation
Z
dP
ω
∂H (k, ω)
= −2γ (r, k, ω) P , P =
dΣ ·
|A0 |2
dt
16π
∂k
(4)
e∗0 · εA (r) · e0
γ (r, k, ω) =
∂H (k, ω) /∂ω
where P is the power carried by the single ray, γ is the power damping rate (in s−1 ) accounting for
Landau and collisional damping, e0 = E/|E| is the electric field unit vector. Eqs. (2)–(4) represent
the Ray-Tracing and Power damping equations, and they are an ensemble of independent initial
value problems, whose initial conditions give the starting wave vector and power at each point of
a reference surface of the propagating wave. The integration of these equations requires initial
conditions for (r, k) on an initial reference surface (Γ, S0 |Γ ), which is the image of the launching
wave antenna on the plasma boundary. We solved Ray-Tracing and Power damping equations
numerically by means of Hamming’s modified predictor-corrector method; we used a fourth order
Runge-Kutta method suggested by Ralston to adjust the initial increment, and to compute the
starting values for the non self-starting predictor-corrector method. During the simulation, we
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verified that WKB hypotheses are satisfied, namely: (i) the wavelength of the propagating mode
is much less than the characteristic scale length, (ii) absence of diffraction effects in the wave
propagation.
The solution of Eqs. (2)–(4) allows for information on the wave propagation and power deposition in a general 3D geometry which accounts for the 3D coordinate dependence of the external
confinement magnetic field structure and 2D (radial and axial) plasma density profiles.
3. WAVE PROPAGATION AND POWER DEPOSITION ANALYSIS

We considered an actual plasma thruster made of a cylindrically-shaped plasma source with plasma
radius a = 10 cm, and axial length L = 40 cm. The confinement magnetic field is provided by means
of a solenoid wrapped around the plasma cylinder, and fed by a current resulting in a magnetic
field on the axis B0 = 0.025 T. We assumed a parabolic density profile along the radial direction,
and a Gaussian density profile along the axial direction
³
´
2
n (x, ẑ) = n0 1 − (fa x)2 e−ẑ
(5)
where fa =

q
1−

nedge
n0 ,

with n0 = 1018 m−3 , nedge = 5 × 1017 m−3 . The electron (ion) temperature

is uniform Te = 3 eV (Ti = 0.1 eV); the neutral pressure is pn = 10 mTorr (introduced via Krook
model). The antenna excited an azimuthal mode m = 0 at a frequency f = 13.56 MHz, and
30 ≤ nz < 90 is the propagative axial spectrum allowed by the plasma parameters chosen. The
analytical expression available for plasma density profiles and magneto-static field allow for the
evaluation of derivatives in Eq. (2).
We considered three different configurations for the wave propagation and power deposition
analysis: (a) 2D confinement magnetic field and radial density profile, (b) 2D confinement magnetic
field and 2D density profile, (c) axial, uniform and constant confinement magnetic field and radial
density profile (helicon case). These configurations have been reported in Table 1. Each test label
is used as label for the curves in the following pictures.
Table 1: Test cases considered. er and ez are the unit vectors along the radial and axial directions.
Label
a)
b)
c)

Density profile
radial
radial & axial
radial

Confinement magnetic field
Br (r, z) er + Bz (r, z) ez
Br (r, z) er + Bz (r, z) ez
B0 ez = const

3.1. Discussion on Wave Propagation Properties

The axial wavenumber nz , the parallel wavenumber n|| , the perpendicular wavenumber n⊥ have
been plotted as a function of the radial normalized variable x in Figs. 1(a), (b), (c), when the fast

(a)

(b)

(c)

Figure 1: (a) axial, (b) parallel, (c) perpendicular components of the wavenumber along the radial normalized
variable x for cases a), b), c).
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wave with m = 0 and nz = 30 is launched at the plasma edge. Consider the axial component of the
wavenumber as shown in Fig. 1(a). In the c) case, the axial wavenumber remained constant inside
the plasma as expected by Eq. (2). In a) and b) the magnetic field induces a variation of the axial
wavenumber along the ray. In the case a), after a radial reflection, an axial resonance appears near
the plasma edge, while in the case b) the resonance appears just after the radial reflection.
Consider the parallel and the perpendicular (to the external magnetic field) components of the
wavenumber as shown in Figs. 1(b), (c). The waves corresponding to curves a) and b) feel the
parallel resonance n|| → ∞, while on the same location the perpendicular wavenumbers show a
cut-off n⊥ → 0. The occurrence of the resonance and cut-off is located around x ≈ 0.95 for the case
a) and x ≈ 0.6 for the case b), respectively. No resonance or cut-off occurs for the case c), where
the excited whistler wave propagates towards the plasma center without changing the polarization,
and no singular points are met.
3.2. Discussion on Power Deposition Properties

We discuss the wave absorption features related to cases a) and b). At the plasma edge, the fast
wave is launched with m = 0 and nz = 30 with P0 power; along the trajectory, the power damping
P/P0 gives the percentage of the power the wave is actually carrying, while the amount of power
missing from the edge value is the percentage of the power absorbed by the plasma. The power
deposition profile gives the power density deposited by the wave along the trajectory. In Fig. 2(a),
the power damping is pictured for a ray path such that the wave gets reflected radially and gets
back to x ≈ 0.94. Two particular points can be identified. The first one is around x ≈ 0.33 where
the wave is reflected radially. The second point is at x ≈ 0.45 where the fast wave couples to a slow
wave. At this point, the power damping curve changes its slope, and this is related to the different
ways the slow and the fast wave modes deposit energy into the plasma. This feature becomes even
more evident in Fig. 2(c), where the power deposition profile is pictured for the same case a). The
fast mode couples more and more power into the plasma travelling toward the axis up to x ≈ 0.45,
where it is converted to the slow mode. The mode conversion is clearly represented by the jump
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Figure 2: Power damping along x, for (a) case a), (b) case b). Power deposition profile in arbitrary unit
along x, for (c) case a), (d) case b).
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in the power deposition profile; then the slow mode keeps propagating and depositing energy up
to x ≈ 0.38, where the wave reaches the axial boundary of the cylinder. It is noteworthy that the
slow mode couples power into the plasma due to collisional processes more efficiently than the fast
one, being rapidly damped after the mode conversion.
In Fig. 2(b), the power damping has been pictured for a ray path such that the wave gets
reflected radially and gets back up to x ≈ 0.57. From Fig. 2(b) just one particular point can be
identified, which is at x ≈ 0.48, where the wave is reflected radially. There is actually another
point at x ≈ 0.9, where the fast wave launched at the edge couples to a slow wave. This feature
is not easily visible in Fig. 2(b), where there is no clear change in the slope of the power damping
curve; however, it can be clearly recognized in the jump in the power deposition profile showed in
Fig. 2(d). After the mode conversion, the slow wave is rapidly damped by collisions before reaching
the axis.
4. CONCLUSIONS

We developed a three-dimensional Ray-Tracing solver called RAYWh, and we used it to study —
for the first time — the electromagnetic propagation and power deposition in a cylindrically-shaped
plasma source for space plasma thrusters. Previous approaches [3, 4] (to mention a few) cannot
provide accurate information on the power deposited into the plasma, when real thruster setups
are considered. Indeed, magnetic confinement configurations in actual HPTs can depart from the
simplified helicon one, due to dimension, mass and power budget limitations, leading to different
power coupling levels into the plasma, and resulting in different propulsive characteristics. The
approach implemented in RAYWh provides the evolution of the wave vector and power deposition
profiles inside the plasma source, where realistic density profiles and confinement magnetic field
lines can be readily included without any approximation. Unlike the helicon case, parallel and
perpendicular wavenumbers changed during the wave trajectory leading to a completely different
propagative picture, when actual confinement magnetic configurations and plasma density profiles
are considered. Unexpected cut-offs, resonances, radial reflections, and mode conversions of the
excited waves have been found, as a result of the confinement magnetic field along with variation
in the plasma density the waves encountered. These in turn influenced the power deposition
phenomena The results are relevant for space thruster applications, but they can be fruitfully
employed in industry plasma sources for the identification of the best source configuration (in terms
of confinement magnetic field lines in addition to actual plasma density profiles), thus providing
the maximum power transfer from the RF antenna to the plasma.
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