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Abstract— This paper derives the theory for a fractional order Smith chart and provides a
comparison between the impedance and admittance fractional order Smith charts. Basic chart
features such as boundaries, critical points, peak values, matching (unity) circle, and the central
angle are investigated and compared. Mathematical analysis for these basic features and standard
Smith chart functions is also described. This Smith chart can be used to study the scattering
parameters in fractional-order RF designs. In addition, it may be used for inverse problems whose
models depend on fractional-order electrical elements.
1. INTRODUCTION

Although, the known integer order elements inductors, capacitors, and resistors have been extensively studied and have been the foundation of the electronic revolution, the search for a new
generic element that demonstrates innovative characteristics has always been a core objective of
the researchers [1, 2]. One such promising element is a fractional element, which has found its roots
from fractional calculus. Fractional calculus is as old as integer order calculus. However, it did not
become popular until the scientists found that the modeling of dynamical systems is much better
and more accurate using the fractional or non-integer derivatives in 1960 [2]. Recently, several
good realizations of fractional-elements were introduced and are based on different principles such
as mathematical approximation, chemical-probe, fractal design and RC branches [3–6]. These elements can now verify experimentally the generalized fractional order theorems utilized in circuit
designs [7, 8], electromagnetics [9], and in bioengineering fields [10]. A fractional element is one
whose impedance is proportional to sα where α ∈ [−2, 2), where the phase difference between the
voltage across its two terminals and the current entering these terminals is απ/2. This means
that the integer based resistor (R), inductor (L), capacitor (C), and frequency dependent negative
resistor (FDNR) used at present are only special cases of fractional based elements and correspond
to α = 0, 1, −1, −2 respectively. In addition, the magnitude of the fractional element impedance
is |zf | = ω α L, and ωα1C for fractional order inductor and capacitor respectively. Therefore, the
effect of frequency can be controlled by the proper choice of the fractional-order parameter. The
impedance of the fractional-order element is given by:
Zf = |Zf | (cos(0.5|α|π) ± j sin(0.5|α|π))

(1)

2. CONVENTIONAL SMITH CHART

Although the Smith chart is known since 1939, it is still considered as one of the most used charts till
now [reference to smith chart). It is critical for high frequency (RF, microwave frequency range)
impedance matching problems. Basically, it is a polar plot of the voltage reflection coefficient
Γ = Γr + jΓi , where the magnitude |Γ| is plotted as a radius (|Γ| < 1) from the center, and the
angle θ(−180◦ < θ ≤ 180◦ ) is measured from the right hand side of the horizontal diameter [11].
The real advantage of smith chart lies in its ability to transform from reflection coefficients to
normalized impedances and vice versa. By conventional matching techniques, any load can be
matched with two elements [11].
The standard smith chart can be used for normalized admittance in the same way as it is used for
normalized impedances, and it can be used to convert between impedance and admittance. Since a
complete revolution around the Smith chart corresponds to a length of λ/2, a λ/4 transformation
is equivalent to rotating the chart by 180◦ ; this is also equivalent to imaging a given impedance
(or admittance) point across the center of the chart to obtain the corresponding admittance (or
impedance) point. Thus, the same Smith chart can be used for both impedance and admittance
calculations during the solution of a given problem. Recently, the spherical Smith chart was also
studied in [12, 13].
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Our previous work presented a novel generalized Smith chart suitable for fractional order circuits
and the technique for plotting and impedance matching [14, 15]. This paper furthers our work
by providing detailed mathematical analysis of the fractional-order Smith-chart and a comparison
between impedance and admittance fractional order Smith charts. The effect of the fractional-order
parameter on the critical points of the Smith chart is introduced.
3. THE FAMILY OF THE FRACTIONAL-ORDER SMITH CHARTS

The existence of the fractional order parameter (α) increases the system’s degree of freedom. Then
instead of the conventional Smith chart being based on (Γr , Γi ), it is now based on (Γr , Γi , α).
Therefore the fractional Smith chart is no longer a 2D polar plot as known, but it is now a 3D plot
as shown in Fig. 1(b) for the matching surfaces of both the Z and Y Smith charts. The reflection
coefficient Γ can be calculated from Γ = (z − 1)/(z + 1) where z is the normalized load impedance.
Table 1 shows the basic equations of the fractional-order impedance and admittance Smith charts.
These equations are developed based on the definition of the fractional-order impedance (1), and
using some algebraic simplifications. In addition, the generic equations of circles for each constant
element with their special case in the conventional Smith chart are introduced. It is clear, that
symmetry still holds between both Z and Y charts even in the fractional-order domain. Fig. 1(a)
shows four different cases of the fractional order Smith charts when α = 0.5 and 1.2 for the
impedance (left) and admittance (right) charts.
From the table below, any equation represents a family of circles that has a common radical
axis which is defined as the locus of points at which tangents drawn to all these circles have the
same length. For example, the radical axis of the constant |Zf | circles is Γr = 0 for both α and
|Zf | parameters. However, the radical axis of the constant r circles depends on two parameters (r
and α) as follows
Γr +

(r2 + 1) csc(0.5|α1 |π) − (r1 + 1) csc(0.5|α2 |π)
Γi − 1 = 0
(r2 − r1 )

(2)

For constant r and variable α the radical axis becomes Γi = 0, while for constant α and variable
r the radical axis tends to Γr + csc(0.5|α|π)Γi − 1 = 0.
4. QUALITATIVE STUDY OF THE FRACTIONAL-ORDER Y-SMITH CHART

The reflection coefficients of the Y Smith chart generally as a function of (α, g, |yf |) are given by
(1 − g 2 ) − yf (|yf | + 2g cos(0.5|α|π))
(1 + g)((1 + g) + 2|yf | cos(0.5|α|π)) + |yf |2
2|yf | sin(0.5|α|π)
Γi =
(1 + g)((1 + g) + 2|yf | cos(0.5|α|π)) + |yf |2

Γr =

(3)

Let us consider a normalized load impedance of zL = 1.35 + 0.35j plotted in the half-order
impedance (|α| = 0.5) Smith chart, shown in Fig. 2(a). This impedance has a complex reflection
coefficient of Γ+A = 0.167+0.124j, which is plotted as point A. In order to convert this impedance
into the corresponding admittance, a circle is drawn with a radius equal to OA = 0.21. Drawing
a straight line through the center which meets the circle at the other end (point B in Fig. 2(a)),
Table 1: Comparison of fractional-order Z and Y Smith charts.
Fractional-order Y-Smith chart
Load
impedance
Constant |yf |
or |zf | circles
Constant g
or r circles
Conventional
equations (α = 1)

1
,
y

z=
y = |yf |(cos( |α|π
) − j sin( |α|π
)) + g
2
2
csc(0.5|α|π) 2
)
|yf |
2
= ( csc(0.5|α|π)
)
|yf |
g
(Γr + (g+1)
)2 + (Γi ± cot(0.5|α|π)
)2
(g+1)
csc(0.5|α|π) 2
= ( (g+1) )
(Γr + 1)2 + (Γi ∓ y11 )2 = ( y11 )2
g
1
(Γr + g+1
)2 + Γ2i = ( g+1
)2

(Γr + 1)2 + (Γi ∓

Fractional order Z-Smith chart
z = zf e + r
= |zf |(cos( |α|π
) + j sin( |α|π
)) + r
2
2
csc(0.5|α|π) 2
)
|zf |
2
= ( csc(0.5|α|π)
)
|zf |
r
(Γr − r+1
)2 + (Γi ± cot(0.5|α|π)
)2
r+1
csc(0.5|α|π) 2
)
=(
r+1
2
1 2
(Γr − 1) + (Γi ± z1 ) = ( z11 )2
r
1
(Γr − r+1
)2 + Γ2i = ( r+1
)2

(Γr − 1)2 + (Γi ±
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(b)

Figure 1: (a) The impedance and admittance fractional-order Smith chart for two different values of the
fractional-order α = {0.5, 1.2}, and (b) the matching circles for both the impedance and admittance Smithchart when the fractional-order parameter α ∈ [0.1, 1].
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Figure 2: (a) The half-order Y Smith chart with frequency response, and (b) the general schematic for the
most important points in the fractional-order Y Smith chart.

gives the corresponding admittance, Y = G + B = 0.6941 − 0.18j. This procedure is consistent
with the standard Smith chart operation to convert impedances into admittances.
The following points will discuss some interesting features of the fractional-order Y Smith chart
with the help of Fig. 2(b).
i. Γr = 0: (reflection coefficient is totally imaginary such as A, B, O, and H points) at |yf |1,2 =
2
√g 2 2
according to whether we are working with fractional inductor of
g cos(0.5|α|π)±

1−g sin (0.5|α|π)

order |α| (point A) or its complementary circle (fractional capacitor) of order (2 − |α|) such
as point B. For g = 1 (matching circles), the values of |yf |1,2 are ∞ or 0.5|α|π (point O
and its complementary point (not shown)). Generally, these values are different due to the
2
due to
nonsymmetrical circles, however in the conventional case (|α| = 1), |yf |1,2 = √±g
1−g 2
the half-circle symmetry of the Smith-chart. Point H is the maximum imaginary reflection
coefficient of this chart.
ii. Γi = 0: (Reflection coefficient is totally real such as C, D, O, and I) when {g = 0 or |yf | = 0},
which are the same conditions in the conventional case. When |yf | = 0, the real-component
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2

1−g
of the reflection coefficient is Γr = (1+g)
2 as C, D, O, and I which are independent of the
fractional-order α which means that these points are fixed for all fractional-orders.
∂Γi
iii. Peak value ∂|y
= 0: (critical values of the Γi such as F, G, and H points) at |yf |3,4 = 1 + g,
f|
which means that the location of maximum for the inductive part (point G, same as minimum
for capacitive part) imaginary reflection coefficient is independent of the fractional order α.
Then for a given r and α, the magnitude of this maximum is Γimax = tan(0.25|α|π)
(at point G)
1+g
which is partially dependent on α. For constant |α| Smith chart, this value can be obtained
when g = 0 (boundary circle) and its value is (Γimax ) such as point H. As a special case, when
|α| = 1 the conventional Smith chart, (Γimax )α=1 = 1 as known.
For half-order Smith chart
√
π
(|α| = 0.5) the maximum value is (Γimax )α=0.5 = tan( 8 ) = 2 − 1 as in the Z Smith-chart
[14]. Note that: the maximum magnitude at the matching circles is half (Γimax )f ixedα of the
same |α| chart as in point F.

iv. Area inside the fractional-order Smith chart: Since the equations of the Y-Smith chart
are circles. The boundary curve (g = 0) which begins at point C and ends at point I is an arc
from a big circle whose center is 0, cot(0.5|α|π) and whose radius is csc(0.5|α|π). Then by using
some algebraic calculations, the central angle of this arc can be easily given as ∆θ = |α|π.
Moreover, all the arcs have the same central angle ∆θ. Therefore, the area inside the upper
|α|π
half of the Smith-chart can be calculated as Aα−upper = 2|α|π−sin
. For conventional case,
sin2 (0.5|α|π)
this value will be equal to (π/2) as known. Similarly, the area inside the matching circle
(g = 1) is given by Amatching = 0.25Aα−upper .
v. Matching: If the load point lies on the matching circle (Z or Y) Smith chart of a certain α,
then this load needs a (series or parallel) element of order (2 − |α|); its complement circle; and
an opposite to the load’s property, inductive if the load is capacitive and vice versa. Therefore,
the conventional Smith chart is two identical circles overlapped together.
vi. Mapping: The necessary and sufficient condition for any load ZL such that its representation
to be inside the Smith-chart is |]Zf < 0.5|α|π|. Then, as α increases, the Smith chart includes
more and more load impedances which can’t be represented in lower fractional-orders.
5. CONCLUSION

This paper presents a comparison between the fundamental equations of the impedance/admittance
fractional-order Smith chart, intersection points with both the real and imaginary reflection coefficients, the peak value associated with each fractional-order chart, area inside, central angle, and
the necessary condition of the plotting for any load impedance.
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