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Abstract— We discuss the eigenvalue problem for a perfectly conducting hollow cavity under
a strict functional analytic point of view. We make use of a variant of the classical spectral
theorem for compact selfadjoint operators and we pay extra attention on the null space of the
Maxwell operator. We also discuss the corresponding inhomogeneous problem, where currents
are present, even when they may depend on the fields.
1. NOTATION AND PRELIMINARIES

The purpose of this paper is to provide an efficient mathematical framework for the classical eigenvalue problem for a hollow, perfectly conducting cavity. Our motivation emerged from the recent research concerning the ESS accelerator project [3, 7]. The study of the cavity problem has
been started as early as the 40’s [10] and reconsidered many times then, even since our days,
see [1, 4, 6, 11]. Nevertheless, there are still some dark points concerning mainly existence issues
and the so-called completeness of the modes. Our aim is to give a clear and concise picture of
the relevant mathematical problem and suggest the appropriate tools for its solution, in the spirit
of [2].
The notation we use in this paper is as follows. Let (X, h·, ·i) be an infinite dimensional separable
Hilbert space. For a set U ⊂ X, we denote by Ū the closure, by U ⊥ the orthogonal complement
and by [U ] the linear span of U ; the closed linear span is then [U ]. B(X) stands for the Banach
algebra of bounded operators in X and K(X) for the ideal of compact operators. Given a linear
operator A : X ⊃ D(A) → X, we denote by R(A) the range and by ker A the null space (kernel)
of A. The graph norm on D(A) is defined as
q
kxkA := kxk2 + kAxk2 .
When equipped with the graph norm, D(A) will be denoted as [D(A)] (not to be confused with
the linear span notation). A∗ stands for the adjoint operator. A is called selfadjoint if A∗ = A,
skew-adjoint if A∗ = −A.
The resolvent set ρ(A) consists of all λ ∈ C for which R(λ; A) := (λI − A)−1 ∈ B(X) (resolvent
operator). If ρ(A) 6= ∅ then A is closed. The spectrum of A is defined as σ(A) := C\ρ(A). λ ∈ σ(A)
is called an eigenvalue if λI − A is not injective and non-zero vectors of ker(λI − A) are called the
coresponding eigenvectors. The set of eigenvalues is denoted by σp (A) (point spectrum).
Proposition 1. The following are equivalent:
a) R(λ; A) ∈ K(X) for some λ ∈ ρ(A).
b) R(λ; A) ∈ K(X) for all λ ∈ ρ(A).
c) ρ(A) 6= ∅ and [D(A)] ,→ X with a compact injection.
Definition 1. If A satisfies one of the equivalent conditions of Prop. 1, then it is called a discrete
operator.
The following theorem provides the main tool for our exposition.
Proposition 2 (Spectral Theorem). Let A be a discrete selfadjoint operator. Then σ(A) = σp (A)
and σp (A) is a finite or unbounded countable set without accumulation point. The corresponding
eigenspaces are finite dimensional and mutually orthogonal. Eigenvalues of A can be set as an
increasing sequence (λn ), diverging at infinity if countable. Each non-zero eigenvalue is counted
according to its multlipicity and the sequence (en ) of the corresponding eigenvectors can be chosen
as an orthonormal sequence. Moreover,
a) (en ) isPan orthonormal basis for R(A) and X = ker A ⊕ [(en )].
b) Ax = n λn hx, en i en , x ∈ D(A).
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2. THE MAXWELL SYSTEM

As it is well known, every electromagnetic phenomenon is specified by four vector quantities: the
electric field E, the magnetic field H, the electric flux density D and the magnetic flux density B, in
the presence of electric and magnetic currents Je , Jm , respectively. These quantities are considered
as time–dependent vector fields on a domain Ω ⊂ R3 , so they are functions of the spatial variable
r ∈ Ω and the time variable t ∈ R. All these fields are connected via the Maxwell system
∂D
∂B
= curlH − Je ,
= −curlE + Jm .
∂t
∂t

(1)

We have allowed existence of magnetic currents here because apertures in a cavity can be modeled
this way [9]. The above are supplemented with the two Gauss laws
div D = ρe , div B = ρm .

(2)

where ρe , ρm are the densities of the electric and magnetic charge, respectively. Currents and
charges are not independent and obey equation of continuity
∂ρe
∂ρm
+ div Je = 0 ,
+ div Jm = 0.
∂t
∂t

(3)

If one accepts (3) as part of the modeling, (2) become redundant and can be absorbed in the initial
conditions.
We now assume that the domain Ω is a hollow cavity, i.e., a vacuous bounded domain:
D = ε0 E , B = µ0 H.

(4)

Without loss of generality, we assume ε0 = µ0 = 1. We further assume that the boundary Γ of Ω
is Lipschitz and therefore an exterior normal n̂ is almost everywhere defined on it and the perfect
electric conductor boundary condition applies
n̂ × E = 0, on Γ.
The above implies that n̂ · H = 0 on Γ. In the six vector notation, (1) are read as follows:
µ ¶ ·
¸µ ¶ µ
¶
E
−Je
∂ E
0
curl
=
+
.
−curl 0
∂t H
H
Jm

(5)

(6)

To make things more precise, let us denote by e := (E, H)T the electromagnetic (EM) field, by
j := (−Je , Jm )T the EM current and by
·
¸
0
curl
M :=
(7)
−curl 0
the formal Maxwell operator. Then (6) is written
∂e
= Me + j.
∂t

(8)

We now assume j = 0 (homogeneous problem) and apply a separation-of-variables technique, that
is, we ask for a solution of (8) of the form e(r, t) := e(r)T (t) and thus
Me =

T 0 (t)
e.
T (t)

Since the left hand side depends only on r, the ratio T 0 (t)/T (t) has to be a constant, say λ, and
we conclude to the formal eigenvalue problem
Me = λe,

(9)

with e := (E, H)T . Note that although we use the same notation, E, H now do not depend on
time. We also have apparently T (t) = eλt .
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3. REALIZATION OF THE EIGENVALUE PROBLEM

The exposition and notation in this section follows [2, 8]. Due to energy considerations, the fields
E, H are taken to be square integrable, i.e., they are vectors of the Hilbert space L2 (Ω; C3 ) with
inner product
Z
hU, Vi0 :=
U(r) · V(r)d r.
Ω

The curl operator is naturally realized in its weak sense in L2 (Ω; C3 ). More precisely, let U ∈
L2 (Ω; C3 ). We say that V is the (weak) rotation of U, and we write V = curlU, if
hV, φi0 = hU, curlφi0
for every test function φ ∈ C0∞ (Ω; C3 ). The maximal domain of definition of curl in X is then the
Sobolev space H(curl; Ω) and is a densely defined closed operator. Moreover, curl can be realized
as a maximal selfadjoint operator in the subspace H0 (curl; Ω), which contains exactly the fields
that satisfy (5) in a weak sense. The null spaces of these operators are denoted by H(curl0; Ω),
H0 (curl ; Ω) respectively. Analogous definitions apply for the weak divergence operator div, see the
aforementioned references for details.
Consequently, the EM field e is a vector of the product Hilbert space X := L2 (Ω; C3 )×L2 (Ω; C3 )
with inner product, for u := (U1 , U2 )T , v := (V1 , V2 )T ,
hu, vi := hU1 , V1 i0 + hU2 , V2 i0 .
The Maxwell operator is realized in a weak sense in X as follows: e ∈ X is in the domain D(M) of
M if there exists a (unique) vector u ∈ X such that

® 
®
u, (φ1 , φ2 )T = e, (−curlφ2 , curlφ1 )T ,

(10)

for every choice of test functions φ1 , φ2 ∈ C0∞ (Ω; C3 ). In this case, we set u := Me. After this,
problem (3) can be realized as an eigenvalue problem for such defined operator M.
Proposition 3. D(M) = H0 (curl; Ω) × H(curl; Ω) and M is a densely defined, closed linear
operator, represented by the operator matrix (7). Moreover, M is skew-adjoint, i.e., M∗ = −M.
Consequently, the spectrum of M is purely imaginary.
That is to say, (3) has imaginary eigenvalues, if any. Following the usual practice, we let
λ := −iω, ω ∈ R, and the problem is rewritten as
Qe = ωe,

(?)

where Q := iM is the selfadjoint Maxwell operator. So we are mainly interested in properties of
operator Q; in view of the above proposition, D(Q) = D(M) and Q is a selfadjoint operator with
real spectrum.
Definition 2. Let (ω, e) be a non-trivial solution of (?), i.e., ω ∈ R is an eigenvalue of Q with
corresponding eigenvector e. ω is called an eigenfrequency of the cavity and e the corresponding
mode.
Proposition 4. The null space of Q is ker Q = H0 (curl 0; Ω) × H(curl 0; Ω). For the range R(Q)
of Q, we have R(Q) ⊂ H(div 0; Ω) × H0 (div 0; Ω) := H.
We now consider the restriction QH of Q on H, defined by D(QH ) = D(Q) ∩ H and QH e = Qe.
Incidentally, QH coincides with the part of Q on H.
Proposition 5. QH is selfadjoint and [D(QH )] is compactly injected into H. Consequently, QH is
discrete and its spectrum is an unbounded sequence of real eigenvalues with no accumulation point.
The corresponding eigenspaces are finite dimensional and mutually orthogonal.
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4. PROPERTIES OF EIGENFREQUENCIES AND MODES

Proposition 6. Let ω 6= 0 be an eigenvalue of QH with corresponding eigenvector (E, H)T . Then
a) E, H satisfy the system
½
− curlH = iωE
(11)
curlE = iωH
b) kEk0 = kHk0 .
c) −ω is an eigenvalue as well, with corresponding eigenvector (E, −H)T .
That is, the eigenvalues of QH can be ordered as a bilateral sequence (ωn )n∈Z , with ωn > 0 for
n > 0, ωn < 0 for n < 0, ω0 = 0 and ω−n = −ωn . For n 6= 0, we count each eigenvalue ωn as
many times as its multiplicity, so we can assume that to each ωn there corresponds exactly one
normalized eigenvector epn := (Epn , Hpn )T . The zero eigenvalue is counted once and we will discuss
about it later. Namely, the eigenvalues are ordered as follows:
−∞ ← . . . 6 ω−n 6 . . . 6 ω−1 < ω0 = 0 < ω1 6 . . . 6 ωn 6 . . . → ∞.
The sequence of eigenvectors (en ) is assumed to be orthonormal.
Proposition 7. Let n, m ∈ N∗ , ωn 6= ωm . Then hEpn , Epm i0 = hHpn , Hpm i0 = 0, i.e., both (Epn )n∈N∗ ,
(Hpn )n∈N∗ define orthogonal sequences in L2 (Ω; C3 ).
Proposition 8. (epn )n∈Z∗ is an orthonormal basis for R(QH ) and we have the decomposition
H = ker QH ⊕ [. . . , ep−n , . . . , ep−1 , ep1 , . . . , epn , . . .]
The closed subspace ker QH is finite dimensional. Moreover, for e ∈ D(QH ),
X
QH e =
ωn he, epn i epn .
n∈Z∗

For a detailed description of ker QH we refer to [2, 8]. Let N0 be the dimension of ker QH
(a number depending on the geometry of Ω) and consider an orthonormal basis {e01 , . . . , e0N0 } for
ker QH . Note that ker QH describes the source-free, static electromagnetism on Ω.
Proposition 9. {e01 , . . . , e0N0 } ∪ (epn )n∈Z∗ is an orthonormal basis for H. {e01 , . . . , e0N0 } can be
completed to an orthonormal basis for ker Q, that is, there exist an orthonormal sequence (esn )n∈As ⊂
X such that {e01 , . . . , e0N0 } ∪ (esn )n∈As is an orthonormal basis for ker Q. Moreover, {e01 , . . . , e0N0 } ∪
(epn )n∈Z∗ ∪ (esn )n∈As is an orthonormal basis for X .
Note that As is an infinite countable set, serving as the index set for (esn ). This analysis suggests
the following classification for the cavity modes, see also [4]:
• Primary modes (epn )n∈Z∗ (solenoidal, non-irrotational).
• Static modes {e01 , . . . , e0N0 } (solenoidal, irrotational).
• Secondary modes (esn )n∈As (non-solenoidal, irrotational).
We also have that an arbitrary field e ∈ X can be represented as
X X
®
e=
e, ein ein ,

(12)

i=s,0,p n∈Ai

where A0 := {1, 2, . . . , N0 }, Ap := Z∗ . If, in addition, e ∈ D(Q), then
Qe =

X
n∈Ap

ωn he, epn i epn .

(13)
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5. THE INHOMOGENEOUS PROBLEM

We now allow the presence of EM currents. In the frequency domain, this is modeled with the
equation
Qe = ωe + j,
(14)
where j = j(ω, r) ∈ X . In the view of representations (4), (13), (14) reads
X
X X
X X
®
®
ωn he, epn i epn = ω
e, ein ein +
j, ein ein ,
i=s,0,p n∈Ai

n∈Ap

i=s,0,p n∈Ai

which lead to the equations
(ωn − ω) he, epn i = hj, epn i , n ∈ Ap ,

®

®
ω e, ein = − j, ein , i = s, 0, n ∈ Ai .

(15)
(16)

Equations (15), (16) lead to the following result, a variant of the Fredholm Alternative:
Proposition 10. a) Let ω 6= ωn , n ∈ Z. Then (14) has a unique solution given by
X
1 X X  i® i
1
e=−
j, en en +
hj, epn i epn .
ω
ωn − ω
i=s,0 n∈Ai

(17)

n∈Ap

b) Let ω = ωm for some m ∈ Z∗ . Then (14) has a solution if and only if j is orthogonal to eigenspace
ker(ωm I − QH ). In this case, a solution of (14) is of the form
X
1 X X  i® i
1
e=−
hj, epn i epn + u
(18)
j, en en +
ωm
ωn − ωm
i=s,0 n∈Ai

n∈Ap
ωn 6=ωm

for some u ∈ ker (ωm I − QH ).
c) Let ω = 0. Then (14) has a solution if and only if j is orthogonal to the kernel ker Q. In this
case, a solution of (14) is of the form
X 1
hj, epn i epn
(19)
e=u+
ωn
n∈Ap

for some u ∈ ker Q.
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